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Abstract.The main crux of this paper is to give some new sufficient conditions for the existence and
uniqueness of solutions to a class of conformable fractional evolution equations with nondense domain in
a Banach space. The proofs of our main results are based on some basic tools of conformable fractional

calculus, conformable semigroup and Hile-Yosida theorem. As an application, a nontrivial example is
given to illustrate the theoretical results.

1. Introduction

The main crux of this work is to study the existence and uniqueness of solutions for the following
nonlinear conformable fractional evolution equation:

Du(t) = Aqu(t) + f(t, u(t)), t € [0,T],

1)
u(0) = uo + g(u),

where D is the conformable fractional derivative of order o € (0, 1) and A, is a nondensely a-infinitesimal
generator of a — Cp-semigroup T,(t) on a given Banach space X which will be defined in the sequal.

The case when A, is densely defined operator has been widely studied in in [4] by G.D. Prato and E. Sines-
trari. They showed that the density is not necessary to solve their problem. A great number of researchers
considered evolution problems with nondensly defined operators. On the other hand, fractional calculus
has become the point of interest of a lot of mathematiciens. In particular, the conformable derivative,
which was introduced in [11], has been extensively used in applied mathematics. Its main charateristics
are its natural form, (i.e. its forme is very close to the form of the usual derivative), and the fact that it
satisfies most of the properties of the usual derivative, like the derivative of the product and the quotient
of two functions. In [5], the authors studied a class of nondensely defined fractional semilinear differential
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equation, they proved that under some assumptions, it has a unique integral solution. In [6], Y. Zhou et al
considered a nonhomogeneous fractional order evolution equation with nondensely defined operator, they
proved that the proposed problem is equivalent to an integral solution, by using the Laplace transform and
they showed that this problem has at least one solution by using the method of noncompact measure.
Motivated by the works mentioned above, we establish the existence and uniqueness results for the follow-
ing nonlinear conformable fractional evolution problem (1) by using the conformable Laplace transform,
fractional conformable semigroup and some suitable assumptions. The reader is advised to consult the
articles [1, 2, 7-10] and the references therein for more details on the existence and uniqueness results for
fractional differential equations.

Our paper is organized as follows. in Section 2, we will recall some basic definitions ans properties
concerning fractional conformable derivative, conformable semigroup, fractional Laplace transform and
the Hille-Yosida theorem associated to the conformable semigroup. In Section 3, we establish the existence
of solutions for the conformable fractional problem (1). As application, an illustrative example is presented
in Section 4 followed by conclusion in Section 5.

2. Auxiliary results

The aim of this section, is to introduce some basic definitions and properties concerning the conformable
derivative, the fractional Laplace transform, the conformable semigroup, and the Hille-Yosida theorem
associated with the conformable semigroup.

2.1. Conformable derivatives
In this subsection, we introduce the definition of the fractional conformable derivative adopted in this
work, but also the associated fractional integral.

Definition 2.1. [11] Let a € (n,n + 1] and f : [0,00) — R be n-differentiable at t > 0, then the conformable
fractional derivative of g of order « is defined by

g(n)(t + etn+1—a) _ g(")(t)
e 7

g = lim
g(0) = lim g*(t).
One of the main properties of the conformable derivative is the following result.
Remark 2.2. [11] Using the previous definition one can easily show that
JO) = preime g ),
where a € (n,n + 1], and g is (n + 1)-differentiable at t > 0.

The fractional integral is defined as follows.

Definition 2.3. [11] Let o € (0, 1], the fractional integral is giving by

t
@90 = [ g

The composition of the fractional conformable derivative and the fractional integral is given in the following
theorem.

Theorem 2.4. [11] The fractional integral satisfies the following property,

1*9)” (1) = g(t),
fort>0.
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Example 2.5. We have,

P
pw = L

a+p’
and,

) & (_1)n ta+2n+1
[ (sin(t)) = :
(sin() Z::; Qn+Dlaton+l

If we take a = §, we get

(o)

I(sin(®) = ) | e

= n+3)2n+ 1)

2.2. Conformable fractional Laplace transform

The aim of this paragraph, is to give the definition of the fractional Laplace transform that will be used
in this work.

Definition 2.6. [7] Leta € R, 0 < & < 1and f : [0,00) — X be an X-valued Bochner function. The fractional
Laplace transform of order « is given by

(t=a)*

g = [ -

Now, we give the definition of the fractional convolution.

Definition 2.7. [7] Let 0 < o < 1, and u, v be twoX-valued Bochner functions. We define the fractional convolution
of u and v of order a by

t
(1 *a 0)(t) = f u((% — %) yo(r)rdr,
0

As in the case of the classical Laplace transform, the fractional Laplace transform satisfies the following
property.

Proposition 2.8. [7] Let 0 < a < 1 and u, v two Bochner functions, then we have
Ly #o 0)(A) = LEw)(A) Ly (0)(A).

2.3. Conformable semigroup and its associated Hille-Yosida theorem

The purpuse of this subsection is to introduce the definition of the conformable semigroup, the con-
formable a-resolvent and the Hille-Yosida theorem for the a-semigroup. All the results that we are going to
present in this paragraph were first introduced in [9], [8], and [5]. So for more details see these references.
We begin by defining the notion of a-semigroup.

Definition 2.9. [9] Let & > 0. For a Banach space X, a family {To(t)}=0 € L(X, X) is called a fractional a-semigroup
if:

1. T,(0) =1,

2. T, ((s + t)f:) =T, (si) T, (t%),for all s,t € [0, 00).

Example 2.10. [9] Let A be a bounded linear operator on X. Define To(t) = €2 VA Then Ta(t)so is a 3 semigroup.
Indeed:

1. To0) =™ = 1.
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2. Vs, t € [0,00), Ty ((5+ £)?) = X194 = 246254 = Ty ()T, (82).
As in the case of the classical semigroup, we define the notion of an @ — Co-semigroup.

Definition 2.11. [9] An a-semigroup T, (t) is called a a-co-semigroup if, for each fixed x € X, T,(t)x — xast — 0*.

The conformable a-derivative of an a-semigroup T,(t) at t = 0 is called the infinitesimal generator of T,(t)
which we denote A, and its domain is giving by

D(A,) = {x € X, lim T4 (v exists } .

A Co-a-semigroup, and its a-infinitesimal generator satisfy the following results.
Theorem 2.12. [9] Let T,(t) be a Co-a-semigroup with the infinitesimal generator A, and x € D(A,), then
TO(t)x = AuTa(t)x = Ta(t)Agx.

Theorem 2.13. [8] Let T,(t) be a Co - a-semigroup where o € (0,1]. There exist constants w > 0 and M > 1 such
that

ITa(t)l < Me™™,  for 0 <t < oo.

Corollary 2.14. [8] If T,(t) is a Cy - a-semigroup, then for every x € X,t — Tu(t)x is a continuous function from
IR} (the nonnegative real line) into X.

Theorem 2.15. [8] Let T,(t) be aCy - a-semigroup where a € (0, 1] and let A, be its a-infinitesimal generator. Then

e Forxe X

t+etl=®
1

1111(1) z t sl—_aTa(s)xds =T(t)x, foreveryt>0.

e ForxeX, fot SlL_(,Ta(s)xds € D(A,) and

¢
Ay (f %Ta(s)xds) =T(t)x — x.
0o s
e Forx e D(A,), Ta(t)x € D(A,) and

%Ta(t)x = AaTo(t)x = To(H)Ayx.

e Forx e D(Ay)

¢ ¢
To(H)x — Tp(s)x = f %Ta(u)Aax du = f %AaTa(u)xdu.
S u — S u @

Corollary 2.16. [8] Let A, be an a-infinitesimal generator of a Cy - a-semigroup T,(t). Then A, is closed and
densely defined linear operator.

Theorem 2.17. [8] Let T,(t) and S,(t) be fractional Cy - a-semigroups of bounded linear operators, where A, and
B, are their infinitesimal generators, respectively. If A, = By, then T,(t) = S4(t) fort > 0.

Before announcing the Hille-Yosida theorem for the a-semigroup, we define the notion of an a-resolvent.
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Definition 2.18. [5, 8] The resolvent of A, is set of all A € R satisfying

Ry (A, Ag)x = (Al - Ay) " x

co AT
e @ Tyt
=f e Tal®)
tl—a
0

Vx € D(Ay).

Theorem 2.19. [5] A linear operator A, is an a-infinitesimal generator of a a-co-semigroup if only if

1. A, is closed.
2. R* € p(Ay) and for every A >0

| Ra(A, Ag) 1<

==

3. Main results
We will use the above results to define the integral solution to the problem given in the following lemma.

Lemma 3.1. The problem

Du(t) = Aqu(t) + h(t), t € [0,T], @)
u(0) = uo + g(u),
is equivalent to the following integral equation
u(t) = uo + g(u) + I* (Aqu(t) + I (h(1)) - (3)

Proof. By applying D* to (3), we obtain the problem (2). conversaly, if we apply I* to the problem (2), we
get
u(t) — up — g(u) = I*(Aqu(t)) + I*(h(t)).

Which completes the proof. [

We begin by introducing some notations which we will use throughout this paper. We denote by I the
following time interval I = [0, T], by X a real Banach space, and by C the set of all continuous functions
from I into X, with the norm ||x|| = sup, [x(t)|. For r > 0, we set C,(I,X) = {f € C, 'f € C}. Notice that
C, (I, X) endowed with the norm || f [lc,= sup,, || t" f(t) || is a Banach space.

Now, let Aj the part of A, in D(A,) defined by

D(A}) = {x € D(A4), Asx € D(A,)},
Afx = Agx.

We need the following assumption to ensure that Aj generates a Cp-a-semigroup.

e (H;) the operator A, : D (A,) € X — X satisfies the Hille-Yosida condition, i.e, there is M > 0 and
w > 0 such that (w, ) C p(A,), and

sup {(A - )" | Ra (4, Aa) : n €N, A > w} <M. (5)

Then A generates a co-a-semigroup {T,(t)}»o on D(A,). The following assumption will also be useful to
prove the existence of the integral solution.
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e (H,) The operator T,(t) generated by Aj is compact in D(A,) when ¢ > 0, continuous in the uniform
topology, and
sup || Ta(f) [| < Mr.

tel

Let us first introduce the definition of the integral solution to the problem (2).

Definition 3.2. We say that a function u : I — X is an integral solution of (2) on I if the following conditions are
satisfied:

l.ueC, r<a.
2. (I*u) (t) € D(Ay).
3.

t
u(t) = ug + g(u) + A“f :(—S)ds +I*h(t), te L. (6)
0

1-a

Lemma 3.3. If u is an integral solution of (2) on I, then u(t) € D(A,), in particular u(0) € D(A,).
Proof. For h > 0 satisfying t + h € I. We have

1

t+ht! =
i f u(s)s*1ds € D(Ay),
t

sinc [“u(t) € D(A,). Thus,
1 [
u(t) = lhir% 7 f u(s)s*ds € D(Ay),
- t
and in particular, u(0) € D(A,). O
Definition 3.4. [6] The following function,

& o
Mi0) = ) Gty =gy

is called the Wright function, and satisfies

I'(1+9)

fo 0°M,(0)dO = T ) for 6 > 0.
Let us consider the following notation,
B = AR4(A, Ay).
Remark 3.5. The operator B satisfies,
lim | BY || < M.
Proof. Under the assumption (Hp) we have
B3I = IARa(A, Al < =—,

which implies the result. [
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Let us now consider the following auxiliary problem

u®(t) = ASu(t) + h(t), tel )
u(0) = uo + g(u).
By Definition 3.2, the integral solution of (7) is given by
o [(HE) )
u(t) = up + g(u) + Aj 1—ds + I*h(t), (8)
0o s

for u(0) € D(A,) and t € I. The fractional Laplace transform allows us to introduce an equivalent form of
(8).

Lemma 3.6. If h is D(A,)-valued, then (8) can be rewritten in the following way
t
) = Qo) + 900) +a [ Qu(r = e, ©)
0

where,

Q= [ n@T((3) ) (10)

“ o Oa “\\o
Proof. We begin by applying the fractional Laplace transform to (8), we obtain
1 1 1
La@®)) = 3 (o +g()) + S Ag La@(E)A) + = La((E)(A)-

Thus,

Lou(®))(A) = (AL = A (uo + g(w)) + (AL = AG) ' La(h(t))(A)
= Il + 12.

We have
I = (AT = A3 (uo + g(u))
= f e METL (D (g + g(u))dt
0
— l f g*AiTa(s%«)(uo + g(u))dt
a Jo

By using the fact that,

f ) e MYy(0)dO = e, (11)
0

we get,
1 0 a0 1
h=1 f f e Y1 (O) TalsH) (1o + gu))d0ds
o Jo

DT | tye
_ fo e fo —S01OT(5)" o + gw)dod
= Qa(t")(uo + g(u)).
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In the other hand, we have
I = (AL = Ag)™ La(f(t, u(t))(A)
- [ e e

L[ et Snom () e oo

= aLo(Qa(t)(V) La(r(1))(A).
By applying the inverse Laplace transform as well as its properties we obtain the result. [
Proposition 3.7. [13] Under the assumption (H,), Qu(t) is continuous in the uniform topology.
Remark 3.8. According to [13],

© q 1
fo g7 Va0 = T(1+9q)

thus, under the assumption (H,) we have,
|Qa(t)x] < Mr|x].

If we assume that & is D(A,)-valued, then (9) can have the following form,

u(t) = Qu(t*) (o + g(u)) + fo t Qu(t* = %) lim B{h(1)r*dr. (12)
Or,

u(t) = Qu(t*)(uo + g(u)) + Ali_r)g a fo t Qa(t* — 1)B3h(7)T"* d. (13)
Due to the fact that

lim Bix=x,

A—+o0
for x € D(A,).

Remark 3.9. If the values of h are in X and not in D(A,), then the limit in (13) exists, however the limit in (12) does
not exist.

Lemma 3.10. The solutions of (6) which are m—valued can be represented by (13).
Proof. Let us first consider the following notations,
uy(t) = Byu(t), hi(t,u(t)) = Byh(t), uj = Bj(uo + g(u)).
We begin by applying B to (6), we obtain
u(t) = up + g(u) + AgI“u(t) + I"h5 ().

Using the Lemma 3.6, we get
t
30) = Qut Y+ [ Qule = (D,
0

since u(t), up + g(u) € D(A,), then
uj(t) = u(t), uy — ug + g(u), Qa(t)ur = Qaluo + g(u)), as A — co.

Which implies the result. [
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We define the following operator,

t t
Xy(Hx = }im ocf Qa(t* - T“)B‘}(xT“_ldT = }im ocf Qa(T“)Bf{xT“_ldT, (14)
—00 0 —00 0

forxe X, andt > 0.
Proposition 3.11. Ifx € X and t > O, then the limit in (14) exists. Furthermore, X,(t) is a bounded linear operator.

Proof. We begin by defining the operator

t t
Xo(tx = af sY1QL (Y — s%)xds = af s 1Q,(s%)xds, (15)

0 0

for x € D(A,) and t > 0. Then
Xy = (A= A)XOH(AL - A)7L.

for A > w, which implies that X,(t) extends X%(t) from D(A,) to X. Since X,(t) maps X into D(A,), then

Xa(Hx = Ahm B{X,(t)x = Alim XO(t)BSx.
Which completes the proof. [
Proposition 3.12. Let x € D(A,) and t > 0, then D*X%(t)x = I'"*(aQ,(t*))x and Qu(t*)x = AX%(t)x + x.

Proof. We have
¢
D*X(t)x = D”‘af sY1QL (1% — s%)xds
0

t
= D¥ a—1 N a d
aj(; ST Qu(s%)xds
= I (aQa(t))x.

Let us now prove the second point of the proposition,

AXS (b = A( j; t fo ) %¢1(9)Ta(; )65° xds)

o 1 ¢ ~
_ fo SV(O)A( fo Ta(gi)y 1ds)do

= Qu(t")x — x.

2=

2=

[
Lemma3.13. 1. Letx € Xand t >0, then [*(W),(t) € D(A,), and
ta
Xo(B)x = Ag(I° X, (t)x) + Ex.

2. Let x € D(A,), then
X(HAx + x = Qu(tY)x.
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Proof. 1. Letx € Xand t > 0, we consider the following function

W(t) = AI*X2()(AT = A) L + %t“(/\l - Ay = XO()(AI = A) M
Obviously, W(0) = 0. And we have

D*W(t)x = AX(H(AI = A)'x + (AT = A)'x — D*XO(H) (AT — A)x
= AXS (AT = A)lx + (AT = A) 7L — Qu(t) (AT = A)'x
= AXY (AT = A) 7L + (AT = A) L — A X2 ()AL = A) Iy — (AT = A) "
= AXY(DAT = A)'x — A X0 (H)(AL - A)x
= (A = A)X2(t)(AI — A)x
= X, (t)x.

(
(
(
(

Then,
W(t) = I"X,(H)x + W(0) = I X, (H)x,
and,
(A= A)W(t) = (Al - A)T* X, (H)x

= A X, (H)x — AI* X, (H)x

= AMX(Hx — I7Q,(t%)x + [%x

= A*X,()x — Xo(t)x + %t“x

2. Letx € D(A,), we have
t
Xa(HAx = }im af Qu(t)BSAxt*dt
—00 0

= AXO(t)x
= Qa(t*)x — x.

Which completes the proof.
O

Theorem 3.14. u(t) is an integral solution of (2) if and only if
t
u(t) = Qu (") (1o + g(u)) + }im ozf Qa(t* - T“)B‘}(h(’c)’c“_ld’c, (16)
—00 0

fort € Land u(0) € D(A,).

Proof. 1t is sufficient to show that (16) is an integral solution to problem (2). We only need to prove that it
is true for u(0) = 0. To this end, we will proceed as follows

Step 1

If f is continuously differentiable, then for ¢ € I, we have

) =a fo Qu(s)Bh(E)ds
t S
—a fo Qu(s™B((0) + fo I (0)dT)d,s
f t
— fo Qu(s™)Bh(0)d,s + fo Qu(s™)B2( f; W (D)d)d,ys

¢
= X?X(t)Bﬁh(O) + f XO(t - T)BYW (T)d.
0
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And we have
u(t) = Alim uy(t)
—+00

t
= Xo(Dh(0) + fo Xalt — )l (s)ds

= A, ((O) + = h(0)

+ fo t [Aall Xa(t = s (5)) + Mh'(s)]ds

[24

= Ao(I"Xo(HH(0) + f X $)H' (s)ds)
0

a f o o\
+ Sy + f E=9" s
a 0«

= AuLuu(t) + I°h(t).

Step 2
In this step, we consider an approximation of & by continuously differentiable functions &, such that

sup |h(t) — h,(t)] — 0, as n — +oo0.
tel

We set ,
uy(t) = lim af Qa(t")Blhu(s)ds.
A—+00 0
According to the first step, we have
un(t) = Aa(Iun(£)) + I"hy (8). (17)
Then .
)= (0 = fim [ QB0 ) ~ oot
—+00 O

t
< aMTMf |1, (S) — My (s)lds
0
< aMrMTl, = Iy,

hence, {u,} is a Cauchy sequence, and it has a limit which we denote by u(f).
By passing to the limit in (17), we get

u(t) = Aa(Iu(t)) + I*h(t).
Consequently, (16) is the integral solution of (2). [

The following part of this paper is dedicated to study the existence and uniqueness of solutions for the
problem (1).
We will need the following hypotheses:

e (H;) f : I x X — X is continuous and for any k > 0 there exists a positive function yy € L* (I, R*) such
that

sup || f(t,x) Il < ()

lIxll<k

e (Hy) g:C — D(A) is continuous, and there exists a constant 7 such that

lg@) =gy lI<snllx-yll Vx,yeX
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According to Theorem 3.14, the integral solution to problem (1) is equal to the solution of

t
u(t) = Qu (") (1o + g(u)) + }im af Qa(t" - T“)Bﬁf(’c,u(’c))’c“‘ldt (18)
—00 O
Theorem 3.15. [5] Let B be a closed convex and nonempty subset of a Banach space X. Let Ly and L, be two operators

such that

1. Lix + Loy € B whenever x,y € B.
2. Ly is contracting mapping.
3. L, is compact and continuous.
Then there exists z € B such that z = L1z + Lz

In this section we set
o (Lau)(t) = Qu(t")(uo + g(u)),
o (Lo)(t) = limy o f) T Qu(t* — %)BY f(, u(D)dx.
Theorem 3.16. Assume that Hy — Hy hold. If Mirn) < 1 then (1) has at least one integral solution on I.

Proof. Step 1.
Choose r > 1—]\4]\/1Tm(||u0|| + llg(0)]| + M ||u||L°<>(1,1R+)), we set B, the unit ball of (G, ||.llc). And, let u,v € B,.

a

£
I (La)(®) + L20)(®) | < Mr{Jluo + gu)l) + lim o fo s*MIQa (" — 5B £(s, u(s))llds

< Mr(Jluoll + lg(O)ll + 1r) + MMr Tl =)
<r
And fort €I, u,v € C we have
Il (Law)(t) = (Lao)(E) li< Mrnllu = ol

However Mrn < 1, then L, is a contraction.
Step 2.
Let (U,) be a sequence in B,, such that u, — u in B,.
As f is continuous,
f(t,un(7)) = f(r,u(r)), asn — oo.
In other hand, we have

viel, It (f(z un(0) = f(r (@)l < 20 linlls € L' RY).
Then, by the Lebesgue dominated convergence theorem we obtain that,
1T (f(z, un(1)) = f(Tu(@)l = 0 asn — oo,

which implies that L, is continuous.

Now, we will show that {(L,u)(t), u € B,}, is compact. To this end, we will show that {(Lou)(t),u € B,} is
equicontinuous and uniformly bounded and for any ¢ € I, {(L,u)(t), u € B,} is relatively compact in X.

Let0 <t <t < T, wehave

tr
1)) - et < fim la [ .t = 2B e, @y
—00 f

+ lim ”a fo " (Qu(t = 7%) — Qu(t" — T)B2 (1, M(T))Ta_ld’t”

< MrM|pllee Ry
+ Tl my sup 1Qu(ty = s%) = Qult = s%)]

s€[0,t]
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According to Proposition 3.7, the second term in the right hand side of the last inequality tends to 0 as #;
tends to t;.

Hence, {(Lu)(t), u € B,} is equicontinuous.

Further, we have (Lu) is uniformly bounded.

Let us prove that Vt € I, V(t) = {(Lu)(t), u € B,} is relatively compact in X.

Let t € (0, T] be fixed, for each € (0, ), for each 6 > 0 and u € B,, we define the operator

t—h 00
(Lpsu)(t) = lim af f llpl(G)Ta

t—h a _ 1
=1f(5) Vtme [ [ Gon@n(“55) - (5) ) oo

1
where u € B,. The compactness of Ta((%)") implies that the set {(Ly,su)(t), u € B,} is relatively compact in X,
Vh € (0,t) and 6 > 0. Furthermore, we have

- )%)T“—1 F(z, u(v)d0dr

t O Yo T,
I ® - @i =af [ [ oo T (C55) e e uondee
t 00 O _ 40 y—
f f 57 D OT(5) )t uendoe
t—h o O _ g g
- [ g en(5E) ) e uno

< a” j;t j(;t fo" éTa_lllbl(Q)Ta(( @ :Sfca )ail)f(’(, u(r))dedr[”

b oo N
* ft_ ; fé %T“‘l%(@)Ta((tTT) )@, u(m)dodr]

< Mrllpdlisarey + Mrllplrsgroy T + (T = 0)*.

We conclude that V(¢), t € (0, T] is relatively compact, and V(0) is also relatively compact, then according to
Arzela-Ascoli theorem, {(Lu)(t), u € B,} is completely continuous Vt € I.

Hence, Krasnoselskii’s theorem implies that L1 +L, has at least one fixed point on B,. Therefore, our nonlocal
Cauchy problem (1) has at least one mild solution. [J

In what follows, we are going to give additional assumptions under which the existence of the mild solution
of problem (1) is unique.

Theorem 3.17. We suppose that f : I x X — X is continuous and there exists a functions p € L* (I, R*) such that
I f&x) = fEy lIsm@®llx—yll, Viel, x,yeX

and the function ¢ : t - Mr (17 +t*Mr || th ||L1(,/1R+)) : I — RY, satisfies
O<op(t)<t<l, Vtel

Then under Hy — Hy and if u(0) € D(A,) the problem (1) has a unique integral solution in C.
Proof. Define P: C — C by

(P 0= Qult) o+ 00 + Jim [ 71,0 = 9B s o
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Observing that P is well defined on C.
Now take t €  and x,y € C, we have

I (Pw) () = (P) () 1| < 0 1] Qul®) ll = |
t
lim [ QS ) B I 6,6 - f5,009) 1
- Jo
< M (n+ Mz || 1 Il g ) e = ol
<tllu—-o]

O

4. An illustrative example

In this section, we give an example to illustrate the above results. Consider the following conformable
fractional equation

Pulby) - M9 | £ ut,x), 0<t<T,0<x<m,

ut,0)=u(t,n)=0, t€[0,T], (19)

u(x,0)=g(u), 0 <x <.

Where
ft,u(t,x) = e tu(t,x) + e

and g is a continuous D(A,)-valued function defined by

=1
g(u)(x) = iju(tj,x), O<h<..<ts;<T, x€]0,7],

with

NI~

ZS: pjl <
j=1

Let m(t) = e, we have
sup |f(t, u(t,x)| < p(t) = (k + 1)m(t), for k > 0.

[u(t,x)|<k
which implies that (H3) is satisfied.
On the other hand, we have

19Gu1) = g@w2)] < Y Il = walx.
=1
Hence, (H,) is satisfied. Let X = C[0, 1] and consider the following operator
Ay DAY Cc X — X
defined by
D(A,) = {u € C'[0, ], u(0) = u(m) = 0}.

and

d
Aqu = au, Yu € D(A,).



H. El Asraoui et al. / Filomat 38:6 (2024), 2127-2142 2141

Note that
D(A,) = {u € C[0, ], u(0) = u(n) =0} # X.

In the other hand, we have
+00
(A = A u(h) = f e~ 1y (bydt,
0
it is easy to see that
_ 1
I3 = Aa) Ml < ~fulx

Thus our assumption (Hj) is satisfied, and the part Aj of A, generates a Cyp — a-semigroup T,(f). And
according to [9], Aj generates the following Cy — a-semigroup

T, (Hu(s) = u(s + %), V¥t >0,¥se[0,T].
Observe that T, maps any bounded set to a bounded set, then the assumption (Hy) is also satisfied. Then
the conditions of the Theorem 3.16 are satisfied, consequently our problem has at least one integral solution
given by
t
u(t) = Qu(*)(uo + g(u)) + Alim af Qu(t* — 1)BS f(7, u(t))t* ldr.
—00 0

Where
N —+00 1 t
Qu (1Y) u(s) = fo %¢1(6)u(s + %)de.

5. Conclusion

The existence and uniqueness of solutions for conformable fractional evolution equations with nondense
domain in Banach spaces is demonstrated in this article. As a preliminary step, we construct a generic struc-
ture of solutions associated with our proposed model utilizing conformable fractional calculus tools and
some basic properties of conformable fractional derivative and conformable fractional integral. Our main
results are established by using Hile-Yosida theorem associated with conformable fractional semigroup.
Finally, by using an appropriate example, the investigation of our theoritical result has been illustrated.
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