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Abstract. Let A be a prime *-algebra. In this paper, we establish under some mild conditions that every
non-additive mixed n—Jordan triple *-derivation i.e., a non-additive map 1 : A — A satisfying

(A 0, BeEC) = (H) 0y BeC + o oy (B)eC + ./ 0, B ()

for any &7, %, ¢ € A, is an additive *-derivation and (n.e) = n(A) for all &7 € A.

1. Introduction

Throughout, A represents a unital prime *-algebra with center Z°(A). An additive map ¢ : A — A
is called *-derivation if V(o B) = Y(F)HB + S P(H) and Y(F*) = P(&)* for all &7, B € A. We say that ¢
preserves the mixed skew and n-Jordan triple derivation if

Y(o o) BeC)=1(F)o, B eC + . oy (HB)eC + .o o) B e(tE)

for all &7, %,¢ € A, where o/ ¢ # = o/ B + Bo/* and o o, B = o/ # + 1A/ . The idea of mixed 1-Jordan
triple derivations originated from the definition of r-Jordan triple derivation which is defined by

(A o) B0, C) = () 0 L 0 C + 7 &) (B) 8, C + o/ 8 7B @) )(T)

for all @7, %,¢ € A. Such kind of maps have received a fair amount of attention, references witness a
growing interest in litrature (cf. [3-5, 10, 11, 14, 16] and references therein).

For o/, % € A, we define the new product, namely Jordan n-+-product of &/ and % by </ e, # =
o B + 1A/, which is customarily called the Jordan 1-+-product and Jordan (—1)-#-product, respectively.
The latter product also knows in litrature as skew Lie product. We say that the map 1 (not necessarily
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additive) with the property (<7 o, ) = (/) e, B+ </ 8,1)(#) is a -Jordan *-derivable map. Itis clear that
for n = =1 and 1 = 1, the n-Jordan *-derivation is a *-Lie derivation and a *-Jordan derivation, respectively.
In [6], Huo et al. considered the Jordan triple 7 — *—product of three elements &7, % and ¢ in a *-algebra
A and defined <7 o, Z o, ¢ = (o7 o, B) e, ¢ (we should be aware that e, is not necessarily associative).
Given the consideration of ) — *—Jordan derivations and n — *—Jordan triple derivations, Lin [8, 9] further
developed them in more general way. Suppose that n > 2 is a fixed positive integer and 1 is a nonzero
scalar. Let us see a sequence of polynomials with involution

p1(X1) = Xq,
p2(X1, X2) = p1(X1) &) Xo = X1 ¢, X,
p3(X1, X2, X3) = p2(X1, X2) &) X5 = (X1 0, X3) 0 X3 = X7 0 X5 0 X5,
pa(X1, X2, X3, Xa) = pa(X1, X2, X3) @) Xa = (X1 @ X2) @ X3) @) Xy = X7 0, Xy 0 X3 0, X4,

pn(XhXZ/ ceey Xﬂ) = Pn—l(XerZI L Xn—l) .1] Xn
= (- (X4 *n X) ®n X3) & .- Oy Xn-1) o) Xu
=X10;,Xp0;...0, X1 0, X.

A nonlinear n — *—Jordan n-derivation is a mapping ¢ : A — A satisfying the condition

n
Ypu( s, S, o ) = Y PPy ey St YR, s, ey ), (1)
k=1
for all &4, a4, ..., o, € A. By the definition, it is clear that every 1 — *—Jordan derivation is a 1 — *~Jordan
2-derivation and every 1 — *—Jordan triple derivation is a 17 — *—Jordan 3-derivation.

In [2], Daif initially proved that each non-additive derivation is additive on a 2- torsion free prime ring
containing a nontrivial idempotent. In [12], Li et. al showed that if A € A(H), where H is a Hilbert space
is a von Neumann algebra without central abelian projections, then i : A — B(H) is a nonlinear 1 — *—
Jordan derivation if and only if ¢ is an additive *—derivation and (%) = ny(&) for all &7 € A. This
result has generalized to the case of nonlinear 1-+-Jordan triple derivations by Zhao and Li in [16]. For more
intresting results related to Jordan and Lie *-derivations, we refer the readers to [1, 8, 12, 13, 15].

In recent years, the study of mixed Lie and Jordan triple products and derivations has received a fair
amount of attention (see [7, 17-19]). Recently, Taghavi et al. [14] demonstrated that if i(I) is self-adjoint,
then any non-linear map preserving n-Jordan triple derivation on a prime *-algebra A is an additive *-
derivation. In this article, we investigate the above result on more general context for a mixed 7-Jordan
triple derivation on a prime *-algebra A. In particular, we establish the following:

Main Theorem. Let A be a unital prime *-algebra with a nontrivial projection and 1 # —1, 7 € IR. Then, the
map ¢ : A — A satisfying

Y(l oy BeC)=1(l)o, BeC + . o)y p(B)eC + o oy B eY(F) )
for any &7, %,¢ € A, is additive. Moreover, if {(I) is skew self-adjoint i.e., Y(I)* = —(I), then i is an
additive *-derivation and y/(n#/) = ny(</) for all & € A.

We establish the proof of Main Theorem in two parts. In Section 2, we prove that the map ¢ is additive.
Then in Section 3, we demonstrate that ¢ is an additive *-derivation.

2. 1 is additive

Theorem 2.1. Let A be a unital prime *-algebra with a nontrivial projection and n # —1,1n1 € R. Then, the map
Y : A — Asatisfying

(A 0, B eEC) = (eH) 0y BeC + 5 oy (B)eE + o 0, B e (%) 3)
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forany o/, B,€ € A, is additive.
Take a projection P; € A and let P, = I — P;. We write Ay = P;APy for j,k = 1,2. Then by Peire’s
decomposition of A, we have A = Ay ® A ® A1 ® Arp. Note that any operator .7 € A can be written as

o = gl + Sho + 9h1 + 9. In view of the about facts, the proof of the theorem is given in the series of the
following steps:

Step 1. ¢(0) = 0.

For &/ = % = ¢ = 0in (3), we get
P(0) =y(00,000) =1(0)c,000+00,1y(0)e0+00,1(0)e0=0.
Step 2. We show that (af1y + oh2) = Y(9A2) + P(ata) for every o, € Aip and by € Ap.
We show that
T = (G2 + o) — P(Hh2) — P(9) = 0.
For this reason, we write

Y(Py oy Pr e (A2 + 922)) = P(P1 oy Pr @ Gh2) + Y(P1 oy Pr @ o)
=P(P1) o Pr @ 2+ Pr oy P(Pr) @ G+ Pr oy Py e ()
+ P(P1) 0, P1 @ o + Pr oy P(Pr) ® o/ + Py o, Pr @ Y(o)
= Y(P1) oy P1 @ (o2 + o22) + P1 oy P(Pr) @ (2 + o2)
+ P10y Pr e (Y(2) + P(22)).

So, Py o, Py e T =0, consequently 711 = T12 = Tz = 0.
On the other hand, we have

YL oy (P1 — P2) @ (2 + o)) = P(I 0y (P1 — P2) @ 13) + Y(L oy (P1 — P2) ® o)
=Y(I) o, (P1 —P2) ® dha + 1oy Y(P1 —P2) @ p
+ 10, (P1—"P2) @ Y(2) + Y(I) 0, (P1 — P2) ® 2
+ 10, Y(P1—P2) e .ahy+ 10, (P1—P,)e ()
= Loy (P1="P2) o (P(2) + Y(o))
+ (1) o (P1 — P2) @ (12 + ) + 10y P(Pr — P2) @ (12 + F2).

Therefore, I o, (P; — P2) T = 0. Thus, T = 0.

Step 3. We can show that Y(oA1 + k1) = Y(A1) + (o) for every <y € Ay and o € A
The proof of this step is similar to Claim 1.

Step 4. We show that (a1y + o) = Y(9h2) + P(ah1) for any oA, € Ay and oy € A

We need to show that

T = Y(h2 + 9h1) — P(A2) — P(a) = 0.
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For this purpose, we write
Y(P1 oy (12 + ot21) @ P1) = P(P1 0, 12 @ P1) + (P10, o1 © Pr)
=Y(P1) oy 12 @ P1 + P10y P(H12) @ Pr + Py oy 1 @ P(Pr)
+ (P1) 0, A2 @ P1 + P1 oy Y1) @ P1 + P1 oy a1 ® Y(P1)
=Y(P1) oy (A2 + A1) @ P1 + Pr oy (Y(12) + P(a1)) @ Py
+P1 oy (12 + @) @ P(Pr).

Therefore, 751 = 0 and

7]1 + 7?1 =0.
By applying the same trick for iP; instead of P; in above (4), we obtain
Tu—-T; =0.

From (5) and (6) we have 77; = 0.
Similarly, by applying P, instead of P; in above (4), we have 71, = 0 and

7'22 + 7'2*2 =0.
Moreover, by applying iP, instead of P; in (4), we obtain
T =Ty =0.

From (7) and (8) we have 7» = 0.

Step 5. For every <A1 € Ay, Ao € Arp, D € An, 9 € Ay we have
1. Y(A2 + o1 + 92) = P(Gh2) + P(Fa1) + P(H22).
2. P(eh + Sho + 9h1) = Y(ah1) + P(A2) + P(1).

We only prove the first part. The second one can be proved similarly.
We prove that T = (A, + 91 + o) — P(A2) — P(on) — P(o2) = 0.
For this reason, we can write
Y(P1 oy Py @ (2o + oh1 + ah2)) = P(P1) o) Pr @ 713 + Py oy P(Pr) @ 1 + Py oy Py @ P(12)
+ P(Py) o, @P1 @ atp1 + Py oy P(Pr) @ @y
+ Py o, PreY(am) + P(Pr) o P1 e oy +P1 oy Y(Pr) e o
+ Py o, Pr e (o)
= Py oy P(P1) @ (2 + o1 + o) + P(P1) oy Pr @ (2 + 9 + o)
+P1 oy Pr e (Y(212) + Y1) + Y(22)).
Hence, P10, P17 =0.So, Ti1 =Tz = Ti2 =0.
On the other hand, we can verify that
Y(Py oy (2 + 1 + 92) @ P2) = (P2 0, 12 @ P2) + (P2 0 ota1 @ P2) + (P2 0 22 © Pa)
= Y(P2) on 12 @ P2+ P2 0ny P(12) @ Po + P 0y 1z @ P(P2)
+P(P2) oy 1 @ Py + Pa oy P(a1) @ Py + Pa 0y o1 @ P(P2)
+ (P2) o o @ Py + Pp 0y P(22) ® Py + Pa 0y a2 @ Y(P2)
= Y(P2) oy (12 + o1 + op2) ® P2
+ P2 oy (P(SA2) + P(9h1) + P(n2)) ® P>
+ Py oy (h2 + 91 + ) ® P(Pa).

Hence, we obtain P, o, 7 @ P, = 0. Then, T» + 7,, = 0.
Likewise, by applying iP, instead of 7, in above we have T» — 7,, = 0. So, T2 = 0.

54
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Step 6. For every <7 € Ajj, we show that 1;)( Zl] 1 ,inj) = Ziz,j:l Y(y)).

We prove that 7 = 1,[}( Zl] 1 .dij) - 21'2,]‘:1 Y(a7)) = 0.
It is easy to verify that

2
¢(732 o, Pre Z %ij) = P(P2 oy Pr e 1) + P(P2 oy P2 @ d2) + P(P2 0 Pr @ 1) + P(P 0 P2 @ o)

=
= 1(P2) o, P2 ® a1 + P2 oy Y(P2) @ a1 + P2 oy Py @ (1) + P(P2) 0 Pa @ o2
+ Py oy Y(P2) A2 + Pa oy Pr @ P(h2) + P2 oy Y(P2) @ o
+ 1(P2) 0, P2 @ ao1 + P2 0 Py @ (1) + P(P2) 0 Pp @ o2y
+ P2 oy P(P2) @ o + Pr oy Pa @ Y(a)
= Y(P2) oy Pr @ (21 + G2 + 9 + 9a2) + P 0y P(P2) @ (A1 + 2 + a1 + 22)
+ P2 op Pr e (Y1) + P(2) + Y(921) + P(2)).

Thus, P, 0, P, e T =0.So0, Tn = T12 = 0.
Similarly, by applying P; instead of P, in above, we have 711 = T1 =0

Step 7. For any <7;j, #;; € A;j with i # j, Y(j + Bij) = () + P(Bjj).
It follows from Step 2 that
(A + By) = tp(ﬁl o Pro QP; + oy + )
= ‘P(li—nl) oy Pi ® 2P + ij + %))

1
+ ml ) lll(Pl) (] (277]' + JZZ‘]‘ + :@1‘]‘)

1
+ 1+n10q Pi.¢(2Pj+éZ{ij+%i]‘)

1
—1/)(1_“7 )0,,731-(273]+gf,,+<@,])

1
+ ml ) yU(Pl) o (277]' + JZZ‘]‘ + '@ij)

" Lﬂl oy P o (W(P)) + (sth)) + P(P)) + Y(Z;)

1
—z¢( — o, Pre ’P])+1p( DL 1,)
+¢( Io 77,0%’,])

= 4’(&271]) + (%))

Step 8. For any 7, Bii € A such that i € {1,2}, Y(F; + Bii) = P(i) + P(HBip).
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Suppose That 7~ = (o + Bii) — (Y(<H;) + P(HBii)). It is easy to find
V(P:) oy (i + Bii) @ Pj + P; oy Y( i + HBii) @ Pj + Pi oy (i + Biir) @ Y(P))
= (P oy (i + Bii) @ P))
= Y(Pi o, o ® Pj) + Y(P; oy Bii @ P;)
= (P) oy i @ Pj + P oy (i)  Pj + Pi oy ij @ P(P;)
+Y(Pi) oy Bii © Pj + Pi oy Y(Hii) ® Pj + Pi oy Bii ¢ P(P))
+ Y(Pi) oy (i + Bii) ® Pj + Pi oy (Y(Hii) + Y(Fii)) @ Pj
+ Pi oy (i + Bii) @ P(Pj).
Also
(Pj) o (i + Bii) @ Pi + Pj oy (i + Bij) @ Pi + Pj oy (ij + Bii) @ P(Py)
= (P oy (i + Bii) ® Pi)
= P(Pj on i @ Pi) + P(Pj oy Bij ® P))
= P(Pj) oy i @ Pi + Pj o, (i) ® P + Pj oy i & Y(Pi)
+§(P)) on Bii @ Pi + Pj oy (i) ® Pi + Pj oy Bz @ P(Py)
= P(Pj) oy (i + Bit) ® Pi + Pj oy (Y( i) + P(Hii)) ® Pi
+Pj oy (i + Bii) ® Y(P)).
From above, we have P; o, 7 @ P; = P; o, 7 e P; = 0. This yields 715 = 721 = 0. Next, according to Step 2
and Step 7, for any ¢; € .#j; withi # j, we have
Y(Cji) oy (Fii + Bii) @ Pi+ Cji o Y( i + Bii) @ Pi+ Cji oy (Fii + Bii) @ Y(Pi)
= P(Gji oy (i + Bii) ® P;)
= Y(Cjidii + ;G + CiBii + B )

= IP(%IDQZI + %i%ii) + ([ C + BE)

i Oji ii Oji

= Y(Cjidii + ;C5) + Y(CiRBii + B € )

= Y(€ji oy i @ P;) + (€ ji oy HBii @ Pj)

= Y(Gji) oy (i + Bii) ® Pi + Cji oy (Y(5i) + Y(Hii)) @ Pi

+ Gji oy (A + Bii) o P(P).
Similarly, for any ¢;; € A;; with i # j, we get

Y(€i)) oy (i + Bii) @ Pj + Gij o Y(Fii + Bii) @ Pj + Cij o (i + Bii) @ Y(P;)

= P(Gij) oy (i + HBii) @ Pj + Cij oy (Y( i) + Y(HBii)) P+ Gij oy (i + HBii) @ P(P)).
Hence €jj 0,7 @ P; = 6;jo, 7 ® P; =0. This gives 711 = 72, = 0. Thus 7 =0 i.e.,

V(i + Bii) = P(Aii) + P(Bi).
Proof of Theorem 2.1. Additivity of ¢ is follow from Steps 1-8. O

3. Y is a *-derivation

Theorem 3.1. Let A be a unital prime *-algebra with a nontrivial projection and n # —1,n € R. Then, the map
Y : A — Asatisfying

Y(A oy BeC)=1(d) o, BeC + o 0, (B)eC + . o) B eY(F) 9)
forany of , B, € € A and skew self-adjoint (I) is an additive +-derivation and p(neo/) = n(<) for all o7 € A.
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We will prove our theorem with help of following claims:

Claim 1. (ie/) = iY(&/) for all &7 € A.
For any &7, #,€¢ € A, it is straight forward to verify that

io/ oy Bel=gl o iBel
Thus,

Y(iel oy Bel)=1(ied) o, Bel+id oy )(B)el+is o) B eih(l) (10)
for all &7, % € A. On the other hand,

Yot opiRB el) =1P(el)o,iB el + o oyP(iRB) e+ o/ o,i% e i(I) (11)
for all o7, # € A. Observe from (10) and (11) that

Y(iel) oy B el+icl oyp(B)el=1p(e)o, i el+ .o oyP(iFB)el (12)
for all o7, % € A. This implies

W(ie) —ip()) oy B el =of o) (Y(i%B) - iP(H)) el (13)
for all @7, % € A. Replace &7 by i</ in (13) and using the fact that i is additivie, we get

(—() = iY(iel)) oy B o1 =icl o (P(iRB) — iP(H)) el (14)
for all @7, % € A. Multiply equation (13) by i and combined the so obtained relation with (14), we obtain

() +i(iel)) o, Bel=0

for all o7, % € A. This can be written as (Y(ie7) — iy(</)) o, o1 = 0 for all &, # € A. In particular, for
% =1, we have

Y(ie) — ip() + Y(id) + ip(/)" =0 (15)
for all o/ € A. Setting 7 as ic/ in last expression, we obtain

Y(A) +iY(ied) + Y() —iP(id)" =0 (16)
for all o7 € A. Also, multiply (15) by i, we get

(i) + P() + iP(id) = P() =0 (17)

for all &7 € A. Combining (16) and (17) yields i (i</) + Y(</) = 0 for all &7 € A and hence, P(ie/) = ip().
for all & € A.

Claim 2. We show that (I) = ¢(il) = 0 forany n # -1,n € R.
By Claim 1 and the fact that (I) is skew self-adjoint, we have

P(in)” = —ip(D)” = ip(l) = Y().
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We have

Y@iloyIel)=1(il)o, [el+ilo,(I)el+ilo,Iei)(l)
=1 +myY@l)el+ (1+n)ipd) eI+ (1+mn)ileip()
= (L+ MyGD + (L + MGl + 1+ mip(@) = (L + i) + (1 -+ mig(@) - (1 + i)
=41 + n)iv ().

On the other hand,
ilo,Tel=0.
Since 1 # —1, hence ¢(I) = 0 and consequently (i) = 0.
Claim 3. Forany o/ € A, y(no) = mp().
It follows from Claim 2 that
Y(loylec/)=10,1e().
This yields y(ne/) = np().
Claim 4. (&™) = ()" for all o/ € A.
Observe that
Y(lo, o o) =To, () el
This gives
L+ (s + ") = (14 () + (L + ()
Therefore, we have /(&) = (/) for all & € A.
Claim 5. 1 is a derivation.
For any &/, % € A, we see that

A +Y(A B + Bd™) = (I o, o ® B)
=lo, () e B +10, o e Y(H)
=1+ n)Y()2 + BY(L)")
+ (1 + (A P(B) + Y(B) ") (18)

Setting &7 (resp. %) as —ia/ (resp. iZ8) in above relation gives

A+ nY(d B - B") = (1+)(WY(F)B ~ BY(A))
+ (1 + (A Y(AB) = Y(B) ") (19)

for all &7, # € A. Addition of (18) and (19) yields
WA PB) = ()P + A Y(F)
for all <7, % € A. Thereby the proof of the theorem is completed.
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