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Abstract. In this paper, we develop a method for approximating multiple integrals. The domain of
integration Q is assumed to be a non-rectangular compact of R". The main idea is the dimensionality
reduction procedure based on the use of parametric a-dense curves £,(t). First, the region whose measure
represents the value of the integral, is densified using new results, by a certain a-dense curve of finite
length. The multiple integral of a positive continuous function f over Q) is approximated by a unique single
integral corresponding to £,(t). Some numerical examples are given.

1. Introduction

Let us consider the following multiple integral:
L(f) = f---ff(xl,...,xn)dxn...dx1 (1.1)
Q

where the function f is of class C!(Q) ( or Lipschitzean) and Q is the n-dimensional region in the Euclidean
n-space R" defined as follows:

Q={xeR":gi(x)<0,iel},

where g;(x) are given measurable functions and I = {i : 1 <i < m, m < n} is a finite index set.

Several specific methods for numerical evaluation of integrals over higher dimensional regions have been
proposed (see [8, [11]]). All of these, including the theory of integration itself, are based on the geometric
principles of area and volume. These intuitive concepts are difficult to formalize, but will be crucial for us.
The literature on integration formulas is really extensive but mostly deal with functions of a single variable
[12]. However, for the development of modern modelling techniques [10, [17, [23H25] it is necessary to
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consider systems that are described by functions with several variables. Therefore, finding the extrema,
calculating their integrals etc. turns out to be a fundamental task and this topic presents many challenges.
In order to classically integrate explicitly, which is not always easy, we can proceed with a change of
variables or a succession of simple integrations (Fubini’s theorem [8| [12]) and this is only possible if the
region of integration (), can be formulated as follows:

a<x1 <b

0! e ; 02)
Qi(x1,...,%i1) £x; < Pilxq,...,xi01), 2<i<n

where @; and 1; (2 < i < n) are continuous and bounded functions.

Even the case of a rectangular area, is not more practical because it involves too much calculus. The situation
will be very complicated in the case of a non-rectangular compact area. Here, we develop an approximate
method of the multiple integral when the region Q is non-rectangular of the form (I.2). The main idea
is based on the reduction of the domain Qf = {(x, x,11) € R™:x = (x1,...,%,) € Q and 0 < x4 < fx)}
by means of a transformation which allows us to express the (1 + 1) variables x;, 1 <i < (n + 1) as a single
variable t € IR, given by x; = {i(t), 1 <i < (n+ 1), (see below). Because calculating the integral over
Q numerically amounts to calculating the volume of Q. The function f is approximated by a univariate
function defined by f,(t) = f(1(t), ..., €u(t)). The curve £,(f) = (£1(t), ..., €ns1(t)) is a computable parametric
a-dense curve in the non-rectangular domain Q. Then, the multiple integral is reduced to the unique
simple integral I, obtained as the limit, when a tends to 0, of the product of a” by L, ¢, the length of the
curve €, (t):

I, = lir% a"Lyg, = fga(t) dt (1.3)
!

I

where I is an interval and g,(t) is a function which depends on f,(t). More precisely I = [0, U] with U is the
upper bound of the function £,(t).

Till now, some authors looked at numerical approximation method of multiple integrals, based on a-dense
curves, only over rectangular areas [2,3,[13,[14]. The goal of this paper is, still using a-dense curves, to give
a new formula to approximate the multiple integral over some non-rectangular compact Q of the type
(T2).

It should be also mentioned that, the error analysis for numerical integration methods dealing with mul-
tivariate function are not abundant in the literature. And that, because of the approximate integration
formula which is generally complicated. For the procedure of reduction consisting of approaching the mul-
tiple integrals I,,(f) using a-dense curves, by the simple integral I, given by (1.3), we define the associated
error E,(f) as:

Ea(f) = |In(f) - Ia'-

In this contest, there is an attempt, but just for a very special type of the a-dense curves and for a very few
special cases of function f integrated over rectangular region [4, (12, [15]. Because, in general error analysis
in higher dimension is much more difficult than for the function of one variable.

2. Generating a-dense curves in a non-rectangular compact regions

Here, we present some ways for constructing a-dense curves in a compact region. The construction
of the curves filling a rectangular region of R”, was studied and applied by numerous authors. The first
type of curves are known as space-filling curves [1},[19] which are the approximation of Peano type curves
(1980), then Hilbert curves (1981), see e.g. Butz [5]. The second type are the a-dense curves which have
been developed by several authors [7, 9} 20], were introduced mainly to solve multidimensional global
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optimization with and without constraints [10,[18]. Also, the approximation of multiple integrals on hyper-
rectangles of R” (n > 1) [3,16, 14, [16]], as being areas and volumes. The introduction of these a-dense curves
has allowed analytical argumentation of certain dimensionality reduction procedure [3} 6, 13} 14} [16]. In
what follows they will be used as the support for a numerical integration approach. Below, some definitions
and properties of these curves are given.

Definition 2.1. Let Q be a subset of finite diameter of the metric space R" and o« > 0. We say that a continuous
curve €, of R" is a-dense in Q, if £, C Q and for all x € Q, d(x,{,) < o, where: d(x,€,) = ingfd(x, y) (d is the
Yela

Euclidean distance).

Remark 2.1. Recall that the curve £, is rectifiable if its length L, ¢, (which is independent of the chosen parametriza-
tion) is finite.

Some interesting results concerning the existence of a-dense curves with minimal length were given by
Ziadi et al. [21]. In the case where the set Q is a hyper-rectangle of IR", different ways for constructing
the a-dense curves in Q are presented in [7, 20, 22, 23]. We shall use the recent new results [10} [18]
concerning the generation of a-dense curves in non-rectangular compacts (which have been given to solve
some constrained global optimization problems). Before giving the new formula for the computation of
the single integral (L.3), we first begin with densification results for compacts of the following form:

Qf ={(x,xps1) €ER™': x€Q and 0 < x4 < f(X)).

We determine the relationship existing between the components ¢;, (i = 1,...,n) of the parametrization in
order to generate a new class of a-dense curves in a compact type whose boundary is defined by a
continuous functions. Because the integral of a non-negative continuous function f on Q is the measure of
the area or volume of the domain Q. If the domain ()¢ is densified by a certain a-dense curve ¢,, we shall
prove that the integral can be approximated, when « approaches 0, by the expression a”.L,,. The
rest of this section is to present densification results of Q¢ in which Q is not rectangular of the form (L.2).

2.1. The a-densifiable hyper-rectangles and multiple integrals

We first give here some results concerning the densification of rectangular regions by a-dense curve ¢,
and the approximate calculation of a multiple integral. If the functions @,..., ¢, , ¥2,..., ¢, in (L2) are
all constants @i(x1,...,xi-1) = a; and Yj(xy,...,xi-1) = biforallx; (j=1,...,(i-1)),i = 2,...,nand if we put

n

a =a and b = by, then Q becomes the hyper-rectangle [] [4;, b;]. In this case we have the following result

(see [10]). -

Theorem 2.1. Let € = (¢1,...,¢,) : 1 = [O, %] — Q) be a function defined by:

it .
() = (a; — b)) cosz(%) by, i=1,...,n,
where the constants an, . .., ay, @ satisfy the relations:
i-1 i-1
m €RL, ai = ar (—) [Toc-a), i=2...n,
ar g
then, the parameterized curve {(t) = ((1(t), ..., Cu(t)) for t € 1, is ma Vn — 1-dense in Q.
Example 2.1. For illustrating the concept of a-density, we propose two examples for densifying two hyper-rectangles

(for n = 2 and n = 3), by the supports of different a-dense curves €, (defined on [0, ] with oy = 1) respectively in
the hyper-rectangles )y = [-2,2] x [1,2] and Qg = [-2,2] x [1,2] X [0, 1], see Figureand Figure given below,
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Figure 1: 2D, a-dense curve ¢, (in blue) in €,
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witha = 0.2. Figure 2: 3D, a-dense curve ¢, (in blue) in Q3 with

a =0.3.

Theorem 2.2. Let f(x) = C, where C is a positive number, be a constant function defined on the hyper-rectangle Q).

Consider the parameterized curve £y = (€1,.. ., Chi1) : [O, 0%] — Qf = QX [0,C] defined by:
() = (a; — by) cosz(%’t) +b;, fori=1,..., n,
() = ~Ceos?(*5) +C,

with

" 1/n
anda=%(]_[(bk—ak)) , melN*, a—> 0o m— +oo.
k=1

Then the curve £, is ma \n-dense in Q ¢ and we have:

L(f) = lim a"Lyy,.
a—0

Proof. Using the theorem[2.1]and by inspiring by [14], we can proof that the curve £, = (&1

C11) defined

" 1/n
on [O, aﬂl] ,in the last theorem, is ta y/n-dense in Qy. Nextset Ly = a" Ly, and f = (H(bk - ak)) , then
k=1

1

Lo f [(51 (t))z . (fé (t))Z R (€;+1 (t))z]f dt,
0

where £!(t), (1 <i<n+1)are the derivatives of the components of {,(t) and the constants a; are given by

i—1 i—-1
meRL, ai=m (%)l k]_[(bk—ak), fori=2,..., n,
=1

|

and a4 = yym" with a = .
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Then

L, =a"

[(al bl;ul sin (alt))z o ( n bn;un t))z + (%14—1% sin (afn+1t))2]; dt

:0(”

o%f‘j o%f\:’

[(041 bear gin (alt)) -+ (oq (%)n_l @ by —aq)...(by—1 — a,-1) sin (0(,,1?))2

[T

+(0z1m sm(azlm”t))] dt.

Let us make the following change of variables: u = m"at,

Ly, =a" f T [( boa > sm( ))2+---+(041 (%)n_l@(h—m) byt — au- 1)s1n(mnm))2+

(alm = sin (u)) ] du

1

< § [ an(a)f + s (snw) | a

77(1 1)
= o Z jAY
o 7
i=1

with Lf,f) = }i [(n},, b12a1 sm(m” ))2 +e+ (% sin (u))z]; du, i=1,...,m".
n(i—1)

There exist p > 1 and q < m" such that:

LY = minls) and L7 = maxL).
Then:
- -
a” Z Lap) <L, <a" Z qu)
i=1 i=1
that is
ﬁnLg’) <L, < ﬁ”LEj)- (2.1)
On the other hand we have:
o 11
0= [ (g on()] ++(Gsmcof | o
n(p-1) .
ng 1
qu) = f (%bl ;al sin(%))2 +ee (g sin (u))2 2 du.
n(g-1) - )

Again, the next change of variables:

v=u—-p-)n, w=u-(g-1mx,

gives:

1
2

L[(f) = fn[(%bl%’” sin(m(izl)n ))2 +o 4 (% sin (v))Z] do

0
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- [("‘LbT Si“(w))z +oo 4 (§sin (w))zr dw.

0
According to (2.1), by setting m tends to +oo, and by virtue of uniform convergence, we deduce:

ﬁ”f%sin(v)dvsLa Sﬁ”f%sin(w)dw,
0 0

which means that:

liml, = C§" = T [ - a).
o k=1

So we have:
L) = lim @ Log, = C[ J0x - ap).
k=1

O

4
Proposition 2.1. Let f(x) = Y, C;x; be a non-negative step function defined on the hyper-rectangle Q with C; > 0
j=1

and x; (1 < j < p), are the indicator functions of the sets P; of a partition P of Q). Then there exists a parameterized
curve L, with density amn \n and length L ¢ in the domain:

ko= O{(x0.40)) 120 epy, 020 <},

such that the following equality is satisfied:

L(f)y=lim a"L,g,.
a—0

Proof. The partition P = {Pj j=1,..., p} is obtained by dividing the hyper-rectangle Q into sub-rectangles
Pj, without common interior points, we then have:

4
In(f):Zf~--ijdxn...dx1.
j=1 p;
But, we have:
cee Cdxn e dx1 = lima”L () s
J a—0 aly
P;
for curves Zg) with density an vn and length La o in P; x[0,C;]. So we can write:
4
In(f) = 11;}28 le an~£a,gfj)~
=

Now, consider the curves fg) for j=1,...,p and define a curve ¢, in Kp such that:

£, () = {’g) (t) ift eint (Pj) (interior of P;).
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The curve ¢, can be defined in different ways on the boundary planes of the sub-rectangles P;. Suppose
that £, was constructed with the density am n. Then its length is given by:

p
Lo = Z L 0,0 +0,
j=1

where O denotes the total quantity corresponding to the elements added or removed from the curve linking
the é’fj). By substitution, we get:

4
L) = lma"} L.
=

= lima" [Lye, £ O] =lima" Lag,.
a—0 a—0
|

Theorem 2.3. Let f be a non-negative continuous function defined on the hyper-rectangle Q) of R". Then, for any
€ > 0, there exists a parameterized curve £, with density (()m i+ e) in the domain

Qf = {(x,x01) ER™ : x€Q and 0 < x,1 < f(¥)],
for which the following inequality is satisfied

|In(f) - an-£a,€a

<E&.

Proof. According to Riemann’s integral theory, there exists a partition P = {P]- j=1,..., p} of Q and a step
function:

p
fr= Z mixj,
=1
where y; are the indicator functions of the sets P; and m; = min { fx):xeP j} , such that:
e
L(H =Tl < 5.

Moreover, because of the continuity of f, the function fp can be chosen so that:
mjax{Mj—m]- 1= 1,...,p} <eg,
with M; = max { f(x):xeP ]-} . On the other hand, we can find a curve ¢, densifying the region:
Ky, = jLZJl {(x,xn+1) :x€P;,0<xp41 < mj},
with the density am Vi and such that we have the inequality:
(fr) = @' Las,| < 5.
The two previous inequalities allow us to write:
ILn(f) — a" Lae| <&

Since Ky, C Qy, the curve ¢, densifies (; with density (0(7'( \n+ e) and the proof of the theorem is fin-
ished. O
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3. The main result

In what follows, based on recent results [10,[18], we will extend the results given in the previous section.

3.1. The a-densifiable non-rectangular compacts and multiple integrals

As the functions ¢; and 1p; (2 < i < n) are supposed to be continuous and bounded then there exist
xl, x such that Q) is contained in the hyper-rectangle H = ﬁ[xﬁ,xl”.‘]. In the sequel, the functions ¢; and
Y; (2 <i < n)in (1.2) are supposed to be lipschitzian [10] ( or ﬁblderian see [18]) with constants respectively
I >0,L; >0 (2 <i<n)over the hyper-rectangles H; = :]_Ill[xi, x{] (2 < i < n). Denote by m the Lebesgue

measure, the arbitrary number « is supposed to be positive. Next, keeping the same notations introduced
above, we give a general main result for generating a-dense curves in Q.

Theorem 3.1. Let f be a real non-negative lipschitzian function of constant L > 0 over H. Then, for all € > 0, there
exists a curve £, densifying the domain:

Qf = {(x,x,,+1) eR™ :xeQ and 0<xp41 < f(x)},
with density (mx \n + e), such that:

[L(f) — 0" Lo,

< E.

Proof. LetP = {Pj j=1,... ,p} be a set of hyper-rectangles defined by

EzﬁPQ%ﬂCQ

i=1

such that:
ag]) = a(j), agl) =a bgj) = b(]), bgl) = b
agl ) = max @ (x1) bgj ) _ min s (x1)
[uﬁl)’bﬁl)] [ugl)’bgl)]
a,(f) = max @u(Xy,...,X-1) b;(f) = min ¥, (x1,...,X1)
0.40] 10401
=Lt =t
and

P P
P=|JP;=Qand (|Int(P) = 2.
1 =1

According to Riemann’s integral theory, there exists a step function:
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where x is indicator function of the set P; and m; = min { fx):xe Pj} , such that:

&

In(f)—f"'ffp(xl,...,xn)dxn...dx1 <3
P

The function fp and the set P can be chosen so that:
max{Mj—mj 1= 1,...,p} < g,
j
with

M; :max{f(x):xEPj}.

And
max{ max @;(x)— min @;(x) /i=2,...,n;<g,
1<j<p fﬁ[uo) 0 'ﬁl[am 9]
1 k "k =1 k "k
maxq max Y;(x)— min P;(x) /i=2,...,np <&
1<j=p fﬁ[gm bm] ﬁ[aw b(f)]
=1 k "k et k 7k

p
(That is to say: m(U1 P;- Q] <eé).
]:

P
By applying the proposition to fp on P = |J P}, there exists a curve ¢, densifying the domain:

=1

Ky, =

P

-

{(x,xn+1) eR"™ :x€P;,0< x4 < mjl,
=1

with the density (na \/ﬁ) and such that we have the inequality:

‘f---ffp(xl,...,xn)dxn...dxl—a"l:a,t’a < g
P

By the two previous inequalities and (3.2), we deduce:
() — a"Lae,| < e
Since Ky, € Qy, the curve ¢, densifies QO with the density (na Vi + s) . O
Theorem 3.2. Let f be a real non-negative lipschitzian function with constant L > 0 over H and

Qf = {(x,x,m) eR"™ :xeQand0 < x4 < f(x)}.

Let €, = (€1,...,0041) : [0, ;;_1] — Q¢ be the curve defined by:

2511

(3.1)

(3.2)
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4 (b) (a — b) cos? (0‘7”)+b

6y (£)

[9u (1 (B), -, bt () = P (G (D), Cua ()] cO8? (%) + i (61 ()., G (8)
b () = =FG®), ., b ®)cos? () + F (B, G (),
where ay, . .., ans1, o are strictly positive real numbers satisfying:
a, vy €R,, ap = LMy —my) ey
aj = 2 [(Misy —mig) + (i + Lis) el o, i=3,...,(n+1)
with M; = n}}gxgbi, m; = n]}{iin(pi, and My = b, my = a.
Then, the parameterized curve €, (t) = ({1 (1), ..., Cus1 () is Tna-dense in Q.

Proof. This result is a consequence of the theorem[2.1] proved in [10] for the Lipschitz case, for the Holder
case see [18]. O

Example 3.1. Let Q be the non-rectangular region of R? defined by

Q= {(xl,m eRy  PEMST }

@a(x1) < x2 < Pa(xq)

where @a(x1) = —sinx; + cosxy + 2 and P(xq) = sinxg + cosx; + 6.
The parameterized curve £,(t) = (€1 (t), €2 (t)) defined by

6 (t) = —mcosayt fort € [0, m/an]
Cr (t) = —(sin(¢7 () + 2) cos(aat) + cos(fq (t)) + 4,

with ay = =21 is ma-dense in Q, see FigureEI

Wy(xy)

6,0x,)

Figure 3: The 2D, a-dense curve £, (in blue) in the non-rectangular region Q with a=0.02.
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Example 3.2. Let Q be the non-rectangular region of R® defined by

-1<x1 <1
Q ={(x1,%,x3) € R®/ P2(x1) < X2 < Pa(xy)
@3(x1,x2) < x3 < P3(x1, X2)

2

where @o(x1) = Fx2

+ 3 =1, o(x1) = 3%+ 3 + Land @3(x1,x2) =0, P3(x1,x2) =x1 + 1.
The parameterized curve £,(t) = (€1 (t), 2 (t), €5 () defined by

{1 (t) = —cosaqt fort e [0, may]
O (t) = —(}1 cos?(at) + 1) cos(aat) — %cos(alt)
03 (t) = ((% cos?(art) + %)cos(azt) + %cos(alt) - %) (cos (ast) — 1),

with (ocz =4 g5 = M) is @ V2a-dense in Q, see Figure

202

Figure 4: The 3D, a-dense curve ¢, (in blue) in the non-rectangular region Q with a=0.07.

2513

Theorem 3.3. Let f be a non-negative function of class C1(Q). Then there exists a parameterized curve €y(t) =
(1 (1), ..., Cur1 () densifying Qf such that the multiple integral can be approached by the single integral:

ﬁ
a n .
L= S E1 0= m) [ £ ) in @t
0

where fo (t) = f(E(F) = f 1 (E), ..., 0 ().

Proof. By applying the theorem[3.1] if ¢ — 0, then we have:

In(f) = hn’(}ani:a,[a/

where the curve £,(t) is given in theorem 3.2, which densify the domain Qf with density na. According to

the previous theorem, the multiple integral (I.I) can be approached by a" L, ..
For L, = a" L, we have:
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1

L =a [ [(5; O) +-+ (0, (t))z]E dt
0
[

(@~ e sin @)+ -+ (£ (€0) s sin (018 ~ [F €O cos aat) + [ €N ] .

But we have:

_ 1
a = (My—mp)aq, a,a1 € R}

ai =2 [(Misy —mizg) + (lisg + Lis) @l iy, i=3,...,n+1,
S0

(tpe1 = %[(Mn—mm(lnw)a]

= %[(Mn — 1) + Iy + Lp) a] ... [(Mz = m2) + (I + Lo) ]

As f (€(t)) is non-negative, by making a — 0 we find:

bud

timt, =3 [ £ (€)M, = ). =) fin ] .
0

We conclude that

.
ap

n
— i 1 _® R ;
L) = timy o Log, = 2 [ = m) [ fu0lsinGntde,
i=0 0
which is what we wanted. [J

4. Numerical examples

Numerical results of four examples of double and triple integrals in the tables to illustrate
the usefulness of the above procedure are reported. To compute I,, we use the Simpson’s integration
method to approximate I, by I, and the numerical tests have been implemented in Matlab R2017a runtine
environment and the experiments have been executed at a PC with Intel(R) Core(TM) i5-7200U CPU 2.50
GHz and 8.00 RAM. We tested these examples just because the exact value is known and to compare
the approximate values obtained by using the a-dense curves. We have chosen different values of the
densification parameter a in a decreasing way and different values of the number k of the subintervals used
in the Simpson’s algorithm to calculate I,. The absolute and relative errors ¢4, eR are evaluated and we

show how these errors decrease with respect to a and k.
Some notations are necessary in tables

Notations.

a : the density parameter.
k: the number of subintervals used in the Simpson’s algorithm.
ILexact © The exact value of the integral I,,(f).

I, : The approximate value of the integral I,,.
€2 = |Lyact — L] : The absolute error.

R:

€a

A
%.100‘70 : The relative error.
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Example 4.1. Consider

Q= {(Xl,xz) € R?/ lemsl }

@2(x1) < x2 < Po(xq)
with @y(x1) = 3x1 = 3, ¥o(x1) = x1 + 1 and f(x) = C a constant positive function. The region
Qf = {(Xl,X2,X3) €R? (x1,x) € Qand0<x3 < C}.

We show that the exact value of
L(f) = f f f (1, 32) dxady = Vol (Qf) = 2C
Q

is the same as that given by using the integration formula of Theorem|3.1} By Theorem([3.2} The curve £y = ({1, {3) :
[O, aﬂl] — Qy defined by:

{1 (t) = — cos (at)
6 (1) = =1 (cos (at) + cos (a1t))
{3 (t) = =% cos (ast) + £

withMy, =1, my =-1,1, =L, = %,a = %,al eER,, ap=mayandaz =mQ2m+1)ay, me N (a >0 m—
+00), is 2ma-dense in Qf. From theoremwe have:

B = [[ £ dudn = tima £,
Q

Then we have:

e

ap 1

: 2 _ 13 _1: 2 ’ 2 ’ 2 ’ 2]2
lima® £,,;, = limL, = lima f [(51 ®) +(6®) +(40) ] dt.
0
0] (t) = ag sin (aqt)
0 (t) = 5+ sin(%t) + 3 sin (agt)
£ (1) = 00 gin (2rguy),

20
then

I
ag 1

. 1 2 . 2 o ap ar ; 2 Q2+a)ayC . 2+a)ay 2]z
}gréLa —tlxlir(l)a Of[(al sin (a1t)) +(2a sm(at)+ 5 sm(oclt)) +( 57 sm( 7 t))] dt

bud

[ll l
1 Q2+a)ayC . 2+a)ay 2]z
= }Yli% J [( > sm( 7 t)) ] dt.

Let us make the following change of variables: u = Q;%t, hence

m(2m+1)m malmC L
. _1: 1 m+ al .
n111_r>1;loL1/m - EL% Of m@2m+1)a [( 2m sm (M)) ] du
mQ@2m+1)n m(2m+1)

_ T C i - lim £ Y
_7’111_120 Of 57 |5m(”)|du_nl,1_r};‘ozm2 21 Ll/m,
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@& _
where L, =

i
f sin (u)| du.
n(i-1)

If we denote by

Ly):xnﬁngm:izlp.

hence

m2m+1

)
C Z p
ﬁ LE/?H < L]/m <
i1

p
with L&’;})n = f
n(p-1)

., m2m + 1)} and L,gq) = max {L(i)

|sin (u)|du and LS;)n:

O ti=1,, m@m+ 1),

(2m+1)
C m
Z L(q)’
2m? - 1m
i=

g
f |sin (1)| du, then we have:

n(g-1)

C2m+1)

2m

(r)
Ll/m <Liym< oo 1m®

By another change of variables: u — (p — 1)m = vand u — (g — 1) = w, it comes:

1/m

L?/?n = flsin ()| dw = 2 and L@ - flsin (w)ldw = 2.
0

Let m tender to 400, we obtain and by virtue of the uniform convergence:

lim C@2m+1) LE‘}L

lim C(L—'_DL@) < limLyy, <
mM—00 mM—00 2m

m— 0o 2m 1/m =

hence lim Ly, = 2C. So we deduce:

m—0o
_ 1 — T2 o
L(f) = flxlinoL“ = ‘llli%oz Lo, =2C = Vol (Qf).

s
ag

For C =2, and Loy = 4, the integral I,(f) is approximated by the simple integral: 1, = 204 f |sin (a3t)| dt.
0

Table 1: Numerical results of example

! k I, el eR
16 3.87652 0.123476 3.1%
0.3 32 3.92822 0.071777 1.8%
64 3.95902 0.040976 1.0%
16 4.00912 0.009119 0.2%
0.01 32 4.00054 0.000538 0.01%
64 4.00003 0.000033 0.0008%
16 4.00054 0.000538 0.01%
0.004 32 4.00003 0.000033 0.0008%
64 4.00000 0.000002 0.00005%

2516
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Example 4.2. Consider the following double integral:

1 ¢2(x1)

IZ(f)szf(xler)dXdell
=1 ¢@2(x1)

1,2

with pa(v) = 324+ 3 =1, ¢20a) = g2 + 5 + Land f (o, 3) =3 + x4 .

I(f) is approximated by the simple integral:
ﬁ
a2 .
L= 1104 = m) [ £ ) in @ d,
1=
0
with fo (t) = f (€1(t), €2(1)) and Ly = 11.917.

Table 2: Numerical results of example

a k I, el ek
32 13.37120 1.454195 12.2%
0.3 64 13.13939 1.222392 10.3%

128 12.83984 0.922837 7.7%

32 12.91740 1.000404 8.4%
0.03 64 11.59811 0.318891 2.7%
128 11.95262 0.035620 0.3%

32 12.37103 0.454027 3.8%
0.001 64 11.95120 0.034198 0.3%
128 11.92798 0.010979 0.1%

Example 4.3. Let

—-M<X1<T
Q ={(x1,x) € R?/ . 1= ,
—sinxy +cosx; +2 < xp <sinx; +cosx; +6

and consider the following double integral:

L(f) = f (x1,x2) dxadxy,
0

with f (x1,x2) = x2 exp(x1), the intgral I,(f) is approximated by the integral 1, given by

jud

a1

I, = 4nm ffz(t) exp(€1(t)) Isin (ast)| dt,
0

where ({1(t), €2(t)) is the ma-dense curve in Q) and the parameters o, a1, ava, a3 verify the relation given in Theorem
B2 with Ly, = 406.5156.
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Table 3: Numerical results of example

o k I, el eR

0.1 128 478.78700 72.271400 17.8%
256 459.00116 52.485562 12.9%

0.04 128 447.27258 40.756979 10.0%

256 442.21437 35.698770 8.9%

0.001 128 403.91521 2.600394 0.6%

256 407.65131 1.135707 0.3%

2518

Example 4.4. In the following example, we show that we can suppose the functions @;, ¥; (2 < i < 3) to be holderian

instead of lipschitzian thanks to a result given in [18)]. Consider the following triple integral:

ILi(f) = ffff(xl,xz,X3)dx3dx2dx1,
Q

with

Q ={(x1,x2,x3) € R¥/

and f(x1,x2,x3) = x1%2x3. The integral I(f) is approximated by

fud

a1
aq
I, = —
¢ 32
0

() G(H)E3(t) [sin (agt)| dt,

where (C1(t), €2(t), €3(t)) is the 2mia-dense curve in Q) and the parameters o, an, ap, a3, vy verify the relation given in
theorem [3.2)with Ixaee = 0.0208.

Table 4: Numerical results of example

7 A R
a k I I &y

128 0.05162 0.030818 148.2%
0.6 256 0.04930 0.028497 137.0%
512 0.04922 0.028420 136.6%

128 0.02265 0.001848 8.9%
0.2 256 0.02150 0.000703 3.4%
512 0.02135 0.000551 2.6%

128 0.02048 0.000321 1.5%
0.01 256 0.02093 0.000133 0.6%
512 0.02083 0.000028 0.1%
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5. Concluding remarks

Despite the variety of results and their particular interests, the theory of numerical integration in higher
dimensions is in a very crude state of development compared with the numerical integration of functions
of a single variable. In this paper, we have developed a new process where by a multiple integral over a
non-rectangular region of R" is reduced to a unique single integral over an interval of R, by using a-dense
curves in the region () whose measure represents the value of the multiple integral. The integral I,(f)
is equal to the limit, when the coefficient of densification a tends to 0, of the length of the curve which
densifies the region ()¢. But the approximated formula I, generally takes large values and not necessarily
easy. This will involve numerical calculations, created significant errors. Itis therefore sometimes necessary
to approach this integral by classical integration methods such as Newton-Cotes, Simpson, etc., so we still
lose precision. In order to make the calculations less expensive and more accurate, the use of an a-dense
curve of minimal length, since it exists theoretically, is recommended.

The numerical results given in Tablesare satisfactory when comparing with the exact value Iy,; we also
show that in the reducing process, if one takes numbers k of subintervals used in the algorithm of Simpson
and successively larger and if one chooses values of the density a in a decreasing way, the precision of the
calculation increases.
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