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Projection-type methods for nonlinear integral equations with
non-smooth kernels

Chafik Allouch?

*The Multidisciplinary Faculty of Nador, Team of Modeling and Scientific Computing, Nador, Morocco

Abstract. In this paper, we explore two methods for estimating the solution of Urysohn integral equations
with a Green’s function type kernel: the Kantorovich approach and a projection-type method. Either the
orthogonal projection or an interpolatory projection onto the space of piecewise polynomials of degre < r is
used as the approximating operator. Compared to the projection-type solutions, it is shown that if the right
hand side of the operator equation is only continuous, then the iterated Kantorovich solution converge more

rapidly. However, the projection-type method has lower computational costs. Several numerical examples
are provided to validate the theoretical estimates.

1. Introduction

We consider the following Urysohn integral equation defined on X = L*[0, 1] by

1
x(s) —j(; K(s, t,x()dt = f(t), se€]0,1] (1.1)

where f € X, the kernel «(s, t, 1) is a real valued non-smooth function and x € X is the unknown function.
Equation (1.1) include the following special case of Hammerstein equation

1
(6) = [t 000 Ot = 50 (12)

where ¢ € ([0, 1] X R). For the solution of (1.1), there are a number of numerical approaches available.
Atkinson and Potra [7] investigated projection and iterated projection methods and Atkinson and Potra [8]
studied the discrete version of Galerkin and iterated Galerkin methods. Kulkarni and Nidhin [15] suggested
an alternative approach, the modified projection method, for solving (1.1) with a continuous kernel, and
Grammont et al. [14] investigated a more general type of kernels. Convergence of the iterated modified
projection approach is demonstrated to be faster than that of the iterated projection solution. Specifically

for orthogonal projection, the discrete variant of the modified projection method is examined in Kulkarni
and Rakshit [12].

2020 Mathematics Subject Classification. Primary 45G10; Secondary: 47H30, 45105, 65]15, 65R20.

Keywords. Urysohn integral equation, Projection operator, Gauss points, Kantorovich method, Projection-type method.
Received: 12 January 2023; Revised: 19 May 2023; Accepted: 15 September 2023

Communicated by Marko Petkovi¢

Email address: c.allouch@ump.ac.ma (Chafik Allouch)



C. Allouch / Filomat 38:6 (2024), 2157-2176 2158

Kumar and Sloan presented a new collocation approach in [17] for solving the Hammerstein problem (1.2),
and Kumar[16] investigated the superconvergence features of this method. Allouch et al. [3] proposed
a superconvergent variant of the Kumar and Sloan approach that converges as quickly as the modified
projection method.

There are also many publications discussing alternative approaches for solving Hammerstein equations with
smooth kernels using spline quasi-interpolation. (see for instance [9, 18]).

In this study, we employ the classical projection approach to provide several strategies for resolving
equations (1.1) and (1.2).

Using piecewise polynomial basis functions, we first establish the Kantorovich technique for the numerical
solution of (1.1), which is based on “Kantorovich regularization” (Kantorovich, 1948). The use of this
technique for linear Fredholm integral equations is explored in Schock [19] and Sloan [20], but it does not
appear to have been studied yet for nonlinear integral equations with non-smooth kernels. We point out
that for solving Uryshon equations with smooth kernels, the proposed method and its discrete version are
studied in Allouch et. al [4] (see also Grammont et. al [13]).

For (1.2), we next suggest a redefinition of the Kumar and Sloan approach, which is called the collocation-
type method in the literature, by making use of the orthogonal projection. This last approximation does
not seem to have been considered previously for Green’s kernels. However, it was analyzed in Allouch et.
al [5] for solving Hammerstein equations with weakly singular kernels. When the orthogonal projection is
employed, this technique will be referred to as a Galerkin-type method, whereas when the type of projection
is not specified, it will be referred to as a projection-type method.

We provide an error analysis for the projection-type approach, and we prove that if the right hand side f
of (1.2) is less smooth, the iterated Kantorovich solution is generally more accurate than the projection-type
methods. However, we will notice that the projection-type method has better performance, in term of the
computational cost.

Although spline quasi-interpolation has previously been employed in the treatment of linear Fredholm in-
tegral equations using Green’s kernels (see [2]), the projections operators employed here exhibit greater
convergence orders.

Here is a quick overview of the paper. In Section 2, we establish notation, describe the numerical
approaches, and recall some useful results. In Section 3, for both the orthogonal projection and the
interpolatory projection, the orders of convergence of the given approaches are established. In Section 4,
our results are illustrated by numerical tests.

2. Methods and notations

2.1. Urysohn integral operators of class Ca(a, y)
LetIT =[0,1] x [0,1] X R. Divide IT into two subests IT; and IT,, where

I ={(s,t,u):0<s<t<1,uelR}

and
M ={(s,t,u):0<t<s<1,ueR}L

Let a and y be integers such that @ >y, @ > 0 and y > —1. The kernel x defined in (1.1) is assumed to be of
the following form

xi(s, t,u), (s, t,u)elly, s#t

Ka2(s,t,u), (s, t,u) €Iy,

x(s, t,u) = {

where x; € c*(IL), i = 1,2. We assume that if y > 0, we have « € ¢”(II) and if y = -1, then x may have
a discontinuity of the first kind along the line s = f. Assume that the partial derivative £(s, ¢, u) = 3—5(5, t,u)
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exists for all (s, t,u) € ITand

_ | b tu), (s tu)ell;, s#t
fetu) = { bls,tyw), (s,t,u) € T,

where ¢; € c*(I1;), i = 1,2. Following Atkinson and Potra [7], we say that « is of class C»(«, y). Consider the
Urysohn integral operator denoted by X

1
(Kx)(s) = j{; x(s, t,x(t))dt, se][0,1]. (2.1)

The operator X is compact and is completely continuous from L*[0, 1] into ¢?[0, 1], where
y1 = min{a,y + 1}.

Moreover, X is Fréchet differentiable and its Fréchet derivative at x € X is given by

1
&0 = [ G a0,

In operator form, the integral equation (1.1) can be represented as
x—=XK(x) = f. (2.2)
Let xo be the unique solution of (2.2). If f € ¢#[0,1], then from Corollary 3.2 of Atkinson and Potra [7],

X9 € C*[0,1]. As the range of X is contained in ¢7'[0, 1], then if f € ([0, 1], we have also xy € ([0, 1]. For
0o > 0, let

B(x,00) = {v € X [Ix = Yllow < 60}

The operator K’ is Lipschitz continuous in a neighborhood $B(x, 8) of xo, that is, there exists a constant A
such that

1" (x0) = K" (Il < Allxo = xllo,  x € B(x, b0). (2.3)

Note that X’(xo) : L*[0, 1] — ([0, 1] is a compact linear operator (See Krasnoselskii [22]). Assume that 1 is
not an eigenvalue of K’ (xo). Then (See Riesz-Nagy [21])

M = (I =K' (x0))™' K (x0)

is the compact linear integral operator given by

1
(M)s) = fo (s, Dby,

and the kernel m has the same smoothness as kernel €.(s, t) = €(s, t, xo(t)) of K’'(x). (See Atkinson and Potra
[7, Lemma 5.1]). In fact, since xy € ¢*[0, 1], it follows that

mec*{0<s<t<1l} and mec*0<t<s<1}.

If y > 0, then m € ¢7([0,1] X [0, 1]), whereas for y = —1, the kernel m may have a discontinuity of the first
kind along the line s = t. Following Chatelin and Lebbar [11], the class of the kernel m is denoted by C(«, y).
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2.2. Approximating projection operators

For any integer 7, let
A" 0=ty<t <...<t, =1,

be a quasi-uniform partition of [0, 1], that is

K™
and h](.n) =t —ti_q.

() (n) _

su < o0, where = max

np 1 1 1<ij<n 0
]

Let AE”) = [ti.1, ] and K™ = max hg"). In order to keep notations as simple as possible, from here on, we will
<ign

no longer use the index (1) when referring to the partition or its elements. For v > 0, set
CZ = {y € LOO[O/ 1] : yi = yIAi € CV(Ai)/ l = ]_,_ . ',n}.

For x € ¢/[0,1], we define

]
oo = Y 16,
i=0

where x) denotes the i derivative of x. For y € C% = C,, the following notations will be used
Ill2,a; = Nyill2,  MYlleo,a; = Yilleo,  NIYlleo = max|yilleo.
1<i<n

Hence, we obtain the following bound

Illz.a, <12 Mlleos, <1 PlYlleo, i=1,...,m. 2.4)

Let IP, denote the set of all polynomials of degree < r, where r is a given integer and let X,, be the set of
functions belonging to IP, on each subinterval A;.
Letno, 1, .. ., be the sequence of orthonormal polynomials in L?[0, 1] i.e. 7, is a polynomial of degree p, and

<T]p/ T]q> = 6pq for all p.q > 0.

Fori=1,...,n define n;, on [t;_1,t;] by

Nip(ticn + i) = i Pn,(x), 0<t<1,
and then extend by zero to [0, 1]. The set
Nip, 1<i<n, 0<p<r] (2.5)

form an orthonormal basis for X, and the restriction to L*[0, 1] of the orthogonal projection 7§ from L2[0, 1]
to X, is given by

nSg =YY kg (2.6)
i=1 p=0
and satisfies
(nSg,np) =<g, ), 1<i<n, 0<p<r. 2.7)
For g € Cy, let n$g denote the unique piecewise polynomial of degree r that satisfies

(o)) = g(tip), 1<i<n, 0<p<r, (2.8)
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where the collocation points are
Tp=(@{-1+1)h, 1<i<n, 0<p<r (2.9)

and {79, 71,...,7,} are the r + 1 Gauss points in [0,1]. This map can be extended to L*[0,1] and then

7§ : L*[0,1] — X, is a projection. In the Lagrange form 7§ is

n r
nSg=Y Y o)y
i=1 p=0
where {l;), 1 <i<n, 0 <p <r}is the Lagrange basis of X, satisfying
lip(qu) = 6ij6pq/ 1< i,j <n, 0<pg<r

From here on, for notational convenience, we will write 7§ or 7§ as 7,.

The projection 7, converge to identity operator pointwise on [0, 1] and, for g € C}, (see Chatelin and Lebbar

[11])
(7 = )gllee < Cillg®P Ik, (2.10)

where
B = minf{a, r + 1}

and C; is a constant independent of n. Moreover, the projection 7, is uniformly bounded with respect to n,
ie.

p = sup lImlc, |l < co. (211)

Let
B1 =min{f,y+1} and B =min{B,y +2}.

Foru=1,...,B,ifge CZ, then, additionally, we have again, from Chatelin and Lebbar [11],
(7 = t)glleo < Cillg® o (2.12)

The following result is quoted from [15, Lemma 2.2].
For g € Cp, let myi9 = (09)|a,- If g € C%, then

(7 = 70,0 gilloon; < CillgPloon i, 1<i<n. (2.13)

Henceforth, we assume that C is a generic constant independent of n. According to Grammont et al. [14], if
g € Cp, then

1K' (x0)9) P llco < Cllglleo, 0 < p<y1+1. (2.14)

2.3. Kantorovich method for Urysohn equations

For our convenience we let
y = K(x). (2.15)
Thus, writing the solution of (2.2) as x = y + f, we have

v =K+ . 216
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The Kantorovich method, is obtained by applying the projection method to equation (2.16). Thus, the
approximate solution is

Xy =Yu+ f, (2.17)
where y, satisfies

Yn — K (yn + f) = 0. (2.18)

The theoretical advantage of the proposed method is that the inhomogeneous term is now 0 rather than
1, f in projection methods which may be smoother than f.
Observe that the aforementioned equations can be reduced to a single equation for x;,

- K (K) = f. (2.19)

We notice that this form is directly introduced in [13] to define the Kantorovich method. Throughout this
paper, this method will be referred to as the Kantorovich-Galerkin method when an orthogonal projection is
used, and the Kantorovich-collocation method when an interpolatory projection is employed. Finally, the
iterated Kantorovich approximation is defined by

= X(xy) + f,
=Y+ f, (2.20)
where y, = K(y» + f). From (2.18) and (2.20) we observe that y, = 7,y,, and hence
Yn — K(mtuy, + f) = 0. (2.21)

For the implementation of the method, we define
F,(v) =v—-m,X(@© + f).

Then, equation (2.18) becomes
F, (yn) =0
This last equation is solved iteratively by using the Newton-Kantorovich method. For an initial approximation
0 Jefi
Y, , define
k k k k
vu'? =y = T Eaw),

where F; (yn 9} is the Fréchet derivative of F, given by
Fy) = 1= X (4 + ).
By a simple calculus, we get
ygﬁl) nniK’(y( + Ny, () - nnJC(y(k) +f) - nnﬂc’(y(k) +f)y,(1k). (2.22)

Since y¥ € X,,, we can write for the orthogonal projection

N

y = Z%k), IR
j=1

where N = n(r + 1) and {4, ..., ¢n} is the orthonormal ordered basis of X,, given by (2.5). Then, (2.22) is
equivalent to the following linear system of size N

(1= A0y =17,
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where fori,j=1,...,N,
AL, ) =K GP + Hoj, o,
a6 = KyP + ), 0 - (APD)G).

Let {L, ..., Ly} be the Lagrange basis of X;, satisfying L;(s;) = 0;j, where {s1,...,sn} are the ordered interpo-
lation points given by (2.9). For the interpolatory projection, we can write

N N
u =Y L = Y oL
=1 '

=1

(2.23)

Then, we obtain the system of linear equations
k)N, (k+1 k
(1= By =g,
where fori,j=1,...,N,

BYG, j) = (K' (¥ + HL)Gs)),

g = X + i) = B0, @2
2.4. Projection-type method for Hammerstein equations
Let ¥ : C[0,1] — ([0, 1] be the Nemytskii bounded and continuous operator defined by
WY(x)(t) =t x(t), xe€cl0,1], te[0,1]
and let T be the linear integral operator with a kernel « of class C(«, y) that is,
1
(Tx)(t) = fo k(s, )x(t)dt, te€[0,1], xeX (2.25)
With this notation, the Hammerstein equation (1.2) takes the following form
x—=T¥(x) = f. (2.26)
It is more convenient to set
z(t) = P(t, x(t)) = ¥(¢, Tz(t) + f(1), t€[0,1].
Thus, we obtain the equivalent equation for the function z
z=Y(Tz+ f). (2.27)

The projection method for (2.27) is seeking an approximate solution z, € X,, which satisfies the operator
equation

zp = 1, W (Tz, + f). (2.28)
The desired projection-type solution x;, is then defined to be
x) =Tz, + f
which means that

x) =T, W(x3) + f. (2.29)
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Let
F,(v) =v—m, Y (Tv + f).
Then, equation (2.28) becomes
Fu(zn) = 0. (2.30)
The Fréchet derivative of F, is given by
F,(v)=1-m,¥'(Tv+ f)T.

The Newton-Kantorovich method for solving (2.30) iteratively give for an initial approximation P

2 _ v (120 4 T = 1w (T2 + £) - 1, v (T2 + T, (2.31)
In the case of the orthogonal projection, 20 = i=1 o®( J)@;j, and (2.31) is equivalent to the following linear

system of size N
(1= Ay =10,

where
AP, j) = (W(T2 + AT 90, i,j=1,...,N, 032
1) = (VT2 + ), 1)~ (AP0, |
while for the interpolatory projection 29 = Z?Ll oML i, the system of linear equations is
(1 =By =g,
where
BY(, j) = [W(Tz9 + ATLAE), ij=1,...,N,
@i, ) = [W( NTLE), i (2.33)

k k ST
a = W(Tz) + ) — BY0)0).
The following interesting observation was made in many papers (see for instance [6, 17]). The integrals
in the linear systems (2.23) and (2.24) must be computed at each step of the iteration. However, since in
(2.32) and (2.33), the coefficients vﬁ,k) (j) involving in the expression of zg‘) can be extracted out of the operator

T, the integrals will depends only on the basis, not on the unknowns o®( ) and this make the computations
of the integrals necessary only once throughout the iteration process. Therefore, in the Kumar and Sloan
method, the number of integrals to be calculated is significantly lower than in the Kantorovich method.

3. Convergence rates

3.1. Kantorovich method
Let xy € X be the unique solution (1.1). Fori = 1,2, define

(9”1(1‘
Jst
A = max{Ai, Ay},

A; = max{ (s, t,u)

(s, t,u) €Dy, :0,...,a},

where
D; ={(s, t,u): (s, t,u) € IT;, |u| < ||xo0lloo}-

It is straightforward that
1K) PNl <A, u=0,...,a 3.1)

The following result is crucially used (see [7, Theorem 4.1]).
minf{a,y+v+2}

A , vz

If the kernel « is of class C»(a, ), the Urysohn operator X is a continuous operator on C,into C
0.
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Theorem 3.1. Let the kernel « be of class Ca(at, y) and assume that 1 is not an eigenvalue of X’ (xo). Then there exists
a real number 59 > 0 such that the approximate equation (2.19) has a unique solution xX in B(xo, &o) for a sufficiently
large n. Moreover, for f € c*[0,1]

Il = xolleo = O(HF), (3.2)
whereas for f € C[0,1]
Iy = Xolleo = O(H2). (3.3)

Proof. Since the Kantorovich method is equivalent to a projection method for the quantity yy = K(xp), and
since xX — xo = ¥, — o the error bound follow immediately from the analysis of the projection method.
Indeed, we derive from [7, Theorem 2.2]

I = xolleo < CIICT = 700)Yolle (3.4)

The operator X is a continuous map from C} to C{. Thus, if f € ¢*[0,1], K(xo) € C} and it follows from
(2.13) and (3.1) that

(7 = 70)K(@0)lleo < Crll(K(x0)Plloch?,
< C1AKP,

Hence, the estimate (3.2) is a consequence of (3.4).
Next, we recall that for f € [0, 1], we have xg € ([0, 1]. Furthermore, the operator X is a continuous map
from Cy to CZZ, where

¥2 = min{a, y + 2},

Consequently, if we take (2.12), we can say that
I = 1)K xo)llso < Call(K (x0)) ook, (3.5)
We now deduce (3.3) from (3.1) and (3.4). This completes the proof. [

The following estimates are provided by Chatelin and Lebbar [11].

Let T be a linear integral operator with kernel x € C(, y). Then, for any x € C}

IT(I = 7)o < Collt® a2 (3.6)
n
In addition, ifa > r+1,

IT(1 = 7§)xlloo < callxllg, o, (3.7)

where
B3 = min{a, 2r + 2,7 + y + 3}.

Theorem 3.2. Let the kernel x be of class Cy(a, ) and let XX be the iterated Kantorovich solution defined by (2.20).
If f € ¢*[0, 1], then for the orthogonal projection

% = Xolle = O(HF*P2), (3.8)
while for the interpolatory projection

Iy = xolleo = Q). 3.9)
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Proof. First we observe that Xk — xo = ¥, — yo. It then follows, by essentially the same argument as for the
iterated projection method, but now xg is replaced by K(xy) that (see equation (5.12) in [7])

T = x0 = (1 + M) (K(f) — K (x0) (6 = x0) — K(x0)) 6.10)
— M(I = 10,)K (x0)(xK = x0) = M(I = 1,)K(x0). '
By applying the mean-value theorem for operators to K and using the Lipschitz continuity of X’, we get

1K) = K (o) (xX = x0) = K(xo)|
= [I[K (xX + O(xo — x5)) — K (x0)1(xk = x0)ll,
< y(1 - 0)|IxK = xoll%, (3.11)

where 0 < 6 < 1. As K(xo) € C} and m € C(a, y), then using (3.6) and (3.7), we respectively obtain

IM(7 = YK (xo)llos = O(F*F2) (3.12)
and

IM(1 = )X (xo)llew = OH). (3.13)
In addition, as stated in the proof of Lemma 2.1 in [14],

(1 = 70) K (x0)lleo = O(HP?). (3.14)
Combining (3.8) with the estimates (3.10)-(3.14) and making use of 3 <  + 32, the remarks

min{26,8+ B2} =B+ B2

and
min{2B, B + B2, fa} = min{B + B, s} = B3
ends the proof. [

Theorem 3.3. Let the kernel x be of class Ca(e, y) and let XX be the iterated Kantorovich-Galerkin solution defined
by (2.20). If f € 0, 1], then there holds

I = xollo = O(H2). (3.15)
Proof. For a fixed s € [0, 1], let my(t) = m(s, t), t € [0,1]. Using the orthogonality of nf,
[M(1 = e$)K(x0)(s) = {ms, (1 = 75)yo)

= ((1 = m§)yms, (1 = n$)yo)

n

(G = yms, (1= o).,
j=1

where

tj
(1=, 1= mhun), = [ 1= meEmdOU = molt

It results now, from the Cauchy-Schwarz inequality that

1M1 = 79K < Y I = 7Sl (2 = 7)ol (3.16)
j=1
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Forj=1,...,n, the bounds (2.4) and (3.5) allows us to write

17 = 7)ol < Cr7llyg I,
< Gy o, (3.17)

Also, [11, Lemma 9] tells us thatif s € (¢t;_1, t;), then

12y .
(7 = eyl ={ g((:gﬁ;ﬂ//z))’, j: (3.18)
whereas for s € A,
17 = 7)melloa, = OKE?), j=1,...n. (3.19)
These results implies that
IM(1 = 7)) K (x0)lloo = O(RF R EFID), (3.20)

Since min{B, f1+1} = B, then combining (3.3), (3.10), (3.14) with (3.20) yields (3.21). The proofis finished. O

Theorem 3.4. Let the kernel « be of class Co(a, y) and let XX be the iterated Kantorovich-collocation solution defined
by (2.20). If f € [0, 1], then if v > 0 we have

I = xollew = O(AminR2r+1)) (3.21)
Proof. Arguing as in the proof of Theorem 3.1.2, we can deduce from (3.3),(3.10),(3.11),(3.13) and (3.14) that
I = Xolleo < IM(I = 7)) yolleo + O(2). (3.22)

Lemma 11 in Chatelin and Lebbar [11] states that for any s € [0, 1]

n

M(1 = mi)yo(s) = Y~ (1 = m)ms7 o, 0)
j=1

n
=Y (1 = m)md yo, (1 - n§)o);,
j=1

where 6;*1 yo(s) = [Tjo, ..., Tjr,s]yo denote the divided difference of yo at {7jo, ..., 7, s} and

T

vi(s) = H(s -1p), 1<j<n

p=0
Therefore, using the Cauchy-Schwarz inequality, we obtain

n
IM(1 = 7)yo©)l < Y I = 7)ol (2 = )l (3.23)
j=1

From Lemma 2.2 in [15], it follows that

(1 = $)0jlleo,0, < Cr + 1)!h;+1. (3.24)
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Hence

IM(7 = 7)yo(s)] < e Y I = 7§)(ms67 yo)lloa, 1741,
j=1

Using the technique employed in [15, Lemma 3.1], we are able to demonstrate that

sup |[Tj0,...,’c]-,,s]yo| < Cs.
s€[0,1]

Thus,
IM(1 = ) yollee < CC3(1 + p)limllch™?.

Combining the above inequality with (3.22), the desired estimate follows. [
If r=0and a > 1, we have 8, = 1. Hence, it follows from (3.21) that
I = xolleo = O().
We now show that, if y = 0, then the above order of convergence can be increased to 2.

Theorem 3.5. Let Xk be the iterated Kantorovich-collocation solution defined by (2.20). If f € [0,1], then for
x € Ca(a, 0) with a > 1, we have
% = xolle = O().

ti1+t;

5 Y be the collocation points. By (2.4) and (3.24), one has

Proof. Forr=0,lett/ =1jp =
I = Sojlla, < 2, (3.25)
where vj(s) = (s — /). By using the mean-value theorem,

61y0 _ yO(S) - J/O(T]) -

D5, ey
i 57 Yo (0)), o) € (tj-1,9).

Since yél) € sz_l = ClA, it is obvious that the kernel mygl) € C(minfa,y +1},7) =C(1,0). Asf=p1=p =1,
we conclude from (3.18) and (3.19) that
(7 = 72)msd yolloa, = O(hf./z), se€[0,1]. (3.26)

The proof of the required estimate is accomplished by substituting (3.25) and (3.26) into (3.23) and combining
with (3.22), respectively. [

3.2. Projection-type method

For the remainder of the paper, we will assume that the kernel « of the Hammerstein integral operator T¥
is of class C(a,y). When f is smooth, the following result demonstrates that the projection-type approach
converges as quickly as the iterated Kantorovich method.

Theorem 3.6. Let x;, be the projection-type solution defined by (2.29). Suppose that x is the unique solution of (1.2)
and that 1 is not an eigenvalue of (TY) (xo). If P € c*([0, 1] xR) and f € [0, 1], then for the Galerkin-type method

Il = Xolleo = OCF*F2), (327)
whereas for the collocation-type method

Iy = xolleo = Q). (3.28)
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Proof. Firstly, we define
ZO(t) = l:l}(t/ .X()(t)), te [Or 1]

In Theorem 2 of Kumar [16] it was shown that
llxy, = %olleo < clIT(1 = 725)Zolloo (3.29)

and this estimate is valid not just for 7§, but also for the orthogonal projection. Let

89#’ t, xo(t))' p=0,...,

¥, = max
te[0,1]

Therefore, we have from (3.6) and (3.7)
IT(1 = 7S)zoll < Callz Il 2,
< CWhPP (3.30)
and
IT(1 = 7)z0ll < Callzollg, eoh™,
Bs
<G (Z 11/,-] Kb (3.31)
i=0
Combining (3.29) with the aforementioned estimates yields the desired results. This reach the proof. [

If f is not smooth, the convergence order of the Galerkin-type solution is lower than that of the iterated
Kantorovich-Galerkin solution, as stated in the result below.

Theorem 3.7. Suppose that x is the unique solution of (1.2) and that 1 is not an eigenvalue of (TW)' (xo). Then, if
¥ e c([0,1] x R) and f € ([0, 1], the Galerkin-type solution fulfills

IS = xolles = O(1E). (332)
Proof. For a fixed s € [0,1], let xs(t) = x(s,t), t € [0,1]. Arguing as in the proof of Theorem 3.1.4, the
following upper bound can be estabilished

n
IT(1 = 7§)z0lleo < max Y 117 = 7§yl 7 = 7520l (3.33)
s€[0,1] =)

In the first place, we may write from (2.4) and (2.12)
(1 = 7$)zoll,a, < (1+ p)h}”%. (3.34)
To continue, we have used the same procedure for the kernel m in (3.18) and (3.19), which entails
17 = )l p, = OG> ™A, (3.35)

By combining (3.34) and (3.35) with the inequality (3.33) and the estimate (3.29), we reach the proof of
(3.32). O

It should be mentioned that since $xX = XK, then the two solutions agrees at the collocation points.

Therefore xX and XX converge with the same order at those points. For example under the hypothesis of
Theorem 3.1.2 we have the following superconvergence phenomenon for xX
max |[x;; = xo](t)] = O(h).

1<i<N
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Remark 3.8. Assume that f € c*[0,1] and a > r + 1. If r <y, then since

p=p1=pr=r+1

and
Pz =2r+2,

the following full orders
llxy = xollow = (™)

and
X = xolleo = O(HZ*2)

corresponding to the case of a smooth kernel are recovered.
It should be mentioned that for the Kantorovich and the iterated Kantorovich-Galerkin methods, the preceding
convergence orders also hold when f € C[0,1]. Ifr > y, then

B=r+1, p1=y+1

and
ﬁz :)/+2, ‘33 =1’+)/+3.
Thus,
Ik = xollea = O(H"*)
and

XX = xolleo = O(H7*3).

If f € C[0,1], for the Kantorovich method and the iterated Kantorovich-Galerkin method, we have
Il = xollee = O(*)

and
XK — xolleo = O(HP*4).

For the iterated Kantorovich-collocation method, if v > 2y + 2, then

Iy = xolleo = O(H?*4).

4. Numerical results

Here, we propose several numerical experiments to demonstrate the effectiveness of the presented methods.
Two Hammerstein equations having Green’s kernels and with exact solutions of varying regularity are
considered. We solve the associated linear systems for each test equation and then we compute the infinite
norm of the errors with respect to the true value xg. We also evaluate how well each proposed approach
performs in comparison to the other. It should be noted that the integrals in the linear system were
computed using a high order Gauss-quadrature rule.

We choose X, to be the space of piecewise constant functions (r = 0) or the space of piecewise linear
polynomials (r = 1) with respect to the uniform partition of [0, 1]

0=1<2<...<E=1.
non n
Let 7§ be the restriction to L*[0,1] of the orthogonal projection from L%[0,1] to X,. The operator 7§ is
chosen to be either the interpolatory projection at the # midpoints
;201

1

o i=1,...,n
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or at the 2n Gauss points given by

S 2i-1 11 ;o 2i—1 1 1

-—— and T,=—F—+7——7,i=1,...,n

21 2143 2n 2143

Note that the maximum errors |[xX — x|, XX — x0|lc and [lx;; — xollc are approximated respectively by

i
T

Eg = _max (v, = X)),

El = max |GX-x ;
K i1 o2 |(~In< 0)(]/1)|

and

E'= max |(x°-x i
S 12y (6 0)(%)'1

where y; are equally spaced points in [0, 1]. The orders of convergence are calculated using the formulas
o _los(EVEY) - log@EyE) | log(EYEY)
T g YT T log@ T log(2)

ExampLE 1. We consider the following Hammerstein equation quoted from [18]

1
x(s) —j; K(s, )Y(t, x(t)dt = f(s), se€][0,1]

where

x(s, t) =

1 sinhossinho(1—-1t), s<t
osinho

sinho(1 —s)sinhot, t<s

with o = \/ﬁ, and
U(t, x(t) = o®x(t) — 2(x(¥))°, te0,1].

We have f(s) = ﬁ :2 sinho(l —s) + % sinh os} and the exact solution is

2
JC()(S) = m, s € [O, 1]

In this example
a=0co, y=0, =1 r=2

For r = 0, we recall from Remark 3.8 and Theorem 3.6 that the expected orders of convergence in Kan-
torovich, iterated Kantorovich and projection-type methods, are respectively,

Sk=1,0xk=2 and &s=2,
whereas for r = 1, the orders are as follows
Sk=2,0k=4 and 6s=4.

The numerical outcomes are reported in Tables 1-4.
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no | —xollo 0k | IR —x0lle Ok | x5 —xollo s
2 | 3.66x1071 - 479 x 1072 — 1.77 x 1072 —
4 | 261x101 049 | 1.02x1072 222 | 1.02x102 1.93
8 | 1.53x10°t 077 |253x10° 202 |273x103 1.93
16 | 8201072 090 | 6.55x10™* 195 | 731 x10* 2.01
32 | 423%x1072 095 | 1.61x10™* 202 | 1.80x10™* 201
64 | 2.15x 1072 098 | 3.99x 107> 2.01 | 461x10"> 2.00

Table 1: Orthogonal projection (r = 0)

no | —xolle Ok | XK —xolle Ok | x5 — Xollo s

2 | 435x 1071 - 228 x 1072 - 752 %1073 -

4 | 281x101 063 ] 645x103 213 | 3.67x107% 1.04
8 [ 158%x107 083 | 1.61x102 200 | 1.29%x103 1.50
16 | 833x1072 092 | 397x10™* 202 | 359x10* 1.85
32 | 427%x1072 096 | 9.83x107° 2.01 | 920x10™° 1.96
64 | 216 x1072 0.98 | 247 x107° 1.99 | 2.31x 10> 1.99

Table 2: Interpolatory projection (¥ =0)

Figure 1 presents, for the purpose of completeness, error graphs for each of the different approaches when
n is equal to 2.

0.01 F 3 0.015
0.00 - 1 oot} 1
ooty 1 ooost ]
-0.02F ] /)
[ 0.000 -} -
—0.03 |  — Collocation— - [
L —_— Iterated Kantorovich—collocatiof | —0.005 - ]
[ — Galerkin—type ] r — Collocation—type
~0.04 - — Iterated Kantorovich—Galerkin | L _ Iterated Kantorovich—collocatid
[ r _ Galerkin—type El
F -0.010 [ — Iterated Kantorovich—Galerkiln |
005 . M ] B My
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: For r = 0, we give on the left, the errors of the approximations for Example 1 produced by Kantorovich, iterated Kantorovich
and projection-type methods for both the orthogonal and the interpolatory projections. On the right, we display the corresponding
errors to the case where r = 1.

Even though the errors in the infinity norm are essentially identical in the iterated Kantorovich and projection-
type methods, for both the orthogonal and the interpolatory projections, we notice that the graphical be-
havior of the errors differs.

XK — xollo Ok | XK —xolls Ok | X5 — X0l 05
133 %10 391 x 1073 8.04x 1073

404x107% 1.73 | 3.88x10™* 333 | 1.49%x 10~ 3.09
1.07x1072 192 | 441x107° 3.71 | 1.03x107* 3.42
267%x107% 200 | 3.08x10° 3.84 | 6.64%x10° 3.66
6.32x10™* 1.08 | 1.97x 1077 3.96 | 4.02x1077 4.06

Table 3: Orthogonal projection (¥ =1)

W =
Koy @ NI
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no| K —xolle 0k | XK —xolle Ok | x5 — Xollo 05
2 [ 1.42x1071 - 3.83x107° - 1.66 X 1072 -
4 | 413%x1072 1.79 | 401x10™* 326 | 1.48x 1072 3.49
8 | 1.07x1072 195 | 231x10™° 411 |9.64x10™° 3.94
16 | 2.67x1073 2.00 | 1.93x10® 358 | 531 x10°° 4.18
32 1 6.61x10™% 201 | 122%x107 399 | 290x 1077 4.20

Table 4: Interpolatory projection (r =1)

2173

From Tables 1-4, it can be seen that the computed orders of convergence match with the theoretical ones.
To emphasize the difference between various methods, we compare in Figure 2 the CPU time (in seconds)
required to obtain the approximate solutions for different values of .

— T
r| ——e&—— Collocation—type
b ——— &
—

[ S

Galerkin—type
Iterated Kantorovich—Galerkin

Tterated Kantorovich—collocatio

) .
L Collocation—

Galerkin—type

Iterated Kantorovich—Galerkin

Iterated Kantorovich—collocation

2 4 6 8

T
10

L 1 | 1 1 1
12 14 16 2 4 6 8

Figure 2: CPU time results for Example 1,7 = 0 (on the left), and r = 1 (on the right).

The iterated Kantorovich approach is slightly slower than the projection-type method, as can be seen. In
addition, given the two approaches, the interpolatory projection requires fewer arithmetic operations than

the orthogonal projection.

ExampLE 2. The following second example

1
x(s) —j; x(s, Y(t, x(t)dt = f(s), se€][0,1]

is chosen to favour the Kantorovich method over the projection-type method, in that « is the Green kernel

given by (see [1])

(2st — 2)(1 —on) + s?#(c — 1), t < min{n, s}

1 s2(1 — on) + s*t(0 — 1),
21 —o0n) |@2st =) (1 —on) +s*(on—t), n<t<s
52(1 - t)/

x(s, t) =

s<t<n

max{n,s} <t

“.1)

and the inhomogeneous term f is selected so that xo(t) = |t — %I%. Note that the kernel is discontinuous on

the line = 1.

We choose 0 = 2 and 1) = 1. For r = 0, the expected orders of convergence in the Kantorovich method and
its iterated version, are respectively, 1 and 2, whereas for Galerkin-type method the order is 1. The expected
orders for r = 1, are respectively 2, 4 and 2.

The numerical outcomes are given in Tables 5-8.
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no| K —xolle 0k | XK —xolleo Ok | X5 = Xollw s
2 [341x1072 - 8.65x 1074 - 1.11x 1072 -
4 | 227x1072 059 | 271 x10™* 1.67 | 295%x 1072 1.90
8 | 1.30x1072 081 | 720x10° 191 | 7.77x107* 1.93
16 | 6.92x10° 091 | 1.85x107° 196 | 2.01x10™* 1.95
32 | 357%x107% 095 | 470x10° 197 | 516x10™° 1.96
64 | 1.81x10 098 | 1.20x10® 197 | 1.31x10™°> 1.97
Table 5: Orthogonal projection (¥ =0)
no| I —xolle Ok | XK —xolle Ok | % — Xollo s
2 | 387x1072 - 229x107* - 1.41 x 1072 -
4 | 242%x1072 068 | 121x10* 093 | 4.71x1073 1.58
8 | 134%x102 086 |360x10° 1.75| 1.57x10™* 1.58
16 | 703x102 093 | 954x10° 191 | 528x10™* 1.58
32 | 3.60x107% 097 | 247 %10 195 | 1.79x10™* 1.57
64 | 1.82x103 098 | 641 x1077 195 | 6.08x10> 1.55

Table 6: Interpolatory projection (r =0)

Figure 3 below shows the graphs of the errors of various methods for n = 2.

2174

0.003 [ ] o —— ‘ ‘ :

[ 0.0004 - R Collocation—type H

[ — Tterated Kantorovich—collocation

r — Galerkin—type 1

0.002 B 0.0003 F E— Iterated Kantorovich—Galerkin |]
I 0.0002 |
0.001 - 4 r
0.0001 |
0.000 - r
r _— Collocation—type 0.0000 [
E— Iterated Kantorovich—collocatiof 4 r
— Galerkin—type 4 [

b ‘ | — Iterated Kantorovich—Galerkin | 1 —(0.0001 E ‘ ‘ ‘ g

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.8 1.0

Figure 3: For r = 0, we give on the left, the errors of the approximations for Example 2 produced by Kantorovich, iterated Kantorovich
and projection-type methods for both the orthogonal and the interpolatory projections. On the right, we give the corresponding errors

to the case r = 1.

no| K —xolle 0k | XK =Xl Ok | X5 = Xollw s
2 [1.13x1072 - 1.68 x 107% - 479x 1074 -
4 | 329%x10° 1.78 | 6.35x10°® 472 | 853x10°° 2.49
8 | 874%x10™* 191 | 723x1077 3.14 | 1.50x 107> 251
16 | 224x10™* 196 | 731 x10°®% 3.30 | 2.60%x10°® 253
32 | 5.68%x107° 198 | 5.07x10° 385 | 3.71x107 281

Table 7: Orthogonal projection (r =1)

Tables 5-8, illustrate that a high accuracy is obtained by the iterated Kantorovich method even when the
solution and the right hand side are only continuous.
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I —xollo Ok | IXK —xolle 0k | IIX5 —x0llw O
120x 1072 1.86 x 10~ % 138 %1072

336x107° 1.83 | 6.75x107® 4.78 | 457x10™* 1.60
882x10™* 193 | 7.02x1077 3.27 | 1.55%x10™* 1.56
225%x10™* 197 | 5.86x107® 358 | 535%x 10 1.53
570x 10 198 | 578 x10™° 3.34 | 1.87x10° 152

Table 8: Interpolatory projection (¥ =1)

W =
R oy @I

—— —————
| ——e@—— Collocation— B
12| ————m®&——— Iterated Kantorovich—collocatior b

r| ———«&——— Galerkin—type 1
Iterated Kantorovich—Galerkin

/‘j;on_//. t ]

r —— @ Iterated Kantorovich—collocation - r b
L ———@——— Galerkin—type 1 4+ -
L —— & Iterated Kantorovich—~Galerkin | | r 1
L L L Il L L L Il L L I T I I I T I I I T I I I T I I I Il | L L L Il L L L Il L L L Il L L L L L L L L L L L L |

2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
Figure 4: CPU time results for Example 2,7 = 0 (on the left), and = 1 (on the right).

When compared to the projection-type method, the iterated Kantorovich method has extremely reasonable
computational costs, especially when considering the quality of the generated findings.

Conclusions

To approximatively solve the nonlinear problem (1.1), two efficient numerical approaches based on pro-
jection operators have been suggested. Both of the proposed methods for these types of kernels are novel
contributions to the literature, since, unlike the standard projection method, the error estimation of the
Kantorovich method depends precisely on the regularity of Kf instead of f, which is smoother if f has
very low smoothness. Further, the Galerkin-type method which form a redefinition of the collocation-type
method seems to have not been investigated before for Green’s kernels. The approximate solution has been
obtained at a very low computational cost and by solving a given linear system. The convergence of the
methods have been proved, providing superconvergent results even when the solution is only continuous.
Moreover, we have shown by some experimental results that our procedure reaches the same accuracy
when the solution is sufficiently smooth. We believe that sharper estimates than those stated previously
could have been provided, especially in the projection-type method.
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