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Abstract. In this work, we start by introducing a general methodology to generate new relay fusion
frames from given ones, namely the Spatial Complement Method, and analyze the relationships between
the parameters of the original and the new relay fusion frame. We then present another simple approach
to obtain relay fusion frames by considering fusion frames for its components. An explicit characterization
concerning the existence of Parseval relay fusion frame consisting of two initial subspaces is given. More-
over, we obtain a necessary and sufficient condition under which the spatial complements of alternate dual
relay fusion frames remain to be alternate dual relay fusion frames. Some results about Bessel relay fusion
sequences are included. Finally, several examples are also given.

1. Introduction and preliminaries

Throughout the present paper, I, J and K will denote generic countable (or finite) index sets. Let H
and K (resp. K, i € I) be separable complex Hilbert spaces and let B(H, K) (resp. B(H,K;),i € I) be the
space of all the bounded linear operators from H to K (resp. K, i € I). If H = K we write B(H). For an
operator T € B(H, K), ran T denotes the range of T, ker T the nullspace of T, T* € B(K, H) the adjoint of T.
We use Iy (resp. Ix) to denote the identity operator on H (resp. K). If W C H and V C K are two closed
subspaces, we let Ty € B(H) and 1y € B(K) denote the orthogonal projections onto the subspaces W and
V, respectively. In particular, we use the notation {Wi}ieg = H to represent a family of closed subspaces
{Wilier of a Hilbert space H, for the sake of brevity.

Frames are generalizations of orthonormal bases in Hilbert spaces. A frame as well as an orthonormal
basis allows each element in the underlying Hilbert space to be written as an unconditionally convergent
infinite linear combination of the frame elements; however, in contrast to the situation for a basis, the
coefficient might not be unique. Nice properties of frames make them very useful in characterization of
function spaces and other fields of applications such as sigma-delta quantization [2], filter bank theory [3],
signal and image processing [5] and wireless communications [13]. The formal definition is as follows.

Definition 1.1. A system F = {f;}icr of elements in H is a frame for H if there exist constants a, § > 0 such that
allfI? < Y KF, P <BIFIR, Vf € H. (1)

iell
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Fusion frames were introduced in [6] (under the name frames of subspaces) and further developed in
[7], and have quickly become a major tool in the implementation of distributed systems. One of the main
applications of fusion frames is to sensor networks [8]. It can be regarded as a frame-like collection of
subspaces in a Hilbert space, which clearly generalizes classical vector frames. The precise definition is as
follows.

Definition 1.2. Let {Wilier C H and let {wilier € €= (X) such that w; > 0 for every i € I. The pair {(W;, w;)}ier is a
fusion frame for H if there exist numbers 0 < a < B < oo which satisfy that

allfI? < Y wllimw (PIF < BIFIP, Vf € H.

iel
In this case we say that {(W;, w;)}ier is an (a, B)-fusion frame.

In[17], Sun introduced a generalization of frames, called the g- frames, and showed that g-frames include
the frames and fusion frames mentioned above and proved that g-frames share many useful properties
with frames. However, the generality of this notion is not suitable for modeling distributed processing.

Definition 1.3. A sequence {A; € B(H,K;) : i € 1} is called a g- frame for H with respect to (¥ : i € 1} if there
exist two positive constants a and 3 such that

allfI? < Z IAHIP < BIFIP, Vf € H.

iel
In this case we say that {\; € B(H,K;) : i € 1} is an (a, B)-g-frame.

Non-orthogonal fusion frames as another generalization of fusion frames introduced in [10] in order to
achieve sparsity of the fusion frame operator. The basic observation in [10] is that replacing orthogonal
projections in the original definition of fusion frames by non-orthogonal projections onto the same subspaces
can result in a fusion frame operator which is much sparser. Recall that a non-orthogonal projection onto a
closed subspace V of a Hilbert space H is a linear mapping Py from H onto V which satisfies P}, = Py.

Definition 1.4. Let {Vi}iex © H and let {vilier be a family of positive weighting scalers. We say {(Pv,, vi)}ier is a
non-orthogonal fusion frame for H if there exist constants 0 < a < p < co which satisfy that

allfI? < Z Py, (OIF < BIFIP, Vf e H,

iell

In [14], the authors introduced the idea of r-fusion frames and showed that this includes more other
cases of generalizations of frames concept and proved that many basic properties can be derived within
this more general context. As r-fusion frame is an extension of fusion frame, it is more suitable for
applications requiring three-stage (local-relay-global) signal/data analysis, which is mainly used in areas
requiring distributed relay processing [15]. We now make the formal definition of the objects that we shall
be studying.

Definition 1.5. Let {Wi}ier C H and let {Vij}jey, T K for each i € . Let {v;j}icr jey, be a family of positive weights
and T; € B(H,K;) for all i € I. Then the quadruple {(W;, Vij, Ti, vij)}icy jey, (denoted by R for short) is said to be a
relay fusion frame, or simply r-fusion frame, if there exist constants 0 < @ < < oo such that

allfIP < Z iy, Timw, (HIF < BIFIE, Vf € H. ()

i€ll, je];

In this case we say that R is an (a, B)-r-fusion frame.
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The numbers o and f are called lower and upper r- fusion frame bounds. We call R a Parseval r-fusion frame
if & = p = 1. An a-tight r-fusion frame provided that @ = . If R satisfies the second inequality in (2), then it
is said to be a Bessel r-fusion sequence in H with Bessel r-fusion bound f. The operators T, spaces K, i € I
are called relay operators and relay spaces, respectively. Moreover, if {f : Ty, Timw,(f) = 0,i € I, j € i} = {0},
then we say that R is r-complete.

One easily verifies that, in view of the given definitions, frames, fusion frames, non-orthogonal fusion
frames and g-frames are all special cases of this notion. As well as vector frames, there are some bounded
operators associated to an r-fusion frame. First, we set the Hilbert space R, := €D, a1 jeg; Vij (endowed with

the ¢> norm) and we define the analysis operator Tg : H + R and the synthesis operator Ty : R = Hof R
by

Tr(f) = {UijTV,-jTiT(Wi(f)} VfeH,

iell,je];”

To() = Y, wmwTify, f = fihievjey € Re.

i€l je];

By composing T and T, we obtain the r-fusion frame operator Sg for R defined by

Sr(f) = TeTr() = Y, Orw Ty, Timw,(f), Vf € H.

i€l jef;

The r-fusion frame operators exhibit important properties similar to those of the frame operators. For
example, if R is an r-fusion frame with frame bounds @ and f, then the frame operator for R is a bounded,
positive, self-adjoint, invertible operator on H with aly < Sg < flu.

To summarize, r-fusion frame is a new signal representation method that uses collections of relay
subspaces instead of vectors to represent signals. Such a representation provides significant flexility
compared to classical frame representations. The rich structure of the r-fusion frames framework allows us
to capture more complicated signal modes, which in practical terms adds new aspects to the frame theory.
Nevertheless, as mentioned in [15], the theory of the r-fusion frame is far from fully developed, and we
hope that this work can stimulate the research on this interesting subject.

The present paper is organized as follows. In Sect.2, we give some methods to obtain r-fusion frames
and present new types of r-fusion frames in Hilbert spaces. Owing to the fact that the relay operators
are involved, several known results can be derived from our results by proper choices of operators and
parameters. We first introduce a general way, namely the Spatial Complement Method, to generate new
r-fusion frames from existing ones and analyze the connections between the parameters of the original and
the new r-fusion frame. Motivated by the idea of spatial complements, we define relay spatial complements
and dual spatial complements, and derive some related results. Some of the remarks are also customized
about the relationships among them. We then obtain new r-fusion frames by considering fusion frames for
its components. Moreover, an explicit characterization of Parseval r-fusion frame consisting of two initial
subspaces is given. We also show that under some conditions r-fusion frames are stable, which will play an
important role in studying r-fusion frames for Hilbert spaces. The main purpose of Sect.3 is to investigate
Bessel r-fusion sequences and alternate dual r-fusion frames. The condition that the spatial complements
of alternate dual r-fusion frames to be again alternate dual r-fusion frames is determined, and it is applied
to fusion frames. Some results about Bessel r-fusion sequences are obtained. Finally, several concrete
examples are also given.

2. Construction of new r-fusion frames

In this section, we first present a general way, namely the Spatial Complement Method, for constructing
a new r-fusion frame from a given r-fusion frame and establish the relationship between the parameters of
the two r-fusion frames. This idea was first developed in [9] for constructing tight fusion frames with given
parameters, and later refined in [4]. It seems to be a natural method to generate a new r-fusion frame from
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a given r-fusion frame. We begin by defining the notion of spatial complement r-fusion frame for a given
r-fusion frame. Since the case of multi-relay space is similar (just with a more involved notation), we only
consider the situation of single relay space.

Definition 2.1. Let {(W;, Vi, T, vi)}ier be an r-fusion frame for H. Then we call the family {(W;, Vi, T, vi)liex the
spatial complement to {(W;, Vi, T, vi)}ier, if {(Wl.l, Vi, T, vi)}ien is also an r-fusion frame, where Wii is the orthogonal
complement of W;.

It is readily to see that a “dual” relation also holds in this case, that is, {(W;, V;, T, v;)}icr is also a spatial
complement for {(Wil, Vi, T, vi)}ier. In what follows, given an r-fusion frame, we will implicitly assume that
the r-fusion frame bounds are optimal and attainable, i.e. there exist elements of initial Hilbert space H
such that equal signs can occur in r-fusion frame inequality (2). Armed with the Definition 2.1, we can now
state and prove our first result.

Theorem 2.2. Let relay operator T : H +— K be an isometry such that {(W;, K, T, vi)}ier is an (a, B)-r-fusion frame

for H with Y, v? < co. Then the following conditions are equivalent.
iell
(i) N W= {0}
i€l
(ii) p < X 0%
iell
(iii) The family {(W;, K, T, v))}ier is a ( Y i -B, Y vl - a)—r—fusion frame.
iell iell
Proof. (i) = (ii): By supposition, for any f € H, we have
Y e Trw (AIF < ) SRIFIP.
iell iell
Duo to 8 is optimal, this implies that
B < Z vl (©)
iell
We claim that equality sign holds precisely in inequality (3) if and only if (| W; # {0}.
i€l

“=" Assume that g = ¥, v7. By using the r-fusion frame property, this yields that there exists some f € H
iel

so that
BIFIP = Y PlleaTrw (AP = Y Almw (I = Y <21,
i€l i€l i€l
which implies that
fe( Wi o).

iel
“<"” Obvious.
(ii) = (iii): We start from the inequality
aly < Z UiznwiT*’cq(ani = Z Uiz‘l'[wi < Bly,
iell iell
from which we deduce that

(Zvlz - ﬁ)l«]-{ < ZU?(I(H - w;) < (Zvlz - oz)I(H.

iel iel iell
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Exploiting the fact that ), v? > B, we conclude that
iell

(WK, T, v)lier = {Uye = ) H, K, T, 03)iex

isa ( Yui-B L - a)-r—fusion frame.
iel iel

(iii) = (i): From [15, Theorem 2.12], we know that a necessary condition for a setting to be an r-fusion

frame is that the initial subspaces can span the whole ambient space H. Assume that (i) is false and we

shall obtain a contradiction. If there exists a vector 0 # f € (| W;, then f LWl.l for all i € I, and therefore,
i€l
{W:}ier does not span H. This is a contradiction to (iii). [J

We point out here that the hidden assumption that the optimal r-fusion frame bounds can be reached
cannot be removed, since there may not be any element in the ambient Hilbert space H found that make
the equal signs in the r-fusion frame inequality (2) true, cf. [11, Proposition 5.4.4].

In case relay operator T is merely a bounded operator, we have the following weak result.

Theorem 2.3. Let T € B(H, K) such that {(W;, K, T, v:)}ier is an («, B)-r-fusion frame for H. If there exist constants
A, 1> B so that

ulIfIP < Z‘v,-zllT(f)ll2 <AIfI?, VfeH, (4)

el
then the family {(W:, K, T, vj)}iex is a (( VE - \/B)Z, (VA + ﬁ)Z)—r—fusionﬂame.

Proof. Assume that {(W;, K, T, vi)}ier is an (a, B)-r-fusion frame for H. Let f be an arbitrary element of H.
Observe that

» 01'2||T7<T7Tw5(f)||2); = (Y iTis - nw,)(f)llz);.

iell iell
By the triangle inequality, we have

1

(Xt =m0 > (L) - (X Aentrn )

iell iell iell
We see from (4) that
(X oimpr) - (X T AIR) > (VE- VRIS

i€l i€l

Hence

(X Rl (DIR) > (v - VB

i€l
Similarly we can prove that

1

(X BllexTrn: (0IF) < (VA + VL

il
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More generally, we have
Theorem 2.4. Let T € B(H, K) such that {(W;, Vi, T, vi)}iex is an (a, B)-r-fusion frame for H. If there exist constants
A, 1> B so that

WlLFIP < Y Ry TAIP < AIIfIR, Vf € H, (5)

iel
then the family (W7, Vi, T, vj)}iex is a (( Vi = \/_)2 (\/_ A+ \/_)2) r-fusion frame.

The following theorem shows that the parameters of the new r-fusion frame can be determined from
those of the generating fusion frame prior to the construction.

Theorem 2.5. Let T : H +— K be an isometry such that {(W;, K, T, vi)}ie1 is an r-fusion frame for H with
the associated spatial complement {(Wl.l,‘K, T,vi)}ic1. Let Sg denote the frame operator for {(W;, K, T, vi)}iexr with
eigenvectors {x;} ey and respective eigenvalues {£ j} jej. Then the r-fusion frame operator for (Wi, K, T, v;)}ie1 possesses

the same eigenvectors {x;}cy and respective eigenvalues { Zf[ v - & j}‘ ;
ie j€

Proof. By hypothesis, we obtain that

Z U]-ZTKWI.T*TwTﬂWi(x]') = Z v%nwi(xj) = cfjx]‘, V] € ]I

i€l iel
Hence,
2 _ 2
Y R - o) = (Y 02 - &
iel iel

as claimed. O
Theorem 2.6. Let T : H — K be an isometry such that {(W;, K, T, vi)}iex is an a-tight r-fusion frame for H, not all
of whose subspaces equal H. Then {(W:-, K, T, vi)}iex is a ( Y vl.z - oz)-tight r-fusion frame.

iel

Proof. Let f € H. Then we have

Z;‘IUfIITv(T?Tw;(f)II2 = Z o llmw (HIP
_szn(lH ) (HIP

= Z o2 (117 = llmew, (HIP)
(2 o? - a)lfIP.
i€l
It is readily verified that ), v — a = 0if and only if all initial subspaces {W;};er equal H. Therefore we have
i€l
a < Y, v?, and the application of Theorem 2.2 proves the claim. [J

iell
The next two propositions extend (or refine) Theorem 3.9 and Theorem 3.12 of [14]. First we state a
useful lemma for our discussion.

Lemma 2.7. ([12]) Let A € B(H) and V' C H be a closed subspace. Then

* __ * S
Tth = 7'CvA T[AV‘
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Proposition 2.8. Let {(W;, Vi, Ti, vi)}ier be an r-fusion frame for H and A € B(H,K) be an invertible operator.
Then {(W;, AV, Aty, Tj, vi)}ien is an r-fusion frame for H.

Proof. Suppose that {(W;, V;, Ti, vj)}ier is an r-fusion frame with frame bounds a and . We first prove the
upper frame bound for {(W;, AV;, Aty,Ti, vi)}ier. For each f € H, we have

%IvznTAVATV T, (NP = =X ol Ay, Timew, (F)IP
< ﬁllAllzllfII2
Now we find a lower frame bound for {(W;, AV;, Aty,T;, vi)}icr. Let f € H. Observe that
%IU,Z||TAviATviTi7TWf(f)||2 = %IU?||ATV,T1‘TCW,(f)||2
> %U?ﬁﬂwﬂﬂwf(ﬂﬂz
> IR
This proves the claim. O

Proposition 2.9. Let {(W;, Vi, Ti, vi)}ier be an r-fusion frame for H and A € B(H) be an invertible operator. Then
{(AW;, Vi, Timw, A, vi)}ier is an r-fusion frame for H.

Proof. For all f € H, we have
%v2llTv Tinw Araw,(HIF = Z v\l Timw, AP
1€
l~‘7||1‘\||2||f||2

Now we obtain a lower bound for {(AW;, V;, Tintw,A, vi)}iear. Let f € H, we compute

Y olry, Tinw, Araw,(HIF - = Z v\l Timw, AP

i€l )
||A 1||z||f||

The conclusion follows. [J

Example 2.10. Let {(W;, Vi, Ti, vi)}ier be an r-fusion frame for H with the associated spatial complement {(Wl.l, Vi, Ti, 0i)}ier
Let F be a frame for relay Hilbert space K. Denote S¢ the frame operators for frame F. Let V= S;} Vi and

T = 5_1’[\/ T;. It follows from Theorem 2.8, both {(W;, ?,,i, 0))}ier and {(Wl ?l,’i,vl)}ﬂ are r-fusion frames for
H. Note that in the case of single relay space, local relay dual and global relay dual of relay fuszon frames are the

same, see Section 3.2 of [14] for further details. Szmllarly, let Wl = S Wi and T, =T, nWLS , where Sg is the
frame operator for (Wl.i, Vi, Ti, vi)}icr. Via Theorem 2.9, {(Wil, Vi, Tl, vi)}ienjey; 18 also an r-fusion frame for H.

Inspired by the idea of spatial complements, we now define relay spatial complements.

Definition 2.11. Let {(W;, Vi, T, v;)}ier be an r-fusion frame for H. Then we call the family {(W;, Vil, T, v)}ier
the relay spatial complement to {(W;, Vi, T, vi)}ier, if {(W;, Vil, T, vi)}ier is also an r-fusion frame, where Vl,l is the
orthogonal complement of V;.

The following theorem is a relay space version of Theorem 2.12 in [15], and will be used in the proof of
Theorem 2.13.

Theorem 2.12. Let relay operator T : H — K be a surjective such that {(H, Vi, T, vi)}ien is an r-fusion frame for H.
Then span{;q Vil = K.
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Proof. Since {(H, Vi, T,vi)}ier is an r-fusion frame for H, by Theorem 2.14 of [15], we know that T is also a
injective from H to K. Now assume that span{{J;c; Vi} # K. Then there exists 0 # h € (span{U,; Vi)' € K,
such that ty,(h) = 0 for every i € II. Since T : H + K is a surjective, there exists 0 # f € H so that h = T(f).
It follows that v, Trig/(f) = 0 for each i € I, which contradicts with the assumption that {(H, Vi, T, v;)}ier is
an r-fusion frame for H. Thus we conclude that span{U;g; Vi} = K. O

The following theorem is analogous to Theorem 2.2, which shows that the properties of relay spatial
complements are similar to those of spatial complements.

Theorem 2.13. Let relay operator T : H w— K be a unitary such that {(H, V;, T, vi)}iex is an («, B)-r-fusion frame
for H with Y, v? < co. Then the following conditions are equivalent.
i€l
@ NVi={0}
iell

(ii) p < X, o2
iel
(iii) The family (K, Vi, T, vi)}icr is a (Z v - B, Y v - a)—r—fusion frame.
iel i€l

Proof. Let us follow the strategy used in the proof of Theorem 2.2.
(i) = (ii): By assumption, for every f € H, we have

Y Alrv TR < Y IR,

iel iel

It follows that

ﬁ<Zvi2.

iell

Write g = T(f). It is plain to observe that equality sign holds in the above inequality if and only if
ge ﬂ Vi # {0).
(ii) = (iii): Since

aly < Y OPT'1y,T < Bly,

i€l
we have
(Z v} - ,B)I’H < Z 0T (Ige — Tv,)T < (Z v — a)LH.
iel iel iel

Applying the fact that Y o7 > B, this yields that

i€l

{(7—(1 VIJ_T/ vi)}iGH = {(7—{! (I’K - TV,‘)q(I Tr vi)}ié]l

isa ( Yui-B L - a)-r—fusion frame.
iel iel
(iii) = (i): Assume the opposite, i.e. there exists a vector 0 # h € (| V;, then hLV: for all i € I, and
i€l
therefore, {ViJ_}jE]I does not span K. Via Theorem 2.12, this is a contradiction to (iii). [
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Remark 2.14. We remark here that there also exist relay spatial complement versions of Theorem 2.3, 2.4, 2.5, 2.6,
which are similar and the proofs carrying over with small changes. To simplify the description, we omit them. It should
be noted that not all properties of the initial subspaces can be directly transferred to the relay subspaces. For instance,
the Theorem 2.12 may fail if relay operator T is not a surjective. Recall that there are no additional requirements for
relay operators for properties similar to the initial subspaces, cf. [15, Theorem 2.12].

In view of the notions of spatial complements and relay spatial complements, it is naturally to define
dual spatial complements.

Definition 2.15. Let {(W;, Vi, T, vi)}ie1 be an r-fusion frame for H. Then we call the family {(W:-, V-, T, v;)}ier
the dual spatial complement to {(W;, Vi, T, vi)}ier, if (Wi, Vi, T, vi)ier is also an r-fusion frame, where Wi is the
orthogonal complement of W; and V' is the orthogonal complement of V.

Remark 2.16. In light of the definition of dual spatial complements, one can consider the dual spatial complement as
a spatial complement of the relay space complement of a given r-fusion frame. Likewise, the dual spatial complement
can also be regarded as relay spatial complement of spatial complement of a given r-fusion frame. Provided that each
of them can form an r-fusion frame for environmental space H. For this reason, the connections between them can be
studied in a way that mimics the previous work of the present paper. We omit the details.

Before proceeding, we now provide the following elementary observations between the frames, fusion
frames, non-orthogonal fusion frames, g-frames and r-fusion frames, which can help us to better understand
the r-fusion frame settings.

Theorem 2.17. With the notation defined as in Section 1.

(i) Let {eijkrex; be an orthonormal basis for the subspaces Vi; for each i € I, j € J;. Then {vjjmy, Treijkbien, jeg kek,;
is a frame for H if and only if {(W;, Vij, Ti, vij)}iew jey; is an r-fusion frame for H.
(i) {(Wi, wi)}ien is a fusion frame for H if and only if {(H, Wi, tw,, wi)}ien is an r-fusion frame for H.
(iil) {Ai € B(H,¥) : i € I} is a g-frame for H with respect to (¥ : i € T} if and only if {(H, K, Ai, e is an
r-fusion frame for H.
(iv) {(Pv,, vi)}iex is a non-orthogonal fusion frame for H if and only if {(H, Vi, Pv,, vi)}iex is an r-fusion frame for H.

Proof. Statement (i) can be found in [14, Theorem 4.1]. For statements (ii)-(iv), it is easy to observe the
relationships from the given definitions. [

In what follows, we introduce another simple technique to obtain relay fusion frames. As defined in
[16], we consider a (A;, y;)-g-frame {A;; € B(K;, Vij) : j € J;} for each K in a g-frame {A; € B(H,K;) : i € T},
such that

O<A=infA; <supy; =y < oco.

In this case we say that {A;; € B(K;, Vij) : j € Ji} is (A, p)-bounded for all i € L.
The following result is a generalization of Theorem 2.2 of [16].

Theorem 2.18. Let S; € B(H),i € Land T; € B(H,K;),i € I Let {Ai; € B(K;, Vij) : j € Ii} be a (A;, u;)-g-frame
for each K; and suppose that they are (A, u)-bounded. Then the following conditions are equivalent.

(i) {TiSi € B(H,¥) : i € I} is a g-frame for H with respect to {%K; : i € T}.

(ii) {A;T:S; € B(H, Vi) i €L, j € i} is a g-frame for H with respect to {V;; :i € I, j € J;}.

Proof. To obtain the second statement from the first, let us assume that {T;S; € B(H,K;) : i € I} is an
(o, B)-g-frame for H with respect to {K; : i € I}. Then for all f € H we have

Y IAGTSOIR < Y il TS(AIP < pullfIP.

iell, je]; i€l
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Also we have

Y IAGTS(AIR > Y TSI > adllfIP.

i€l je]; iel

To derive the first statement from the second, assume that {A;;T;S; € B(H, Vi) :i€lje€Ji}isan
(a, p)-g-frame for H with respect to {V;; : i € I, j € J;}. Since T;S;(f) € K; for each f € H, we have

1 p
.G, 2 — T.S. 2 < T f1R2
LATSOF < Y, 5 D IATSAIR < ZUAP
i€l il jeli
Also
1 a
YISO > Y = Y IAGTSAIP > =12,
iel e M H
This implies the first statement of the theorem. [

Now we consider (non-orthogonal) fusion frames instead of (A;, y;)-g-frames and we have the following
corollary.

Corollary 2.19. Let {(Wi}ier C H and T; € B(H, K;),i € L. Let {(Vij, vij)}ier,jey; be a (Ai, pi)-(non-orthogonal) fusion
frame for each K; and suppose that they are (A, u)-bounded. Then the following conditions are equivalent.

(@) {Tinw, € B(H,K:) : i € 1} is a g-frame for H with respect to (¥ : i € I}.
(i) {(Wi, Vij, T, vij)}ie jey, is a (non-orthogonal) r-fusion frame for H.

Moreover, if {(Vij, vij)}icw jey, is a Parseval fusion frame for K for all i € 1, then g-frame bound for {Timty, € B(H, ¥) :
i € I} and r-fusion frame bound for {(W;, Vij, Ti, vij)}ie1 jey; are the same.

Proof. To prove this corollary, just mimic the proof of the Theorem 2.18. O

Theorem 2.20. Let {(W;, w;)}ier be an (a, B)-fusion frame for H and {(Pv,;, vij)biev jey; be a (A, pi)-non-orthogonal
fusion frame for each W; which are (A, p)-bounded. Then {(Pv, TOW,, Vi Wi bien jeg; 18 an (ad, Bu)-non-orthogonal fusion
frame for H.

Proof. We first note that
Pvl/.nwipv,.jﬂwi = PV:}'T(W;"

Therefore, Py, Tlw; is a non-orthogonal projection from H onto Vijforeachi €, j € J;. Let f be an arbitrary
element of H. Then we have

Z ”UijwiPV,-jnWi(f)”z > Z /\i”wiﬂw,(f)Hz > /\Z w?”wa,(f)H2 > allfIP.

i€l je]; iell iel
Similarly we can prove that
2 2
Z ||’0ijwiPV‘/-nW1(f)” < BullfII=.
ielL jeJ;
O

The following theorem now gives an explicit characterization concerning the existence of Parseval r-
fusion frame consisting of two initial subspaces, which also indicates how to construct such special Parseval
r-fusion frame. For a characterization of general Parseval r-fusion frame we refer to [15, Theorem 2.15].



G. Hong, P. Li / Filomat 38:6 (2024), 1929-1946 1939

Theorem 2.21. Let W1, W be closed non-trivial subspaces of H and V1,V be closed non-trivial subspaces of K.
Suppose that T1 : W1 = Vi, T, : Wy = V), are unitary operators and vq1,v, > 0. The following conditions are
equivalent.

(i) {(Wy, V1, T1,v1),(Wa, Vo, Ta, va2)} is a Parseval r-fusion frame for H.
(ii) Either we have Vi L Vs and vy = vy = 1 or we have Wy = Wy = H and v3 +v5 = 1.

Proof. (i) = (ii): First we assume that W, # H. Fix some g L W,. Then, by (i),

llgl* = villrvlewl(g)ll2 + 03||Ty, Tomtw, (9)IIP
vllmw, (g)ll2 + vzllnwz(g)ll2
= 0|, (9)II7

< olglP,
hence ZJ > 1. On the other hand for all f € W;, we have

AP = e Tom (DI e Ter, (F
AR + o2l (IR
> AP

This implies zJ < 1 and therefore v; = 1. Now forall f € Wy,

20

A% = AP + o5llmews, (I
This shows that Wi L W, and V; L V; follows immediately. Now v, = 1 follows from
IAIP = Irew, + 7ow,) AP = llrew, (DIP + o3l (DIP, Y f € H.
If W, = H, towards a contradiction assume that Wy # H. Fix g L Wy. Then
917 = oFllmew, (DI + B3llmw, ()IF = v3lgll,
hence v3 = 1. Now for g € Wi, we obtain
91> = v3llmw, (DI + D3l (DI = (@] + Dllgll*
But this can only be true if v; = 0, a contradiction. Thus W; = H. Now for all f € H,
I£I? = o3l £IF + B3l (DI = @7 + 9)IIfII%,

s0 0% + 0} =
(ii) = (i): This is obvious. [

The following proposition is an r-fusion frame version of a result due to Asgari and Khosravi [1, Theorem
2.8].

Proposition 2.22. Lef {M;}ie C H,S; € B(H,K), {U,-]-}]-e]],. C %fOT each i € Il such that {(M;, U,']', S;, u,-]-)}ie]l,jq]i is
r-complete and let {(W;, Vij, Ti, vij)Yicn jey; be an (v, B)-r-fusion frame. If W : H +— H define by

\Ij(f) = Z (u,‘zjnMiS;TUijSiT(Mi - vl‘zjanT:TVi/TinWi)(f)
i€l je];

is a compact operator, then {(M;, Ujj, Si, uij)}ier jey; is an r-fusion frame.
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Proof. Let @ : H +— H be an operator defined by @ = Sg + . Since W is bounded and self-adjoint, a simple
computation shows that @ is a bounded and self-adjoint operator. Now for all f € H we have

PO = 11S=(f) + P NIl < B+ DI

Hence

Y liru, S (HIF = (@(f), f < B+ ILIIFIR. ©)

i€l je];

On the other hand, since W is a compact operator, WS_! is also a compact operator on . Thus ® has closed
range. Now we show that @ is injective. If f € H and @(f) = 0, then

Y 2, Sman (I = @(f), = 0

il je];

Hence u;jtuy, Sitom (f) = 0 for each i € I, j € Ji. Since {(M;, Uyj, Si, ij)}ien jej; is T-complete, we have f = 0.
Moreover, we have

ran @ = (ker ®*)* = (ker ®)* = H

Hence @ is surjective and thus invertible on H. Now, by using the Cauchy-Schwartz inequality and (6), we
compute

( L wmmSi,Smm (f),<1>(f)>)2

i€l je];

eI

2

w2 (e, Sirn (), 7, S ()

L illeuSman(Plleu, St f)||)

-
[Z
<(
<

ST L, il smol)

i€l je];

<(ﬁ+II‘I’II)I|®(f)|I2( I u2||rul,s ()

Altogether, we obtain

1P

u,z,||r _Simt ||2 e ——
2, v Smua(f) B+ WO

iell, je;
|

We close this section with the following example, which shows that sparsity of the fusion frame operator
naturally exists by applying the structure of r-fusion frames.

Example 2.23. As we know, the standard fusion frame operator Sy is always non-sparse with an extremely high
probability [10]. Whereas, the effectiveness of fusion frame applications in distributed systems is reflected in the
efficiency of the end fusion process. This in turn is reflected in the efficiency of the inversion of Sqy, which in turn is
heavily dependent on the sparsity of Sy. The lack of sparsity of Say is a significant hinderance in computing Sqy and
its inverse, which is necessary to apply the theory. So the central issue in the effective application of fusion frames is
to have sparsity for Sqy—preferably for it to be a diagonal operator. We now show that sparsity of the fusion frame
operator naturally exists by applying the structure of r-fusion frames.
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Let W = {(W, v)}ien be a fusion frame for H. Then the fusion frame operator for ‘W is given by
Srw = Z U?ﬂwi.
i€l

Diagonalization of Sy involves a unitary operator T such that

Sk =THSwT = TH( Y erow JT = Y 2 THREX)T,

iell iell

where X; and X; are frame matrices with columns being the frame elements {wyj}; and its dual {@;;};, cf. [10, Section
6.2].

Obviously, a transformation in the form of E = X;T would have diagonalized Sqy. The new frame system E = X;T
will measure signal f through E = X;T(f). This can be implemented by requiring T acts on f before sensor X; acts
on f (which can be designed so at the sensor manufacturing stage). Concurrently, the new frame system E = X;T
has the structure of r-fusion frames. This is why r-fusion frame is a more natural tool to realize the sparsity of the
fusion frame operator. The reader should be aware that subspace transformation is not feasible under the mechanism
of standard fusion frames.

3. Bessel r-fusion sequences and alternate dual r-fusion frames

In this section, we consider two Bessel r-fusion sequences Ry = {(Wi, Vij, Ti, vij)}ie,jej, With Bessel bound
B1 and Ry = {(M;, Ujj, S;, uij)}ien jej, with Bessel bound B>. We introduce the operator

Svu(f) = Z vijuijmiw, T; Ty, Tu, Sit,(f), Vf € H.
i€l je];
By [14], it follows that series converges unconditionally. We have also
Svul(f), 9> = Z vijuij<TU,-jSi7TM,(f)r Tvi,-Tiﬂw,-(!])>/ Vf,geH.
i€l je];

By Cauchy-Schwartz inequality, we have

KSvu(f), I < vBiBlIfllllgll,

hence Sy is a bounded operator and [|Svull < /B1f2- We also note that S}, ; = Suy and Syy = Sg,, where

Sg, is the frame operator for Ry. We say that Ry; is an alternate dual for Ry if we have Syy = Ig;. Alternate
duality is a symmetric relation, and we can say that Ry and Ry are alternate dual to each other.

We recall that a family of bounded operator {Ti}ier on a Hilbert space H is called a resolution of the
identity on H if we have

F=Y. T, VfeH,
iell
where the series converges unconditionally for all f € H.

Theorem 3.1. Let Ry and Ry be Bessel r-fusion sequences as mentioned above. Then the following are equivalent.

(1) Syy is bounded below.
(ii) There exists an operator A € B(H) such that {Bjj}icy jey, is a resolution of identity, where

Bi]' = U,']'ui]'AT[W,.T:TV‘./.TU‘./.SI'HM{, i€ ]I,j S ]L‘.
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Moreover, if one of conditions holds, then both of these Bessel r-fusion sequences are r-fusion frames.

Proof. (i) = (ii): If Syy; is bounded below, then there exists A € B(H) such that ASyy = Ig. It follows that

f= Z vijuiArw, T; tv, T, Sim, (), Vf € H.

iell, je];

(ii) = (i): If there exists an operator A € B(H) such that {B;j}cy jj; is a resolution of identity, then for
each f € H we have

f = Z vijuijAnW,-T;TV,-jTU,]S TUM; (f) ASVU f)
i€l je];

Hence I3y = ASyy. It follows that for all f € H,

1
ISvu(HIl > mllfll-

For the ‘Moreover’ part, we assume that Syy; is bounded below, then there exists a number C > 0 such
that for every f € H, |ISyu(f)ll > ClIfl|. It follows that

ClAL < NISvu(HI

= sup K Y. vipuimw, T Ty, Tu, Sito, (f), g>’
geH, |lgll=1 1 i€l j€];

<(.z _vzuw,;nw@”)( T u2||Tu,]S7IM(f)||)
B3, kst

Hence
C2 2
AP < ) wifleu S
1 el jel;

On the other hand, since S}, ; = Suv, we can say that Syy is also bounded below. Now similar to the above
proof we have

2
%ufn2 < ¥ e, Tmw -
iell, je];
O

Theorem 3.2. Let Ry and Ry be Bessel r-fusion sequences as mentioned above. Assume that there exist Ay < 1,1, >
—1 such that

If = Svu(HIl < Allfll + A2MSvu(HIl, Vf € H. )
Then both Ry and Ry are r-fusion frames for H and

(1—/\1)21“f“2< Z UZHT T
1+ A2/ B = Il " Vi 2 iTEW

i€l je];

(3 Al)—ufuz Y e Smu ol

icll je];
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Proof. From assumptions,

A = 1ISvu(HIl < Aallfll + A2l Svu(HIl, Yf € H.

It follows that

1-A

>
ISvu(HI T4,

LA, Vf e H.

Now using Theorem 3.1 the conclusion follows. [

Corollary 3.3. Let Ry and Ry be Bessel r-fusion sequences as mentioned above. Assume that there exist Ay < 1 such
that

If = Svu(HIl < Aalifll, Yf € H. (8)
Then both Ry and Ry are r-fusion frames for H and
1-Ay)?
L= e < Y e, Trw |

ﬁ 1 i€l je];

_ 2
A < Y e sl

ﬁ 2 i€l je];
Proof. It suffices to take A, = 0in Theorem 3.2. [

Theorem 3.4. Let Ry be an (a, B)-r-fusion frame and let Ry be a Bessel r-fusion sequence. Suppose that there exists
a number 0 < A < a such that

I(Suv — Sr,) fIl < AllfIlL, Y f € H.

Then both Syy and Syy are invertible and {(M;, Ujj, Si, uij)}ier jey; is an r-fusion frame.
Proof. Let f € H. Then
ISuv(H)Il = ISuv(f) = Sr, () + Sy (DIl = [ISr, (DIl = ISuv(f) = Sz, (OIl = (@ = DIIf]I.

Therefore Sy;v is bounded below and thus injective with closed range. On the other hand, since

ISvu = Swyll = [I[(Suv = Sg, )l < A,

we can infer that Syy is also injective with closed range by the above result. Hence both Sy and Sy are
invertible. Now by previous Theorem 3.1, {(M;, U;j, Si, uij)}ic1,je; is an r-fusion frame. [J

Let us consider the case of single relay space again. The following proposition reveals the relationship
between spatial complements of r-fusion frames that are alternate dual to each other.

Proposition 3.5. Let T,S € B(H,K) such that {(W;, K, T, vi)}ier is an r-fusion frame for H with the associated
spatial complement {(Wl.i,‘K, T, vi)}ier and {(Mi, K, S, ui)}ien is another r-fusion frame for H with the associated
spatial complement {(Mil, K, S, ui)lier. If {(Mi, K, S, ui)}ien is an alternate dual of {(Wi, K, T, vi)}ier and Y, viu; < oo,

iell
then {(M;", K, S, ui)}iex is an alternate dual of {(W:-, K, T, vi)}iex if and only if
Z viuiT*S = Z v,-umwiT*S + Z UiMiT*SRMX.,
iel iell i€l

where the series converges unconditionally.
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Proof. Suppose that {(M;, K, S, u;)}icr is an alternate dual r-fusion frame of {(W;, K, T, v;)}icr. Then we have

Z vititw, T Tge ToeSTIM, = Z viumtw, T"Smipg, = gy

iel i€l
Observe that
Y vttty T T Tge STOME
il ! !
= Y, 0Tty T* ST
iell ! '
= Y viui(ly — ow,) T"S(Iy — ;)
iell
= Z viu; T*S — Z v,-uinwiT*S - Z viuiT*SnMi + Z viuinw‘.T*San.
iell iell i€l i€l

It follows that

Z ViU Tl L T*TrKTrKSﬂNH = 17-(

iel

if and only if
Z viuiT*S = Z U,'MjﬂwiT*S + Z viuiT*SnM,..
iel iel iel

The proof is completed. [
We have the following fusion frame version of Proposition 3.5 above.

Proposition 3.6. Let {(W;, vi)}icr be a fusion frame for H with the associated spatial complement {(Wil,vi)}ie]l and
{(Mi, ui)}ier be an r-fusion frame for H with the associated spatial complement {(Mii,ui)}id. If {(Mi, ui)}ier is an
alternate dual of {(W;, vi)}ier and Z vil; < oo, then {(Mil, u;)}ien is an alternate dual of {(Wl.l, vi)}ier if and only if

el
E villilgy = Z vy, + E ViU T,
iell iell iell

where the series converges unconditionally.

Remark 3.7. If relay operator T : H + K is an isometry such that {(W;, K, T, vi)}ien is an r-fusion frame for H
with the associated spatial complement {(Wil,‘K ,T,0)}ier, then {(Wil, K, T, vi)}ien can never be an alternate dual of
{(Wi, K, T, vi)ier. To appreciate this, we consider equation

Z Z)iMiTCWIT*TT(WiJ. =0.
iell
Therefore, in general, M; cannot be taken as W in above propositions.
Similarly, we have the following propostion.

Proposition 3.8. Let T,S € B(H,K) such that {(H, Vi, T,vi)}ier is an r-fusion frame for H with the associated
relay spatial complement {(H, V-, T, v))}ier and {(H, U;, S, w;)}iex is an r-fusion frame for H with the associated relay
spatial complement {(H, U:, S, ui)}ier. If {(H, Vi, T, vi)ier is an alternate dual of {(H, U;, S, ui)}ier and Y, viu; < oo,

el
then {(H, Vil, T, vi)}ier is an alternate dual of {(H, Uil, S, ui)}ie1 if and only if
Z i TS = Z v T (Tv, + T1,)S,
iell i€l

where the series converges unconditionally. In particular, if T and S are invertible operators, then the statement holds

if and only if

Z vililge = Z viui(ty, + Tu,).

iel iell
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Proof. The proof is similar to the proof of the Proposition 3.5. [J

We end this paper with the following examples, which provide some specific scenarios of r-fusion
frames. We refer the reader to [15] for more examples about r-fusion frames.

Example 3.9. Consider Hilbert space H = {(x1,X2,--- ,XN) @ X1,X2,** ,XN € RN). Let {ey, ez, ,en} and
{uy, up, - -+, un} be two orthonormal bases of H. Set

Wi = spanfei, e, - -+ ,en-1}, Wa = spaniez, e, -+ ,en}, -+, Wn = spanfe1, - ,en-2,en},
and
Vi =span{uy, uz, - -+ ,un-1}, Vo = spanfuy, uz, -+ ,un},--- , Vn = spanfuy, - - -, un-—, un}.

Define T; : H +— H foranyi=1,2,--- ,N such that for each f € ‘H,

N-1 N N-2
Ti(f) = Y (fredu, To(f) = Y (fredui, -+, Tn(F) = ) (Freui + (fenun.
i=1 i=2 i=1

Assume that v1 = v, = --- = vy = 1. Then we get

N N
Rl T (AIF = ) o2ITmw, (I = (N = DIFIR, Vf € H. 9)
=1 i=1

1

1

Hence, {(Wi, Vi, Ti, vi)}iep 2, Ny is an (N-1)-tight r-fusion frame for H.

Example 3.10. Assume that {e;};°, is an orthonormal basis of Hilbert space H and {u]-};.’il is an orthonormal basis of
Hilbert space K. Fix number M € IN and define

W; =spanler,--- e}, 1 <i<M;
Wi = span{ei-ms, -+ e}, i > M.

Let T be an arbitrary isometry operator from H into K. Then {(W;, K, T, 1)}2, is an M-tight r-fusion frame for H.

Example 3.11. Let H and K be two separable Hilbert spaces such that H = W1 @ Wy and K = V1 @ V,. Here we
denote by @ the direct sum of orthogonal subspaces. Let relay operator T be a unitary operator from H onto K so that
TWq = Vi and TW, = V5. Assume that vy = v, = 1. Then

{(Wi, Vi, T, vi)biepn 2 {(H, Vi, T, vi)ieop AW, K, T, 0i)}iep 21
{WH, K, T, vibien 2 ((H, VE T, vdlien,2; AW, VE, T, vi)liep )

are all Parseval r-fusion frames for H. Further,

(a) R-fusion frames {(Wj,?(, T, vi)}iepn,2) and {(Wi, K, T, vi)}ie 2y are spatial complements to each other.

(b) R-fusion frames {(H, Vi, T, vi)}iep 2y and {(H, Vil, T, vi)}ieq1,2) are relay spatial complements to each other.
(c) R-fusion frames {(W;, Vi, T, vi)}ic(1,2; and {(Wl.l, Vi, T, vi)}ie,2) are dual spatial complements to each other.

1
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