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Numerical radius peak multilinear mappings on {;

Sung Guen Kim?

?Department of Mathematics, Kyungpook National University, Daegu 702-701, Republic of Korea

Abstract. For n > 2 and a Banach space E, L("E : E) denotes the space of all continuous n-linear mappings
from E to itself. We let

TE) = {[x", x1, ..., xu] 1 X7 () = Il = lIxjll = 1 for j=1,...,n}.
An element [x*,xy,...,x,] € II(E) is called a numerical radius point of T € L("E : E) if
[x*(T(xa, - - ., x0)) = o(T),

where the numerical radius o(T) = supy,. . . 1crip) |y*(T(y1, . yn))

.For T € L("E : E), we define
Nradius(T) = {[x", x1,...,x,] € II(E) : [x",x4,...,%,] is a numerical radius point of T}.

Nradius(T) is called the set of all numerical radius points for T. T is called numerical radius peak n-linear mapping

if

Nradius(T) = {£[x", x1, ..., x,]}.

In this paper we investigate Nradius(T) for every T € L("{; : 1) and characterize all numerical radius peak
multilinear mappings in L("¢; : £1), where ¢; is a real or complex space.

1. Introduction

Let us sketch a brief history of norm or numerical radius attaining multilinear forms and polynomials
on Banach spaces. In 1961 Bishop and Phelps [2] initiated and showed that the set of norm attaining
functionals on a Banach space is dense in the dual space. Shortly after, attention was paid to possible
extensions of this result to more general settings, especially bounded linear operators between Banach
spaces. The problem of denseness of norm attaining functions has moved to other types of mappings like
multilinear forms or polynomials. The first result about norm attaining multilinear forms appeared in a
joint work of Aron, Finet and Werner [1], where they showed that the Radon-Nikodym property is sufficient
for the denseness of norm attaining multilinear forms. Choi and Kim [3] showed that the Radon-Nikodym
property is also sufficient for the denseness of norm attaining polynomials. Jiménez-Sevilla and Pay4
[5] studied the denseness of norm attaining multilinear forms and polynomials on preduals of Lorentz
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sequence spaces. Recently, Kim [10] investigated the polynomial numerical index n®(¢,), the symmetric
multilinear numerical index ngk) (¢y), and the multilinear numerical index ns;) (¢y) of £, spaces for 1 < p < oo.
He proved that nik)(é’l) = ng?(fl) =1 for every k > 2. He also showed that for 1 < p < oo, nﬁk)(é’i,ﬂ) < n}k)(é’i,)
for every j € N and n%?(¢,) = limj_,.o n'"(€)) for every I = s,m, where £ = (C/, || - [|,) or (R/,|| - [,)-

Let n € N,n > 2. We write Sg for the unit sphere of a Banach space E. We denote by L("E : E)
the Banach space of all continuous #n-linear mappings from E into itself endowed with the norm [|T]| =

SUP ;.. x)eSex-xSe IT(x1,- -, xp)ll. Ls("E : E) denotes the closed subspace of all continuous symmetric n-
linear mappings on E. We let

TI(E) = {[x",x1,..., %] : X'(xj) = ']l = Ilxjll = L for j=1,...,m .

An element [x*, x1, ..., x,] € TI(E) is called a numerical radius point of T € L("E : E) if |x*(T(x1, . .., xn))| = v(T),
where the numerical radius

o(T) = sup
[y v, ynl€TI(E)

y*(T(yl, .. ,y,,))
For T € L("E : E), we define in [13]
Nradius(T) = {[x*,xl,...,x,,] eTI(E) : [x*,x1,...,%x4]
is a numerical radius point of T}.

Nradius(T) is called the numerical radius points set of T. Notice that [x*, x1,...,x,] € Nradius(T) if and only
if [-x", =x1, ..., —x,] € Nradius(T). T is called numerical radius peak n-linear mapping if

Nradius(T) = {£[x", x1, ..., x,]}.

An element (xy,...,x,) € E" is called a norming point of T € L("E : E) if [lx1]| = --- = |lxull = 1 and
[IT(x1, ..., x)Il = |IL]|- We define in [6]

Norm(T) = {(xl, oo Xn) €E" 1 (x1,...,x,) is a norming point of T}.

Norm(T) is called the norming set of T.

A mapping P : E — R is a continuous n-homogeneous polynomial if there exists a continuous n-
linear form L on the product E X --- X E such that P(x) = L(x,...,x) for every x € E. We denote by
P("E) the Banach space of all continuous n-homogeneous polynomials from E into R endowed with the
norm ||P|| = SUP =1 |P(x)|. An element [x*,x] € (E) is called a numerical radius point of P € P("E : E) if
|x*(P(x))| = v(P), where the numerical radius

oP) = sup |y ()|
Ly yIeTI(E)

We define in [13]
Nradius(P) = {[x*, x] € II(E) : [x", x] is a numerical radius point of P}.

Nradius(P) is called the numerical radius points set of P. Notice that [x*,x] € Nradius(P) if and only if
[-x*, —x] € Nradius(P).
An element x € E is called a norming point of P € P("E) if ||x|| = 1 and |P(x)| = ||P||. For P € P("E), we
define in [7]
Norm(P) = {x € E : x is a norming point of P}.

Norm(P) is called the norming set of P.
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For m € IN, let {' := R" with the the {;-norm and {2, = R? with the supremum norm. Notice that
if E = {]" or {2 and T € L("E), Norm(T) # 0 since Sg is compact. Kim [7] classified Norm(P) for every
P e P(L%). Kim [6, 8,9, 12] classified Norm(T) for every T € Li(*(3,), L*63,), LC3), Li(*67) or Li(£3). Kim
[11] classified Nradius(T) for every T € L(*¢% : €2,) in connection with the set of the norm attaining points
of T. He also characterized all numerical radius peak mappings in L("¢%, : %) for n,m > 2, where £, = R"
with the supremum norm. Kim [13] presented explicit formulaes for the numerical radius of T for every
T € L("E : E) for E = ¢y or {«. Using these formulaes he showed that there are no numerical radius peak
mappings of L("co : co). Recently, Kim [14] also classified Norm(T) for every T € LCR?), where R}

denotes the plane with the hexagonal norm with weight 0 < w < 1 [|(x, Y)llnw) = max {Iyl, x| + (1 — w)lyl}.

If T € L("E) or L("E : E) and Norm(T) # 0, T is called a norm attaining and if T € L("E : E) and
Nradius(T) # 0, T is called a numerical radius attaining. Similarly, if P € P("E) or P("E : E) and Norm(P) # 0,
P is called a norm attaining and if P € P("E) or P("E : E) and Nradius(P) # 0, P is called a numerical radius
attaining. (See [3])

For more details about the theory of multilinear mappings and polynomials on a Banach space, we refer
to [4].

It seems to be natural and interesting to study about Nradius(T) for T € L("E : E) and numerical
radius peak multilinear mappings on E. Kim [13] showed that there are no numerical radius peak n-linear
mappings on co.

In this paper, we investigate Nradius(T) for every T € L("{; : {1) and characterize all numerical radius
peak multilinear mappings in L("¢; : £1), where ¢; is a real or complex space.

2. Results

Let {e,},en be the canonical basis of real or complex space ¢; and {¢} },en the biorthogonal functionals
associated to {e,},en. In [10], some explicit formulae for the numerical radius and the norm of T for every
T e L(" : £1) was given.

Theorem 2.1 [10]. Let n > 2. Let T = Z]-E]N Tiej € L("ty : 1) be such that

Tj( xﬁl)e,-,--- , xﬁ”)ei) = Z a? 0. --xﬁf) e L("t)

i1 ey i]
ieN ieN 11,0, in €N

for some a” €. Then

i1y

sup{z

jEN

i1

Y | (i1, i) € N') = o(T) = [T

In [11] the author classified Nradius(T) for every T € L(3¢% : {2) in connection with the set of the norm
attaining points of T. We can now describe Nradius(T) for a certain T € L("¢; : £1).

Theorem 2.2. Let n > 2. Let T =} o\ Tjej € L("1 = &1) be such that T # 0 and

1 ) .a
Tj( Xf ei, -, xﬁ”)ei) = Z a? )-~-x§:) e L")

ipdy i
ieN ieEN 11,0 in €N

for some a” . € R. If there is (i, ...,1,) € N" such that

iy
0 | _
Z ai;~~-i;' = o) > Z
jEN

jEN

a.” .
iyiy

6) ‘
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for every (ir, ..., iy) € N"\{(i}, ..., 1,)}, then

Nradius(T)
= { + [(Zszgn el + Z Ajej + Z szgn( 0 ,)e;),
leA jeB jEN\(AUB) b

szgn( i )311, .. szgn( ) )eln]}
where A = {il,...,in} and B={jeN\A:a) , =0},
e,

Proof. The inclusion (2) is obvious.
(9). Let [z%,x1, ..., x,] € Nradius(T). Write z* = Z]-G]N z]-e; and x; = Z]»E]N x?.l)e]- forl=1,...,n.

Claim. [x{]--- x| = 0 for every (i1, ..., ix) € N"\{(i}, ..., i,)}.

Assume that x|+ [x{"] # 0 for some (k1, ..., ky) € N"\{(Z}, .., i})}.

It follows that
oun) = @) = | Y 2T )
jEN

< Z Izjl |Tj(x1/' . ‘/x}’l)l

jEN

1 1

_ le || )] | |x( )I |x(n)|+ Z|Z]|| () | () .. |x(n)|

jeN jEN

a

S O I T

(i1 veig)ENN((E o) (K o)) JEN

1 1

- | () ')| ()|...|x$,”)|+v(T) le(ﬂ)l |xn)|

]E]N '

(1) (n)

D O T

({1 eeesin)ENTN((G ) K1 )} JEN

(1) M —
< oY ) () ) = o(m),
jeN jEN

which is impossible. Hence, the claim holds. Therefore,
o(T) = Z|z]|| AR |x<”>|—(Z

Since a(]) p # Oforall j € N\(AUB), |zj| = 1 forall j € N\(AUB) and |x()| =1forl=1,...,n.Hence, x; = /\lel-l/

N

and zy = Aiz forl=1,...,nand some A; € C with [A)]] = 1.
It follows that

‘) |x<1>| Ix(”)l

oT) = |z*(T(/\1ei;,...,A,,e,-;))| - z*(T(ei;,...,ei:I))‘
= |ZZfT]'(ei;""’ei;)'
jEN
< lzi| |T;(ey es)| = 1] at)
= AN A N s
jEN jEN\B !

Y. |”(])' = o),

jEN\B
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| % |_ZJ(T) | Z Zj T]'(Ei;,...,ei;)' =‘ Z Zj ﬂf,j)l:’|

jEN\B jEN\B jeN\B '

which shows that

Hence, z; = 51gn(a(]) ) for every j € IN\B. Therefore,

[z, x1,...,x,] = i[(ngn g el +ZA e’ + Z 51gn( 1(’) p )e;)

leA jeB jEN\(AUB) !

<

s1gn( (:) )611/ eeey s1gn( @) )el”]

i

for some A; € C,|Aj| <1 (j € B). Therefore, the inclusion () holds. O

The author [11] characterized all numerical radius peak mappings in L("{Z, : {Z) for n,m > 2, where
t%, = RR" with the supremum norm. The author [13] showed that there are no numerical radius peak
mappings of L("cp : ¢p). Using Theorem 2.2, we characterize all numerical radius peak n-linear mappings

in L("fl : 51)

Theorem 2.3. Let n > 2. Let T =} jo Tjej € L("61 = &) be such that T # 0 and
1 ‘ 1
T]( x; )Eir e, x;”)ei) — Z ”51]?..in xz('l) c.. xi’j) c L(n€1)
ieN ieN 1,00y €EIN

for some aflj)l € R. Then T is a numerical radius peak mapping if and only if there is (i, ..., i,) € N" such that

f”  #0forall j€ N\(i..., iy}, o(T) > Y e
jEN

il"'in

oan =Y |
]elN

6) ‘

for every (ir, ..., 1) € N"\{(i}, ..., i,)}.

Proof. (=). Assume the contrary. We consider two cases.

’

in,kl, ,k, € N such that (1 ..,i;) * (k/l,...,k;,) and

o)=Y o= Y |al
jEN

jEN !

Case 1. There are i’l,

k -k,

Let A; = {i'l,...,i;} and A, = {k'l,...,k;,}.
Notice that

PN () B (;) Y cion(a) ) Y,
i[(Zagn(ai;mi;)el + Z s1gn(a )].), 51gn(ai;mi;)ei;,...,s1gn(ai,1wi;)ein],

leA, ]EN\Al

i[(Zagn(a(l) ;)e}‘+ Z s1gn(a(]) )}), sign(al(jﬁ')_k;)ek;, . 51gn(a ”) )ek:’]

A, JEN\Az
€ Nradius(T).

Hence, T is not a numerical radius peak mapping. This is a contradiction.

9,

1

Case 2. There is jo € N\{i;, ..., #,} such that o(T) = ¥ ;e G =,

'anda

'ln
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Notice that for every A € C,|A| < 1,

J_r[( Z sign(al(,;l)___i; Je; + /\e;0 + Z sign(az({_)“i,n )e;),

leA; JEN\(A1U{jo})
sign(a(ii) ) sign(a(i:l) ) ] € Nradius(T)
l;l,,,, 11, T l;l,’,‘ Iy '
Hence, T is not a numerical radius peak mapping. This is a contradiction.

(). Let A ={i,...,i,}. Then B:= {j e N\A :a , =0} = 0. By Theorem 2.2,
1

Nradius(T)
= {=[(Lsign(a )i+ ) sign(a),)e;)

leA jEIN\(AUB)
sign(a(il) )€i1/ e, sign(a(f%.).i/ )61‘,,]}-

s
R i

Hence, T is a numerical radius peak mapping. O

Corollary 2.4. Let n > 2. Let T = ZjeN Tiej € L("ty : €1) be the same as in Theorem 2.3. Then T is a numerical
radius peak mapping if and only if there is ip € IN such that
a , a2 0 for all j € N\{ip}, v(T) > Z

o(T) = Z ig-dp|” Figeig

jEN jEN

a

0 |

il"'in
for every (i1, ..., i) € N"\{(io, . . ., i0)}.

Theorem 2.5. Let n > 2. Let T = ). ;e Tjej € L("01 : £1) be the same as in Theorem 2.3. Then Nradius(T) # 0 if
and only if there is i\, ..., 1,) € IN" such that

9|

Lyl

o(T) = Z

jEN

Proof. (=). Assume the contrary. By Theorem 2.1,

o(T) > Z “51]-)~-in‘

jEN

for every (iy,...,in) € IN". Let [z, x1,...,x,] € Nradius(T). Write z* = ZjeIN z]-e} and x; = ZjeN xi.l)ej for
I=1,...,n

M.

Claim. XX 0 for every (i, ..., 1,) e N
1 n
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Assume that Ix(l)l |x§”)| > 0. It follows that

o) = (T, .., %) =|szTj(x1,...,x,,)
jEN
< YT )
jEN
_ 110 (1) ()
= (Ll [ b
jEN
1
+ Z Z'Z| (])’ A0 )
(i1 v )EN\{(F )} JEN
< Z|“~]) ] (1>| Ix(")l
jEN
] 1
S VN0 T G AR
(1'1,...,1',1)€N"\{(7 ~~~~~ ;rz)’ ]GN

< o) ) )

1
SO DU O 0] R
(it o) EN\((Go i)} JEN
(1) (n)
< - \ =
< o Y 0 () 1) = o(D),
jEN jEN

which is impossible. Hence, the claim holds. Hence, v(T) = 0. This is a contradiction because

0=U(T)>Za

jEN

0 |

i iy

for every (iy,...,i,) € IN".

(). LetA = i},...,i,},B={N\A:a) |

177

(T sonlel Jiv Y sionla )

) ! jeN\(AUB) !

= 0}. Notice that
i)

sign(aif%ii, )e,-l, e, 31gn( ) )eln] € Nradius(T) # 0,
i

iy

which is a contradiction. O

Proposition 2.6. Let n > 2. Let T = }.;en Tiej € L("61 = 1) be the same as in Theorem 2.3. If T # 0 is norm
attaining, then

Norm(T) 2 {(tleﬁ,...,t,,ein) it,.. L, €Cl=1,k=1,...,n,

o(T) = Z |al(,lj_)”i”|for some (i1, ...,i,) € ]N”}.
jEN

Proof. Suppose that o(T) = Y jen ‘al(.]j.)“in| for some (iy, ..., i) € N".

Claim. (tie;,, ..., tse;,) € Norm(T) forevery t1,...,t, € C, |txl =1, k=1,...,n.
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7= (Z sign(ag)min)e; + Z A je; + Z sign(ag?“in)e;).

leA jeB jeN\(AUB)

Let

Then
|2, sign@™, e, ..., sign(@™), ye;, | € TI((£2)").

It follows that

T = o(T)
= z*(T(sign(agl_‘).in Yeir, -, sign(ag‘i)_in )ei, ))‘
< T, .-, e)lh <IITI,
Hence,

IT(tes, ..., tuei )l = [ITCei, - - -, €)lli = ITII.

Therefore, the claim holds. O

Proposition 2.7. Letn > 2. Let T = ZjeN Tiej € Ls("ty : £1) be the same as in Theorem 2.3. Suppose that T is not a
numerical peak mapping in L("Cy : &1). If there is (iy, ..., i,) € N" such that

Y, |”f])z‘ =o)>

jEN jEN

a

() |

iy
for every (ir, ..., 1) € N"\{(i,, ..., 1,)}, then Nradius(T) is an infinite set.

Proof. Let A = {i|,...,i,},B = {N\A: a? , = 0}. Since T is not a numerical radius peak mapping, by

177"

Theorem 2.3, B # (. Let A; € C,|A| <1 (j € B). By Theorem 2.2,

(Lt v Tass T st )

leA jeB JEIN\(AUB)

@) on(at) ;
p )eil, ceey mgn(aii,___ i )ein] € Nradius(T),

sign(a,
i iy

which shows that Nradius(T) is infinite. O
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