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On the invertible completions for relation matrices
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Abstract. Let H and K be separable Hilbert spaces. In this paper, for A € BR(H), B € BR(K) and
C € BR(K, H), a necessary and sufficient condition is given for relation matrices Mx = (4 §) to be right (left)
invertible and invertible relation for some X € B(H, K) (X € BR(H, K)). Moreover, some relevant properties
and illustrating examples are also given.

1. introduction

A linear relation T : H — K is any mapping having domain dom T a nonempty subspace of H, and
taking values in the collection of nonempty subspaces of K, and T(ax; + px2) = aT(x1) + BT(x2) for all
x1, %2 € dom T and nonzero scalars «, § € C. We denote by LR(H, K) the class of linear relations everywhere
defined and we write LR(H) := LR(H, H) (see [15]).

The graph G(T) of T is

G(T) ={(u,v) e H®K:u e domT,v € T(u)}.

The inverse of T is the relation T~ given by G(T™!) = {(v,u) € K& H : (1,0) € G(T)}. The closure

of T, denoted by T, is the linear relation defined by G(T) := G(T). T is called closed if its graph is a
closed subspace of H @ K. The set of all closed linear relations is denoted by CR(H, K). The class of
linear bounded operators, closed operators and compact operators from H into K is denoted by B(H, K),
C(H,K) and K(H, K), respectively. We denote the range and the kernel of T by ranT := T(domT) and
kerT :={x € H: (x,0) € G(T)}, respectively. If ranT = K, then T is called surjective and if ker T = {0}, then T
is called injective. Clearly, domT™! =ranT and dom T = ranT~'. T is injective if and only if T"'T = IgomT.
We write n(T) = dim ker T, d(T) = dim ran T+. For T € CR(H, K) with closed range ran T, T is said to be left
Fredholm, if n(T) < oo; while if d(T) < oo, we say T is right Fredholm. If T is both left and right Fredholm,
then it is Fredholm. In addition, we assume T is Fredholm, if i(T) = 0, i.e., n(T) — d(T) = 0, relation T is

called Weyl. The quotient map from K to K/T(0) is denoted by Qr. It is easy to see that Q7T is single valued
so that we can define || Tx ||:=|| QrTx || for all x e dom T and || T ||:=|| Q7T ||. A linear relation T is said to be
continuous if for any neighborhood V € ranT, the inverse image T~!(V) is a neighborhood in H. It can be

2020 Mathematics Subject Classification. Primary 47A06; Secondary 47A10, 47A55

Keywords. Hilbert spaces, relation matrices, invertible relation, spectrum.

Received: 30 October 2021; Accepted: 09 October 2023

Communicated by Dragan S. Djordjevié

Research supported by the NNSF of China (No. 11961052), the NSF of Inner Mongolia (Nos. 2021MS01006 and 2022LHMS01003),
the PIRTU of Inner Mongolia (No. NMGIRT2317).

* Corresponding author: Junjie Huang

Email addresses: duyanyan61@163. com (Yanyan Du), huangjunjie@imu.edu.cn (Junjie Huang)



Y. Du, ]. Huang / Filomat 38:7 (2024), 2227-2242 2228

shown that T is continuous if and only if || T [|< +oc0. If T is an everywhere defined linear relation such that
Il T |l< +oo then T is said to be bounded. The class of such relation from H into K is denoted by B8R(H, K),
and we denote by BCR(H, K) the class of bounded closed relation everywhere defined from H into K.

Let T € LR(H, K), then the adjoint relation T* € LR(H, K) is defined by

GT) ={mv)eKe®H: (', v)y=(uv) foral (uu’) € G(T)}.

Clearly, if T is densely defined, then T* is closed single valued relation. Assume T € CR(H, K), then ranT is
closed if and only if ranT" is closed (see [9], Theorem III.4.4).
For T € LR(H, K), we have several equalities as follows:

kerT" = ranT*; T'(0) = domT*; kerT = ran(T*)*; T(0) = dom (T")*.
Let T € B(H, K), linear operator T* : H — K is said to be the Moore-Penrose generalized inverse of T if
T* satisfies dom T* = ran T @ ran T+ and the four Moore-Penrose equations:

TT*T =T, T*T =1 - Py, T TT* =T, TT" = P— lqomT* -

ranT

The Moore-Penrose generalized inverse T* is uniquely determined and is a closed linear operator. In
particular, for any y € ranT we have y = TT"y.

Definition 1.1. A relation T € BCR(H, K) is called a left (right) invertible relation if there exists a bounded operator
S € B(K, H) such that ST = Iy (TS = Ix + T(0)). If T is both left and right invertible relation, then T is invertible
relation.

The right spectrum, left spectrum, spectrum, left essential spectrum, right essential spectrum and Weyl
spectrum are defined, respectively, as follows:

0,(T) = {A € C: T — Al is not right invertible relation};
0)(T) = {A € C : T — Al is not left invertible relation};
o(T) = {A € C: T — Al is not invertible relation};

01(T) = {A € C: T — Al is not left Fredholm relation};
0r(T) ={A € C: T — Al is not right Fredholm relation};
0u(T) ={A € C: T — Al is not Wey] relation}.

Let M C H be a subspace, A € BR(H), B € BR(K,H). The notation Ap; denotes the relation given by
G(AMm) ={x,y) e H®H : y € Ax + M}. Write N(A | B) := {G € B(K,H) : ran AG + B(0) C ran B + A(0)} and
A[J_] = PA(O)LA.

A linear relation is a generalization of a linear operator in multivalued case. If linear relation T maps
the points of its domain to singletons, then T is said to be a single valued or simply an operator. The
concept of linear relation is mentioned first by J.von Neumann to study the adjoins of non-densely defined
linear differential equations[23]. Recently, the linear relations have been studied by numerous articles[1-
5,7,13,15, 20, 21, 25, 27].

Operator matrices, as we all know, have always been a hot topic for many scholars and have been
studied by a lot of papers|6, 10, 12, 14, 16-19, 22, 26], of which articles [16, 22] discuss the invertibility of
operator matrices Mx € B(H @ K). In this paper, we extent the results in [16, 22] and study the invertibility

of relation matrices

Nk=(§ g)eBmH@K)

for an unknown element X € B(H, K) (X € BR(H, K)), where A € BR(H), B € BR(K) and C € BR(K, H). The
main difference between relation T € BR(H, K) and operator T € B(H, K) is the existence of multi-valued
part T(0). This paper makes full use of the relationship between T € BR(H, K) and QrT € B(H, K/T(0))
to deal with the multi-valued part of linear relations well. We obtain mainly the necessary and sufficient
condition for relation matrices Mx to be right (left) invertible and invertible relation for some X € B(H, K)
(X € BR(H, K)) by means of space decompositions.
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2. Auxiliary results

In the section, we collect some fundamental results, which are useful in later proofs. We start with
several results of bounded operators.

Lemma 2.1 (see [11]). Let H; and K be infinite dimensional Hilbert spaces and T € B(Hq,Ky), then T is compact
if and only if ran T contains no closed infinite dimensional subspaces.

Lemma 2.2 (see [24]). Let X and Y be Banach spaces and T € B(X,Y) with ran T closed. Then ran (T|y) is closed
for any closed subspace M C X if and only if ker T + M is closed.

Lemma 2.3 (see [16]). Let S € B(H) and T € C(H,K). IfranS C dom T, then TS € B(H, K).

Lemma 2.4 (see [8]). Let T € B(H,K) be a right (left) Fredholm operator and F € B(H, K) be a compact operator.
Then T + F is a right (left) Fredholm operator and i(T + F) = i(T).

Lemma 2.5 (see [22]). Let row operator (S T) : H® K — K be right invertible.

(i) If S is Weyl, then there exists L € B(H, K) such that S + TL is invertible;

(ii) If T is not compact, then there exists L € B(H, K) such that S+ TL is invertible if and only if N(S | T) contains
a non compact operator.

Here are some properties of linear relations.

Lemma 2.6 (see [9]). Let M C H is a subspace and let ] denote the natural injection of M into H, i.e., dom Jyy = M

and Jyx = x for all x € M. Then (Q)* = JH. and (Jf) = Q..

Lemma 2.7 (see [9]). Let Hi, H, and Hj be Hilbert spaces, T € LR(H1,Hy) and S € LR(H,, H3). Then G(T*S*) C
G((ST)*). Furthermore, (ST)* = T*S" if at least one of the following statements is fulfilled:

(i) ranT* = Hy and dom S C ranT;

(i) dom §* = Hz and ran T € dom S.

Lemma 2.8 (see [1]). Let T € BCR(H). Then
(i) T € @ (H) if and only if QrT € ®,(H,H/T(0)), and i(T) = i(QrT);
(i) T € ®_(H) if and only if QrT € O_(H,H/T(0)), and i(T) = i(QrT).

Next, we obtain some auxiliary theorems, which are all necessary in the proofs of the later main results
and of interest by themselves.

Theorem 2.9. Let T € BCR(H), then
(i) T is a left invertible relation if and only if T is injective and ran T is closed;
(ii) T is a right invertible relation if and only if T is surjective.

Proof. (i) Assume that T is injective and ran T is closed. Take S := T~!. Evidently, S is a bounded operator
and ST = Iy, so T is left invertible relation. Conversely, let T is left invertible relation, then there exists a
bounded operator S € B(K, H) such that ST = Iy, it is clear that T is injective. Moreover, it follows from
ST(0) = 0 that T(0) € kerS. Lety, € ranT and y, — yo as n — oo, then, for any n € N, there is x, € H
such that y, € Tx,. This together with ST = Iy, we have STx,, = x,, i.e., S(y, + T(0)) = Sy, = x,,. Note that
Yn — Yo as n — oo, then the boundedness of S means that {x,}, is a Cauchy sequence and hence there
exists xp € H such that x, — xp as n — oo. It follows from the boundedness of T that Pr). T is bounded.
From the equality Tx, = Pr().Tx, + T(0), we can see that

Tx,, — PT(O)L TX() + T(O),

which shows Tx, — Txg as n — oo. It follows that yy € Txp and thus ran T is closed.

(ii) Suppose that T is surjective. Take S := Pyer7t T-!, then it is clear that S is a bounded operator and
TS = Ix + T(0), so T is a right invertible relation. Conversely, let T be a right invertible relation, then there
exists a bounded operator S € B(K, H) such that TS = Ix + T(0)). It is clear that T is surjective. O
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Theorem 2.10. Let A € LR(H), B € LR(K), C € LR(K,H) and X € LR(H, K), then

Quod Quof
My = .
QuaxMx ( Qux»X QuxsB

Proof. Assume that ((;),(ﬁj)) € G(Mx), then there exist u; € Ax, uy € Cy,v; € Xx and v, € By such that
u = Uy + up and v = v; + v,. Clearly,

QMXMX( ch ):QMX( z )
Note that () € Qu, (%) if and only if (%) - (4) € Mx(0), i.e., u’ - u € A0) + C(0) and v’ — v € X(0) + B(0),

which are equivalent tou’ e Q(A ou= Q(A C)(ul + Mz) = Q(A o)1 + Q(A c)U2 and v’ € Q(X B)U = Q(X B)(Z]1 +
v2) = Q(x B)v1 + Q(x B)V2, respectively. Hence

Ou u ) _ [ Quaoyms+Qqacytiz ‘
\ v Qx 501 + Qcx )2
Sinceuy € Ax, up € Cy, 11 € Xxand 0, € By, we have Q(A o1 = Q(A C)Ax, Q(A c)U2 = Q(A C)Cy, Q(X B)U1 =
Q(x pyXx and Q(x p)v2 = Q(x p)By. Therefore

Ou Mx( X ):( Qua 0)Ax +Qa o) Cy ):( Quod Quol )( X )
X y Qx 5)Xx + Q(x 5)By QuxmX QuxmB J\y )
[

Theorem 2.11. Let A € BR(H), B € BR(K), C € BR(K, H) and X € BR(K, H), then the relation My is closed if
and only if A(0) + C(0) and X(0) + B(0) are closed.

Proof. Assume that A(0) + C(0) and X(0) + B(0) are closed. Equivalently, Mx(0) is closed. It suffices to prove
that Qum,Mx is closed. Note that Qum,Mx is a single valued relation, and Qum,Mx = (gi‘;‘( g:g 8((?( g;g) by
Theorem 2.10. Since A is an everywhere defined bounded relation, we have

1Qca o)Axll < lIQaAx[| < [|Allllxll, xeH

and hence Q4 cyA € B(H). Similarly, Q4 ¢)C € B(K, H), Q(x )X € B(H,K) and Q(x g)B € B(K) are also
clear. Then Qu,Mx is a bounded everywhere defined operator, which is obviously closed.

Conversely, the closedness of M¢ implies that Mc(0) is closed, and hence A(0) + C(0) and X(0) + B(0) are
closed. [

Theorem 2.12. Let A € BCR(H), B € BCR(K), C € BCR(K,H) and X € BCR(K,H) with A(0) + C(0) and
X(0) + B(0) closed, then the adjoint of M is the single valued relation, and

M = ( a )  (A(0) + C(0))* @ (X(0) + BO))* — H@K.

Proof. Since A(0) + C(0) and X(0) + B(0) are closed, Mx is closed according to Theorem 2.11, and hence
dom M. = Mc(0)* = (A(0)+C(0))*®(X(0)+B(0))* and dom (£ §') = (dom A*Ndom C*)&(dom X*Ndom B') =
(A(0)* N C(0)*) @ (X(0)* N B(0)*). This together with (A(0) + C(0))* = A(0)* N C(0)* and (X(0) + B(0))* =
X(0)*+ N B(0)*, we have that

dom My, = dom(éi gﬁ).
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Let (;) € H® K and (’y‘) € dom M} = dom (éﬁ £ ) By the definition of the adjoint relation on Hilbert
spaces we have that

M (5), G =), (s
=(x", Ax + Cy) +(y", Xx + By)
=(AX", x) +(Cx", y) + (XY, x) +(BY", y)
=(Ax" + X'y, x) +(C'x" + By, y)
=(EF)G), G-
Hence

. A X
we(2 )

Moreover, obviously, A*(0) = dom A+ = {0}. Similarly, we can obtain that B*(0) = C*(0) = X*(0) = {0}, it
means that M3 (0) = {0}, i.e., M is single valued relation. [

3. Main results

In this section, we mainly investigate the invertible completions for relation matrices, i.e., Theorems
3.1, 34, 3.7, 3.10, 3.13, 3.16. As their corollaries, some related properties are also mentioned. And some
examples are given to illustrate the results. We first establish the following perturbation result.

Theorem 3.1. Let A € BR(H), B € BCR(K) and C € BR(K, H) with A(0) + C(0) closed, then there is X € B(H, K)
such that Mx is a right invertible relation if and only if (A C) is right invertible and at least one of the following
statements is fulfilled:

(i) N(A | C) contains non compact operators;
(ii) Mo = (‘3 g) is a right Fredholm relation and d(My) < n(Ac(y)) + dim (ran Pa)+co):A N ran C |xerp).

Proof. Suppose that the assertion (i) holds true. Clearly, Hilbert spaces H and K are infinite dimensional. By
hypothesis, there is a non compact operator G € B(K, H) such that ran AG + C(0) C ran C + A(0). It follows
from Lemma 2.1 that there exists closed infinite dimensional subspace M C H for which

ran A |y +C(0) € ran C + A(0),

and hence ran Pa©)+c)+APm € ran Pia@)+c):C < dom (P(A(O)+C(O))l C)*. Note that Pa©y+co)rAPum € B(H),
by virtue of Lemma 2.3, we can obtain that

(Pa©+c©)-C) " Piaoy+co)-APm € B(H, K).

Since dim M = oo, then there exists a surjective operator T € B(H, K) so that ker T = M*. Write operator
Xo = T + Brij(Paoy+co): O Pa@y+coy-APm, then My, is a right invertible relation. In fact, since (A C)
is right invertible, ranA + ranC = H from Theorem 2.9. Let (;) € H® K, since ranA + ranC = H and
ranA |y +C(0) € ranC + A(0), there are x; € M* and y; € K such that u € Axy + Cy;. Moreover, the

right invertibility of T implies that there exists x, € M such that v € Tx, + By;. Take xg = x1 + xp and
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Yo = y1 — (Pa)+c0): O Pa)+c)- Ax2, then

(% 5)(%)
Xo B Yo
Ax1 + Cyl + AXZ—
(Pa@y+coy C + Pa©)+c O)(Pag+cop: O Papy+coy: Ax2
Tx; + By + Bruy(Pay+cop: O Pao+coyr APmx2—
(Brey + B = B)(Pa)+cy+ O Pay+coy-Axz

_ Axi + C]/l + Ax, — P(A(O)+C(O))iAx2
- ( Txy + Byl

Ax1 + Cyr + Axz = Pay+co)-Axz = Pao+copAxz

Txy + Byl

Evidently,

[e)els s ))

Now assume that assertion (ii) is valid. Since relation B is closed, B(0) is closed. As a relation from H & K
to (A(0) + C(0))* & (A(0) + C(0)) ® B(0)* & B(0), Mx has the matrix form

A1 C1
Ay, Gy

My =
XTI X1 By
X, B-B

To prove that My is right invertible relation for some X € B(H, K), it is enough to show that M is right
invertible relation for some X; € B(H, K), where

Mx = A G, Ha K — (A(0) + C(0))* @ B(0)*,

X1 By
since ran Mx = ran MX ®(A(0)+ C(0)) ®B(0). Note that d(My) < Tl(AC(O)) +dim (ran P(A(0)+C(0))1A NranC |erp),
and clearly, for single valued relation M, : H@® K — (A(0) + C(0))* ® B(0)*,

d(Mo) < n(Acy) + dim (ran Piag)+c)-A N ran C lxers),

then there exists subspace N C H such that dim N = d(Mp) and ran A; |NC ran C; |kers - Since My is right
Fredholm relation, Bj,j : K — B(0)* is a right Fredholm relation and hence ran B, is closed. Note that
ker B,] = ker B. As a relation from H & ker B @ ker B* to (A(0) + C(0))* @ran B[} ® (B(0)* ©ran B, }), My has
the following matrix form

(A g
My=| 0 0 B | (1)
0 0 0

It is clear that BE 1 is invertible. Put F = ranA; + ranC/, i.e.,, F = ran A; + ran C; |erg. The invertibility of
BEL] implies that F is closed and dim ((A(0) + C(0))* ©F) = d(Mp) — dim (B(0)* & ran Bj17) < o0 according
to the expression (1). As a relation from H @ ker B @ ker B+ to F @ ((A(0) + C(0))* ©F), (A1 C;1) admits the
following matrix form

[ An Cu Cp
(Al Cl)—( 0 0 C13 )
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Note that (ker C13)* C ker B+, then (ker C13)* +ker B is closed, which together with the closedness of ran By,
implies that ran B[] |(ker cys)- is closed according to Lemma 2.2. Take M := (B(0)*©ran B, j)®ran By, |kerCys)-/
itis clear that M is closed. The right invertibility of (A C) means thatsois (A; C;)and henceran Ci3 = (A(0)+
C(0))* © F, which together with (ker C13)* C ker B+ ensures that dim ((A(0) + C(0))* © F) = dim (ker Ci3)* =
dim ran By, |kercy5): - Then, from equality dim ((A(0) + C(0))* ©F) = d(Mp) — dim (B(0)* & ran Bji]) < 00, we
see

dim M = d(M) = dim N.

Define a surjective operator | : H - M and ker ] = N*. Take X; = ({)) :H — M@ (B(0)* e M).
Based on the space decomposition

H® K = H®ker B® (ker Ci3)* @ (ker B+ © (ker C13)1),
Ho K =Fa ((A(0) + C(0))- e F) @ M & (B(0)*: o M),

My can be written as
A Cnn Cin Cim

. 0 0 Ca O
Mx=\"7 o B, o0
0 0o 0 B

From the equality ran C13 = (A(0) + C(0))* © F, we see that Cy3; is invertible. It follows from the closedness
ran By, that B[ZL] is invertible. Then there exists invertible operator U € B(F @ ((A(0) + C(0))* e F)e M &

(B(0)* © M)) such that

Aun Cn O 0
o 0o cam o0
UMx=1 1 o o0 o0

0 0 0 B?

[1]
So the right invertibility of My is equivalent to that of (A]“ Cél) : He kerB — F & M. It will be shown

that (A]“ Cél) is right invertible. For any u € F and v € M, since | is right invertible, there is x; € N such

that Jx; = v. Note that ranA; |[NC ranC; |kerp, then there exist x, € N* and y1, y» € kerB such that
A1xp + Cll]/l =uand Aj1x1 + Cnyz = 0. Then

G-

J 0 ity ]\ o

Conversely, assume that there is X € B(H, K) such that My is a right invertible relation. It is clear that

ran My C ran(A C)®K, which together with ran Mx = H®K, we have thatran(A C) = H,i.e.,ranA+ranC =
H, and hence (A C)isrightinvertible from Theorem 2.9. LetK; = (ker Pa(0)+c(0): CNker B)*. Since Bis closed,
B(0) and ker B are closed. Then as a relation from H & K;- ® K; to (A(0) + C(0))* & (A(0) + C(0)) ® B(0)* & B(0),
My can be written as
Aq 0 Cy
Ay G G
Xq 0 B% R
X, B-B B-B

Mx =

Evidently, M}, := (;2 BC[{] ) :H® Ky — (A(0) + C(0))* @ B(0)* is a right invertible operator. It follows that

ker C; N ker B[1 = {0}, similar to the mean of space decompositions in (1) for M{,, we can obtain that
n(Mp) = n(A1) + dim (ran Ay Nran C; |kerBL])

=n(A;1) + dim (ran A; Nran Cy |kerB)
= I’I(Ac(o)) + dim (I‘aI’IP(A(o)+C(O))¢A Nran C |gerB)-
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There are two possible cases depending on the dimension of B(0)*.
Case 1: Assume that dim B(0)* < co. Then X is a compact operator and hence M = (1?)1 E%] ) HoK; —
(A(0) + C(0))* ® B(0)* is right Fredholm operator according to Lemma 2.4. Note that ran Mx = ran M}, &

(A(0) + C(0)) ® B(0) and then M, = (‘8 g) is a right Fredholm relation, utilizing Lemma 2.4, we have
d(Mp) = d(Mj) < n(Mj).
Therefore,
d(MO) < ﬂ(AC(O)) + dim (ran P(A(0)+C(0))iA NranC IkerB)-

Case 2: Assume that dim B(0)* = co. Note that M}, = (?}1 BCEL ) : H® Ky — (A(0) + C(0))* @ B(0)* is right

invertible operator, then there exists a bounded linear operator ( g ?) : (A(0) + C(0))* @ B(0)* - H®K; such
that
(88 ) )
X1 B[l] R T 0 Ip()-
Then X3S + B%“T = Igo and A;S + C;T = 0, which means that (%) : B(0)* — H @ K; is left invertible

operator and ran(%) C ker(A; Cj). It is easy to see that n(A; Cp) = co. Put (%) is an invertible operator
from B(0)* onto ker (A; C). Itis easy to see that A;G = —C;F.
We first assume that G is not compact. The equality A1G = —CF implies that ran A;G C ran C; and then

ran AG + C(0) € ran C + A(0).

Hence N(A | C) contains a non compact operator.
Now suppose that G is compact. Define (}’) = (A1 C1) lker(a; ¢ )L)‘l : (A(0) + C(0))*+ — ker(A; Cy)*.
Then ran(’zf) = ker(A; Ci1)* and A1Y + C1Z = Iia(0)+c(0)): - Take

L=( ; (F; ):(A(0)+C(0))leaB(0)L - HeK,.

Then L is an invertible operator. Indeed, since (%) is invertible operator, there is an operator (D E) :

HeK; — B(O)J‘ such that DG + EF = IB(())J.. Since A1Y + C1Z = I(A(O)_'.C(O))L, we have

AT O L= A C Y G\ _/{ Iao+coyr O
D E )\ b EN\z F)\ DY+EZ Iyoe
is an invertible operator, hence L is a left invertible operator.
In addition, note that ran (12/) =ker(A; Cy)* and ran (%) = ker (A; C;), we have

ranL = ran(§)+ran(§) =H®K;,

so that L is right invertible operator. This means that L is invertible operator. Note that A1G = —C{F, we
have
Ta)+cop+ 0

Mk ( X )( 2 ¥ ) ( )
- 1 = 1 1 .
=\ x B, )\z F XY +Bl Z XG+BlF

It follows from the right invertibility of M/, that X;G+ B% | Fisrightinvertible. The compactness of G implies
that B| |F is right Fredholm operator and d(B] |F) < n(B[ |F) by Lemma 2.4. This together with

(1(A<0);c<0>>i 0 ) : L:( laoscoy- 0 )
~BlLZ  Inoy | 0 BLF )
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we have M = (/?Jl B(i] ) :H® Ky — (A(0) + C(0))* @ B(0)* is right Fredholm operator and d(My) = d(M;) =

d(B[1 ) < n(B[1 ,F) = n(Mj), which means that M, is a right Fredholm operator and

d(Mp) < n(Acqy) + dim (ran Pia)+c)rA N ran C [kerp).
0
Corollary 3.2. Let A € BR(H), B € BCR(K) and C € BR(K, H) with A(0) + C(0) closed, then
0,(Mx) ={A € C:ran (A — Al) + ran C # H}

XeB(HK)
U eC: A €0.(Mp), N(A-AI|C) € K(K H)}
UdeC: N(A-AI|C) Cc K(K H),
d(Mo) > n((A — Al)c()) + dim (ran Pa0)+c())+ (A — AI) N ran C [ker (3-11)}-
Corollary 3.3. Let A € BR(H), B € BCR(K) and C € BCR(K, H) with A(0) € C(0), then there is X € B(H, K)
such that Mx is a right invertible relation if and only if (A C) is right invertible and at least one of the following

statements is fulfilled:
(i) N(A | C) contains non compact operators;

(ii) My = (‘8 g) is a right Fredholm relation and d(My) < n(Ac()) + dim (ran Pc): A N ran C |xerp)-

Theorem 3.4. Let A € BR(H), B € BR(K) and C € BR(K, H), then there is X € BR(H, K) such that Mx is a right
invertible relation if and only if (A C) is right invertible.

Proof. Assume that (A C) is right invertible. We write Xx = K for all x € H, then it is easy to see that My is
a right invertible relation. Conversely, assume that there is X € 8R(H, K) such that My is a right invertible
relation. From the proof of Theorem 3.1, the conclusion is valid. O

Corollary 3.5. Let A € BR(H), B € BR(K) and C € BR(K, H), then

N oMx)={AeC:ran(A - Al)+ranC # H}.
XeBR(H,K)

Corollary 3.6. (16, Theorem 2.1]) Let A € B(H), B € B(K) and C € B(K, H), then there is X € B(H, K) such that
My is a right invertible operator if and only if (A C) is right invertible and at least one of the following statements is
fulfilled:

(i) N(A | C) contains non compact operators;

(i) Mo = (‘8 g) is a right Fredholm operator and d(Mp) < n(A) + dim (ran A N ran C |xerp).

Theorem 3.7. Let A € BCR(H), B € BCR(K) and C € BCR(K,H) with A(0) + C(0) closed, then there is
X € B(H, K) such that Mx is a left invertible relation if and only if (B* C* |(a0)+c(0)+)) is right invertible and at least
one of the following statements is fulfilled:

(i) N(B* | C* |(a0)+c(o)+)) contains non compact operators;

(ii) My = (6‘ (37) is a left Fredholm relation and n(My) < d(B) + dim (ker B+ Nran C* |ran a1 n(A0)+C(0))*)-

Proof. Note that relation B is closed and thus B(0) is closed, which together with A(0) + C(0) is closed, we
have that Mx is closed by Theorem 2.11. It is not hard to notice that Mx = (3‘} g) is a left invertible relation
equivalent to M3, = ( 4 gi) : B(0)* @ (C(0) + A(0))* — K@ H is a right invertible operator according to
Theorem 2.12. From Theorem 3.1, the conclusion is valid. O

Corollary 3.8. Let A € BCR(H), B € BCR(K) and C € BCR(K, H) with A(0) + C(0) closed, then
m G[(MX) = {/\ € C:ran (B* - /\I) +ranC* |(A(0)+C(0))L¢ K}
XeB(H,K) _
UfA € C: A € 01(Mo), N(B" = AL C* |a)+ciop+) € K(H, K)}
UA e C: N(B" = AL| C luo+coynr) € K(H, K),
Tl(Mo - /\I) > d(B - /\I) + dim (ker (B - /\I)J' NranC* |ran(A—/\I)J-ﬂ(A(O)+C(0))J-)}~
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Corollary 3.9. Let A € BCR(H), B € BCR(K) and C € BCR(K, H) with A(0) € C(0), then there is X € B(H, K)
such that Mx is a left invertible relation if and only if (B* C*) is right invertible and at least one of the following
statements is fulfilled:

(i) N(B* | C*) contains non compact operators;

(i) My = (‘3 g) is a left Fredholm relation and n(My) < d(B) + dim (ker B* N ran C* |ran a-nc(0)-)-

Theorem 3.10. Let A € BCR(H), B € BCR(K) and C € BCR(K,H) with A(0) + C(0) closed, then there is
X € BR(H, K) with X(0) + B(0) closed such that Mx is a left invertible relation if and only if there exists a constant
relation T € BR(K) such that T(0) + B(0) is closed and (B* |(po)+To): C* l(a©+coy-) is right invertible, and at least
one of the following statements is fulfilled:

(1) N(B* |oy+1)-| C* la©)+c()):) contains non compact operators;

(i) M{ = (‘3 BET) is a left Fredholm relation and

n(MP) < n(B* g)+1(0)+) + dim (ran B* |g(0)+7(0)> N1an C" lran A-n(A©0)+C0)*)-

Proof. We first prove the sufficiency. Denote M} := (3‘} BET) € BR(H @ K). Note that (M])" = (% gi) :
(B(0) + T(0))* & (A(0) + C(0))* — K& H, then we can see that there exists X; € B(H, K) such that

: _[A C
Mxl_(x1 57| € BRHSBK)

is left invertible by replacing B by B + T in Theorem 3.7. Take X := X; + X — X, where (X — X)x = T(0) for all
x € H. It is clear that My is left invertible and hence the sufficiency is valid.

We next assume that there is X € BR(H, K) with X(0) + B(0) closed such that My is left invertible relation.
Put Tx := X(0) for all x € K, it is clear that T(0) + B(0) is closed. It follows from the left invertibility of Mx

that M}, = (g‘} BET) is a left invertible relation, which means that there is X € BR(H, K) such that

* %

(M) = (X* A*) : (B(0) + T(0))* ® (C(0) + A(0))* - KeH

is a right invertible operator. From Theorem 3.1, we can obtain the conclusion. [

Corollary 3.11. Let A € BCR(H), B € BCR(K) and C € BCR(K, H) with A(0) + C(0) closed, then

mXEBR(H,K),X(0)+B(O):X(O)+B(O) a1(Mx)
= {A € C: for any constant relation T € BR(K) with T(0) + B(0) closed,

ran (B* — AI) [u+roy+ +ranC* |a+coy-# K, or
A € g1(M}) and N((B* = AI) |a)+10)| C* la+cop) € K(H, K)
U{A € C : for any constant relation T € BR(K) with T(0) + B(0) closed,
ran (B* - /\I) |(Ai0)+T(0))1 +ran C* |(A(0)+C(0))L¢ K, or n(MOT - /\I) > Tl((B* - AI) |(B(0)+T(O))L)+
dim (ran (B* — Al) |g0)+10)+ NranC" lran a*n(a@)+c()+) and
N((B* = AD la@+rop:| € la+cor) € K(H, K)).

Corollary 3.12. (16, Theorem 2.7]) Let A € B(H), B € B(K) and C € B(K, H), then there is X € B(H, K) such that
My is a left invertible operator if and only if (B* C*) is right invertible and at least one of the following statements is

fulfilled:

(i) N(B* | C*) contains non compact operators;
(ii) My = (/8 g) is a left Fredholm operator and n(My) < d(B) + dim (ker B* Nran C* |sana+)-

Next, we turn our attention to the invertibility of relation matrices.
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Theorem 3.13. Let A € BCR(H), B € BCR(K) and C € BCR(K,H) with A(0) + C(0) closed, then there is
X € B(H, K) such that Mx is an invertible relation if and only if (A C) and (B* C* |(a0)+c(o)+) are right invertible,
and at least one of the following statements is fulfilled:

(i) Both N(A | C) and N(B* | C* |(a0)+c(oy)+) contain non compact operators;

(ii) Mo = (‘8 g) is a Weyl relation.
Proof. Let assertion (i) hold true. Then we see that dim ker (A C) = dim K = oo, and thus we can write

a left invertible operator (I’E:) : K - H & K for which ran(,’f:) = ker(A C). Itis clear that Q4 c)(A C) =
(Qca c)A Qa ¢)C), which together with A(0) + C(0) is closed, we know

ker (A C) =kerQa c)(A C) =ker(Qa c)A Qa )O)-

Then we have that (Q(4 c)A)E + (Qca c)C)F = 0. Note that (A C) is right invertible and thus Q4 ¢)(A C)

is right invertible, that is (Q4 cy)A Qa ¢)C) is right invertible. Hence there exists an operator (g)

H/(A(0) + C(0)) = H @ K such that Q4 O)AY + Qi 0)CZ = Inya©)+c()- Write

w:( ; f: ):H/(A(0)+C(0))EBK—>HEBK.

Since (E) : K = H @ K is a left invertible operator, and hence there is an operator (Q R) : H® K — K such
that QE + RF = Ik. Evidently,

Quod Quaol (Y E_[ mao+coy O
0 R Z F QY+RZ Ik |’

and thus W is left invertible. In addition, observing that Q4 oyAY + Q4 ¢)CZ = Inya@©)+c)), then

ran( 1Z/ )+ker( QuaoA Quof )=H®I<.

In fact, if ran (%) +ker (Qa o)A Quac)C) # H ® K, then there exists (;}) € H ® K such that (’y‘}) ¢
ran (%) +ker (Qia o)A Qa ¢)CO). Evidently,

ran (Qua 04 Qua 1) |gn(y)= H/(A) + CO)),
and hence there is (f,ﬁ ) € ran ( 12/) such that

X1

(QuoA QuoC) (yl

X
) =(QuoA QuoC) (]/i)’

this means that (;ﬁ) - (;ﬁ) € ker (Qua c)A Q(a ¢)A), which contradicts the assumption (’ﬁ) ¢ ran (12/) +

ker (Q(a c)A Q(a ¢)C). Note that ran(E) = ker (Qa c)A Qa ¢)C), we see that ran W = ran(}’) + ran(}E:) =
H @ K, and therefore W is right invertible. Hence W is invertible. According to Theorem 2.10, we know

B IryA©)+c(0) 0
Qu MV = ( (QsX)Y +(QsB)Z  (QsX)E + (QsB)F ) ?

Since N(A | C) contains a non compact operator, there exists closed infinite dimensional subspace M C H
such that ran A |y +C(0) € ran C + A(0), which means that M C ran E, and thus E is a non compact operator
by Lemma 2.1. Note that (B* C* |(a(0)+c()+) are right invertible, then ran B* + ran C* |(4()+c(0))- = K, we have
thatran B*+ran C*J a0)+cq)* = Kis valid. It follows from Lemmas 2.7 and 2.6 that (Q(4 ¢yC)* = C*Ja)+c(o))*-
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which together with ran B* = ran (QgB)* , we have ran (QgB)" + ran (Q ¢)C)* = K. Therefore, (Q<SBCB>C) is

left invertible. This together with (f;) is left invertible, we have that there exist (G Ly) : H/(A(0) + C(0)) &
K/B(0) —» Kand (G2 L) : H® K — K such that G1Q4 ¢)C + L1QgB = Ix and GyE + LyF = Ix. Clearly,
G1(Qa )O)F + Li(QgB)F = F, from (Q(4 c)A)E = —(Q(4 ¢)C)F, we can know that

G2E — LyG1(Qa )A)E + LoL1(QBB)F = GoE + LyF = I,

that is (G — LoG1(Q4 ¢)A))E + LoL1(QpB)F = Ik, which means that ((QEB)F) is left invertible. Therefore,
(((QBB)F)" E*) is right invertible. For a non compact operator G € N(B* | C* |4)+c()+), we know that
B*G = C* |(a0)+c()* L for some L € B(H). Note that dom B* = B(0)*, and hence B*Jp0):G = C*J(a0)+co)+ L,
that is (QpB)'G = (Q(a ¢)C)*L. Therefore,

(QBB)F)'G = F(Q8B)'G = F(Qa 0)CO)'L = —=E"(Q(a 0)A)'L,

which implies that N(((QgB)F)* | E*) contains the non compact operator G. Hence, there exists an operator
Xy : H — K/B(0) such that (QgB)F + XjE is invertible according to Lemma 2.5 (ii). Let x € H and [y] = X,
then we denote X : H — Kby

Xx = PB(O)J-]// x €H,

itis clear that X; = QpX. From (2), we have that there exists X € B(H, K) such that Qu, Mx is invertible, and
hence My is invertible.
We now assume assertion (ii) is valid. Let (E) : K1 = H & K be a left invertible operator and

E
ran( F ):ker( Quod QuoC )/

where Kj is a new Hilbert space with dim K; = dim ker (A C). From the proof of assertion (i), we know
that there exists an operator (12/) : H/(A(0) + C(0)) = H & K such that

w=( v r ):H/(A<0>+C<0)>ee1<1 ~ HeK
is an invertible operator. Applying Lemma 2.8, the Weylness of M, implies that Qa;, My is a Weyl operator
and hence QpBF is Weyl operator from equality (2), which means dim K; = dim K/B(0). We may suppose
K; := K/B(0). From the proof above, row operator (((QgB)F)* E*) is right invertible. Note that (QpB)F is
Weyl operator, utilizing Lemma 2.5 (i), there exists X; € 8(H, K/B(0)) for which (QgB)F + XjE is invertible.
Similar to the proof of assertion (i), we have that there exists X € B(H, K) such that My is invertible.
Conversely, assume that there exists X € B(H, K) such that My is invertible. From the proof of Theorem
3.1, we know (A C)isrightinvertible. Note that Mx is closed, the invertibility of My, is equivalent to that of

M and hence M} = ( B G ) isinvertible. It follows that ran B*+ran C* |(4(0)+c()+= K and so (B* C* |a0)+c()-)
is right invertible.
Next we claim that N(A | C) consists of compact operators only. we use here the operator (IE?) Ky —

H & K defined in the proof above. From (2), the invertibility of Mx implies dim K; = dim K/B(0). If
dim K/B(0) = oo, then we see dim K; = dim K = co. Note that

ran( l]f: ):ker( Qucd Qucol ):ker( A C ),

it is easy to see that there exists an unitary operator V : K — Kj such that EV € N(A | C), and then E
is compact since N(A | C) consists of compact operators only. If, however, dim K/B(0) < oo and then
dim Kj < oo, which means that E : K; — H remains compact. From the identity (2), the invertibility of Mx
shows that (QgX)E + (QpB)F is invertible. Since E is compact, utilizing Lemma 2.4, (QpB)F is Fredholm and
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i((QgB)F) = 0. Take X = 0, then, from (2), it is clear that Qa, My is a Weyl relation and hence M is a Weyl
relation according to Lemma 2.8. For the case when N(B" | C* |(a(0+c(o))*) consists of compact operators
only, we only need to replace the Mx by My : B(0)* & (A(0) + C(0)*) — K& H in the proof above. Similarly,
we can obtain that M, is a Weyl relation. [

Corollary 3.14. Let A € BCR(H), B € BCR(K) and C € BCR(K, H) with A(0) + C(0) be closed, then
N oMx)={AeC:ran(A - Al) + ranC # H}
XeB(H,K) _
U{A € C:ran(B* — Al) + ranC* |(A(O)+C(O))L) # K}
UfA e C: A € (M), N(A—-AI|C) CK(K H)}
UA e C: A € 0,(My), N(B* = AT | C* |(a©)+coy+) € K(H, K)}.

Corollary 3.15. Let A € BCR(H), B € BCR(K) and C € BCR(K, H) with A(0) € C(0), then there is X € B(H, K)
such that Mx is an invertible relation if and only if (A C) and (B* C*) are right invertible, and at least one of the
following statements is fulfilled:

(i) Both N(A | C) and N'(B* | C*) contain non compact operators;

(i) Mo = (6‘ g) is a Weyl relation.

Theorem 3.16. Let A € BCR(H), B € BCR(K) and C € BCR(K,H) with A(0) + C(0) closed, then there is
X € BR(H, K) with X(0) + B(0) closed such that My is an invertible relation if and only if there exists a constant
relation T € BR(K) such that T(0) + B(0) is closed and (B* |ro)+B0): C la)+coy:) and (A C) are right invertible,
and at least one of the following statements is fulfilled:

(i) Both N(A | C) and N (B* |iro)+Bo)-| C l(a©)+co)+) contain non compact operators;

(i) M = (‘3 BET) is a Weyl relation.
Proof. The proof of the sufficiency is similar to that of Theorem 3.10. For the necessity, assume that

there is X € BR(H,K) with X(0) + B(0) closed such that My is an invertible relation. Take Tx = X(0)
for all x € K, it follows from the closedness of X(0) + B(0) that T(0) + B(0) is closed. The invertibility of

My implies that M} := (3‘; BST) is invertible. Similar to the proof of Theorem 3.13, we can obtain that
(B* lro+Bo): C" la+coy) and (A C) are right invertible. Again, similar to the proof of Theorem 3.13, if
assume that N(A | C) contains compact operators only, then we can obtain that
A C
Myx-x = (X - X B)
is a Weyl relation. Note that T is a constant relation and T(0) = X(0), then it follows from the Weylness

of Mx_x that M{ = (‘8 BET) is a Weyl relation. Similarly, we can obtain that M is a Weyl relation if
N(B* lr+80):] C* lia©+c(y)-) consists of compact operators only. [

Corollary 3.17. Let A € BCR(H), B € BCR(K) and C € BCR(K, H) with A(0) + C(0) closed, then

mXEBR(H,K),X(0)+B(0)=X(O)+B(0) 0(Mx)
={A € C: for any constant relation T € BR(K) with T(0) + B(0) closed,
ran (B* — Al) |a©)+1): +ranC* [a©)+coy:# K or ran (A — AI) + ranC # H}, or
A € gy(M]) and N(A - AI| C) € K(K, H)
U{A € C : for any constant relation T € BR(K) with T(0) + B(0) closed,
ran (B* — Al | 0)+T(0))* +ran C* (a©)+c)-# Kor ran (A — Al) + ranC # H}, or
A € a(M}) and N((B* — Al) |ro)+80)-| C la@+coy:) € K(H, K)}.
Corollary 3.18. (22, Theorem 1]) Let A € B(H), B € B(K) and C € B(K, H), then there is X € B(H, K) such that
My is invertible relation if and only if (A C) and (B* C*) are right invertible, and at least one of the following

statements is fulfilled:
(i) Both N(A | C) and N'(B* | C*) contain non compact operators;

(i) My = (‘8 g) is a Weyl operator.
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4. Applications and examples
We begin with some propositions obtained by applying the above conclusions.

Proposition 4.1. Let A € BR(H) and C € BR(K, H) with A(0) + C(0) closed.

(1) If P a(oy+c(oy: C is compact, then there is X € B(H, K) such that A + CX is a right invertible relation if and only
if (A C) is right invertible;

(ii) If Pao)+cy):C is non compact, then there is X € B(H, K) such that A + CX is a right invertible relation if
and only if (A C) is right invertible and N'(A | C) contains non compact operators.

Proof. First we prove assertion (i). The necessity is clear, we next assume (A C) is right invertible. Note that

(A4 G ). [H (A(0) + C(O)*
“ C)_(A; C;)(K)_)( A(0) + C(0) )

It is clear that the right invertibility of (A C) is equivalent to that of (A; Ci), so (A; C1) is right Fredholm.

Since C; is compact, A; is right Fredholm and hence (%1 Cll ) is right Fredholm. The right Fredholmness of

Aj means that d(( ‘(‘)1 C11 )) = d(( ‘(‘)1 ?)) =d(A1) < n(A;) + dimranA;, by Theorem 3.1, there is X € B(H, K) such

3)

X I

(1 —cl)(A1 Cl)(l 0)_(A1+C1X 0) @
0 I -X I )\x 1]~ 0 I

which means that A; + C;X is right invertible and hence A + CX is right invertible.

For assertion (ii), we first assume that (A C) is right invertible and N(A | C) contains non compact
operators, which means that N'(A; | C;) contains non compact operators, where A; and C; are defined in
equality (3). In virtue of Theorem 3.1, there exists X such that ( f)l( CIl ) is right invertible and hence A; + C; X
is right invertible by (4). It follows that A + CX is right invertible. We next prove the necessity. Assume that
there is X € B(H, K) such that A + CX is a right invertible relation. The right invertibility of (A C) is clear.
It is easy to see that Pia()+c()): (A + CX) is a right invertible relation and hence A; + C; X is right invertible
by (3). Equality (4) implies that

that ( 1_41 G ) is right invertible. Note that

A G
-X 1
is right invertible. It follows that A; is right invertible, then
kerA;
(A4, Cp) = ( An 0 G ) | kerA; | — (A0) + C(0))*-.
K

Since C; is non compact, ranC; contains infinite dimensional closed subspaces M. Obviously, Ay is
invertible, so ran (AIl1 Im) is closed. Define an operator | € B(K, H) such that ran] = ran (Ah1 |m), then
it is clear that ranA;J C ranC;, which means that ran A;] + ran Pa)+co)AJ + A(0) + C(0) C ranCy +
ran Pa)+c()C + A(0) + C(0), i.e., ran A] + C(0) € ran C + A(0). Hence | € N(A | C), it follows that N(A | C)
contains non compact operators. []

Similar to the proof of Proposition 4.1, the propositions below can be obtained from Corollary 3.12 and
Theorem 3.13, respectively.

Proposition 4.2. Let A € B(H) and C € B(K, H).

(i) If C is compact, then there is X € B(H, K) such that A + CX is left invertible if and only if A is left Fredholm
and n(A) < dim (ran C* |ran ),

(ii) If C is non compact, then there is X € B(H, K) such that A + CX is left invertible.
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Proposition 4.3. Let A € BCR(H) and C € BCR(K, H) with A(0) + C(0) closed.

(i) If Pcay+c(y: C is compact, then there is X € B(H, K) such that A + CX is an invertible relation if and only if
(A C)is right invertible and Pa)+c(o)- A is Weyl ;

(ii) If Pea)+c(oy: C is non compact, then there is X € B(H, K) such that A + CX is an invertible relation if and
only if (A C) is right invertible and N'(A | C) contains non compact operators.

Next, we end this section with three examples to illustrate the previous results. Assume here that the
underlying spaces H = ¢* = K.

Example 4.4. Let A € BR(£?), B € BCR({?) and C € BCR(¢?) with A(0) € C(0). If (A C) is right invertible and
N(A | C) contains non compact operators, then we claim that there is X € B(¢?) such that My is right invertible.

A QL
Indeed, as a relation from ¢ & ¢2 to C(0)* @ C(0) @ ¢?, M has the following matrix form My = (A; C[—(]Z) .
X B

A1 Cpy

It is clear that the right invertibility of Mx is equivalent to that of ( < &

) . Define bounded linear operator
X=T+ B[J_](C[J_])+A1PM,

where T and M are defined in the proof of Theorem 3.1. Note that

( I 0)(A1 cm)( I o)
—B[J_]CFL] I X B —CL]A1PM I

_ AlPML C[J_] L L
- T+B[J_]C[+J_]A1PML +B-B BjPxec+B-B | ™

and relation L can be written as
_(OE Cru . 1 2 1 2
L=(}¢puphss) MOM & - CO* e,

where E = (A1Pye)Ive, F = (T+ B Cf jA1Pye +B=B)lv = (T+B=B)ly, G = (T + By C{ ;A1 Ppe + B = B)lue.
Since T is surjective and ker T+ = M, F : M — ¢? is surjective. Note that (A C) is right invertible and
ranA |y +C(0) € ranC, then (E Cp)) : M* @ €2 — C(0)* is surjective. Hence My is right invertible. This
shows the correctness of Corollary 3.3.

Example 4.5. Let A, B, C € BR((?) are given by

Ax = (x1,0,%2,0,x3,0,---), Bx=(x1,%,0,0,0,0---),
Cx =(0,x2,0,x4,0,x6- )

forall x = (x1,x2,x3,-++) € £, respectively. Then we claim that there exists X € BR(€?) such that My is right
invertible.

Indeed, it is clear that (A C) is right invertible, then Theorem 3.4 ensures that there exists X € BR((?)
such that My is right invertible. Alternatively, define Xx = ¢2 for all x € ¢2. It is clear that ran Mx = {*> & {2,
which means that My is right invertible. This shows the correctness of Theorem 3.4.

Example 4.6. Let A, B, C € BCR(?) be given by

Ax = (0,x2,0,x3,0,x4,0,x5,--+), Bx =1(0,x1,0,x3,0,x5,0,x7---) + B(0),
Cx = (le OI OI 0/ x4l OI 0/ OI x6/ 0/ 0/ OI x8 e ) + C(O)/

forall x = (x1,x2,x3,--+) € £, respectively, where

B(O) = {(0/ lelro/er Orx3/ o ) : (x1/x2rx3/' : ) € 52}/
C(O) = {(0/ Or X1, 0/ 0/ 0/ X2, 0/ 0/ 0/ X3, - ) : (x1/x2/ X3, ) € [2}

Then there exists X € B(K, H) such that My is invertible.
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Evidently, ran A + ran C = ¢ and ran B* + ran C* = ¢2. And M is Fredholm and n(My) = d(My) = 1. From

Theorem 3.13, then there exists X € B(H, K) such that My is invertible. Indeed, For all x = (x1, x5, x3,---) € £,
we define Xx = (x1,0,0,0,0,---). Then we have

0 0 Ci C-C\ (kerA+ ranC

My = A 0 0 0 |.[kerA|  |ran ct
X710 0 B-B B; | |kerCt ran B
0 Xj 0 0 ker C ran B+

It is clear that My is invertible.
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