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Abstract. The Navier problem involving the p-biharmonic and the Leray-Lions operators with weights is
considered in this paper. Using the theory of weighted Sobolev spaces and the Browder-Minty theorem to
show the existence and uniqueness of weak solution to this problem. Firstly, we transform our problem

into an equivalent operator equation; secondly, we use the Browder-Minty theorem to prove the existence
and uniqueness of a weak solution to the problem concerned.

1. Introduction

In partial differential equations with weights, which have different types of singularities in the coef-
ficients, it’s natural to find solutions in weighted Sobolev spaces [13, 18]. Non-weighted Sobolev spaces
WHk(D), in general, appear as solution spaces for parabolic and elliptic partial differential equations.

There are a lot of examples of weight (see [18] ). A well-established class of weights, introduced by B.
Muckenhoupt [24] , is the class of A,-weights (or Muckenhoupt class) . These classes have found many
useful applications in harmonic analysis [2, 14, 15, 25, 27, 29].

Let D is a bounded open set in R", ¢, 91 and I, are a weight functions. Our goal in this paper is to show
the uniqueness and existence of a weak solution in the weighted Sobolev space Wé’t(l), J) (see Definition
2.4) for the Navier problem associated to the degenerate elliptic equation such that

A[(p(z)a(z, Aw)] - diV[Sl(z)V((z, Vw)] + @)W 2w =h(z) inD, M
w(z) = Aw(z) =0 on 0D,

where the functions a : D x R" — R”, K : D x R" — R” are Carathéodory functions that satisfy the
growth assumptions, monotonicity and ellipticity. Problem like (1) have been studied by many authors in
the non-weighted case, such as : a(z, Aw) = |AwP>Aw , K = 0 and h depends on solution (see [5, 6]).
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The plan of this work is as follows. In Section 2, we give some basic results and some technical lem-
mas. In Section 3, we specify all the assumptions on K, a and we present the notion of weak solution for
the Problem (1). The main results will be proved in Section 4.

2. Preliminaries

To understand our findings, we must first review certain definitions and fundamental aspects which
are used during this paper. Full presentations can be found in the monographs by A. Torchinsky [27] and
J. Garcia-Cuerva et al. [16].

We will call a locally integrable function 9 by a weight on IR” such that 9(z) > 0 for a.e. z € R". Each
weight 9 gives rise to a measure on the measurable subsets of IR” by integration. This measure will be
denoted 3. Thus,

I(E) = f Iz)dz for measurable subset E C R".
E

For 0 < t < oo, we denote by L/(D, 9) the space of measurable functions 9 on D such that

Whllep,9) = (f IhItS(z)dz) < oo,
D

where 1 is a weight, and D be open in R". It is widely known fact that the space L'(D, 9), endowed with
this norm is a Banach space. We have also that the dual space of L'(D, 9) is the space L (D, 917).

Let us now specify the conditions on the weight 9 that ensure that the functions in L'(D, 9) are locally
integrable on D.

Proposition 2.1. ([19, 23]). Let 1 <t < oo. If the weight 3 is such that

N=E

loc

(D) if t>1,

1
ess sup —— < 400 i t=1,
) f

for every ball B C D. Then,
LY(D,9) c L (D).

loc

As a result, and subject to the conditions of the Proposition 2.1, the convergence in L'(D, ) implies
convergence in L; (D). In addition, every function in L/(D, 9) has distributional derivatives. So it makes
sense to talk about distributional derivatives of functions in L'(D, 9).

Definition 2.2. Let 1 <t < co. A weight 3 is said to be an A;-weight, or O belongs to the Muckenhoupt class, if
there exists a positive constant C = C(t, 3) such that, for every ball B ¢ R"

1 1 5\ .
(ELS(Z)dZ)(ﬁﬁ(S(Z)) dz) <C if t>1,

(l%l th(z)dz) ess szlell}; % <C if t=1,

where |.| denotes the n-dimensional Lebesgue measure in IR".
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The infimum over all such constants C is called the A; constant of 3. We denote by A;, 1 < t < oo, the set of
all A; weights.

If1 <q<t<oo,then A; C A; C A; and the A, constant of f equals the A; constant of f (we refer to
[17, 18, 28] for more informations about A,-weights).

Proposition 2.3. ([30]). Let 9 € A; with 1 < t < oo and let E be a measurable subset of a ball B C R". Then

(%)t < c%,

where C is the A; constant of 9.
The weighted Sobolev space Wr (D, 9) is defined as follows.

Definition 2.4. Let D C IR" be open, and let f be A;-weights, 1 < t < co. We define the weighted Sobolev space
WrH(D, 9) as the set of functions w € LD, 9) with Dyw € LD, 9), for k = 1, ..., n. The norm of w in WK(D, 9) is
given by

llllwe 9y = (L lw(z)|"9dz + LIVw(z)ItSdz)[ ) )

We also define W(])’t(D, ) as the closure of C7’ (D) in WYH(D, 9) with respect to the norm (2).

Equipped by this norm, W'/(D, 9) and Wé’t (D, 9) arereflexive and separable Banach spaces ([19, Proposition

2.1.2.]. For more detail about the spaces W'/(D, 9)) see [18, 23]. The dual of space W(l)’t(Z), 9) is the space
defined as

(Wi, 9)] = {h - ZDihi/, % eL'(D,9)i=1,., n}-

To show the main reasoning of this paper, we rely on the following results .

Definition 2.5. We denote by H = W(l)’p (D, 91) N Wt (D, qb) with the norm

|l = ||Aw||Lt(D,¢) + IVwllizr@,9,)-

Theorem 2.6. ([13]). Let 8 € A;, 1 < t < oo, and let D be a bounded open set in R". If w, — w in L'(D, 9), then
there exist a subsequence (wy,,) and Y € L'(D, 9) such that

i) wy, (z) — w(z), ny, — oo, -a.e. on D.
(ii) |wp, (2)] < P(z), S-a.e. on D.

Theorem 2.7. ([10]). Let 9 € Ay, 1 <t < oo, and let D be a bounded open set in R". There exist constants Mg and
0 positive such that for all ¢ € W(l)’t(i), O) and all v satisfying 1 <v < 2= + 9,

-1
el o,9) < MollVllLio,s),

where My depends only on n, t, the A; constant of 9 and the diameter of D.

Proposition 2.8. ([7]). Let 1 < p < co.

(i) There exists a positive constant My, such that for all n, u € R", we have

p-2
|2 — |,,|p—2,7| < Mplu - 77|(|M| + |'7|) '
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(ii) There exist two positive constants B, and T, such that for every z,y € R", it holds that
p-2 _ _ p=2
Bo(lzl +1yl) 2= yP < (1P 22— yP 2y, z—y) < (12l + Iyl) Tz -yl

Theorem 2.9. ([32]). Let S : H — H" be a coercive, hemi-continuous and monotone operator on the real, separable,
reflexive Banach space H. Then the following statements are valid:

1- The equation Sw = T has a solution w in H, forall T € H" .

2- If the operator 5 is strictly monotone, then equation Sw = G has a unique solution w € H .

3. Basic assumptions and concept of solutions

3.1. Basic assumptions

Let’s give the specific conditions of the problem (1), we assume that the following assumptions: D
be a bounded open subset of R*(n > 2), 1 < t,p < oo, let ¢, 91 and I, are a weights functions, and let

K: DxR" — R, with K(z, u) = (7(1(2, W, .., Kalz, y)) and 4 : D X R" — R” satisfying the following
assumptions:

() Be K (for k =1, ..., n), and a are Carathéodory functions.

(IT) There exists a positive function h € L*(D), and a positive constant My and 7 € LV (D, 91)
(with % + }% =1 ), such that :

K (z, @)l < T(2) + hZ)|ul ™,

and
la(z, M)l < Mo(1 + Inl"™)

(with1+1=1).
(IIT) There exists a constant « > 0 such that :
(K(z, 1) - Kz 1) u— ') > alu - P,

and

(a(z, 1) = a(z, 1)) (u - ') > 0,
whenever u, ' € R" with g # p' .
(IV) There exists a constant > 0 such that :
(K w), 1) > BluP,

and

CI(Z, [’l) U 2 |[’l|t
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3.2. Concept of solutions

The definition of a weak solution for Problem (1) can be said the following.

Definition 3.1. One says w € H is a weak solution to Problem (1), provided that

f a(z, Aw)Avpdz + f(?((z, Vw), Vo) 91 dz + f lwlP2wv 9, dz = f hvdz,
D D D D
forallv e H.

Remark 3.2. We seek to establish a relationship between 91, 9, , in order to ensure the existence and uniqueness of
solution for our Problem (1). At first we notice, for all 91, 9, € A, we have :

. Ifg—f € L'(D, 91) wherer = F%V and 1 < p’ < p < oo, then, by Holder inequality we obtain
[0l (0,8, < Mppllwllr@,5,),

1/p

)
where M,y = ||9_1||L'(D,91)‘

4. Main result

4.1. Result on the existence and uniqueness

The main result of this article is given in the next theorem.

Theorem 4.1. Let 9; € A,(i=1,2) and ¢ € A;, 1 < p,t < co and assume that the assumptions (I) — (IV) hold. If
é_: €LV (D, 9) and g—f € LVIT(Z), 1) Then the problem (1) has exactly one solution w € H.

4.2. Proof of Theorem 4.1

The essential one of our proof is to reduce the (1) to an operator problem Aw = G and apply the Theorem
2.9.
We define
F:HxH—R

and
G:H— R,

where ¥ and G are defined below.
Then w € H is a weak solution of (1) if and only if

F(w,v) = G(v), for all ve H.

The proof of Theorem 4.1 is divided into several nots.

4.2.1. Equivalent operator equation
In this subsection, we prove that the Problem (1) is equivalent to an operator equation Aw = G.
Using Holder inequality, Theorem 2.7, we obtain

G(0)| < f M o1y dz
» N

< /Sl @, 10l @,91)
< MZ)Hh/Sl||Lp’(z),sl)||v||H~
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Since f/91 € LV (D, 91), then G € H*.
The operator F is broken down into the from

F (w,v) = F1(w, v) + F3(w, v) + Fa(w, v),

where ¥, : HxH — R, fori = 1,2, 3, are defined as

Fi(w,v) = f (K(z, Vw), Voyddz ,  Fa(w,v) = f a(z, Aw)Av ¢pdz
D D

and Fs(w,v) = f lwlP2wov 9, dz.
D
Then, we have
|F (w, v)| < |F1(w, )| + [F2(w, v)| + |F3(w, v)|. 3)

On the other hand, we get by using (II), Holder inequality and Theorem 2.7,

F1(w,0)] < f K (z, Vo) Vol 91z
< | (v +HVep)vols,dz
D
-1
< tlly (e IVOll@,5,) + ”h%‘”(ﬂ)||Vw||Zp(D,9])||VU||LP(D,Sl)
< (Il ) + Wlliscoylleollyy ) 1ol

and
Analogously, using (II), Holder inequality, Remark 3.2 (ii) and Theorem 2.7, we obtain

|F2(w,v)] < f la(z, Aw)||Av|pdz
D
<M, f (1 + [Aw| Y Av|pdz
D

< Mo[lIAwllzecp,g) + (@ONY [IADlL 0,0)
< Mo|llwlls + (SO ol

Next, we get

Fa(w,0) < f P ol 9z
D
1/p’ 1/p
< f i 92dz) * ( f [0l 2dz)
D—l D
= ”w||ZP(D,SZ)||U||LP(?/‘92)
< Mp@ MZ)”VwHZp(D,SZ)”VZ)“U’(D,Sz)
P oagP p-1
< MMl lolls.

Hence, in (3) we obtain, for all w,v € H

F @0 < [l o, + Wll=yllwoly " + MM ol + Mo[llells + (D) []llelle.
Then for each w € H, ¥ (w, .) is linear and continuous . Thus, there exists a linear and continuous operator
on H denoted by A such that
(Aw,v) = F(w,v), forallw,veH.
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Moreover, we have

-1 -1 ’
WAl < (Il 0,y + Willpliellly + MM kol + Mo[llel + (D) ]],

where
Awll. := SUP{KJ"(ZU, o)l =17 (w, ) : v € H, [[vlln = 1},
is the norm in H". This gives us the operator

A H—H
w +— Aw.

It is therefore possible that the equation of the problem (1) is equivalent to the equation of the operator

Aw=G, weH.

4.2.2. Monotonicity and Coercivity of the operator A
* Now, we show that A is strictly monotone. Indeed.
Let vy, v, € H with v; # v,. We have

(ﬂvl - Avy,v1 — Uz> = F(v1,01 —02) = F (02,01 — 02)
= fﬂ (K Vor), V(o1 — 02)) 914z - f@ (K (2, V02), V(01 = 02) ) 9142
+ f a(z, Av1)A(v1 — v2)pdz — f a(z, Av2)A(v1 — v2)Ppdz
D

+ f|vl|p_2?71(01 —02)92dz - f [02P"202(v1 — 02)92dz
D D
= f (K@ Vor) - K(z, Vo), V(o1 - 02))91dz
D
+ f (a(z, Avq) —a(z, sz))A(vl - vz)qniz

+ <|01 P20, — |Uz|”_202)<01 - Uz)szdz-
D

Thanks to (II) and Proposition 2.8 (ii), we obtain

v

p-2
a [, V(o1 = 0)P $1dz+ By [ (lorl + loal) lor = 0a? 85 dz

af |V(v1 — v)|P 91dz
D
allV(o,

<ﬂ01 - ﬂl)z, 01 — Uz>

v

v

P
- 02)”[}'(@,31)'

Therefore, A is strictly monotone .
* In this not, we prove that the operator A is coercive. let w € IH, we have

(Aw, w) F (w, w)
Fr(w, w) + F3(w, w) + Fa(w, w)

f(?((z,Vw),Vw)Sldz+fa(z,Aw)Aw ¢dz+f|w|”82dz.
D D D

Moreover, from (IV) and Theorem 2.7(with v = 1), we obtain

(ﬂw,w)zf|Aw|t¢dz+ﬁ1f|Vw|p81dz+f|w|’7\92dz
D D D

ZfIAw|t¢dz+min(ﬁ1,1)[f |Vw|’”\91dz+f|w|p\92dz]
D D D

> min(Ba, Dl
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Hence, we obtain
(Aw, w) ) p-1
T s minBr, Dl
olls P el

Therefore, since p > 1, we have
(Aw, w)

— Fooas [lw|lg — +oo,
lleolle

that is, A is coercive.

4.2.3. Continuity of the operator A

We need to show that the operator A is continuous, i.e. We will show that Aw, — Aw in H", that is
to say we need to show the following convergences

Baw, — Baw in LV (D, ), (4)

Nw, — Nw in L'(D,¢), 5)
and

Jw, — Jw in  LV(D,9,). 6)

Let w, — win H as n — 0. Then Vw,, — Vw in (L7 (D, 81))i. Hence, thanks to Theorem 2.6, there exist
a sub sequence (wy,,,) and ¢ € LP(D, 91) such that

Vwy, (z) — Vw(z), ae.inD

)
[Vw,, (2)| < P(z), a.e.in D.

The following notes are required to demonstrate this convergence.
Not 1:
For k =1, ...,n, we define the operator

Bi:H— LF'(D,9)
(Brw)(z) = Ki(z, Vw(2)).

We need to show that Byw,, — Byw in LF' (D, 91).
In Banach spaces, we will use the convergence principle and the Lebesgue theorem .

o Let w € H. Using (II) and Theorem 2.7(with v = 1), we obtain

Bl e, = [ Bl itz = [ G Vel sidz
! D

f (x+Hvep) sdz
D

M, L(T”’ + h’”/Ilep) ddz

IA

IA

IA

v 4 4

4 v 4
My (Il g ) + WA gyl

IA

where the constant M, depends only on p.
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e Letw, — winH as n — co. By (II) and (7), we obtain

Bicon, = Bl ) = [ 1B, 2) - B 91z

A

< | (176G Vo)l + 1966z Vo)) $1dz
D

IA

M, [ (1K66e, Voo, )P + 156, V) ud

IA

M, [(T 1V, Y + (2 + mvep-) ] 91dz

IA

My [ [+t (gt | ouaz
D
< 2M,M, f (7 + W' y?) 91dz
D

’ v I 14
< MM, Il )+ I 101

Hence, thanks to (I), we get, asn — o0
Bywy, (2) = Ki(z, Vwn,, (2)) — Ki(z, Vw(z)) = Biw(z), a.e.zeD.
Therefore, by Lebesgue’s theorem, we obtain
IBkwy,, — Bxwlly (p,9,) — 0,

that is,
Byw,, — Byw in LF'(D,9).

Finally, in view to convergence principle in Banach spaces, we have

Biw, — Biw in L7 (D, 9,). (8)

Not 2:
We define the operator
N:H — LY(D, )
(Nw)(z) = b(z, Aw(z)).

In this not, we will show that Nw, — Nw in L' (D, ).

e Letw € H. Using (II) we obtain

”Nw“tth'(z),(p) = fz)la(z,Aw)|t’¢dz
M f (1+ 1Awl™) pdz
D
ME M, f (1 + lAwl') pdz
D

MM (GO + Al ]
< MM, [N + lkolly],

IA

IN

IA

where the constant M; depends only on ¢.

o Letw,, —» win H as m — 0. We need to show that Nw,, —» Nw in LY (Z), ¢) If w,, —» w in H then

Aw,, = Awin L' (Z), ¢)) Using Theorem 2, there exist a subsequence {w,,, } and a function ® € L! (Z), (P)
such that
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Awy,, (z) = Aw(z) a.e. in D
|Aw,, (2)] < D(2) ae. in D.
By (II) , we get

,
N, = Nl o, = ‘f|Nww@)—Nw@ﬂ¢ﬂz

f (lu(z, Awn, )| + la(z, Aw)l)t/qbdz

D

M; f (la(z, Awy, )" + la(z, Aw)'“)‘?dz
D

IA

IA

IA

MEM; f [+ 180, 171) o+ (14 180l ) |z

v

< MM, | [(1+ |<1>|f-1)tl +(1+ @) Jodz
D

< AMEMM; [@O) + 191, .

next, using condition (I), we deduce, as n — o
Nw,, (z) = a(z, Aw,,,(z)) — a(z, Aw(z)) = Nw(z), a.e.zeD.
Therefore, by the Lebesgue’s theorem, we obtain
INwy,, = Nwllpr g — 0,

that is,
Nw,, — Nw in L'(D,¢).

We conclude, from the convergence principle in Banach spaces, that

Nw, — Nw in L'(D,¢).

Not 3:

We define the operator
J:H— LV (D,9,)
(Jw)(2) = lw@)'?w(2).

In this not, we will demonstrate that Jw, — Jw in L' (D, 9,).

o Letw € H. Using remark 3.2, we have

i)y = j\mw%w

f |w|(p—1)r7'32dz

|w|P9,dz

D 14
Mp,p’ [i |]H'

IA

2152

e Letw, — winH as n — oco. Then w, — w in LP(D, 9,). Hence, thanks to Theorem 2.6, there exist

a subsequence (w;,,) and ¢ € LP(D, 9,) such that

Wy, (z) — w(z), ae.inD

lw,,, (2)| < @(z), a.e.in D.
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Next, we get
Wewn, = el ) = f 00, 2) = @) 922
(anm @1+ @) 92z
anm(zw + [w@)l )2z
<M,

-2 2
e, P20, P+ ol w0l ) 320tz

lw,, [P~ + |w|(F"1)p')82dz

%B%b

(
(
(1o, P + lewl? )94z
(o

<M, lplP + |(p|” Szdz
<2M f |l 92dz
< 2M 9l gy

Therefore, by Lebesgue’s theorem, we obtain

Jwy,, — ]w”Uz’(z),sz) — 0,

that is,
Jw, — Jw in LF(D,9).

We conclude, in view to convergence principle in Banach spaces, that

Jw, — Jw in  LV(D,9). (10)
Finally, let v € H and using Holder inequality, we obtain

[F1(wn, v) = F1(w, v)]

If(‘K(z,an)—‘K(z,Vw),Vv)Sldzl
D

n
< Y [ #ita V) - Kice, VDol
_ D
kﬁl
=Y f B, — Biwl|Dyol 9142
k=1 YD
n
< Y Bk, = Bl o) 1D,
< [Zanwn—Bkwuw(@,&) o1l
k=1
and
[F2 (s, 0) — Fa(w,0)| < f la(z, Aw,) - a(z, Aw)l|Avipdz
= INw, — Nw||Av|pdz
D
< |INwy — Nwllpe (0 |AVLo,0)
<

[INw,, — Nwl||» (D,(/;)HUH]H-
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and by not 4 and Remark 3.2 we get

|F3(wy, v) — Fa(w,v)] < f ||wi|”’2wi—le’”’zwlvlszdz
= [Jw, — Jwl|v]92dz
D
< MppllJwn = Jwlly (9, 10llH-

Hence, for all v € H, we have
3
Fwn,0) ~ F @) < Y [Filwn,0) - Fw,0)|

]
< [ (IIBkwn - Bkwl|U”(D,81)) + My |lJw, = Jwlly (9,9,
+ INwy, = Nl (5,5 JIolir

Then, we get

n
Aw, — Awll. <[ Y (I1Bewn = Bewlly ,0,)) + Mpyllfwn = Jolly o6,
k=1
+INwy, = Nl () |

Combining (8), (9), and (10), we deduce that
[|Aw,, — Aw|. — 0asn —> oo,

that is, Aw,, — Aw in H*. Hence, A is continuous and this implies that A is hemicontinuous.
Therefore, by Theorem 2.9, the operator equation Aw = G has exactly one solution w € H and it is the
unique solution for problem (1).

Finally, the proof of Theorem 4.1 is completed.
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