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Characterization of linear mappings on Banach algebras
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Abstract. Let A be a unital Banach algebra, M be a unital A-bimodule, and W be a separating point of M.
We show that if linear mappings 6 and 7 from A into M satisfy 6(AB) = 6(A)B + At(B) for each A,B in A
with AB = W, then 7 is a Jordan derivation and 0 is a generalized Jordan derivation. Based on this result, if
linear mappings 6 and 7 from a unital semisimple Banach algebra A into itself satisfy 6(W) = 6(A)B + At(B)
for each A, B € A with AB = W, then 7 is a Jordan derivation and 6(A) = 7(A) + 6()A for every A in A.

As an application, we present a characterization of linear mappings 6 and 7 on a unital semisimple Banach
+-algebra A satisfying 0(W) = 6(A)B* + At(B)" for each A, B € A with AB* = W.

1. Introduction

Let A be a unital Banach algebra over the complex field C, M be a unital A-bimodule, and 6 be a linear

mapping from A into M. Recall that 6 is called a derivation if 6(AB) = 6(A)B + AS(B) for each A, B € A; d is
called a Jordan derivation if 5(A?) = 6(A)A + AS(A) for each A € A.

Let W be a fixed element of A. A linear mapping 0 from A into M is said to be a derivable mapping at W
if
O(W) = 6(A)B + Ad(B)

for every A, B in A with AB = W. There are a wide number of scholars investigating the conditions under
which mappings on algebras are thoroughly determined by their action on fixed products. Several previous
papers study derivable mappings at zero on various algebras [1, 9-11]. Several people consider derivable
mappings at a non-zero element under certain conditions [4, 12, 14, 16, 18].

We recall that a #-algebra is an algebra A equipped with an involution that is a mapping * from A into
itself, such that

(AA +uB)' = AA" +TiB’, (AB) =B'A* and (A") =A,
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whenever A, B in A, A, u in C, where A, & denote conjugate complex numbers. Let A be a +-algebra, then
an A-bimodule M is a »-A-bimodule if M equipped with a *-mapping from M into itself, such that

(AM + uN)* = AM* + IN*  (AM)* = M'A* (MA)* = A"M" and (M) = M,

whenever A,Bin A, M, N in Mand A, pin C.

Kishimoto [13] studies *-derivations. Let A be a #-algebra and M be a *A-bimodule. A derivation
0 from A into M is a #-derivation if 5(A*) = 0(A)* for each A in A. In fact, every derivation is a linear
combination of two *-derivations. We can define a linear mapping 5 from A into M by ;5\(A) = 6(A")* for
every A in A. Therefore 6 = 61 + i0,, where 01 = %(6 + ’5\) and 6, = %(6 - g) Hence, 06; and 0, are both
*-derivations.

Let W be a fixed element in (A. A linear mapping ¢ from a *-algebra A into its *-A-bimodule M is a
+-derivable mapping at W if

5(W) = AS(B)" + 5(A)B"

for each A, B in A with AB* = W. A number of papers are devoted to characterizing *-derivable mappings
at zero on C'-algebras, zero product determined algebras, group algebras L!(G) and standard operator
algebras [6, 7, 10].

In this paper, we study a natural problem of characterizing linear mappings 6 and 7 from a unital Banach
algebra A into its unital A-bimodule M satisfying

5(W) = 5(A)B + At(B) (Fw)

for each A, B in A with AB = W, where W is a fixed element of A. The forerunners in this line can be
attributed to Ghahramani, Benkovic, etc [3, 5, 8] where these authors consider linear mappings 6 and 7 from
a zero product determined algebra (ring) or standard operator algebra into its bimodule satisfying (Fy),
where W is zero. However, according to our knowledge, 6 and 7 satisfying (Fy), where W is a non-zero
element, have not been deeply studied.

We also study the problem of characterizing linear mappings 6 and 7 from a Banach *-algebra A into its
+-A-bimodule M satisfying

5(W) = 6(A)B* + At(B)* (Fiy)

for each A, B in A with AB* = W, where W is a fixed element of A. If we assume that 6 = 7 in (F}, ), then the
+-derivable mapping at W is obtained.

This paper is organized as follows. In Section 2, we give a completely characterization of linear mappings
0 and 7 from a Banach algebra A with unit I into its unital A-bimodule M satisfying (F;) (Theorem 2.3).
In this section, we also study linear mappings 6 and 7 from a unital Banach *-algebra A into its unital
+-A-bimodule M satisfying (F;) (Theorem 2.7).

In Section 3, we establish some theorems about linear mappings satisfying Fy, where W is a separating
point. One of the main results (Theorem 3.1) states that if 6 and 7 are linear mappings from a unital Banach
algebra A into its unital A-bimodule M satisfying (Fy), then 7 is a Jordan derivation and 6 is a generalized
Jordan derivation.

Based on this result, we consider a special class of algebra: semisimple algebra. We prove that linear
mappings 6 and T on a unital semisimple Banach algebra A satisfy (Fw) if and only if 7 is a derivation
and 6(A) = t(A) + 6(I)A for each A in A. Moreover, 6 and 7 satisfy 6(WA) = 6(W)A + Wt(A) and
T(AW) = At(W) + 8(A)W — 6(I)AW for each A in A (Theorem 3.3). As an application, we present a
characterization of linear mappings 6 and 7 on a unital semisimple Banach x-algebra A satistying (F},)
(Theorem 3.4).
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2. Unit element

This section is devoted to characterizing linear mappings 0 and 7 from a unital Banach algebra A into
its unital A-bimodule M satisfying F; or F;, where I is the unit element of A.

For this purpose, it is worth to recall some notions. Let A be a unital algebra and M be a unital
A-bimodule. A linear mapping 6 from A into M is called a generalized Jordan derivation if 5(A o B) =
O(A) o B+ A o d(B) — AS(I)B — BO(I)A for each A, B € A, where Ao B = AB + BA on A.

Lemma 2.1. Let A be a unital algebra, M be a unital A-bimodule, and 6 be a linear mapping from A into M. The
following are equivalent:

1. 0 is a generalized Jordan derivation;
2. there is a Jordan derivation T from A into M such that 5(A o B) = 6(A)B + 6(B)A + A1(B) + Bt(A) for each
A,Bin A;

3. there is a Jordan derivation T from A into M such that 6(A o B) = ©(A)B + ©(B)A + Ad(B) + BO(A) for each
A,Bin A;

. there is a Jordan derivation T from A into M such that 5(A?) = 6(A)A + At(A) for each A in A;

. there is a Jordan derivation T from A into M such that 5(A?) = T(A)A + AS(A) for each A in A;

. there is a Jordan derivation t from A into M such that 5(A) = ©(A) + 6(I)A for each A in A;

. there is a Jordan derivation T from A into M such that 6(A) = ©(A) + Ad(]) for each A in A.

N O O

If 6 has one of the properties (2)-(7), then 6 is called a generalized Jordan derivation, and 7 the relating Jordan
derivation

Recall that a linear mapping y from A into M is called a left Jordan centralizer if y(A%) = y(A)A holds for
each A in A.

Lemma 2.2. Let A be an algebra. Then 6 is a generalized Jordan derivation if and only if 6 = 7 + y, where T is a
Jordan derivation of A and y is a left Jordan centralizer of A.

Proof. Firstly, suppose that 0 is a generalized Jordan derivation of A, then there exists a Jordan derivation 7

such that 5(A?%) = 8(A)A + At(A) and 7(A?) = 1(A)A + At(A) for each A € A. Thus (6 — 7)(A2) = (6 — 1)(A)A

for each A in A. This implies y = 0 — 7 is a left Jordan centralizer of A and 6 = 7 + y, as desired.
Conversely, by direct calculation

8(A%) = T(A%) + p(A?)
= 1(A)A + AT(A) + y(A)A
= (1 + Y)(A)A + AT(A)
= 5(A)A + At(A)

for each A in A. Thus 6 is a generalized Jordan derivation. O
We now explore our first conclusion about linear mappings satisfying F;.

Theorem 2.3. Let A be a unital Banach algebra and M be a unital A-bimodule. If 6 and t are linear mappings from
A into M, then the following are equivalent:

(i) 5(I) = S(A)A™ + AT(A™Y) for each invertible element A in A;

(i) 6(I) = 6(A)B + At(B) for each A, B € Awith AB = I;

(iii) T is a Jordan derivation and 6(A) = ©(A) + 0(I)A for each A in A.

Proof. 1t is clear that (ii) implies (i). First we prove that (i) implies (iii). By assumption 6(I) = 6(I) + t(I), we
have 7(I) = 0. Let T be an invertible element in \A. By (i),

o) = &(TT™Y) = &(T)T ™! + T=(T ™).
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It follows that
ST ' =o(I) — Tt(T™Y), (2.1)
T7(T™Y) = o(I) = 5(T)T L. (2.2)

Let A € A, n € Nwithn > ||A|| +2,and B = nl + A. Then B and I — B are both invertible in A. By (2.1) and
(2.2), we obtain that

5(B)B™! = 6(I) — Bt(B™!)

5(I) = Bt(B™YI-B) + 1)

5(I) — Bt(B™(I - B))

=06() = (I- B[ - B)'Bt(B(I - B))]

= 6(I) — (I - B)[6(I) - 5((I - B)'B)B~'(I - B)]

= 6(I) — (I = B)o(I) + (I — B)5((I — B)™'B)B~}(I - B)

=B5(I) + (I-B)5((I - B! =I)B~}(I - B)

= BS(I) + (I - B)5((I — B)™H)(I - B)B™ — (I - B)5(I)B™'(I - B)
= BS(I) + (I - B)[6(I) — (I - By 't(I - B)]B™* — (I - B)5(I)B™*(I — B)
= BS(I) + (I - B)5(I)B™! — 7(I = B)B™! — (I - B)6(I)B~*(I - B)
= 5(I) + ©(B)B.

Thus 8(B)B~! = 6(I) + ©(B)B, i.e., 8(B) = 6(I)B + 1(B). Since B = nl + A, we have
0(A) = t(A) + 6(DA (2.3)

for each A in A.
It remains to show that 7 is a Jordan derivation. For each invertible element T € A, by (2.3) and (i), we
have

o(THT + T (T) = [T = 6(DT T + T~ ¢(T)
=8(THT + T'¢(T) - ()
=0.

It follows from [16, Lemma 2.1], 7 is a Jordan derivation.
Finally, we prove that (iii) implies (ii). For each A, B € A with AB = I, since 7 is a Jordan derivation,

5(A) = 5(ABA) = T(ABA) + 5(I)ABA
= 7(A)BA + A1(B)A + ABt(A) + 6(I)ABA
= (7(A) + 5()A)BA + At(B)A + 1(A)
= 5(A)BA + A1(B)A + 5(A) — S(DA.

That is, 0 = [0(A)B + At(B) — 6(I)]A. Hence 6(I) = 6(A)B + At(B) for each A,B € AwithAB=1. O

Remark 2.4. (i) Let us point out here that one can also show that if (ii) is replaced with 6(I) = ©(A)B + AS(B) for
each A, B € A with AB = I in the above theorem, the conclusion still holds.

(ii) In fact, Theorem 2.3 is an extension of [15, Theorem 2]. If 0 and t are linear mappings from A into M with
o(I) = 0, then the following are equivalent:

1. 0= 8(A)A™ + AT(A™Y) for each invertible element A in A;
2. 0 =06(A)B + At(B) for each A, B € Awith AB = I;
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3. 6 and T are Jordan derivations and 6(A) = T(A) for each A in A.
The next corollary follows immediately from Theorem 2.3.

Corollary 2.5. Let A be a unital Banach algebra and M be a unital A-bimodule. If 6 is a linear mapping from A
into M, then the following are equivalent:

(i) 5(I) = 5(A)A™T + AS(A™Y) — AS(I)A™! for each inverible A € A;

(ii) 6(I) = 6(A)B + AS(B) — AS(I)B for each A, B € Awith AB = I;

(iii) 0 is a generalized Jordan derivation.

Let W be a fixed element of A. A linear mapping 6 from A into M is called a generalized derivable mapping
at W if 0(AB) = 6(A)B + Ad(B) — AS(I)B for each A, B € A with AB = W. It is worth noting in Corollary 2.5
that every generalized derivable mapping at I from a unital Banach algebra A into its unital A-bimodule
M is a generalized Jordan derivation.

Corollary 2.6. Let A be a unital Banach algebra and M be a unital A-bimodule. If 6 is a generalized derivable
mapping at X and Y from A into Mwith X +Y =1, then 6 is a generalized Jordan derivation.

Proof. For arbitary A, B € Awith AB = I, wehave ABX = X and ABY =Y. Since 0 is a generalized derivable
mapping at X and Y, it follows that

5(X) = 5(ABX) = 8(A)BX + A5(BX) — A5(I)BX (2.4)
and

5(Y) = 5(ABY) = 5(A)BY + AS(BY) — A5(I)BY. (2.5)
Combining (2.4) and (2.5), we obtain

5(I) = 5(AB(X + Y)) = 5(A)B + A5(B) — AS(I)B,

i.e., 0 is a generalized derivable mapping at I. On account of Corollary 2.5, 6 is a generalized Jordan
derivation. [

Our following result explores the connection between linear mappings satisfying (F;) on a Banach
algebra and *-linear mappings satisfying (F;) on a Banach x-algebra.

Theorem 2.7. Let A be a unital Banach »-algebra, M be a unital - A-bimodule, and 6, T be linear mappings from A
into M. Then the following are equivalent:
(i) 6 and T satisfy

S(A)B* + At(B)* = 5(I)

foreach A, B € Awith AB* = I;
(ii) T(A*)" is a Jordan derivation and 6(A) = T(A*)* + O(I)A for each A in A.

Proof. Suppose 6 and 7 satisfy (i), define the linear mapping 7 from A into M by T(A) = 7(A*)* for each A
in A. By assumption

6(A)B + At(B*)" = 6(I)
for each A, B € A with AB = I, that is,

S(A)B + A%(B) = 5(I)
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for each A, B € A with AB = I. This shows that 6 and 7 satisfy the hypothesis in Theorem 2.3, thus 7 is a
Jordan derivation and 5(A) = T(A) + 6()A = T(A*)* + S(I)A, for each A € A. Therefore

T(A") = (6(A) = 6(DA)

for each A € A.
Conversely, since 7(A*)* is a Jordan derivation, for each A, B € A with AB* = I, we have

8(B*) = T((BYY)" + 8()B* = T((B*AB*)")" + 6()B*
= 1((BYY'Y AB* + B't((A))'B* + B'At((B')")" + 6()B*
= 7(B) + B'7(A")'B" + B*A1(B)" + 5(I)B".

It follows from 7(B)* = 6(B*) — B*t(A*)'B* — B*At(B)* — 6(I)B* that

S(A)B* + At(B)* = 5(A)B" + A[5(B*) — B'T(A*)'B* — B*A7(B)* — 5(I)B*]
= 5(A)B* + AS(B") — T(A*)'B* — At(B)* — AS(I)B*
= [6(A) — t(A")']B" + A[6(B") — ©(B)" = 6(I)B]
= 5(D).

This completes the proof. [J

3. Separating points

For an algebra A and an A-bimodule M, an element W in A is a left (or right) separating point of M if
WM = 0 (or MW = 0) implies M = 0 for each M € M. W is called a separating point if W is both a left
separating point and a right separating point. It is easy to see that left (right) invertible elements in A are
left (right) separating points of M, and invertible elements in A are separating points of M.

We are interested in the properties of linear mappings satisfying Fyy and F;,,, where W is a separating
point of M. A celebrated result is established that linear mappings 6 and 7 from a unital Banach algebra A
into a unital A-bimodule M satisfying F;, where I is the unit of A, if and only if 7 is a Jordan derivation and
0(A) = t(A) + 0(I)A for each A in (A. At this point the reader should be tempted to ask if a similar situation
exists for linear mappings satisfying Fy, where W is a separating point of M. We see next that at least one
of the directions is true.

Theorem 3.1. Let A be a unital Banach algebra, M be a unital A-bimodule, and W be a separating point of M. If
linear mappings 6 and T from A into M satisfy

S(W) = 6(A)B + At(B)

for each A, B in A with AB = W, then t is a Jordan derivation and 0 is a generalized Jordan derivation. Moreover O
and 1 satisfy S(WA) = S(W)A + Wt(A) and t(AW) = At(W) + 5(A)W — 6(I)AW for each A in A.

Proof. By WI = W, it follows that 5(W) = 6(W) + Wrt(I). Since W is a separating point of M, we have 7(I) = 0.
Let T be an invertible element in ‘A. On account of

S(W) = S(WT™'T) = sS(WTHT + WT'¢(T)
and

S(W) = 8(TTIW) = 8(T)T'W + T=(T'W),
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we have
S(WT™H =s(W)T! = WT ()T, (3.1)
WT12(T) = 8(W) — S(WTHT, (3.2)
S(MT'W = 6(W) — Tt(T'W), (3.3)
o(T7'W) = T 'o(W) = T 18(T) T W. (3.4)

Let A€ A, neNwithn > ||A|]| +2, and B = nl + A. Then B and I — B are both invertible in A. On the
one hand, it follows from (3.1) and (3.2) that
WB™'7(B) = (W) — 5(WB™1)B
= 6(W) - 6(WB™X(I - B) + W)B
= 6(W){I - B) - (WB~!(I - B))B
= 6(W)(I - B) — [6(W)B~}(I - B) — WB™*(I - B)=((I - B)™'B)B™'(I - B)|B
= WBY(I-B)r((I- B)'B)I-B)
=WB'(I-B)t(I-B)' =I)(I-B)
= WB™'(I - B)r((I - B)™Y)(I - B).

Since W is a separating point of M, it follows that
B't(B) = B(I - B)t((I - B)™))(I - B).
That is,
7(B) = (I - B)t((I - B)™1)(I - B).
Multiplying W from the left of the above equation, we have that
Wr(B) = W(I - B)=((I - B)™")(I - B)
= [6(W) = 8(W(I = B))(I - B)"'I(I - B)

= 5(W)(I — B) — 5(W — WB)
= 5(WB) — 5(W)B.

Thus, 6(WB) = 6(W)B + W1(B). Since B = nl + A, we have that
O(WA) = 6(W)A + Wt(A) (3.5)

for each A in A.
On the other hand, it follows from (3.3) and (3.4) that
5(B)B'W = 6(W) — Bt(B™'W)
= 5(W) — Bt(B™Y(I - B)W + W)
= 5(W) — Bt(W) — Bt(B™(I - B)W)
= 5(W) — Bt(W) — B[B~'(I - B)s(W) — B~Y(I = B)5((I — B)™'B)B~'(I — B)W]
= 6(W) = Bt(W) — (I — B)6(W) + (I - B)5((I - B)"'B)B~'(I - BW
= B(6(W) — t(W)) + (I - B)5((I — B)™' —=)B~}(I - B)W
= BS(HW — (I — B)6(I)B™Y(I = B)W + (I — B)5(I — B)'B~}(I - B)W.
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Since W is a separating point of M, it follows that

5(B)B™' = Bs(I) — (I — B)S()B~'(I - B) + (I - B)5((I — B)™)B~(I - B).
That is,

5(B) = B&(I)B — (I - B)S(I)(I - B) + (I - B)5((I — B)™)(I - B).
Multiplying W from the right of the above equation, we have

5(B)W = BS()BW — (I - B)S(I)(I = B)W + (I — B)5(I - B)™ /(I - ByW

= BS(I)BW — (I — B)S(I)(I = B)W + (I — B)[6(W) — (I = B)™'2((I = B)W)]
= 0()BW — Bt(W) + t(BW).

Thus, ©(BW) = Bt(W) + 6(B)W — 6(I)BW. By B = nl + A, we have
T(AW) = At(W) + 6(A)W — 6() AW (3.6)

for each A in A.
Now we prove that 7 is a Jordan derivation and ¢ is a generalized Jordan derivation. For each invertible
element T in A, by (3.5) and (3.6),

S(W) = S(WTT™Y) = s(WT)T~! + WT(T™Y)
= [6(W)T + Wr(D]T ! + WTt(T™)
=O6(W) + Wr(D)T ! + WTt(T ™)
and
S(W) = 8(T ' TW) = 8(T"HTW + T~ 1o(TW)
= 5(T"HTW + T HTt(W) + 8(T)W — 5(I)TW]
= 0(THTW + t(W) + T S(T)W — T L6(I) TW.
Thus
Wr(DT '+ WTt(TH) =0
and
ST HTW + T IS(TYW — T L6(DTW = 6(W) — 1(W) = 5()W.
Since W is a separating point,
(DT +Tr(T) =0
and
S(THT + T71(T) - T 'o(DT = 6(1).

It follows from [16, Lemma 2.1] and Corollary 2.5 that 7 is a Jordan derivation and ¢ is a generalized Jordan
derivation. O

Remark 3.2. (i) In Theorem 3.1, if condition (i) is changed to
ABeA, AB=W =,06(W)=1(A)B+ Ad(B),

theorem remains valid.
(ii) If I in Theorem 2.3 is replaced by W, we find that only one sufficient condition (Theorem 3.1) can be obtained. The
natural question then is, does its necessity hold?
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Unfortunately, we have been unable to answer the above question. In order to find a complete char-
acterization of linear mappings satisfying Fyy, we need to impose some conditions. For example, every
Jordan derivation on an algebra is a derivation. In the next, assume that A is a semisimple algebra, i.e., the
redical of A, Rad(A) = {0}. Our next goal is to give two characterizations of linear mappings on a unital
semisimple Banach algebra which satisfy Fy and linear mappings on a unital semisimple Banach *-algebra
which satisfy F;,,, respectively.

Theorem 3.3. Let A be a unital semisimple Banach algebra and W be a separating point of A. If 6 and t are linear
mappings from A into itself, then the following are equivalent:

(i) 6 and 7 satisfy 5(W) = 6(A)B + At(B) for each A, B in A with AB =W;

(ii) T is a derivation and 0(A) = t(A) + 0(I)A for each A in A.

Proof. Clearly, (ii) implies (i). Let’s prove that (i) implies (ii). By the proof of Theorem 3.1, we have that 7 is
a Jordan derivation, 0 is a generalized Jordan derivation, and

T(AW) = AT(W) + 5(A)W — S(DAW (3.7)

for each A in A. Since every Jordan derivation on a semisimple algebra is a derivation, then 7 is a derivation
and

T(AW) = At(W) + 1(A)W (3.8)
for each A in A. Comparing (3.7) and (3.8),

S(A)W = 6(DAW = t(A)W.
We reduce that 6(A) = 7(A) + 6(I)A for each A in A from W is a separating point of A, as required. [J

Now, we return to linear mappings satisfying Fj, on a unital semisimple Banach *-algebra A where W
is a separating point of A.

Theorem 3.4. Let A be a unital semisimple Banach *-algebra, 5 and t be linear mappings on A. Then the following
are equivalent:
(i) 6 and T satisfy

O0(W) = 6(A)B* + At(B)”

foreach A, B € Awith AB* = W, where W is a separating point of A;
(ii) T(A*)" is a derivation and 6(A) = T(A*)* + 6(I)A, for each A in A.

Proof. Let's first prove that (i) implies (ii). Define the linear mapping 7 from A into itself by T(A) = t(A*),
for each A in A. By assumption

A%(B) + 6(A)B = AT(B) + 6(A)B = 5(W)

for each A, B € Awith AB = W. It is easy to see that 6 and 7 coincides with the conditions in Theorem 3.3,
which proves that 7 is a derivation and 6(A) = T(A) + 6(1)A = T(A*)* + 6(I)A, for each A in A. Therefore we
conclude that

T(A") = (6(A) = 6(DAY’,

for each A € A.
Next, we prove that (ii) implies (i). Since T(A*)" is a derivation, for each A, B € A with AB* =W,

(W) = T((ABY))" = 7(A*)'B" + A1(B)".
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From 6(A) = ©(A*)* + 6(I)A for each A in A, we have

S(A)B* + At(B) = (A" B* + 5()AB® + At(B)*
(W) + 8(DW
S(W).

This completes the proof. [

Remark 3.5. Let A be a unital Banach *-algebra and M be a unital »-A-bimodule. Suppose that 6 is a linear
mappings from A into M. By [2, Remark 1], the following conditions are not equivalent:

AB* = W = 5(W) = 5(A)B" + AS(B)", (D1)
A'B =W = 5(W) = 5(A)'B + A*5(B). (D2)

Similarly, linear mappings 6 and t from a unital semisimple Banach +-algebra A into itself, the following conditions
are not equivalent:

AB* = W = (W) = 5(A)B* + At(BY’, (T1)
A'B =W = 5(W) = 5(A)'B + A*1(B). (T2)

Hence, if linear mappings 0 and t satisfy condition (T2), where W is a separating point of A, then by suitable
modification to the proof of Theorem 3.4, we can obtain a similar result.

Corollary 3.6. Let A be a unital semisimple Banach +-algebra and 6 be a linear mapping of A. Then 6 satisfies
O(W) = 6(A)B™ + AS(B)

foreach A, B € Awith AB* = W, where W is a separating point of A, if and only if 0 is a »-derivation.
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