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Betti numbers of edge ideals of some graphs with application to graphs
assigned to groups

Bilal Ahmad Rather®

@ Mathematical Sciences Department, College of Science, United Arab Emirate University, Al Ain 15551, Abu Dhabi, UAE

Abstract. The article presents the Betti numbers of multiple complete split-like graphs, clique stars and
their generalization. As an applications, we also give the Betti numbers of the graphs defined on groups,

like power graphs of groups and commuting graphs of non-abelian groups. Also, we give their extremal
Betti numbers and their projective dimension.

1. The first section

2. Introduction

For a polynomial ring R = K[x1, xy, ..., xn] over a field K with standard degree grading. To every finite
simple graph G with vertex set V(G) = {x1,xp, ..., xn} and edge set E(G), we can associate its edge ideal I(G)
(see, Villarreal [23]) defined as I(G) = (x;xjlx;, x; € E(G)) € R. The quotient R/I(G) is known as edge ring
of G. By Hilbert-Syzygy theorem, the graded R-module, R/I(G) exhibits a unique minimal IN-graded free
resolution

0— @ R(=j)fri > - —> @R(_]')ﬁi,i - ...H@R(_]‘)ﬁl,f — R > R/I(G) > 0,

j=p+1 j=it j=2

of length p < n. The number p is the length of the minimal graded free resolution of R/I(G), and is called the
projective dimension of R/I(G), written as pd(R/I(G)) (or shortly pd(G)). R(—j) is a graded free R-module
of rank one generated in degree j and the number f;; of generators of ith syzygy module in degree j is
called the ith graded Betti number of R/I(G) in degree j, denoted by B, ;(R/I(G)) (or simply f; j(G)). There
are particular cases and equivalent ways to find the Betti numbers of I(G), but since I(G) is a square-free
monomial ideal, so our principal tool to study g; ;(I(G)) shall be Hochster’s formula (see, [13, 20]). The free
resolution of I(G) encodes several homological invariants of I(G) which are intimately related to the graph
invariants of G. Two such important invariants are (Castelnuovo-Mumford) regularity, which is defined as

reg"(I(G)) = max{j — igj51(G)) # 0},
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and the projective dimension, given as
pd*(I(G)) = max{ilp{S(I(G)) # 0 for some j}.

Many interesting papers can be found in this direction [10, 11, 15, 19, 23]. Mohammadi and Moradi [18]
investigated resolutions of unmixed bipartite graphs. Singh and Rohit [21] found the Betti numbers of
edge ideals of some split graphs. The Betti numbers, regularity and the projective dimension of I(G) of
G, in general, depends on both the graph and the characteristic of underlying field. However, in our
study, these invariants are independent of the characteristic of field. Thus, for the sake of brevity, we
write ﬁg(j(R/I(G)) = Bij(G), reg®(R/I(G)) = reg(G) and pd]K(R/I(G)) = pd(G). A Betti number g; ; is called an
extremal Betti number if f,; = 0 forall r > i,5 > j+ 1 and s — r > j — i. Extremal Betti numbers of graded
algebras are widely studied, for some recent progress see [4, 14, 18] and the references cited therein.

The rest of the paper is organized as: In Section 3, we discuss the Betti numbers of multiple complete
split-like graphs, clique stars and the generalized clique stars and give exact formulae for their initial Betti
numbers. We also obtain their extremel Betti numbers and the projective dimension. Section 4 and 5
discuses the application of Section 3 to the power graphs of finite groups and the commuting graphs of
non-abelian groups. We end up the article with conclusion for future work.

3. Betti numbers of edge ideals of some graphs

Let G be a finite simple (without loops and multiple edges) graph with vertex set V(G) = {x1,x, ..., xn7}
and edge set E(G). A subgraph G’ of G is called an induced subgraph if two vertices of G’ are adjacent if and
only if they are adjacent in G. The degree of a vertex v € V(G) is denoted by d,. The union of two graphs
G1 and G, denoted by G;1 U Gy, is a graph with vertex set V(G1) U V(G,) and edge set E(G1) U E(G;). We
denote by kG, the union of k > 2 (integer) copies of G. The join of two graphs G; and G,, denoted by G * G,

is obtained from G; U G, along with the edge set {xy : for x € V(G) and y € V(G,)}. The complement G of

G is a graph with the same vertex set as of G and the edge set E(G) = E(Ky) \ E(G). A complete graph Ky
on N vertices is a graph in which every pair of distinct vertices are adjacent. A subset S C V(G) is called
an independent (stable) set if its induced subgraph is totally disconnected (isomorphic to complement of
clique). However, a subset C of V(G) is called a clique if the induced subgraph on C is a complete graph. A
graph G is known as chordal graph if it does not contain an induced cycle of length greater than or equal
to 4. A graph G is said to be co-chordal if G is chordal.

A simplicial complex on the vertex set V(A) = {x1,x2,...,xxn} is a collection of subsets of V(A) such that
each singleton {x;} € A for each i, and B € A for each B C F with F € A, that is, roughly saying that A is
closed under inclusion. An element of A is known as face of A and the maximal faces of A under inclusion
are called facets. A face F € A is called an i-dimensional face (or i-face) if |F| — 1 = i. The dimension of
A, denoted by dim, is defined to be d if max{|F| | F € A} = d + 1. We represent the number of connected
components of A by comp(A). A’ said to be subcomplex of A if A” C A. The induced subcomplex Ag on a
subset S of V(A) is a simplicial complex Ag = {F € A | F € W}. A subcomplex of A is said to be full provided
every face of A having its elements in V(A) also belongs to it. If A and A’ are two simplicial complexes such
that V(A) N V(A’) = 0, then their join is the simplicial complex A* A’ ={c Ut |o €A, T € A}

Let G be a finite simple graph with vertex set V(G) = {x1, xp, ..., xn}. Then the simplicial complex

A(G) = {S| S is an independent subset of V(G)}

on V(G) is known as the independent complex of G. Given a simplicial complex A with vertex set
{x1,x2,...,xN}, the squarefree monomial ideal I, in the polynomial ring R = K[xj,xp,...,xy] generated
by all squarefree monomials x; x;, . . - Xi, such that {x;,x;,,... ,x,-p} is not a face of A is known as Stanley-
Reisner ideal, that is,

In = {xixi, Ce X, | {xil,xiz,...,x,vp} ¢ A} CR.



B. A. Rather / Filomat 38:6 (2024), 2185-2204 2187

The quotient ring IK[A] = R/IA is known as the Stanley-Reisner ring of A. Conversely, for each squarefree
monomial ideal I € R = K][xy, x5, ..., xn] there is a simplicial complex A on vertex set {x1,xz,...,xy} such
that I = I. Therefore, for an edge ideal I(G) in the polynomial ring R = K[xy,x,...,xn], the simplicial
complex A(G) associated to graph G on vertex set {x1,x»,...,xn} given by

A(G) = {{xixi, ... xi,} € V[ {xi x5, ... x5, } is an stable set},

is such that I(G) = Ixg).

Next, we state an interesting result known as Hochster’s formula [13] (also see, [20]), which is an
important tool for the computation of graded Betti numbers of Stanley-Reisner ring IK[A]. This formula
describes the graded Betti numbers of I, in terms of the dimensions of the reduced homology of A.

Theorem 3.1 ([13]). The graded Betti number f; ; of the Stanley-Reisner ring IK[A] = R/I in degree j is given by

Bi(KIA]) = ) dimicH i 1(As; K), 1)
Scv
1SI=j

foreachi, j > 0.

A connected graph G is called a split graph if its vertex set can be put as a disjoint union of a clique and
a stable set. In addition, if each vertex of a clique is connected to every vertex of a stable set, then we say
G is the complete split graph. Further if there are n number of cliques Kj, b > 2 on disjoint vertex sets such
that each vertex of such cliques are joined to every vertex of a stable set say of cardinality 4, we obtain a
multiple complete split-like graph, denoted by MCS; . Thus, the multiple complete split-like graph G can
be written as G = MCS; = K, *nK. If we replace a stable set K, by a clique K,, then we obtain a clique star
CS; , = KoxnKp. If we putn = 1in MCS; , we obtain MCSj | = CS;, where CS} is a complete split graph with
clique size b and a stable set of size a. Next, we discuss the Betti numbers of a multiple complete split-like
graph, a clique star and its generalizations.

Theorem 3.2. Let G = MCS;  be a complete split like graph of order N > 3 and let l{,t =12,...,n+1and
j=1,2,...,n be positive integers. Then the initial Betti numbers of G are

SECER AR S o 1 AR oA

L+ =i+1 B+2+B=i+1
L.3>1 BB 2>1
N n Z a\(b\(b\(b N n Z a\(b\(b\(b\(D N
3 pl\e)\e\e) " 4 s o s s
B+ B=i+1 1 4 Bt li=it] 1 4
B35 1B>1 I 18 1E>1

Pt I =i

n-1 pt Nt \met o\ et e
l}.”lzl,jzl,2,...,n
+ n n ml " \m n n n :
Pf‘*’“""lz,y;)::i"'l (ll)(ZZ 13 ln—2 lnfl l” ln+1

1;’21,]':1,2,...,n,n+1

Proof. Let G = K,  (1K;) be the multiple complete split-like graph of order a + nb, where a,b,n > 1 are
positive integers. Let A = A(G) be the simplicial complex of G. Let V; denote the vertices of K, and let
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U;j = V(Ky), for j=2,3,...,n + 1. Thus, by using Theorem 1, we have

Biin(G) = ) dimHy(As;K),
scv
|S|=i+1
where V = V(G) and A = A(G).
We note that V1 = {x1,x3,...,x,} is an independent subset of G of cardinality 2 and each of U; =
lyi, vio, ..., Y} is a clique of same size. So, the above expression can be put as

Biin1(G) = Y dimiHo(As;K) + Y dimiHy(As;K) + ) dimiHo(As; K), )
Scv, scu; SeS
IS|=i+1 IS|=i+1 S|=i+1

where S = {Sc V(G) |IS|-1 =14 SNV, ¢(0andSﬂ(Uk1UUsz--~UUk,) # 0}, for1l <t <mnand
ki <ky <o+ <k.

For S C Vy, it is clear that Ag is a — 1-simplex (x1,x2, ..., ;) subcomplex of A and it has zero reduced
homology. Thus comp(S) is one and dimkﬁo(Ag ;KK) = 0. Thus, it follows that Z dim]Kﬁo(As ;K) = 0.
Again, for S C Uj, As is a disjoint union of |S| simplexes of dimension zero (yj), 1 < k < |S| and As has
a non-zero reduced homology. Thus, such a subset contributes [S| — 1 = i to f;;+1(G) and besides that the
number of subsets of U; which contain exactly i + 1 elements are ('}fll) =( ifl), since U is a clique of size b.
Therefore, i(ifl) is the total contribution for S € Uy : |S| = i + 1 for B;;41(G). Similarly, repeating the same
process with the remaining subsets U;,j = 2,3,...,n, we see that i(ifl) is repeated 1 — 1 times and from
Equation 2, we have

[ b .=
Biix1(G) = ”1(1- + 1) + Z dimg Ho(As; K). 3)
SeS
ISj=i+1
Next, we calculate the quantity Z dim]Kﬁo(As;lK) where where S = {Sc V(G) | |S|-1=1i, SNV #

SeS
|S|=i+1

0 and Sﬁ(uk1 Ul U---U Uk,) #0},forl <t<mandk <k <--- < k. Therefore for any S € S,

dimkﬁo(As ;IKK) = comp(Ag) # 0 and has a non-zero contribution for f;;+1(G). The following choices for
such S € § are:
Case (1). t =1.

Sc ViUl suchthatSNVy #0and SN Uy, #0,where1 <k; <n.

First for k; = 1, and we see that Ag is a disjoint union of @ — 1-simplex and O-simplexes. Let I} and 3 be
the positive integers such that [S N V4| = I} and |S N Uy| = [}. Then in this case As has I} + 1 connected

components and such a subset will contribute l; to Bii+1(G), since dimkﬁo(As ;K) + 1 = compAg. Thus the
net contributions of these type of subsets to f;;+1(G) is

[Val\(IU] a\(b
)= )
B+ll=i+1 1 2 B+ll=i+1 /2

I,15>0 1520

Repeating the same process for j = 2,3,...,n — 1,1, we have n above type of contributions to f; i+1(G).
Case (2). t = 2.

ScViuly NUg,suchthatSNVy #0,SN Uy, #0and SN U, #0,for1 <ky <k <m.
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For ki = 1and ky = 2, let I, = 1,2,3 be the positive integers such that [SN Vi| = 2,|S N Uy| = [ and
IS N Uy| = 5. In this case As contains two disjoint simplexes namely a — 1-simplex and the induced simplex
of Ay, * Ay, and such a subset S will contribute 1 to f;;+1(G). So, the total contributions of S to f; ;41 is

L (ENENE) 2 (el

@2@:@:141 I$+21§2+1§:i+1
2121220 1121220

We are done yet, since we considered only one case k;, the other cases are yet to be considered. There are
still n — 2 possibilities of k; (it can be Us, Uy, ... U,). It follows that with k; = 1 there are n — 1 choices for
ky. Similarly, for k1 = 2, k» can be chosen in n — 2 ways, for k; = 3, k, can be chosen n — 3 ways, soon ...,
for k1 = n — 2, ky can be chosen in 2 ways, lastly for k; = n — 1, we are left with k; = n. Summing all such
possibilities, Uy, and Uy, can be chosenin (n — 1)+ (n —2)+---+3+2+1 = @ = (";l) ways. Therefore
the net contribution of S to the ;.1 is

b2 elele)

From the above calculations, we see that for any subset S € S = {S c V(G) | IS|-1 =i, SNV; #
@and SN (Uk1 Ul U---U Uk,) # 0}, with t > 3, Ag consists of two connected components, since it is disjoint
union of 4 — 1-simplex and the induced simplex of Ay, * Ay, *---* Ay, for t > 3. So with f > 3 and for any

B+2+12=i+1
21220

S € S, dimgxHy(As; K) = comp(As) —1 =2 -1 = 1. Next, we consider the other cases along with the total
number of such subsets.

Case (3). With the similar procedure as above, for t = 3, the net contribution of any subset S intersecting
non-trivially V1 and the three mutually disjoint subsets U,, Ug and U;, 1 < @ < f < 1 < n, the total
contribution of such a subset to ;1 is

b, 2 Ghkele)

B+B2+2=i+1
BB,1315>0

where I, t = 1,2,3,4 are positive integers satisfying [SN V1| = B, |S N U,| = ,1SN Uyl = B and [SN U, = B.

Case (n-1). For t = n — 1, we must choose n — 1 subsets among n subsets U;,j = 1,2,...,n, which can be
chosen in (,",) ways. Let S be a subset which intersects non-trivially S; and the remaining n — 1 subsets
among Uy, t =1,2,...,n and let I'"! be the positive integers such that [S N Vy| = I"! and each U, have [/
elements common with S. The total contributions of such subsets to ;;,1(G) is

D I 15 8 S 2

Case (n). For the last case witht =n. Let S C Vi UU U---U U, and let I},t = 1,2,...,n be the positive
integers such that SN V4| =17, ISN U =15,...,ISN Uy =1 and SN Uyl = ZZ+1' As As has two connected

It [ =41
121,212,000
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components, the total contributions of such subsets to f;+1(G) is

X Lol o ki)
et ]! =it ] lrll 1721 lg ZZ—Z 12—1 ZZ l:l1+1

l}’zl,j=1,2,...,n,n+1

Using all these values in Equations (2) and (3), we obtain the result. [

For n =1, the following result gives the Betti numbers of the complete split graph CS; = K, * K}, already
found in [21].

Corollary 3.3. Let CS} be a complete split graph of order N = a + b. Then the Betti numbers of CS; are

[ Db i{a\(b
-2 )
Bel=iv1 V1/V2

L3=1

For a = 0, we get the Betti numbers of the complete graph CSY = K}, and for b = 1, we get the Betti numbers
of star graph K, as given below

BACS?Y) = i(i f 1), and Bi(CS") = (‘:)
The following is an immediate consequence of Theorem 3.2.
Corollary 3.4. Let G be the multiple complete split-like graph. Then for every i > a + nb, we have
Biin1(G) = 0.
We will illustrate Theorem 3.2 with the help of the following example.

Example 3.5. Fora = 3,b = 3 and n = 5 and using Theorem 3.2, the initial Betti numbers of the multiple complete
split-like graph G = MCS3  are given below:

(3 3\(3 5
Bii+1(G) =5+ l(i n 1) 5 Z l;(l%)(@) ’ (2)

2 P22
B+5+E=i+1

n5>1 BB 2>1
SN 1 L I N )
3NIBNIBN3 ANANTA N4 4
3 Bt B=it1 l1 12 l3 l4 4 Bt li=it] ll lz l3 l4 l5
BB B>1 1013, 13 21

' ennn el

B+B+B+5+1B+15=i+1

5157157151515
BB 1221

Now, substituting particular values of i in the above expression, we have

B12(G) =5- 1(;) + 5(2)(?) =15+45=160

ﬁz,s(c>=5~2(§)+5 ) li(é)@%(i) L (132)(%)(13%)

1, 71_ 2. 2,23\ 1
11”2’3 l1+lz+l3‘3

R R
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The minimal IN-graded free resolution of R/I(MCS3 ;) computed with the help of Macaulay 2 [12] is

0— R[_18]1 — R[_17]18 — R[_16]153 N R[_15]815 - R[_14]3077 - R[_13]8799
— R[_12]19725 — R[_11]35171 N R[_10]5OO45 — R[_9]56688 — R[_8]50827 N R[_7]35753
— R[_6]19467 N R[—5]8035 N R[_4]2430 N R[—3]505 N R[_2]6O SR> R/I(MCS;[S) = 0.

Theorem 3.6. Let G = S” be a clique star graph of order N > 3 and let l] t=1,2,...,n+land j=1,2,...,n be
positive integers. Then the lnztzal Betti numbers of G are

ﬁir”l(G):i(ifl)-'-n'i(ib )+n Z (ll+11_1)( )( )

L+l=i+1
l1 ll>1
n b\(b n a\(b\(b\(b
g 6 D R v 1 YR 6 D M Y 4
2 B+BR+P=i+1 l 3 Bt B=it] ll ZZ 13 l4
P2 221 B AR R
n a\(b\(b\(b\[D
s AR ) By e
4 Bt li=it] ll 12 l3 N
14,14,1§,l§,1§>1

L

TP MR 21 P R 0 )
n-1 O Vi AV Vit R Vi Y Vi AV
l;‘*lzl,jzl,z ,,,,, n
b\(b b \[ b \(b\ b
L E el el
[ _'.IZ"‘_H_:[ I ZZ l3 ln—2 lnfl ln+1

n+l

l”>1] 1.2,..nn+1

Proof. Let G = 5] = K, * (nKp) be the clique star of order a + nb, where a,b,n > 1 are positive integers.
Let A = A(G) be the s1mphc1al complex of G. Let V; denote the set of vertices of degree a — 1 + nb and let
Uj = V(Ky), for j =2,3,...,n+ 1. Thus, by Hochster’s formula 1 with j =i + 1, we have

Bii+1 (G) = Z dlmIKHO (As; K), 4)

scv
IS|=i+1

where V = V(G) and A = A(G).
Since V1 and each of U;’s are cliques, so Expression (4) can be written as

Bii1(G) = § dimg Ho(As; K) + § dimgHo(As; K) + § dimg Ho(As; K), (5)
ScVy Sgu]' SES
|S|=i+1 1S|=i+1 IS|=i+1

where S = (S C V(G) [IS|-1 =4, SNVy # 0and SN (U, Ul U---UUy) # 0}, for 1 <t < nand
ki <ky<--- <k

For S C V7 (respectively U)), then it follows that As is a disjoint union of |S| simplexes of dimension
0 and any such subset S of V1(U;) will have a non zero contribution [S| — 1 to ;;11(G). Along with this
information and recalling that there are n copies of U;, Equation 5 can be reformulated as:

Bi1(G) = (l"ﬂ) i z'( zlL+I]|1) +e, ©®)
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where © = Z dimKﬁo(As ; K). Next, consider V1 and one of LIj’s (say U;) and let S be a subset intersecting

SeS
1S|=i+1

non-trivially both V1 and Us. Let I} and I} be the positive integers such that [S N Vy| = [} and [S N Uy| = 1.
Also Ag is a disjoint union of |S| simplexes of dimension 0, so it will contribute l% + l; —1to Biir1(G). Therefore,
taking into account n choices of U;, j = 1,2,...,n, the total contribution of such subsets to f;+1(G) is given

as
1,1 Val)[Ithl
" Z h+h 1)(i+1)(i+1‘
L+l=i+1
4,5>1

Further for any subset S € S={Sc V(G)|IS|I-1=i SNV #0and SN (Ukl Ul U---u Uk,) + 0},
with t > 2, since t = 1 is done above. Now, for t > 2, Ag consists of a zero dimensional simplexes and the
induced simplex of Auk1 * Allkz ERERE Aukt where t > 2. Let ],z = 2,3,...,n be the positive integer such that
IS N Vi| = [} and S intersects non-trivially each of the Uy, U Uy, U -+ U Uy, for ¢t > 2. Then such a subset

S will always contribute /5 to f;+1(G), since dimxHo(As; K) = comp(As) —1 =[5, for z = 2,3,...,n. Now,
following the cases (2) to (1) of Theorem 3.2, and using them in (6), the required formulae for f;;;1 can be
established as in the statement. [

The following is an immediate consequence of Theorem 3.2.

Corollary 3.7. Let G = S} be the clique star graph. Then for every i > a + nb, we have
Bii+1(G) = 0.
We will illustrate Theorem 3.6 by the following example.

Example 3.8. Fora = 3,b = 3 and n = 5 and using Theorem 3.6, the initial Betti numbers of the clique star graph
G = 53 _ are given below:

(3 /3 3\(3
SCR IR R L WSS

B+=i+1
L>1
5 2(3\(3)(3 5 3(3)(3\(3)(3
B, 2 kel <6, 2 kel
P4B4R=it1 M1/ V2/A3 BiotB=iy] N1/ V2/V3/V4
13 2>1 BBEB>1

5 4(3)(3)(3)(3\(3
W, 2, ke
Balbldebippi=isr V1 V2Z/V3/VAIAS

HI I 1

D VR o o

51754715475 4154.75—5,
B+D+B+L+R+R=i+1
£>1,j=12,...56

Now, substituting particular values of i in the above expression, we have

51501~ (o) 5 5154 -0

3 3 3\(3) . (5
ﬁz,3(G)=2(3)+5-2(3)+5 Y (1}+1§—1)(q)(%)+(2)

11=
L+1,=3

L lalele

2. 12,2
ll+12+l3—3
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=2+10+ 5[2(?)(;) + 2(2)(?)] + 10(?)(?)(?) =2+ 10 + 180 + 270 = 462

3\(3\ (5 3\(3\(3
B34(G)=0+5 Z G+5- 1)(11)(11) + (2) Z l%(l3)(l3)(13)
1/\k 2 22 17327V

L l+h+l3=4

0,2, NaNale) - ) 1) 1)

3831348
Il+lz+13+ =4

-

=225 +1080 + 810 = 2115

o= T RGN ORER
BRI
R SRR R
R R R
R CERRE- R
R CERRE- R
R CERRE-EE
+z(§)£§)9(§)(zi)£§)£§);31(5)(5)(%)05)(3)(3)

W

S >
]

W W W W N T

P1617(G) = Z l?(ls)
P+ +15+1 =17

I+

3\(3
B17,18(G) = Z l?(ﬁ)(lg)

515454545 45= 1
[1+Iz+[3+[4+[5+le‘18

g W

—_—

~

g W

S—
1l

LRI
IR

):6+9+9+9+9+9:51

- -

The following tables (Figure 2) gives exactly the same Betti numbers (4-th row) of MCS; . using the

computer calculations with the help of Macaulay 2 (see [12]). The minimal IN-graded free resolution of
R/I(S3 ) computed with the help of Macaulay 2 [12] is

+ +
w w
—_—
@ W » W b
—_—
o W
S—
—_——
W W
Nadiho2
+ =
w w
—_——
EESRECEEEE S
L @ =
—_——
EESECED
L L »
—_——_—
N W W W

~———
p—

—_—
[¥]

0— R[_18]3 — R[_17]51 — R[_16]408 N R[_15]2040 N R[_14]7172 — R[—13]18900
N R[—12]38744 — R[_11]63056 N R[_10]82220 — R[_9]86003 — R[_8]71848 N R[_7]47492
- R[_6]24472 N R[_5]9610 N R[_4]2775 BN R[—3]552 N R[_2]63 SR> R/I(Sg/S) = 0.
Theorem 3.6 can be generalized to a more result in the following theorem. Let 5  be the clique star of

order N = a + b + cn, such that a vertices of K, are connected to every vertices of kb and K, (which are n
copies in §; ).
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o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

total: 1 63 552 2775 9610 24472 47492 71848 86003 82220 63056 38744 18900 7172 2040 4608 51 3
1: . 63 462 2115 7185 18574 37128 58344 72930 72930 58344 37128 18564 7140 2040 408 51 3

2 90 390 670 570 240 40 . .

3: 270 1350 2790 3050 1860 600 80 .

4: 405 2295 5535 7365 5840 2760 720 80 . .

5: 243 1539 4239 6633 6450 3992 1536 336 32

Figure 2: Betti table of the minimal free resolution of R/I (Sg 5)-

Theorem 3.9. LetG = 57 beagraphoforder N = a+b+cn > 3andletrz,withk =12,...,n+2,9g=1,2,...,n+1

ben
and l{, witht=1,2,...,n+1,j=1,2,...,n be positive integers. Then the initial Betti numbers of G are

[ a [ D [ c fa\(b {a\fc
ﬁw(@=Z(i+1)+l(i+1)+”"(i+1)* L ()() 1(1%)(1;)

1,1 _: 1
rl-ll—rzl—z+1 11"1'121_”'1
11121 L1521

al\(b\fc n Sfa\fc\fc
o B Alale 6 G

2,22 ;
ri4rytry=itl

2002 2R
ri 521 I3,15,15>1

n C n ajyfcy[ci\fc

), 2 GG, 2 R

2 P4+r3+ri=itl "y 3 Bt B=it] ll ZZ 13 l4
RAR1 BBBE>1

17727 3= 17°27°37°4=

(2 2 ()(b)() o)

il =ig ]
r}”lzl,jzl,Z,.‘.,n

bl Z ) )

Bt I =i ]
11>1,j=12,..,n
j

b Z ) L)

Ny 4 —g
i+ v+rn+l_z+1
7721,]:1,2,...,n+1

a\[fc)\[cC c
X el
1;@...%_,41 ll lZ l3 ln+1

">1,j=1,2,...,nn+1
j

N a1 @ b c c
1 rn+1 rn+1 rn+1 c rn+1 :
e+ 1 2 3 n+2

Pl =i ]
PR f=12, e 2

Next, we find the extremal Betti numbers and the projective dimension of the graphs considered in Theorems
3.2,3.6 and 3.9.
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Theorem 3.10. The following hold for the extremal Betti numbers of a graph of order N.
() The extremal Betti number of MSC;  is fn-1n =1

(ii) The extremal Betti number of S is fn-1,n =4
(iii) The extremal Betti number of Si,c,n is pN-1,N = 4

Proof. We prove the more general case (iii), other can be similarly proved.

Let G = SZM be a graph of order N. Since reg(I(G)) = reg(G) + 1, where reg(G) = reg(R/I(G)). So, it implies
that a Betti number f; ; of the edge ring of G is the extremal Betti number if j = i+ 1 and i = max{r|B,,+1 = 0}.
Let A = A(G), by Hochster’s formula, we have

Bii+1(G) = Z dimg Hy(As; K).
scv
ISI=i+1
It is well known that dimx Hy(Ag; K) is one less than the number of connected components of A. So, f; i+1(G)
is non-zero if the number of connected components of S is greater than one. Let S = V(G). Then S = A.
Recall that V’ = V(K,) form a clique in G and each vertex of V' is connected to every other vertex of G. Also
the induced subcomplex Ay of A consists of |V’| zero-dimensional facets. Hence, A has exactly a facets of
dimension 0. Further Ay is an induced subcomplex of A. Thus, the comp(V(G) \ V') = 1. Therefore,
the number of connected components of A is exactly a + 1 and we have

Bn-1.8(G) = a.

O
From the above theorem and the fact that pd(G) > |[V(H)| — 1, where H is induced sugbraph of G and its
complement is disconnected (see [15]). We have the following consequence for the projective dimension of
the graphs considered in Theorems 3.2, 3.6 and 3.9 and the proof is immediate form Theorem 3.10.

Corollary 3.11. If G is any of the graphs MSC; ,S; and S  of order N, then pd(G) = N — 1.

bn’ “bn

4. Betti numbers of some power graphs of non-abelian groups

Kelarev and Quinn [17] introduced the directed power graph of a semigroup S’ as a directed graph with
vertex set S’, where two vertices x, y € S are joined by an arc from x to y if and only if x # y and ' = x
for some positive integer i. Let G be a finite group of order N and identity represented by e. Chakrabarty et
al. [5] defined the undirected power graph P(G) of a group G as an undirected graph with vertex set as G,
where two vertices x, y € G are adjacent if and only if x¥ = yor y/ = x, for2 <7,j < N.

The dihedral group of order N = 2n,n > 2 is denoted by D,, and is represented as follows

Dy, ={a,bla"=b* =ebab=a").

Since (a) generates a cyclic subgroup {e, g, a,...,a" 1} of order n and is isomorphic to Z,. Also D,, has
n elements of order two and they represent K,'s as induced subgraphs in (D,;). These n elements of order
2 form an independent set of (D,,) sharing the identity element e. Therefore, the structure of the power
graph of the dihedral group D», can be obtained from the power graph $(Z,) by adding the n pendent
vertices at the identity vertex e. If n = p*, where z is a positive integer, then it well know that P(Z,) is the
complete graph (see, [5]). Therefore, in this case, the power graph of D,, is

P(Day) = Kyo1 # Ky + Ky, 7)

since the identity share n pendent vertices (the elements of order two in P(D,,)). The graph given in
Equation 7 is known as the pineapple graph (a graph obtained from the clique by adding pendent vertices
at any vertex of the clique). For n = 22, the structure of the power graph of Dg is shown in Figure 4.

Our next result gives the Betti numbers of the pineapple graph and as a consequence, we obtain the
Betti numbers of (D).



B. A. Rather / Filomat 38:6 (2024), 2185-2204 2197

ab  gb?
b o g
e
a a3
2

Figure 3: Power graph $(Dg) of Ds.

Theorem 4.1. Let G = P! be a pineapple graph with clique size a and independent set of size b. Then the initial Betti
numbers of G are

Prea(C)= i(i ; 1) ’ (ZZ) 3 (a " 1)(:72)

r+ry=i
r,2>1

where r1 and r, are positive integers.

Proof. Let G denote the pineapple graph of order a + b. Let A = A(G) be the simplicial complex of G. Let
V = V1 UV, U V3 be the vertex set of G, where V; consists of the vertices of degree a — 1, V, denote the
vertex of a + b and V, denote the pendent vertices of G. By Hochster’s formula (1), we have

Bii+1(G) = Z dimgHo(As; K),
scv
|S|=i+1

where V = V(G) and A = A(G).
As V1 UV, is a clique and V3 is an independent subset of G, so from above, we have

Bn(G) = ), dimxHo(AgK)+ Y dimxHo(As;K)+ ) dimiHo(As;K) +©, ®)
ScV1 UV, S5CV3 SCV,uVs
|S|=i+1 1S|=i+1 [Sl=i+1
where © = Z dimﬂ(ﬁo(Ag,‘ K), and such a subset S satisfies S C V |[|S|=i+1, SNV #0, SNV, #
Scv
|S|=i+1

Pand SNV5 #0.

For S € V; U V,, we see that Ag consists of simplexes of dimension zero and comp(As) is same as the
size of S. Therefore, for |S| = i + 1, S will contribute i to §;;+1(G). The total number of choices S intersects
ViUV, are (lvlflv ZI). Also, for S € V3, Ag is a full subcomplex of A. So, Ag is homotopic to a point and
hence dimKﬁO(As; K) = 0 and contributes zero to f;i+1(G). Again for S € V, U V3, then Ag is a disjoint
union of two simplexes, a point simplex and a full simplex and dimgHo(As; K) = 1, since comp(Ag) = 2.
Besides choosing one element from V, and i elements from V3, the total number of choices S intersects
non-trivially V, and V3 are (?) Lastly, let S ¢ V1 U V, U V3 and let 1,1 = 1,2, 3 be the positive integers such
that [SN Vi =1,|SNV,| =7, and [S N V3] = r3. In this case As contains two disjoint simplexes namely a
point simplex of dimension zero and an induced simplex of Ay, * Ay, and such a subset S will contribute 1
to Bii+1(G). Thus the total contributions of S to ;.1 is
()
r+ra=i n lz
r1,r2>0
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With these values in (8), we obtain the required formula. [J
The following result is the consequence of above result and gives the Betti numbers of P(Dy:),z > 2.

Corollary 4.2. The Betti numbers of P(Day), for n = p*,z > 2 are

[ n n n—1\(n
Biix1(P(D2n)) = Z(i + 1) * (z) " Z ( 1 )(rZ).

ri+ro=i
r,72>1

The following example illustrates Theorem 4.1 and Corollarly 4.2 for the power graph of Ds.
Example 4.3. Fora = b = 4 in Theorem 3.6 (or n = 4 in Corollarly 4.2), we have

[ 4\ (4 4-1\(4
Biix1(P(Ds)) = Z(i + 1) * (1) " Z‘ ( 41 )(72)'

r+ry=i
r1,r2>1

Now, substituting particular values of i in the above expression, we have

ﬁ1,2(7)(D8)) = (4) + (;L) =6+4=10

Boa(P(Dy)) = () (‘2*)+®(‘1‘) 846+12 =26

Bas(P(Ds)) = () (§)+(f)(‘2*)+()() 344418412237
0o -1
)+ ()« () =12 o=
SRHHE

"
a0 = (3)[3) -

Table 4 gives exactly the same Betti numbers of $(Dg) using the computer calculations with the help of
Macaulay 2 (see [12]).

+
+

Bas5(P(Ds)) = (

TS
+

Be,7(P(Ds)) = 4+3=7

|
praP0n) = )
g

0 1 2 3 4 5617
total: 1 10 26 37 35217 1
o: 1 . . . . ...
1: . 10 26 37 352171

Figure 4: Betti table of the minimal free resolution of $(Dg).

The minimal IN-graded free resolution of R/I(Dg) computed with the help of Macaulay 2 [12] is

0 — R[-8]' = R[-7) = R[-6]*' = R[-5]" — R[-4]”" — R[-3]* - R[-2]"" = R
— R/I(P(Ds)) — 0.
Since the regularity of edge ideals is at least 2. The classification of graphs with regularity 2 is referred

to as Froberg’s characterization. The following result due to Froberg characterizes all graphs whose edge
ideals have regularity 2.
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Lemma 4.4 ([11D. Let G be a finite simple graph. Then reg(I(G)) = 2 if and only if G is a co-chordal graph.
In the next result we obtain regularity, extremal Betti number and projective dimension of Pt.
Theorem 4.5. Let G = P! be the pineapple graph of order N = a + b. The the follwing hold.
(i) The reqularity of G is 2.
(ii) The extremel Betti number of G is 1.
(iii) The projective dimension of G is N.

Proof. (i) Clearly G = K; UK, * K,_; and It is trivial to see that G has no induced cycle of length strictly
greater than 3. So G is co-chordal and by Lemma 4.4, result follows.

(ii) Also reg(I(G)) = reg(G) + 1, so, it folows that a Betti number f; ; of the edge ring of G is the extremal
Betti number if j = i + 1 and i = max{r|B,,+1 = 0}. For S € V(G) and with A = A(G), it is well known
that dimxHo(As; K) is one less than the number of connected components of A. So, f;i+1(G) is non-zero
if the number of connected components of S is greater than one. As there is only one dominating vertex
(connected to all other vertices) in G, it gives that A has one facet of dimension 0 and remaining vertices
form an induced subcomplex of A. Therefore, the number of connected components of A is exactly 2 and
we have

Pn-18(G) = 1.

(iii) follows from (ii). [
The dicyclic groups of order 4n are denoted by Q, and is presented as follows

Qu={a,b|a® =eb* =a",ab=ba").

If n is a power of 2, then Q,, is called the generalized quaternion group of order 4n. It is clear that (a'b)? = a" for
all0<i<2n-1,and

(a'by = @"*'b) = le,a'b,a",a"*'b} forall0 <i<n—1. 9)

Beside each element of Q, — {(a) is of the form a'b for some 0 < i < 2n — 1. Further, it follows that (a) is
a cyclic group order 2n and its power graph is isomorphic to P(Z,). Now, for n = 27,z > 2 it follows
that P(Z,,) = Ky, since n is prime power and power graph of prime order is complete (see, [5]) . Again
P(Zyy) = Ky = Kpy—a # Ky, where V(Ky) = {e,a"}. Also, representation given in 9 implies that 4" is adjacent
to a'b for every 0 <i < 2n. Thus, we see that {¢} and {4"} are adjacent to every other element of Q», in P(Q,).
From (9), and Q, — {(a), each of the elements a'b form the cycles C4’s, for some 0 < i < 21 — 1. From this
calculation, it follows that the elements {e, a"} of P(Q,,) are adjacent to every such a'b, for some 0 <i<2n—1.
Therefore, the power graph of Q,, n = 27,z > 2 can be written as

P(Qn) = Koy * Ky * nK;.

For n = 22, the power graph of Q4 is shown in Figure 5.
As an application of Theorem 3.9 witha = 2,b = 2n — 2 and ¢ = 2, we have the following result for the
Betti numbers of P(Q,,).

Theorem 4.6. Let G = P(Q,) be the power graph of the generalized quaternion group of order N = 4n where
n = 2%,z > 2 is a positive integer. Then the initial Betti numbers of G are

[ 2 [2n =2 [ 2 [2)(2n -2 [2)(2
O RN R AN e IR

1,1 1 2 11 —;
r §r2_1+1 l1 Jlrlzl_wl
1
5 ,rzzl l1 ,1221
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Figure 5: Power graph $(Q1¢) of Q16.

o I A6, 2 N

2.,2,.2 ; 2. 24 12;
iy r=itl [+I5+15=i+1

2 2 2 2 12 12
’1”’2”321 11,12,1321

n 3(2\(2n—-2\(2)\(2 n
+(2) Z rl(r3)( A N33
Aeded=in 1 2 37V BtlB=iv1

NP NBNBNB
ll 12 13 l4
R RBA 1

O A D Y A R

Bt =i
"1>1,j=12,...,n
)

n af 2\[(2n—2\(2 2
* (n - 1) Z rl(r”)( o N\t
,?+AA.+,ZH:1‘+1 1 2 3 n+1
;‘;’21,]':1,2 ,,,,, n+1

o2 el )

n n —7.
[etl =i+l
l;’zl,j:l,z,.u,n,n-ﬁ—l

a1l 2 \(2n—=2)( 2 2
+ Z L1 P I PP N R PP g
P S S 1 2 3 n+2
1 n+2
r7+121,j=1,2 AAAAA n+1,n+2

Now, we find the Betti numbers of cyclic and non-cyclic groups when order is product of two primes.
Suppose G is cyclic group of order pg, (p < q) are primes, then G has ¢(n) elements elements, which form a
clique and each such vertex is of full degree, since they generate all elements. Also, the identity is always
adjacent to every other vertex, so it gives us an induced subgraph Ky+1). Clearly, G has a unique p-
Sylow subgroup and a unique g-Sylow subgroup, and their induced subgraphs are K, and K, respectively.
Similarly, if G is not cyclic, then no elements generates all other elements, so the identity element is the
only element adjacent to all other elements of G. In this case, G has ¢ number of p-Sylow subgroups and a
unique g-Sylow subgroup. The above observations are made precise in the following result.

Lemma 4.7 ([7]). Let G be a finite group of order pq, where p < q, p and q are two distinct primes, and ¢ is the Euler
function. Then

() G is cyclic if and only if P(G) = K1 * Kppg)+1 * Ky-1.
(i) G is non cyclic if and only if P(G) = qK,—1 * Ky * Kj_1.
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Theorem 4.8. Let G denote the power graph of a finite group of order pq, where p < q, p and q are two distinct
primes. Then the following hold.

(1) If G is cyclic, then we have
_fom+1) fp=T1) (-1 (p(m) +1\(p-1
w0 ))7) E A

=i+l
=1
(600 +1)(g -1 (60 +1)(p—1)(q -1
+Zl( A e P M Ly (Gl (|
D+ =i+1 1 2 212 +r2=i+1 1 2 3
ni=1 22,221

17727°3=

(ii) If G is non cyclic, then we have

fa-1 =1\ [a-1 (r—-1 g-1\(p-1
ﬁi,z‘+1(G)ZZ(?+1)+q~z(€+l)+z(qi )+q.1(pl_ )+q Z( a )( A )

B2 +2=i
135,521
: ) (p_l)(p_l) (p_l)
) 2 (el )
- -2 \ j1-2 -2
-1 AV o

r;] e i
r;f’lzl,jzl 2,
. Z p—-1 p—1+ Z q-1\(p-1 -1
-1 ]| -1 q a 1"\a )
1 1 o\ 7 7 7
1:1771 +,,.+IZ*1:1- 1 q r‘iJr.“Jrrzﬂ =i 1 2 q+1
l?‘lzl,]'=1,2/“_/q r?zl,j:l,z ,,,,, g+1

A group G is said to be an elementary abelian group (sometimes elementary abelian p-group) if every
non-trivial element has order p. For an elementary abelian group of prime power order |G| = p*,z > 2, we
note that there are p* — 1 elements of order p. Thus, G has exactly pp%ll distinct subgroups of order p and has

7;:%11 induced subgraphs K;,_1. Also, identity is adjacent to all the elements of G. The structure of G is given

in the following result.

Lemma 4.9 ([7]). Let G be an elementary abelian group of order p”* for some prime number p and positive integer n.

Then P(G) = Ky * IK,_y, where | = ’%.

Now as the consequence of Theorem 3.6, we have the following result regarding the Betti numbers of the
power graph of the elementary abelian group of prime power order.

Theorem 4.10. Let G be an elementary abelian group such that |G| = p* where p is prime and z > 1 is an integer.
Then the Betti numbers of P(G) are

B _ ., {p-1 fp-1 I p—-1\(p-1

Biin(G) =1 z(i+1)+l z( l, )+(2) Z'( i g
D=i* 1 2
L=1
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l P —Np—-T\(p—-1
+(3) 2 ll( e \Ne e /"
B+B+B=i 1 2 3
() ()
. P RN
[2 gt 2 Zl ’ 12 ’ Zl—%
17221,j=12,..,1-1

B2 2>1
p—-1\(p—-1 p—1
+ Z ( ll—l )( ll—l )( ll—l '
1 2 n

N
-1
111‘1+--~+l§‘1:i

11]*121, j=12,...1

5. Betti numbers of commuting graphs of non-abelian groups

Consider a finite group G of order n with identity e. If  # X C G is any set, then the commuting
graph of G associated to X, denoted by C(G, X), defined as the graph with vertex set X and two different
vertices x and y are adjacent in C(G, X) if and only if they commute in X. There is a vast literature available
on the commuting graphs of non-abelian groups, the commuting graphs of matrix rings and semirings
over finite fields can be seen in [1, 9]. The metric dimension, resolving polynomial, clique number and
chromatic number of commuting graphs of the dihedral groups were studied in [3, 6]. Recent results on
the commuting graphs of the generalized dihedral groups can be found in [8, 16].

Clearly, the commuting graph C(Z,, Z,) is the complete graph K,,, as every element of Z, commutes
with every other element. So, usually the commuting graphs have non-trivial structures for non-abelian
groups. Let Z(G) denote the center of group G. It is clear that Z(D»,) = {e, az }, for even n and Z(D5,) = {e},
for odd n. Also, the center of the dicyclic group Qu, is Z(Qan) = {e,a"}. For the commuting graph [3]
G = C(D2y, Z(Day)), G is K, for odd n and G is Kj, for even n. So, the commuting graphs C(G, Z(G)) have
simple structures as Z(G) usually contains commuting elements. So, it is of interest to consider subsets of
G such that the corresponding commuting graphs have non-trivial structures. For the dihedral group with
X = Dyy,n = 2z + 1,z > 1, the identity is the only element adjacent to all other vertices of C(D,, Z(D>y)),
while for even 7, {e,a?} are adjacent to every other vertices. This observation is given by Ali, Salman and
Huang [3] in the following result.

Lemma 5.1 ([3]). The commuting graph of the dihedral group Dy, is

K,_1 * Ky * K, if nis odd;

C(Dan, Do) = fni
(Dan, D2y) {Kn_z*Kz*§K2r if n is even.

The Betti numbers of C(Dyy,, D,) for odd n are given in Corollary 4.2 and for the even #n, the Betti
numbers of C(Da;, D2,) can be obtained from Theorem 4.6 by replacing n by 7.
The semidihedral group SDg, of order 8n is represented by:

SDg, = (a,b:a*" = e=1?ab = ba®"),
and in list representation, we have
SDs, = {e,a,a*,...,a* ", b,ba, ba?, ..., ba*"" ).
For odd 1, itis clear that Z(SDsg,) = {e,a",a*",a*"} and for even n, Z(SDs,) = {e,a*"}. Thus, it follows that these

center elements are connected to every other vertex in their respective commuting graphs with X = Dg,,.
The next lemma gives the complete structure of the commuting graph of the semidihedral group SDg,,.
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Lemma 5.2 ([22]). The structure of the commuting graph of SDg, is given as:

K4n_4 * K4 * I/IK4, if?’l is Odd,'

C(SDg,;, Dg,) = .
(SDsn, Den) {K4n_4*1<2*2n[<2, if n is even.

By using Theorem 3.9, the Betti numbers of C(SDg,, Ds,) can be obtained as in Theorem 4.6.

The commuting graph C(Qun, Qan) [2] of Quy is C(Qan, Qan) = Kau—z * Ko * nK;, we note that C(Qun, Qan)
is isomorphic to P(Quu),n = 27,z > 2. Therefore, the Betti numbers of C(Quy, Qus) are exactly same as in
Theorem 4.6. There are several other non-abelian groups like U, , of order mn as given below

Uppn = @, bla® =e,b" =3,aba =b""Y,m>2andn>1,

If m is not a multiple of 2, then (@?) is in the Z(U,, ,) with cardinality n and each such vertices are connected
to every other vertices of C(Uy,n, Uy,n). For even m, Z(Uy, ) = (@?,a7%) and its order is 2n. Thus, with this
observation, the commuting graph of U,,, (also see [22]) is

Kinn-2n * Koy * %KZn, if 2 divides m;

C(Upn, Upn) =
( " m’ﬂ) {Kmn—n * Ky » mKy, if 2 does not divide m.

The Betti numbers of C(U,,,, Uy,») can be obtained from Theorem 3.9 with a = 2n,b = mn — 2n,c = 2n
andn =% for2|manda=n,b=mn-n,c=nandn=mfor24{m.
The other well known non-abelian group of order 87 is

Vsu = (a,bla® =b* =e,ba=a'b"",b'a = a7 'b).

Similarly, for G = Vs, then the center of G is generated by (b?)if 2 ¥ nand is generated by (a", b2)if2 | n.
The commuting graph of G (see [22]) is

Kyn—p * Ky #2nK,,, if 2 does not n;

C(Ven, Ven) =
(Van, Vsn) {K4n—4*K4*”K4f if 2 divides n.

The corresponding Betti numbers can be obtained from Theorem 3.9 by puttinga =2,b = 4n —2,c = n and
n =2n provided 2  n and by usinga =4,b =4n —-4,c =4 for2 | n.
6. Conclusion

In this article, the formulae for the initial Betti numbers of multiple complete split-like graphs, clique
stars and their generalizations are obtained. Also their extremal Betti numbers are given along with their
corresponding projective dimensions. The other Betti numbers and the regularity are yet to be discussed,
which is non-trivial for such graphs. In the future work, the other Betti numbers, regularity, Hilbert series of
such graphs (along with the power graphs of finite groups and commuting graphs of non-abelian groups)
can be taken taken into account.
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