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Fin-intersecting MAD families

C. Corral?, V. O. Rodrigues®”

TYork University

Abstract. We introduce a new class of almost disjoint families which we call fin-intersecting almost disjoint
families. They are related to almost disjoint families whose Vietoris Hyperspaces of their Isbell-Mréwka
spaces are pseudocompact. We show that under p = ¢ fin-intersecting MAD families exist generically and
also exist if a < s, but there are also non fin-intersecting MAD families in ZFC. We also show that under CH,
there exist fin-intersecting MAD families which remain after adding an arbitrary number of Cohen reals
and Random reals. These results give more models in which pseudocompact MAD families exist.

1. Introduction

1.1. Some history

Topologies on spaces of subsets of a given topological space have been studied since the beginning of
the last century. In this paper we work with the Vietoris Hyperspace, which is defined as follows:

Definition 1.1. Let X be a Ty topological space. By exp(X) we denote the set of all nonempty closed subsets of X.
Given a subset U of X, we let UT = {F e exp(X) : F C U}and U™ = {F e exp(X) : FN U # 0}.
The Vietoris topology on exp(X) is the topology generated by {U*, U~ : U C X is open}.
The Vietoris hyperspace of X is the set exp(X) endowed with the Vietoris topology. [

Some of the first steps towards topologizing collections of subsets of a given topological space were
taken by F. Hausdorff [6], who defined a metric on exp(X) in the case where X is a bounded metric space.
This metric is usually called Hausdorff’s metric. The Vietoris Topology was introduced by L. Vietoris [19]
and coincides with the topology generated by the Hausdorff’s metric in case X is a compact metric space.

Although X does not need to be T; for this definition to make sense, we restrict ourselves with T; spaces
to avoid some pathologies.

The topological properties of X often depend on the topological properties of exp(X) and vice-versa. For
instance, X is normal iff exp(X) is regular iff exp(X) is Tychonoff, and X is regular iff exp(X) is Hausdorff. A
nice reference for the basics on the Vietoris topology is [14].

Leopold Vietoris proved that X is compact iff its Vietoris hyperspace is compact [19]. This result
motivates the question of whether there are relations between compactness types properties of X and
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exp(X). These questions were investigated by J. Ginsburg, who proved some results in this direction
regarding pseudocompactness, countably compactness, p-compactness and p-pseudocompactness (where
p is some fixed free ultrafilter) [3]. In particular, he proved that if every power of X is countably compact,
then exp(X) is countably compact, but he could not prove the same for pseudocompactness.

Later, M. Hrusédk, 1. Martinez-Ruiz and F. Herndndez-Herndndez proved that there exists a subspace
X of pw containing w such that X“ is pseudocompact but exp(X) is not pseudocompact (recall that X*
is pseudocompact iff every power of X is pseudocompact) [11]. This example was later improved by V.
Rodrigues, A. Tomita and Y. Ortiz-Castillo by making all powers of X less than the cardinal characteristic
countably compact [16].

These examples illustrate that it is difficult to infer the pseudocompactness of exp(X) by knowing
topological properties of the powers of X, so it makes sense to study this problem restricted to particular
classes of spaces. A natural class of spaces to consider is the class of Isbell-Mréwka spaces, which are
topological spaces associated to almost disjoint families. An almost disjoint family over a countable infinite
set N is an infinite set A of infinite subsets of N which are pairwise almost disjoint, that is, for every a,b € A,
a N b is finite. A maximal almost disjoint family (on N), also called a MAD family, is an almost disjoint
family (on N) which is not contained in any other almost disjoint family. MAD families exist by Zorn’s
lemma and are uncountable. The least size of a MAD family is denoted by a. By Z(A) we denote the free
ideal generated by A, thatis, 7(A) = {XCN:AB € [A]** X <" |J B}.

Given an almost disjoint family A one defines its Isbell-Mréwka space, also called its \P-space, as follows:

Definition 1.2. Let A be an almost disjoint family on a countable infinite set N such that N N [N]° = 0 (such as
w or 2<¢). W(A) is the set w U A topologized by the finest topology which makes N open and discrete and each
a C W(A) is a sequence converging to the point a € W(A). A basis for this topology is {{n} : n e N} U {{a} U (a \ F) :
a € AandF € [N]<“}.

Of course, the set N is combinatorially and topologically unimportant if no extra structure is being
discussed. It is straightforward to see that W(A) is a Hausdorff, locally compact (therefore Tychonoff)
zero-dimensional separable first-countable not countably compact topological space.

An excellent survey on this class of spaces is [9]. The topological properties of W(A) often depend on
the combinatorical properties of A. The following is what makes W-spaces interesting for examining the
pseudocompactness of hyperspaces of Vietoris:

Proposition 1.3 ([11]). Let A be an almost disjoint family. Then A is a MAD family iff W (A) is pseudocompact iff
W(A)? is pseudocompact. [

As a shorthand, we say that an almost disjoint family A is pseudocompact iff exp(\W(A)) is pseudocom-
pact.

It is known that if exp(X) is pseudocompact, so is X [3]. Thus, when restricting to W-spaces, the questions
regarding the relations between the pseudocompactness of X and of exp(X) boil down to the following;:

Question 1.4. Is there a pseudocompact MAD family?
Question 1.5. Is every MAD family pseudocompact?

Question 1.5 had been partially answered in [11] and was later solved in [4], where it was proved that
every MAD family is pseudocompact iff the Baire number of w” is strictly greater than ¢. Question 1.4
appears in [9], [10] and [11] and is still open.

We do not have many examples of non-pseudocompact MAD families (or even of pseudocompact ones
in case n(w") < ¢). In particular, the non-pseudocompact MAD family constructed in [11] using h < ¢ has
cardinality ¢ > w1, and we constructed one of size w, < ¢ in [4]. It is unknown whether the existence of a
non-pseudocompact MAD family of size w; is consistent.

To further study Question 1.5 we introduce a new class of almost disjoint families which we call fin-
intersecting. Fin-intersecting MAD families are pseudocompact.
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1.2. Structure of the paper and summary of results

In [5], O. Guzman, M. Hrusdk, C. Martinez-Ranero and U. Ramos-Garcia have defined the notion of
the generic existence of an almost disjoint family with a property ¢. Given a property ¢, they defined
that almost disjoint families with the property ¢ exist generically iff every (infinite) almost disjoint family of
cardinality < ¢ may be extended to an almost disjoint family with the property ¢. So, for instance, MAD
families exist generically, and almost disjoint families of size ¢ exist generically if and only if a = ¢. Note
that this concept has nothing to do with forcing or generic filters and it is much more linked to the idea of
constructing almost disjoint families with special properties recursively.

e In Section 2 we introduce fin-intersecting almost disjoint families and show that fin-intersecting MAD
families are pseudocompact.

e In Section 3 we show that every almost disjoint family of size < sis fin-intersecting. In particular, if a <
s there is a fin-intersecting MAD family. We show that fin-intersecting MAD families exist generically
under ap = s = ¢. These results give, in particular, additional models containing pseudocompact MAD
families, partially answering Question 1.5. Moreover, it is easy to observe that fin-intersecting almost
disjoint families do not need to be MAD, but it is non-trivial to see if they must be MAD somewhere.
Thus, we show that assuming b = s = ¢ fin-intersecting nowhere MAD families exist generically.

o In Section 4, we show that there exists a non fin-intersecting MAD family in ZFC. The proof is divided
in two cases: ) < ¢ and s < a. This shows that (consistently) not every pseudocompact MAD family
is fin-intersecting. We also ask if s is the smallest cardinal for which there is a non fin-intersecting
almost-disjoint family and show that this is the case if s < ie.

e In Section 5 and Section 6 we show that by assuming CH there exist fin-intersecting MAD families
which remain fin-intersecting MAD after adding any number of Cohen/Random reals using finite
supports. Note that in these models s = w; so these are non-trivial results. This also shows that
pseudocompact MAD families exist in the Random model, which was previously not known.

The following table summarizes all the known sufficient conditions for the existence of pseudocompact
and fin-intersecting MAD families by combining old and new results. We made it intentionally redundant
to include the classical results for the sake of completeness.

Assumption Pseudocompact Fin-Intersecting MAD
p=c [11, Theorem 3.2.] Theorem 3.4
n(w*) > ¢ [4, Theorem 2.4.] ?

AU € 0 p(U) = ¢ | [4, Theorem 3.2.] ?
AU € v p(U) > a | [4, Theorem 3.1.] ?

a<s Corollary 3.2 Corollary 3.2
ap=s=¢ Theorem 3.4 Theorem 3.4
Cohen model [17, Corollary 4.4.] Section 5
Random model Section 6 Section 6

For the sake of completeness we define the cardinals mentioned above:

e ap is the least size of an almost disjoint family A for which there exists 8 C A such that there is no
c € [w]? such that for every a € A cNais infinite iff 4 € B.

e b is the least size of a collection 8 C w® such that for every g € w® there exists f € B such that f £* g,
where f <* g means that {n € w : g(n) < f(n)} is finite.

e Dis theleast size of a collection of open dense subsets of [w]” whose intersection is empty (equivalently:
not dense). We say that D C [w]® is dense iff for every a € [w]? there exists b € D such that b C* 4, and
itis openiff for every b € D and a € [w]*, ifa C" b thena € D.



C. Corral, V. O. Rodrigues / Filomat 38:7 (2024), 2563-2578 2566

e To define p, we say that a collection P C [w]” is centered iff the intersection of every finite nonempty
subcollection of P is infinite. A pseudointersection for # is an infinite subset P C @ such that P C* A
for every A € P. It is clear that if  admits a pseudointersection then it is centered. The cardinal p is
the least cardinality of a centered collection # C [w]” with no pseudointersection.

e 5is the least cardinality of a collection S C [w]“ such that for every a C w there exists b € S such that
laNbl=wand |a\ bl = w. Such an S is called a splitting family.

e To define ie, let A = {(n,m) € w X w : m < n}. Then ie is the least size of a collection of partial infinite
functions ¥ from w into w contained in A such that no single total function from w into w contained
in A is almost disjoint from every element of F.

For more on ap see [2]. For more on q,b,}, s see [1], and ie was defined in [4].

In the references above one may find proofs for w; < p < h,ap < b,5s < ¢, for b < a < ¢. A routine
diagonalization argument shows that wy <ie < c.

Moreover, it is well known that p < cf(s). For the sake of completeness we quickly sketch a proof:
if (ko : @ < 0) is a increasing sequence of cardinals less than s indexed by some cardinal 0 < p and
A =sup, < Kas then A < s as well. To see this, if S = {S¢ : £ < A} C [w]?, one easily recursively constructs
a C*-decreasing tower b, € [w]“ for a < O such that for every & < «g, bys1 C Sg Or b1 N Se =" 0. Now
a pseudointersection b of this tower shows that S is not a splitting family. In particular, this shows that
cf(s) > w.

2. Fin-intersecting almost disjoint families

We shall adopt the following definition which is helpful while exploring pseudocompactness in Isbell-
Mréwka spaces.

Definition 2.1. A fin sequence (over N) is a function C : w — [N]*“ \ {0} such that for all n,m € N, if n # m then
C(n) N C(m) = 0.

In [17, Proposition 2.1.], V. Rodrigues and A. Tomita proved the following theorem:

Proposition 2.2. Let A be an almost disjoint family. Then A is pseudocompact iff every fin sequence has an
accumulation point in exp(\WV(A)).

Thus, to test the pseudocompactness of an almost disjoint family, it is necessary and sufficient to analyze
the convergence of the fin sequences. We are ready to introduce fin-intersecting almost disjoint families,
which are closely related to fin sequences and pseudocompactness. Recall that a collection of sets  is
centered if every finite nonempty subcollection of # has infinite intersection.

Definition 2.3. We say that an almost disjoint family A is fin-intersecting iff for every fin sequence C there exists
an infinite set I € N such that {{n€l:anNC, # 0} : a € A} \ [[]*“ is centered.

Thus, in order of an almost disjoint family A to be fin-intersecting for every fin sequence C we need
to have an infinite set I such that after throwing away every finite setof {{n € [ : an C, # 0} : a € A}, the
remaining set is centered.

The next lemma helps us to show that certain sequences automatically satisfy what is required in the
definition of fin-intersecting almost disjoint families.

Lemma 2.4. Let A be an almost disjoint family and C be a fin sequence. Suppose there exists an infinite I C w such
that | J,.e; C € I (A). Then there exists | € [I1” such that {{n € [ : C(n) Na # 0} : a € A} \ [J]<“ is centered.

Proof. Let k be the least natural number for which there exists 8 C A of size k and | € [I]* such that
Unes C(n) € U B. Then:
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1) Foreverya € B, {n € | : C(n) Na = 0} is finite, for if it was infinite, ]’ = {n € ] : C(n) Na = 0} and B\ {a}
would violate the minimality of k.

2) Foreverya € A\B, {n € | : C(n)Na # O} is finite, forif it was infinite we would haveanl,; C(n) " U B,
which implies that for some b € B, a N b is infinite, a contradiction.

Thus{ilne]J:Cm)na#0}:ac AI\[JI?* ={{ne]:Cn) na# 0} :a e B}, and the intersection of the
latter set is a cofinite subset of [ by 1). O

Now we show that fin-intersecting MAD families are pseudocompact, which is our main motivation for
studying them.

Proposition 2.5. Every fin-intersecting MAD family is pseudocompact.

Proof. Let A be a fin-intersecting MAD family and C a fin-sequence. Fix I as in the definition of fin-
intersecting almost disjoint families. Let 8 = {a € A : |{n € I : C(n) Na # B}| = w}. Notice that B is
a nonempty (and closed) set since A is MAD and the C,’s are pairwise disjoint. We claim that 8 is an
accumulation point for C.

LetVtN U, N---NU,, be a basic open neighborhood of 8, where V, Uy, ..., U,, are open subsets of W(A).
By intersecting each U; with V, we may assume that for eachi <m, U; C V.

Foreachi < m there existsa € Band N; € [N]<“ such that {a;}U(a;\N;) € U;. Let] = Niuin €l :a;NC, #
0}\ {n el:Cyn Uy Ni # 0}, which is infinite. Notice that if n € ], then for each i <m, C, Na; \ N; # 0 so
C, N U; # 0. We claim that for all but finitely many n € J, C,, C V, which completes the proof.

Suppose that this is not true. Then ] = {n € | : C,,\ V # 0} is infinite. Since the C,’s are pairwise disjoint,
X = Upep Cn \ V is infinite. Since A is MAD, there exists a € A such that |2 N X| = w.

Casel:a € A\ B. Inthiscase, {n €I : C,Na # 0} is finite, so a N J,,¢; C, 2 a N X is finite, a contradiction.

Case 2: a € B. In this case,a C* V, so |a N X| < w, a contradiction. [

Many questions concerning fin-intersecting almost disjoint families automatically arise. Is every pseudo-
compact MAD family fin-intersecting? Are all fin-intersecting almost disjoint families MAD (somewhere)?
Do fin-intersecting MAD families exist?

We will give consistent answers to all these questions. Also, fin-intersecting MAD families may be
easier to work with than pseudocompact MAD families, so we were able to use them to produce some new
examples of pseudocompact MAD families.

3. On the existence of fin-intersecting almost disjoint families

In this section, we prove that under certain conditions fin-intersecting MAD families exist. Some of
these results imply the existence of pseudocompact MAD families in contexts where their existence was
not previously known. We also show that under certain conditions fin-intersecting nowhere MAD families
exist.

The cardinal invariant s is closely tied to fin-intersecting almost disjoint families.

Theorem 3.1. Every almost disjoint family of size less than s is fin-intersecting.

Proof. Let A = {a, : @ < x} be an almost disjoint family with x < s. Given a fin sequence C : v — [N]<* \ 0
define S, = {n € w : a, N C(n) # 0}. Thus since S = {S, : @ < «} is not a splitting family, there exists I € [w]®
such that either I €* S, or IN'S, =" 0. Now it is clear that for every ¥ € [A]<*, if (n € w : aN C(n) # 0} is
infinite for everya € ¥, thenI C* {nel:Vae F anC(n) #0)}. O

Corollary 3.2. If a < s there exists a fin-intersecting MAD family. In particular, there are pseudocompact MAD
families if a < s.
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Recall that under p = ¢ every MAD family is pseudocompact ([11], [4]). p = ¢ also implies the existence
of many fin-intersecting MAD families, as illustrated by the result below. Recall that p < ap < a[2] and that
p<s[l].

We will need the following result:

Theorem 3.3 ([13, Theorem 2.1.]). Let (a; : i € I) be a family of infinite subsets of w such that |I| < c. Then there
exists an indexed almost disjoint family (b; : i € I) such that b; C a; for everyi € L.

To ease the notation, we assume that N = w for the remainder of this section.
Theorem 3.4 (ap = ¢ = s). Fin-intersecting MAD families exist generically.

Proof. Let ¥ < ¢ be an infinite cardinal and A = {4, : @ < «x} be an almost disjoint family enumerated
injectively. We must extend A to a fin-intersecting MAD family.

Enumerate [w]® = {X, : ¥ < a < ¢} and all fin sequences as {C, : k¥ < a < ¢}. We recursively define I, and
a, for a € [x, ¢) satisfying that for every a € [x, ¢):

1. a, € [w]” and for every 8 < a, ag N a, is finite.
2. I, € [w]” and for every f < a, either {n € I, : Co(n) Nag = 0} or {n € I, : C4(n) N ag # 0} are finite.

3. For every y € [k, a], and for every F € [a]<?,
ifforall J € [a]** [{n € I, : Y& € F(Cy(n) Nag # 0)and C, (n) \ Ugejac # 0}| = w,

then [{n € I, : VE e FU {a} (C,(n) Na; # 0)}| = w.
4. If for every B < a X, N ag is finite, then |z, N X,| = w.

At step a we first define I, as follows: let S, = {{n € w : Co(n) Nag = 0} : p < a}. Since |S,| < ¢ = 5, Sy is
not a splitting family, so there exists I, € [w]® such that for every < a, {n € I, : Ca(n) Nag = 0} is finite or
{n €l,:Cu(n) Nag # 0} is finite, as intended.

Now we define af satisfying 4. and 1, a}, satisfying 3. and 1., so obviously a, = a3 U a} will satisfy 1., 3.
and 4., which finishes the construction.

Defining aJ: if the hypothesis of 4. does not hold, just let a) satisfy 1., which is possible since a = ¢. If
the hypothesis hold just let 2% = X,,.

Defining a’: if the hypothesis of 3. does not hold, just let a} satisfy 1., which is possible since a = ¢. Now
suppose it holds. For each y € [x,a] and F, ] € [a]<* let:

K,(E]) = {n €l,:VEeF(Cy(n)Nag # 0)and Cy(n) \ Uﬂg * (Z)},and

el
K,(F) ={n €I, : Y& € F(Cy(n) Nas # 0)}.

For each y € [x, ¢), let ¥, = {F € [a]*¥ : V] € [a]*? |K,(F, ])| = w}. Now for each F € ¥,, since for every
J € [@]*“ we have UneK},(F) C(n) € I*({as : £ < a}). By using a = ¢ there exists a,(F) C U,,eKV(F) C(n) such that
a,(F) N ag is finite for every & < a. Since the family (a,(F) : y € [k, a], F € F,) has size less than ¢, we may
shrink the elements to an indexed almost disjoint family U = (b, (F) : y € [x,a],F € 7).

Let V = {a: : £ < a}. Notice that |U|,|V| < ¢ = ap and U U V is almost disjoint. By ap = ¢, there exists
al, € [w]® such that al N x is infinite for every x € V and al, N a; is finite for every & < a. To verify 3., given
y € [k, a], F € [a]*” such that forevery | € [a]*“, |{n € I, : Y& € F(C,(n)Nag # 0)and C, (n)\ U  as # 0} = ,
we have that F € ¥, so al N b, (F) is infinite, which implies that al Ny K, (F) C,(n) is also infinite and this
implies that {n € I, : Y& € FU {a} (C)(n) Nag # 0)} = {n € K,(F) : C,(n) Na}, # 0} is infinite.
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Now we verify that {a, : @ < ¢} is a fin-intersecting MAD family.

1. and 4. easily imply that it is a MAD family.

To see that it is fin-intersecting, let C be a fin sequence. In case there exists an infinite I C w such that
et Cn € (a4 : a < ¢}) we are done by Lemma 2.4, so assume this does not happen.

There exists y such that C, = C. We show that I = I,, works as in the definition of a fin-intersecting
almost disjoint family. So let F € [¢]*“ be nonempty and such that for every & € F, {n € I,, : C,(n) N &} is
infinite. We must see that (\¢cr{n € I : C,(n) Nag # 0} is infinite. Let Fg = F Ny, write F\ Fo = {&o, ..., &m1}
in increasing order and define F;.1 = F; U {&;} for 1 < i < m. We show by finite induction that for each i < m,
Neer{n € I: C,(n) Nag # 0} is infinite.

By 2., Neer, in € I: Cy(n) Nag # B} is cofinite in I, (in case Fy = @ we consider this empty intersection to be
I,). Now suppose thati < m and that we know that L = (e, {1 € I, : C,(n)Nag # 0} isinfinite. Then for every
finite | € [&;]¥ we know that () Cy(n) \ U 4¢ is infinite, which implies that {n € L : C, (1) \ U ac # 0}
is infinite, but this set is {n € I, : Y& € F;(C(n) Nag # 0)and C),(n) \ Ugejac # 0}. By 2. with a = &, this
implies that {n € I,, : Y& € F; U {&;} (C,(n) Nag # 0)} is infinite, but this set is (\eep,, {n € I, : Cy(n) Nas # 0}.
This completes the proof. [J

The previous theorem shows that under certain cardinal hypothesis many fin-intersecting MAD families
exist. Since these MAD families are pseudocompact, this result potentially yields more results about the
existence of pseudocompact MAD families as well. However, under p = ¢ (or, more weakly, under n(w*) > ¢,
which is false under b < ¢) all MAD families are pseudocompact [4]. Thus, the following question interests
us:

Question 3.5. Is ap = s = ¢ > n(w*) consistent?

It is natural to ask whether there is any relation between MADness and being fin-intersecting. From
Theorem 3.1 we know that not every fin-intersecting almost disjoint family is maximal and that consistently,
there is an uncountable fin-intersecting almost disjoint family that is not MAD (e.g., any non maximal
almost disjoint family of size w; in a model of s = ¢ > w,). Moreover, since the fin-intersecting property is
preserved under subfamilies, if A is a fin-intersecting MAD family and ag € A, the subfamily A \ {ao} is
still fin-intersecting and fails to be MAD. However the previous example is MAD when restricted to w \ 4.
Thus, it is natural to ask if fin-intersecting almost disjoint families of size ¢ are always somewhere MAD.

To address that question we show that fin-intersecting almost disjoint families that fail to be MAD
everywhere (consistently) exist generically. Despite the almost disjoint family in Theorem 3.4 being MAD,
the construction of every a4, is split into two parts, a, = a) U al, where al witnesses the fin-intersecting
property and a9 is a witness for MADness. We can modify the latter construction of 4} and define a, = a}
in order to get a nowhere MAD almost disjoint family.

Recall that the the ideal Fin X Fin is the ideal on w X w consisting of the subsets A of w X w such that there
exists a function f : @ — w and a cofinite set B C w such that for every (n,m) € A, if n € B then m < f(n)
(this is the Fubini product of the ideal of the finite subsets of w by itself).

Theorem 3.6 (b = ¢ = 5). Nowhere MAD fin-intersecting almost disjoint families exist generically.

Proof. Let A be an almost disjoint family of size k < ¢. We may enumerate it as A = {a, : a < «}. It is easy
to see that fin-intersecting nowhere MAD families are preserved by finite modifications in the members of
the family, so we may assume that {A, : n € w} forms a partition and moreover, without loss of generality,
A is an almost disjoint family on w X w and for every n € w, a,, = {n} X w.

Let [w X w]? = {X, : k < a < ¢} and let (Cy : ¥k < a < ¢) be the family of all fin-sequences C : w —
[ X @]\ {0}.

For a € [k, ¢) we recursively define sets I, € [w]” and infinite sets a,, b, € [w X @]* such that:

a) Forevery & < a, |az Na,| < w and |ag N b,| < w.

b) For every & € [k, a], |bs Na,| < w.
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c) Forevery & e[k, al, I, C{new:Co(n)Nas #0lorl, € {n€w:Cy(n) Nag = 0}.
d) Forevery y € [k, a], if Und}, C,(n) € Fin x Fin then {n € I, : C,(n) N a, # 0} is finite.
e) Forevery y € [«, al, if U, C, (1) € Fin X Fin then for every F € [a]™,
[(nel, : Ve e F(Cyn) Nag # 0))| =0 =
{nel, :V&e (FU{a})(C)(n)Nas #0)}| = w
f) f X, € I*({as : £ < a}) then b, C X,.

We show that this construction is possible. Suppose we have constructed everything up to step a < «.

We fix I, satisfying c) which is possible since @ < ¢ = s.

Now we define b,. If the hypothesis of f) fails, just let b, be almost disjoint with every member of
{az : £ < a} which is possible since a = ¢. If it holds, {a: N X, : £ < a} is not MAD since a = ¢, then there
exists b, as in f) and a).

It remains to define a,. First, notice that for every ¢ € [w, @) and for every 1 € [«, a], a and bg have finite
intersection with each column 4,,, so we fix:

o forevery ¢ € [k, a) let f: € w” be such thata; C {(n,m) € v X w : m < fe(n)}.
e for every 1 € [k, a) let g, € @ be such that b, C {(n,m) € w X w : m < gy(n)}.
o I'={yelx,al: Uy, Cy(n) € Fin X Fin}

o for every y €T, let h, € w® be such that there exists a finite ] C @ such that Und}, C,(n) € {(n,m) €
wXw:m<h,n}U(J X w).

Since b = ¢ there exists f € w” such that for every ¢ € [w, a) and for every y € I', we have f, g¢, h), <" f.

It is clear that any infinite subset of @ X w bounded by a function F and that is above f will satisfy a), b),
d). It remains to select F that makes e) hold.

Let y € [x,a] and E € [a]*”. Assume that X()) = U, C,(n) ¢ Fin X Fin and let Z(y,&) = {n € I, :
ag N C,(n) # 0} for every & < a. From c), d) and e), it is clear that if Z(y, n) is infinite for every n € G € [a]*¢,
then (¢ Z(y, 1) is infinite too.

Assume then that Z(y, &) is infinite for every £ € E. Since X(y) ¢ Fin X Fin, there are infinitely many n € w
such that Z(y, n) is infinite. Let {k; : i € w} be the increasing enumeration of this set. Define simultaneously
F(y,E) € w* and an increasing sequence {n; : i € w} as follows:

If k ¢ {ki : i € w} let F(y,E)(k) = f(k) and for every k;, find n; and define F(y, E)(k;) such that
(ki x [f(k:), F(y, E)(ki)] N C,(n;) #)(Z) and n; € (\,eg Z(y,n)- This choice is possible since (,epupy Z(y, 1) is
infinite for every k;.

Let F € @ be such that F >* F(y, E) for every y € [k, a] and E € [a]**. Define a, = ,.c, {1} X [f(1n), F(n)].
Since U,eoin} X [f(n), F(y, E)(n)] " a, for every pair (y, E), item e) holds.

Finally define A = {a, : @ < ¢} and notice that for every X € 7*(A), if X = X,,, then X, € T*({ag : p < a})
implies that b, C X, that is, A is nowhere MAD. It is also easy to show inductively like in Theorem 3.4 that
A is fin-intersecting. [

We do not know if the cardinal hypothesis for the two previous theorems on fin-intersecting (nowhere)
MAD families can be weakened or if they even exist in ZFC.

Question 3.7. Is there a fin-intersecting MAD family in ZFC?
Question 3.8. Is the existence of a fin-intersecting MAD family consistent with s < a?

Question 3.9. Is there a nowhere MAD fin-intersecting family of size ¢ in ZFC?
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4. Non fin-intersecting almost disjoint families

Since p = ¢ implies that every MAD family is pseudocompact, we can ask if the same is true for fin-
intersecting. The answer is negative: we will see that non fin-intersecting MAD families exist in ZFC. In
particular, this shows, as we shall see, that pseudocompact MAD family which are not fin-intersecting exist
consistently. Thus, fin-intersecting madness is not a characterization of pseudocompactness.

Given a fin-sequence C : w — [N]*¥, a set X € [N]” is a selector for C if |C(n) N X| < 1 for every n € w. We
say that a fin sequence C is unbounded if

fnew:|Cn) <kl <w

for every k € w.

Again, unless stated otherwise, we assume that N = w

Recall that a MAD family is completely separable iff for every X € I*(A) there exists a € A such that
a C X. Completely separable MAD families were defined by S. Hechler [7] to study problems related to fw.
It is unknown if they exist in ZFC, but it is known that they exist in many models of set theory [9].

Lemma 4.1. Let C be an unbounded fin-sequence. Then every completely separable MAD family consisting of
selectors for C is not fin-intersecting.

Proof. Let A be a MAD family consisting of selectors for C and let I € [w]”. Let I = Iy LI I; be a partition.
Since A consists of selectors, X = (J,,¢;, C(n) and Y = {J,, C(n) are disjoint sets in 7 *(A). Thus there exist
ap,a1 € Asuchthatay € X and a; €Y. Hence {n € I : a; N C(n) # 0} = [; and in consequence

flnel:anCn) #0}:ae€ AN\ I
is not centered. Since I was chosen arbitrarily, A is not fin-intersecting. [

We now show that families satisfying the previous hypothesis exist consistently. The following theorem
is a consequence of the construction of a completely separable MAD family under s < a given by S. Shelah
[18] and later improved by H. Mildenberger, D. Raghavan and J. Steprans, weakening the hypothesis to
s < a [15]. Recall that a family J C [w]® is dense if for every B € [w]® there exists | € J such that ] € B and
it is hereditarily if |’ C | €  implies that ]’ € . It follows from the results in [18] and [15] that there is a
completely separable MAD family A C J for every hereditarily and dense family J. Since the family of
selectors for C for a given fin-sequence is hereditary and dense, we have the following:

Theorem 4.2 (s < a). Let C be a fin-sequence (not necessarily unbounded), then there is a completely separable MAD
family A consisting of selectors for C.

O
Combining this result with the following, and since ) < 5,a, we get that non fin-intersecting MAD
families exists in ZFC.

Theorem 4.3. [11] (b < ¢) There exists a non pseudocompact MAD family.
Corollary 4.4. There exists a non fin-intersecting MAD family.

Proof. If b < ¢, there is a non pseudocompact MAD family, and since fin-intersecting MAD families are
pseudocompact, that family necessarily fails to be fin-intersecting. On the other hand if ) = cthens=a=¢
and the conclusion follows from Theorem 4.2. [

We do not known if the example in [11] can be made completely separable or if at least there is a
completely separable non fin-intersecting MAD family under the same assumption.

Question 4.5. Is there a completely separable MAD family that is not fin-intersecting in ZFC? Equivalently under
h<e?
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Also, since the proof of the existence of a non fin-intersecting MAD family goes by cases, we do not
known of a single example of a MAD family that is not fin-intersecting in ZFC.

Question 4.6. Is there an explicit example of a single MAD family A that is not fin-intersecting in ZFC?
Under p = ¢, maximality of almost disjoint families is equivalent to being pseudocompact. Due to the

previous result, since p = ¢ implies s = a = ¢, we get that there is a completely separable MAD family that
is pseudocompact but fails to be fin-intersecting.

Proposition 4.7 (p = o). There exists a completely separable pseudocompact MAD family that is not fin-intersecting.
We do not know if the result above can be improved to the Baire number of w* being greater than «.
We now look into a different question: Theorem 3.1 says that every almost disjoint family of size < s
is fin-intersecting. We conjecture that this result is best possible. IL.e., we can achieve in the sense that we

conjecture that s is the first cardinal x with a non fin-intersecting almost disjoint family of size k. We will
see that this is true under s < ie.

Proposition 4.8. If s < e, there exists a non fin-intersecting almost disjoint family of size s.

Proof. Let {S, : a < s} be a splitting family. We recursively construct A = {a3, 4, : a € s} in A such that for
every a < s

1. {afg : B < aAi€2}isalmost disjoint,

2. a; is a partial function with domain S/, where S} = Sand S} = w \ S,.

At step a < s, since {a‘fg : p <a Ai€ 2} hassize less that s < ie, there exists a total function a,, in A almost
disjoint with every a}"g. Letal, =a | S..
To prove that it is not fin-intersecting let C : w — [A]** given by C(n) = {(n,m) : m < n}. Thus

new:a,NnCn) #0) =S,

for every a < s and i < 2. Let] € [w]®. There exists @ < s such that [N S,| = w = |I\ S,|. In this case,
nel:a,NnC(n) # 0} =1NS., both are infinite but

mel:l>NnCm)#0+#ainCn)}=>1INSHNUINSL) =0,

which shows that the family in the definition of fin-intersecting is not centered and thus A cannot be
fin-intersecting. [

We do not know if s characterizes the minimal size of a non fin-intersecting family.
Question 4.9. Is it true in ZFC that there is a non fin-intersecting almost disjoint family of size s?

Also, since the MAD family of Theorem 4.3 and completely separable MAD families have size ¢, our
examples of non fin-intersecting MAD families are all of size c. Of course, since every MAD family of size

less than s is fin-intersecting, the best we can ask for is the following;:

Question 4.10. Does it follow from ¢ > a > s that there are MAD families of size a that fail to be fin-intersecting?
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5. A fin-indestructible MAD family in the Cohen Model

In this section we show that assuming CH, every countable almost disjoint family can be extended
to a fin-intersecting MAD family which remains a fin-intersecting MAD family after adding an arbitrary
quantity of Cohen reals (with finite supports). This construction has many similarities to the construction
in [17] and is a modification of K. Kunen’s construction of a Cohen-indestructible MAD family [12]. The
construction in [17] inspired the definition of fin-intersecting almost disjoint families.

The following notation comes in handy:

Definition 5.1. Let A = (b, : n € w) be a centered countable family of elements of [w]®. We define Pseudo(A) =
{min(Ni<, bx \ 1) : 1 € w}.

Notice that Pseudo(A) is a pseudointersection of {b, : n € w} and that Pseudo(A) is absolute for transitive
models of ZFC.

Definition 5.2. Let f be an infinite countable ordinal, f : B — w be a bijection, A = {a, : a < B} be an injectively
enumerated countable almost disjoint family and C be a fin sequence. We define inductively:

o I)(ACf) =w,

o ly1 ={i €L, : C(i) Nag,y # O} if this set is infinite,

® Iy =1{i €L, : C(i) Nag(, = 0} if the set above is finite.
We let I(A, C, f) = Pseudo((I,(A, C, )new)-

Notice that the concepts above are absolute for transitive models of ZFC. The important feature of
I =1I(A,C, f) = Pseudo((I;(A, C, f))new) is that it is infinite and that given a € A, either {i € [ : C(i) Na = 0}
is finite or {i € [ : C(i) Na # 0} is finite. Thus, {{n € l:anNC, # 0} : a € A} \ [I]*? is centered and the finite
intersections of this set are cofinite in I.

Theorem 5.3. Assume CH. Let IP be a countable forcing poset. Then there exists a IP-indestructible fin-intersecting
MAD family A such that wp “Ais fin-intersecting”’.

Proof. Working in V, let {a, : n € w} be an infinite countable almost disjoint family.
Let ((1y,C,,py) : @ < y < w1) be a listing of all pairs (7, C, p) such that:

e 7is a IP-nice name for a subset of @,

e Cis a IP-nice name for a subset of (w X [w]<®),
e pel,

e p I Cis a fin sequence on w.

Also, fix (f, : @ <y <w1) such that f, : w — 7 is bijective for every y < w;.
For a € [w, w1), we recursively define a, and A, such that, for every a € [w, w1):

a) A, = {as : £ < a} is an almost disjoint family,

{0

b) foreveryinfinitey < a suchthatp, I ”C), is a fin sequence”, and for every F € [a]*,ifforall ] € [a]**:
py Flin € I(Aly, C,, f,) : V& € F(Cy(n) N (&) # 0) and C) (n) \ Uy d(E) # 0}l = o,

thenp, I |{n € I(Aly, C,, f,) : V& € EU &} (C,(n) NE(E) # 0))] = w.

¢) If po I+ 1, € TH(Ala), then p, I iy N 74| = .
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We show how to construct 4, satisfying a), b), c).

First we will define 4, satisfying a) and c). Then we will define a}, satisfying a) and b). Then we define
a, = a% Ual. which is then easily ]]]]seen to satisfy a), b) and c).

Defining 43: if the hypothesis of c) fails, just let a3 be an infinite set almost disjoint with the infinite
countable almost disjoint family A,. Now suppose that p, I 7, € *(Ala). Letb, =a fm forn € w. a® will
be {x, : n € w}, where x, is defined as follows: we enumerate all pairs (r,/) such that » < p, and | € w as
("n, ln)new- For each n, ryy - |, \ U<t E,-I = w, so there exists g, < r, and x,, € w such that x, <[, x, € U<, bi
and gy, I %, € 7,. The conclusion is now clear.

Now we define al. Suppose {(,F,y,): l € w,r <p,,F € [a]*,y <a,¥V] € [a]* (p, I [{n € I(ﬁly, Cy,f;,) :
V¢ e ?(Cy(n)ﬂag # 0)and Cy(")\Uge] ag # 0} = w)}isnonempty and enumerateitas {(r,, Fu, Vm, ) : m € w}.

For every m € w, there exists s,; < 1y, 1y, ki > 1,y such that sy, I 71, € I(ﬂﬁ/m, Cym,fvym), VY& e, C},m(flm) N
dg # 0 and ky, € Gy, (1) \ Uiz -

ki, may be picked greater than I, since r,, < py,, I+ (the Cym(n)’s are pairwise disjoint). Let a, = {k,, : m €
w}. If the preceding set is empty, just let a, be an infinite subset of w almost disjoint from every a: (£ < a).
This makes a4, satisfy b).

Now let A = {ac : £ < wi}. By a), A is an almost disjoint family. By c), P A is MAD. We claim that
P - A is fin-intersecting as well. To see that, let G be IP-generic over V and let C be a fin sequence in V[G].
If there exists I in V[G] such that I € [w]” and |,,¢; C; € I (A) we are done by Lemma 2.4. Let G be IP-generic
over V. Suppose that A is not MAD in V[G]. There exists T € VT such that 7 C w is infinite and 7 N a; is
finite for every & < w;. In particular, ¢ € 7*(A). There exists p € Gsuchthatpr 71 Cw,piF 1 L A and
plFTe I*(A). There exists @ € [w, w1) such that Pa = pand p, I T, = 7. In particular, p, IF 7, € I+(5'lv|a). But
then p, IF |1, N dy| = w, a contradiction.

Aisindestructibly fin-intersecting: let G be IP-generic over V. Fix a fin sequence C € V[G]such that for all
infinite I C w ,,¢; Cy € TF(A). We will show that there exists I C w such that {{n € I : anC,, # 0} is centered.
Let C be a name for C. Let p € G be such that p - “C is a fin sequence and VI € [w]® U,; C(n) € T+(A)”. Let
y € [w, w1) be such that p = p, and p, I C = C,. Now we will prove the following:

py ¥ VF € [n]* (Y& € Fln € I(A,, Cy, f;) 1 a: 0 Cy(n) # 0} = @

-

ﬂ{n €Il(A,,Cy, f,) :a: N Cp(n) # 0}‘ = cu]

EeF

(We interpret an intersection with empty domain as I(A,,C,, f;)). By the preservation of w; this is
equivalent to show that for all F € [w;]*:

py kVEEFnel(A,Cy,f): dE)NCyn) £ 0} = w

-

(in € (A, C), £):d(&) N Cy(n) # 0)

&el

= w.

We will prove the following stronger claim:

py FVEeENYlne (A, C,), f): dE)NCyn) £ 0 =w

-

(\n € I(A,, ), £) : 4(E) 01 Cy ) # 0}

&efl

=w.

Fix F. By the definition of I (?ly, Gy, f;,) we know that:

py FYEeFNYIn e I(A,,C), f) 1 4(E) NCy(n) # 0} = w
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—

I(ﬂ')// C)//f;) \ ﬂ {7’1 € I(ﬂ')// C)//f;/) : ﬁ(é)l N C}/(n) 71: (Z)}

Eefny

< w.

In particular, we are done if F C y. If not, let F\ y = {ay, ..., ax-1} such that ag < --- < ay_1 and let, for
i<k Fi={ap...,ai1} (soin particular Fy = 0). It suffices to see that for all i < k:

= .

(n € 1A, ), £) : 4(E) N Cy ) # 0)

ek,

py

Of course, this is true for Fy = . Suppose i < k and that the above is true for i. We show that it is also
true for i + 1.

We know that: p,, I ){n € I(A,,Cy, f,) : V& € Fia(E) N Cy(n) # (2)}) = w. Let L be aname such thatp, I L =
{n € I(A,,C,, f,) : Y& € Fii(E) N C,(n) # 0}. By hypothesis, py I U,e; C(n) € I*(A). This implies that if
J € [ail*, py Ik |Uper, C(n) \ User ﬁ(é)‘ = w, which in turn implies that p, I+ |{n € L : C(n) \ Usepd(&) # 0} = w.
By the definition of L this shows that py Ik l{n € I(?V(y, C7/,]‘;) V& e E;C(n) N (&) # 0and C(n) \ Ueed(é) #
0}l = w. Since ] is arbitrary, it follows from (ii) that p, I |{n € I(?ly, Cy,f;,) VEEE 1 Cn)NaE) # 0] = w.
This finishes the proof. O

Proposition 5.4. Assume A is an almost disjoint family such that remains MAD and fin-intersecting after adding
a Cohen real. Then it also remains MAD and fin-intersecting after adding « Cohen reals with finite support for every
K.

Proof. Let IP be a forcing poset that adds « reals and let G be IP-generic over V. Let C be a fin sequence and
X be an infinite subset of w, both in V[G]. Let Q be a (countable) forcing poset that adds a Cohen real. There
exists a Q-generic filter H over V such that V[H] C V[G]and C, X € V[H]. Then by the hypothesis there exists
a € Asuch that a N X is infinite and an infinite [ € [w]? in V[H] such that{{n e[ : C,)Na # 0} :a € A} \ [I]*¥
is centered. Of course, both things also happenin V[G]. O

Notice that since s = w; after adding any number of Cohen reals, the preceding result is non-trivial (see
Theorem 3.1).

6. A fin-indestructible MAD family in the Random Model

In this section we show that assuming CH, every countable almost disjoint family can be extended
to a fin-intersecting MAD family which remains a fin-intersecting MAD family after adding an arbitrary
quantity of Random reals (with finite supports). This construction has many similarities to the previous
one, but uses some different techniques to deal with the fact that the forcing notions we are dealing with
now are not countable. Some of the techniques used are similar to the construction of indestructible MAD
families for some proper forcing notion (see [8, Lemma IIL.1.]).

Theorem 6.1. Assume CH. Let IP be a proper forcing poset of size < w1 such that for every feVPandp e P, if
p - f € w® then there exists h € w® such that p + f <* h. Then there exists a IP-indestructible fin-intersecting MAD
family A such that vp “A s fin-intersecting”.

Proof. Let A’ be a given infinite countable almost disjoint family and write A’ = {a, : n € w} injectively.
By properness, there exists a family of triples ((pa, Ta, Ca) : @ € a < wy) such that whenever pelP,teVl,
CeVPandp I T Cwandp I Cis a fin sequence, there exists & € [w, ¢) such that p, < p, p, IF C = C, and
Pa kT = T4

Fix a family (f, : a € [, w1)) such that for each a € [w, w1), fo : @ = w is bijective.

Enumerate A’ = {a, : n € w}. For a € [w,w1), we recursively define a, and A, such that, for every
a € w,wr):
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a) A, = {as : £ < a} is an almost disjoint family,

b) forevery infinite y < a such thatp, I ”Cy is a fin sequence”, and for every F € [a]<*,if forall ] € [a]**:
py Flin € I(Aly, C,, f,) : V& € F(Cy(n) N (&) # 0) and C) (n) \ Uy d(E) # 0}l = o,

then p, I |(n € I(Aly, C,, f,) : V& € EU{d} (C,(n) N 4(E) # 0))] = w.
c) Ifpar 1y € I*(ﬂvloz), then p, IF [dy N To| = w.

We show how to construct a, satisfying a), b), c).

First we will define 4, satisfying a) and c). Then we will define 4}, satisfying a) and b). Then we define
a, = ad Ual and this will satisfy a), b) and c).

Defining a: If the hypothesis of c) fails, just let a) be an infinite set almost disjoint to the infinite
countable almost disjoint family {a; : £ < a}. Now suppose thatp, I 7, € I +(ﬁ|0[). Let b, = af ) forn € w.
Let p be a name such that p, I p : @ — w is strictly increasing and p,  ¥n € wp(n) € 1, \ Ui, b(i). Let
h:w — wbe such that p, - p <* . Letad = U, 1(1) \ U<, ba(i):

pa 8% N 74| = @ (which implies that a9 is infinite): Suppose by contradiction that this is false. Then
there exists exists n € w and g < p, such that g + 4 N 7, C p(it)and p(i1) < h(i1), but then q Ik p(n) €
h@in) \ Ui ba(i) C 4% and g I p(i1) € 7,, a contradiction. In particular, this shows that a) is infinite.

a9 is clearly almost disjoint from each a; for & < .

Now we define al. If the hypothesis of b) fails, just let al € [w]® be almost disjoint with a/, for every
& < a. If it does not fail, we proceed as follows:

For each infinite y < « such that p, I C, is a fin sequence, let K, denote a name such that p, K, :
[a]*® X [a]*® — P(w) and:

py = VE ] € [d]°* K,(E, ])

= {n e I(Aly, C},,f;,) : Y& € F(Cy(n) N (&) # 0)and Cy(n) \ Ud(é) # (Z)}.
&g
Now let:

7:}, = {F € [a]* : V] € [a]™® py |Ky,0c(15r T)l = w:

Fix y. Suppose ¥, # 0. Enumerate ¥, X w = {(F},[)) : n € w}. Now let p, be a name such that
pykpy:w— wandp, Ik ¥n € wp,(n) € Ky(FZ,f;[n]) \I. Let p, be a name such that p, I p) : v = w and
py ¥ Vn € w p,(n) = max (C},(py(n)) \ Uicn df;(i)). Fix hy : @ — w such that p, + p, <* fl),.

Let U= {y <a:y > wandp, F “C, is a fin sequence” and F,,, # 0}. If U is empty, there is nothing to
do, so just let a} be infinite and almost disjoint with every a,, for y < a. It U is not empty let /1 : @ — w be
such that /1 >* hy, for every y € U. Letal = U, 1(1) \ Uyeo £,(n)- Of course al is almost disjoint with a,, for
every y < a. Now we verify b) (which implies, in particular, that a, is infinite).

Suppose y < « and F satisfy the hypothesis of b). So F € ¥,. We must see that:

py Flin € [(Aly,C,, f,) : YE € FU{aH(Cy(n) N () # 0))] = w.

Suppose this is false. So there exists r < p,, and a natural number [ such that:

ri-{n € I(Aly, C,, f,) : VE € FUla)(C)(n) Na(E) # 0)} € T
and VYn > lvp‘),(n) < I;y(n).

There exists N > I such that h(m) > h,(m) for every m > N. Let n > N be such that I >land F), = F.
Then r I p,(i1) € Ky(Fn, f;[ﬁ]) \ I, sor i py(i1) = [. In order to get a contradiction, it suffices to see that
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r = Cy(p, () N d, # 0. But this is true since r I fy (1) € C,(py(i1)) and r I fy(71) € Ty (1) \ Uiz 0 f5(i) C
hcv(ﬁ) \ Ui<r“1 do fa(i) - d}x'

This finishes the construction. The verification that A = {as : £ < w1} has the required properties is very
similar to the one in the construction in the previous section and left to the reader. [J

Corollary 6.2. Assume CH and let IP,. be the standard forcing notion for adding x random reals. Then there exists
P-indestructible MAD family A such that for wp, “A is fin-intersecting”’. In particular, it remains pseudocompact.

Proof. Let A’ be an infinite countable almost disjoint family. Let IP be the forcing notion for adding w
random reals. By the previous theorem there exists a MAD family A containing A’ which remains MAD
and is fin-intersecting after forcing with IP. We argue that the same happens with P,.

It remains MAD: let G be a IP,-generic filter over V and x € [w]” N V[G]. It is well known that there
exists a IP-generic filter H such that x € V[H] C V[G], thus, there exists a € A such that a N x is infinite.

It is fin-intersecting: let G be a IP-generic filter over V and C € V[G] be a fin sequence. Since C can
be seen as a real, there exists a IP-generic filter H such that C € V[H] € V[G]. Assume that, V[G] VI €
[w]”U,e1 Cn € TH(A). By downards absoluteness, V[H] = VI € [w]“ U, Cn € ITF(A), so V[H] E 3l €
[wl“{filnel:anC, # 0} :a € A}\ [I]" is centered. Now, by upwards absoluteness, V[G] I € [w]“{{n €
I:anC, # 0} :a € A\ [I]* is centered. This completes the proof. [J

It is easy to merge the Cohen and Random constructions into a single construction: just enumerate
all the names as in the two constructions and instead of uniting just two sets to obtain a,, take the union
of four sets, one of them satisfying b) in the Cohen Construction, other c) in the Cohen construction, the
third satisfying b) in the Random Construction, and the fourth d) in the Cohen construction. With this
modification we obtain the following:

Corollary 6.3. Assume CH. Then fin-indestructible MAD families which remain so by adding arbitrarily many
Cohen reals or Random reals with finite supports exist generically.
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