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A nonlinear fuzzy contraction principle via control functions
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Abstract. In this work, we develop a new type of nonlinear fuzzy contraction, namely fuzzy £,-weak
contraction, based on fuzzy £,-simulation function and fuzzy ©¢-contractive mappings. Then, using the
specifically developed contraction, we show the existence and uniqueness of a fixed point for a self-mapping
in complete fuzzy metric spaces. We provide an example, together with some illustrative corollaries and

remarks, to further prove the validity of our findings. The presented findings combine, enhance, and extend
a number of earlier research findings.

1. Introduction and Preliminaries

Since Zadeh's famous 1965 paper [1], fuzzy sets have become ever more appealing. With numerous
applications in the fields of computing and engineering, this has resulted a significant development in
both theory and application in the fields of logic, topology, and analysis. Fuzzy metric spaces were first
established by Kramosil and Michaelek [2], and were further refined by George and Veeramani [4], who
also showed that each fuzzy metric results Hausdorff topology. The technique for developing contraction
mapping in fuzzy metric spaces is a relevant theoretical progress at the present. In 1988, Grabiec [3]
introduced the Banach and Edelstein principles to fuzzy metric spaces for the first time. The idea of
fuzzy contractive mappings was pioneered by Gregori and Sapena [6]. By modifying and adjusting the
contraction assumptions, several authors have recently aimed to apply the Banach contraction concept
more generally ( see [8, 11, 13, 15, 16, 20, 21, 23-28]).

A generalization of the Banach contraction theorem in generalized metric spaces was offered by Jleli and
Samet [14] and initiated the idea of 0-contractions. Influenced by these concepts, Cho [13] created a novel
contraction known as L-contraction and demonstrated certain fixed point theorems in generalized metric
space for these kind of contraction. Following a similar general approaches, multiple research studies
introduced numerous contraction forms emerging with an auxiliary function fulfilling the appropriate
requirements and yielded interesting fuzzy fixed point results. Mihet [10] proposed the type of fuzzy
Y-contractive mappings. Fuzzy H-contractive mappings are a concept that Wardowski [12] developed
and studied. Abdelhamid Moussaoui et al. [18, 19] created the concept of F Z-contraction and offered the
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simulation function method to fuzzy metric context. This idea was further enhanced in [23] by establishing
the family of extended ¥ Z-simulation functions.

Utilizing the ideas of fuzzy ©-contractive mappings and fuzzy £,-simulation function, we construct a
new type of fuzzy contraction principle. We then employ the specially developed contraction to demonstrate
the existence and uniqueness of a fixed point for a self-mapping in complete fuzzy metric spaces. An
example and some illustrative corollaries and remarks serve to further highlight the validity of our results.
The provided findings integrate, extend, and improve a number of previously released research results.

2. Preliminaries
In this section, we discuss some essential concepts in order to render our study self-contained.

Definition 2.1. [9] An operation v : [0,1] X [0, 1] — [0, 1] is called a continuous t-norm if ([0, 11, V) is an Abelien
topological monoid such that c v 1 = c forall c € [0,1] and ¢ Y v < w vV p whenever ¢ < w and v < p, for all
c,v,w,p€l0,1].

Example 2.2. The following are some typical continuous t-norm instances:
i) ¢V a=min{c,a}.

i) cVpa=cua,

iii) ¢ vpa=max{0,c+a—1},

Definition 2.3. [4] The triple (V, R, Y) is called a fuzzy metric space if V is a nonempty set, Y is a continuous
t-norm and R is a fuzzy set on V? x (0, +oo) satisfying:

(M1) R(c,a,3) >0,

(M2) R(c,a,3) =1ifand only ifc = a,

(M3) R(c,a,3) =R(a,c,I),

(M4) R(c,v,3) Y R(v,a,7) <R(c,a,3 + ),

(M5) R(c,a,.): (0,+00) — [0,1] is continuous.

forallc,a,v e Vand 3,y > 0.

R(c,a, 3) can be regarded as the degree of nearness of ¢ and a with respect to the parameter J.

Example 2.4. ([5]) Let R : A — R* be a one-to-one mapping, k : R* — [0, co) be a continuous increasing function
and t,0 > 0. Let

min{R(c), R@))* + x(J)\’

e a,3) = (max{R(c), R@))7 + x(J)

Then (V, vp) is a fuzzy metric.

Example 2.5. [4] Let (V, E) be a metric space,c Y a = ¢ Yy, a and

Rea,9) = —93" oo eR
" 090 4+ gE(c,a) P
Then (V, R, Y) is a fuzzy metric space.
Taking O = q =p =1, we get
J

R(C, a, 8) = ST(CQ)
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Lemma 2.6. [3] R(c, a,.) is nondecreasing function for all c,a in V.

Definition 2.7. [4] Let (V, R, V) be a fuzzy metric space, let {c;} C V be a sequence in V and ¢ € V. Then we say
that

(1) Convergence: {cs} is convergent or converges to ¢ € V if lims_, .o R(cs, ¢, I) = 1 forall I > 0.

(2) Cauchy sequence: {cs} is a Cauchy if for all i € (0,1) and 3 > 0, there exists sy € IN such that R(c,, ¢, I) > 1 -1
forallr,t>sg.

(8) Completeness: (V,R, v) is complete if each Cauchy sequence is convergent in V.

Gregori and Sapena [6] coined the concept of fuzzy contractive mappings, which is as follows: Let
(V,R, V) be a fuzzy metric space. A mapping Q : V — V is said to be a fuzzy contractive mapping, if there
exists k € (0,1) such that

1 1
R@Qeans) Sk(R(c,a,ﬁ) _1)' v

for all c,a € V and 8 > 0. The authors proved various significant fixed point results for such class of
contractions. The study of Tirado [7] led to the establishment of the following theorem.

Theorem 2.8. [7] Let (V, R, V1) be a complete fuzzy metric space and Q : 'V — V be a mapping such that
1-R(Qc,Qa,T) <k(1—-R(,a,3)).
forallc,a €V, 3 > 0and for some k € (0,1). Then Q has a unique fixed point.

In order to develop a new type of fuzzy contractions known as # Z-contractions, the following class of
fuzzy simulation functions was suggested in [18], and further extended by Moussaoui et al. [23].

Definition 2.9. ([18])
The function y : (0,1] X (0, 1] — R is called an F Z-simulation function, if the following conditions hold:

0Dy, =1,

(»2) y(r,0) < L =1 forallt,0€(0,1),

(¥3) if {Tul, {04} are sequences in (0, 1] such that lim, e T = limy— 400 0, < 1 then limy, e sup y(7,, 0,) < 0.
The class of all F Z-simulation functions is denoted by F Z.

Definition 2.10. ([18],[26]) Let (V, R, V) be a fuzzy metric space, Q : V — V a mapping and y € FZ. Then Q
is called a F Z-contraction w.r.t C € ¥ Z if:

Y(R(Qc,Qa, 3),R(c,a,3)) >0 forallc,ac A, I > 0.

In 2020, motivated by the investigation of Jleli et al. [14], Saleh et al. [29] proposed the notion of fuzzy
O-contractive mappings with the help of the class Q of the functions 6 : (0,1) — (0,1) fulfilling the
following conditions:

(®1) ¢ is non-decreasing and continuous,
(©2) limg, 100 Of(cs) = 1if and only if lim,_, ;o cs = 1, where {c;} is a sequence in (0, 1).

Definition 2.11. [29] Let (V, R, V) be a fuzzy metric space. A mapping Q : V — Vis called a fuzzy © ¢-contractive
mapping w.r.t Oy € Q if there exists k € (0,1) such that

R(@c,Qa,9) < 1= 6,(R@Qc,Qn,3)) > [6,(Rc,a, )],
forallc,aeVand 3 > 0.
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This class has further been weakened by the following contractive condition:

Definition 2.12. [29] Let (V, R, Y) be a fuzzy metric space. A mapping Q : V — V is called a fuzzy © f-weak
contractive mapping w.r.t Oy € Q if there exists k € (0, 1) such that

R(Qc,Qa,J) <1 >
[6/(min{R(c,a, 9), R(c, Qc, B), R(a, Qa, D] < 6,(R@Qc,Qa, F)),
forallc,aeVand 3 > 0.

The authors then proved the following theorem involving fuzzy ©-contractive mapping.
Theorem 2.13. [29] Let (V,R, V) be a complete fuzzy metric spaceand Q : V — V be a fuzzy © ¢- weak contractive
mapping, then Q has a unique fixed point.

3. Main results

In the setting of complete fuzzy metric spaces, we initiate a novel kind of fuzzy contraction and we
prove some fixed point results for this class of operators.

Definition 3.1. We say that the function C: (0,1] X (0,1] — R is a fuzzy L-simulation function, if:

FLY: (1,1 =1,

(FL2): Cv,p) < /\(p) for all v, u € (0,1), where A is a non decreasing function on (0,1] such that A=1({1}) = 1.

(FL3) : if {vs}, {vs} are sequences in (0, 1] such that im_,ye0 £y = lims—100 thyy < 1 then lims_, 00 sup C(vs, ps) < 1.

We denote by F L, the class of all fuzzy L,-simulation functions.

Example 3.2. Let C: (0,1] X (0, 1] — R be the function given by

Cv,p) = foralls,t€(0,1],

Ay
(A )]"
wherek € (0,1). Then C € F L,.

Example 3.3. Let C: (0,1] X (0, 1] — R be the function given by

Cv,p) =

A(ﬁ( ))forallv ,u€(0,1],

where B : (0,1] — (0, 1] such that B is continuous, increasing and B(c) > ¢, for all c € (0,1). Then C € F L.
Now, we define the concept of fuzzy .L;-weak contraction mapping as follows:

Definition 3.4. Let (V,R, V) be a fuzzy metric space and let Q : A — A be a mapping. Then Q is said to be a fuzzy
L) -weak contraction with respect to C € F L and 0¢ € Q, if forall c,a € V, 3 > 0 with R(Qc, Qa, J) < 1, we have

C(Of(R(Qc, Qa, B)), 0¢(min{R(c,a, J), R(c,Qc, I), R, Qa, J)})) =1 , )
forallc,aeV,3 > 0.
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Remark 3.5. IfC(v, p) = % forallv, u € (0,1], where k € (0,1) and A as the identity function, then Definition 3.4

yields to the notion of fuzzy 0 s-weak contractive mappings. Indeed, forallc,a € V, 3 > 0such that R(Qc, Qa, J) < 1,
we have

1 < L(O5(R@c, Qa, I)), 0,(min{R(c,a, F), R(c, e, T), R(a, Qa, T)}))
MOfF(R(Qc, Qa, T)))
[A(6 f(min{R(c,a, T), R(c, Qc, T), R(a, Qa, I)})))Ik
07 (R(Qc, Qa, J))
[0 (min{R(c,a, T), R(c, Qc, J), R(a, Qa, I)})) |k

Hence,
[Gf(min{R(c, a,9),R(c,Qc, 3),R(a,Qa, 3)})]k < 04(R(Qc, Qa, 3)).
The following theorem is our first main finding.

Theorem 3.6. Let (V, R, V) be a complete fuzzy metric space and Q : A — A be a fuzzy L-weak contraction with
respect to C € F L. Then Q has a unique fixed point.

Proof. In the beginning, we prove that fixed point is unique if it exists. By contradiction, suppose that

c,a € V are two distinct fixed points. Therefore, R(c,a, ) < 1 for all I > 0. Applying (2), we obtain

1 < {(04(R@c, Qa, T)), 0(min{R(c,a, F), R(c, Qc, T), R(a, Qa, T)})) 3)
0r(R(c,a,3)), 0¢(min{R(c,a, J), R(c,c, I), R(a,a, 5)}))

C
C
C
C

(6/(R(c,a, 3)), 04 (min{R(c,a, ),1,1}))
(64(R(c,a, 9)), 05(R(c,a, D))
A(O¢(R(c,a, B)))
ABf(R(c,a,3)))
Hence,
AO¢(R(c,a, 3))) < MOf(R(c,a, T))).
A contradiction. Then ¢ = a4, which means that the fixed point of Q is unique. Next, we demonstrate
the existence of the fixed point. Define the sequence {c;} in V by Qc; = cs41 for all s > 0. If there exists
Ip € N such that ¢, = ¢ 41, it follows that ¢, is a fixed point of Q. Assume that cs # cs41 for all s € N, then
R(cs, 541, T) < 1foralls € Nand J > 0. From (2), we get
1< (04(R@Qcs1,Qcs, I)), Op(min{R(c, 1,5, I), 4)
R(cs1,Qcs 1, 3), R(cs, Qcs, I)))
= ((04(R(cs, €511, B)), O p(min{R(cs1, ¢, T),
R(C5_1, Cs, S)/ R(Csr Cs+1, S;)}))

- AO(R(cs, €541, T)))
A(Gf(min{R(Cs—lf Cs, S)I 7’2((/‘5—11 Cs, S)/ R(CSI Cs+1, S()})) '
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Thus,

MO p(min{R(cs-1, ¢s, T), R(cs-1, ¢s, T), R(cs, ¢s11, I)}))
< MOF(R(cs, €541, T)))-

Which yields

0 {(min{R(c, 1, cs, T), R(cs1, ¢s, T), R(cs, css1, I))) ®)
< O5(R(cs, cs+1, I))-

If min{R(cs—1, ¢s, T), R(cs-1,¢5, T), R(Cs, €541, T)} = R(Cs, €541, T) for some s € N, then from (5), we get
05(R(cs, cs41, B)) < O¢(R(cs, €541, T)).
As 0 is non-decreasing, we obtain
Rocs, cs1, T) < R(cs, €511, T).
Which is a contradiction. Therefore,
min{R(cs-1, ¢s, J), R(cs-1, ¢s, T), R(cs, cs41, I)} = R(cs-1, ¢s, T)

for all s € N. Then, using (5), we derive

R(Cs—l/ Cs, S) < 7Vz(CS/ Cs+1, S‘)

Thus {R(cs, ¢s+1, I)} is a nondecreasing sequence of positive real numbers in [0, 1]. Thus, there exists x(J) < 1
such that lim,_, e R(cs, €5-1, I) = x(J) > 1 for all I > 0. We prove that

IH‘P R(CS/CS—ll S) = 1

On contrary assume that x(Jp) < 1 for some Jy > 0. Now, if we consider the sequences {a; =
R(cs, Cs+1, To)} and {Bs = R(cs-1, ¢5, Fo)} and taking into account ((F L3), we derive

1< slirgo sup C(as, Bs) < 1.
A contradiction, hence
lim R(cs, ci1,9) =1 (6)
Next, we show that the sequence {c;} is Cauchy. Reasoning by contradiction, suppose that {c,} is not

a Cauchy sequence. Then, there exists 1 € (0,1), Iy > 0 and two subsequences {cs,} and {c,,} of {¢;} with
e > S¢ = k for all k € IN such that

Ry, s, Fo) <1 -1 (7)

Taking in account Lemma 2.6, we have
J
R(Cr, s ) ST 8)
By choosing si as the smallest index satisfying (8), we have

3
R(Cre-1, s, 70) >1-"h. )
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Applying (2) for ¢, -1 and cs,—1, we obtain

1 S C(Qf(R(QCVk—ll chk—li 80))/ Qf(R(Crk—lz Csk—ll S0)/
R(Crk—lr chk—ll SO)/ R(Csk—lr chk—ll S;0)))
= C(Qf(R(Crk/ Csk/ 50))/ Gf(R(CT’k—ll CSk—ll S0)/

R(Crk—lr Cres SO)I R(Csk—l/ Csis S;0)))

- AO(R(cr, €5 T0)))
A(ef(R(C?’k—lr Csi—1, SO)I R(Crk—lr Cris S;0)1 R(Csk—l/ Csis S;0))) '

Therefore,

A(ef(min{R(crkflr Cskflr S0)/ R(C}'kfli C}'k/ i30)/ R(Cskfll Csk/ S0)}))
< AOf(R(cr, s, 30)))

Hence,

Gf(min{R(crk_l, Csi—1/ 80), R(Crk—lz Crer SO)/ R(Csk—lr Csir SO)})
< 0¢(R(cr,, 5, 30))

As 0 is nondecreasing, we derive

min{R(Crk—lr Csi—1, 80)/ ﬂ(crk—lr Crir 80)/ R(Csk—lr Csis 80)}
< R(Crk/ Csk/ S;0)

Denote,

qgk(crk—l/ Cr—1/s S;0) = min{R(Crk—lz Csi—1, S0)/ R(Crk—lr Crer SO)/
R(CSk—ll Csk/ S0)}

On the other hand, by (6), we have

llm (Pk(crk—lr Csk—lr S0) = hm min{R(C}’k—ll CSk—ll 8O)/
k—+00 k—+00

R(Crk—ll Crer Sj0)/ R(CSk—ll Csir SO)}
= mln{ hm R(Crk—ll CSk—ll S0)/ ]-/ 1}

k—+0c0
= lim R(cy,-1, cs,-1, Jo)-
k—+00
On account of (7), (9) and the triangular inequality, we obtain
1-72 Ry, cs, Jo)
> R(cr-1,Cs5-1, Jo)

I I
Z R(Crk—ll Csk/ 70) A R(CSkICSk—ll 70)
> (1-1h) Y R(cs—1, Cs,s %)

Taking limit as k — +o0 in both sides of the above inequality and using (6), we derive that

lim R(cy,, s, Jo) = Uim R(cr-1,¢5-1,F0) =1-H
k—+0c0 k—+0c0

1969

(10)

(11)

(12)

(13)
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Now, we consider the sequences ﬁk =0 f(qAbk(csk_l, cr—1, 30)) and & = 0¢(R(cy,, cs., Jo)), then limy, ;.o ﬁk =
limy 400 & = Of(1 = 11) < 1. Applying ((F L3), we get

1< klim sup C(d, ﬁk) <1
—+00
which is a contradiction. Hence, {c;} is a Cauchy sequence. Since (V, R, V) a complete fuzzy metric
space, there exists ¢ € V such that ¢; — c. Hence

lim R(cs, ¢, J) =1, (14)

Applying 3.4, we get
1< C(Qf(R(cs+1, Qc, 3)), 0(min{R(cs, ¢, I), R(cs, cs41, T), R(c, Qc, S)}))
Where,
51_1)130 min{R(cs, ¢, I), Rlcs, cs+1, T), R(c, Qe, T)}
=min{1,1,R(c,Qc, J)}
=R(c,Qc, T)

If Qc # ¢, thatis, R(c, Qc, J) < 1. Taking the sequences s = R(cs+1, Qc, I) and fi; = min{R(cs, ¢, T), R(cs, cs41, T), R(c, Qc, I)},
we have lim,_, o 75 = lims_, 4o {Is and by (7 L3), we get

1< liIP sup C(s, f1s) < 1
S§—+00
Which is a contradiction. Therefore, R(c,Qc,3) =1, ThatisQc=c. 0 O

Example 3.7. Let V = [0, 1] be equipped with the fuzzy metric R given by
_ 3
I+ E(c,a)

forallc,a €V, 3 >0, where E is the usual metric. Then, (V,R, V) is a fuzzy metric space. Consider the mapping
Q:V — V defined by

1 ifc=1,

R(Qc,Qa, J)) =

Qc =

3 if0<c<l.
Notice that, for c € [0,1) and a = 1 and 3 > 0, we get

. 1 L 3+d@c,Qa)
R(Qc,Qa, J) g

We consider two cases:
dfce [O,i)anda =1, then

1
1= min{R(c, 1, ), R(c, Qc, J), R(1,Q1L, J)}
1
1= R(c,1,3)
. J+|c—-1]
=1 —5

le—1]
5
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fce[i, 1) anda =1, then

1
1= min{R(c, 1, J), R(c, Qc, J), R(1,Q1, J)}
1
=1- R(1,Q1,9)
g+32
-y
3
=
Now, define C: (0,1] x (0,1] — R by
L) = 2
AWk

forall v,y € (0,1], where k = %, A is the identity function and the mapping 0y € Q given by 0(w) = '~ for all
w € (0,1). we get in both cases that

0¢(R(Qc, Qa, J))
(05(R(c,a, )

P E—
e R(Qc,Qa,T)

1 k
(317 R(c,a,9) )

> 1.

C(04(R@c, Qa, 9)), (07(Q(c,a,9)))) =

Therefore, Q is a fuzzy Ly-weak contraction w.r.t C € FLy. Thus, by Theorem 3.6, Q has a unique fixed point,
namely ¢ = 3.

Corollary 3.8. Let (V,R, V) be a complete fuzzy metric space, C € F L and Q : V — V be a self mapping with
R(Qc,Qa, J) < 1, such that

C(R(Qc, Qa, T)), min{R(c,a, J), R(c,Qc, T), R(a, Qa, J)}) > 1,
forallc,a e V,3 > 0. Then Q has a unique fixed point.
Proof. The result can be achieved from Theorem 3.6 by setting 0¢(1) = nforalln e (0,1). o O

Corollary 3.9. [29] Let (‘V, R, Y) be a complete fuzzy metric space and Q : V — V be a self mapping such that for
all ¢c,a € V with R(Qc, Qa, ) < 1 we have

6,(R@c,Qa, 3)) > [6,(minlR(c,a,9), R(c, Qc, F), R(a,Qa, )] .
Then Q has a unique fixed point.

Proof. The result can be drawn from Theorem 3.6 by taking C(v, u) =
identity function. O O

A(#)]k for all v,u € (0,1], A as the

Corollary 3.10. [29] Let (V,R, Y) be a complete fuzzy metric space and Q : V — V be a self mapping such that
R(Qc,Qa, J) < 1 forallc,a €V and

U k
[1- cos(E min{R(c,a, 3), R(c, Qc, T), R(a, Qa, )]
<1- COS( R(Qc, Qu, 5))
Then Q has a unique fixed point.

Proof. Follows from Theorem 3.6 by setting C(v, u) = MV

0¢(1) =1 - cos (3(n)) foralln € (0,1).0 O

r for allv, u € (0,1], A as the identity function and
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Conclusion

With the help of fuzzy £,-simulation functions and fuzzy 0¢-contractive mappings, we developed a
novel fuzzy contraction principle in this study. We then demonstrated the existence and uniqueness of a
fixed point for a self-mapping in complete fuzzy metric spaces using the specially developed contraction.
It is vital to highlight that we may specifically and deduce a wide range of potential outcomes from our
main results by appropriately presenting varied instances of the control functions C and 0. Our approach
may open the path for new studies in fuzzy fixed point theory.
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