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Abstract. In this paper, we explicitly characterize bounded and compact composition operators from the
space of exponential Cauchy kernels generated by special measures to Bloch and little Bloch type spaces.
Moreover, the norm of a composition operator acting between these spaces is also obtained.

1. Introduction

Denote by ID the open unit disk in the complex plane C, JD the unit circle, H(ID) the class of all analytic
functions on ID and by m the Lebesgue measure on JD such that m(dD) = 1. Let M be the space of all
complex Borel measures on dD and M the subset of M consisting of probability measures. The family K

of Cauchy transforms is a subspace of H(ID) consisting of all those functions which admits a representation
of the form

1
fo= [ mmdu @eD)

for some u € M. Endowed with the norm

. o 1
e = inf {lel = £ = | —dutw),

K becomes a Banach space, where ||| is the total variation of the measure p. By the Lebesgue decomposition
theorem M = M, + M, where M, = {u, € M : p, < m} and My = {u; € M : psLm}. Therefore, for any
u € M, we have yu = u, + ys, where p, € My, ps € M, and [|ull = [luall + llpusll. Thus we also have the

decomposed: K = (K), + (K)s, where (K), is isometrically isomorphic to ED?/E, the closed subspace of Mt

of absolutely continuous measures and (K); is isomorphic to M, the closed subspace of Mt consisting of
singular measures.
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Recently Yallaoui [22] defined the space of exponential Cauchy transforms as

K. = {f €eHD): f(z) = f exp[ ]dy(x)}

The space K. is a Banach space with respect to the norm

M

IIfllw—lnf{Ilyll f(z) = f exp[ _ |au),

and can also be decomposed as K, = (K.), ® (K.)s. Moreover, K C (K.), and H? C (%,), for all p > 0. For
more about these spaces, we refer [1]-[9] and [11]-[22].
The Bloch-type space 8,(ID) = B, consists of all f € H(ID) such that

Iflls, = 1f (O + by(f) = If(O) + sup v@)If'(2)] < e,

where v is a positive continuous function on ID generally called a weight or a weight function. The weight v
is called typical if it is radial, i.e. v(z) = v(|z]), z € ID and v(|z|]) decreasingly converges to 0 as |z| — 1. Also the
little Bloch-type space

B,0(D) = B0 = {f e HID) : lginl v(2)|f'(2)] = 0}

is a closed subspace of B,.
Recall that for ¢ be a holomorphic self-map of D, the composition operator C,, is a linear operator

defined as
Cof =foep, feH(D).

Recently, Abu-Muhanna and Yallaoui [2] characterized bounded and compact composition operators on
the space of exponential Cauchy transforms. Motivated by results in [2], we explicitly characterize bounded
and compact composition operators from the space of exponential Cauchy kernels generated by special
measures to Bloch and little Bloch type spaces. Moreover, we also obtain norm of a composition operator
acting between these spaces. For recent study of composition operators on Cauchy transforms, see [1]-[2],
[7], [8], [11], [12], [21] and the references therein. Throughout this paper, v is a typical weight, and any
positive constants is denoted by C may not be same at each occurrence. The notation 2 < b means that
a < Cbhanda = b, means a > Cb. Moreover, if a < b and b < Ca, then we write a < b.

2. Main results

In this section, we characterize bounded and compact composition operators from the space of expo-
nential Cauchy kernels to Bloch type spaces.
The following two lemmas will play important role in this paper, see Corollary 1 and Lemma 1 in [1].

Lemma 1. The family {f, : x € dD} is a subset of K., where

1
fx(z) =exp [—1 — xz], zeD. (2.1)
Moreover, sup o Il fllx, = 1

Lemma 2. For each f € K,, there exists a measure u € I such that

fe= [ exp =i

and | fllze. = llll-
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The next lemma is proved in [21].
Lemma 3. Let v : D — [0, ) be a typical weight and dA(z) = dA(z)/(1 — |zI*)*. Then f € B, if and only if

a
1

2.2
) dA(z) < oo, 2.2)

I, = FOF +sup | F@PE(1 -

-z
aeD —az

Standard arguments from Proposition 3.11 in [10] yields the proof of the next lemma. We omit details.

Lemma 4. If C, maps K, boundedly into B,, then C, maps K, compactly into B, if and only if for any norm
bounded sequence {f;}jen in K, converging to zero on compact subsets of ID, we have that lim;_,« ||Cy, fillg, = 0.

The compactness of a closed subset F C 8,y can be characterized as follows, see Lemma 1 in [20].

Lemma 5. A closed set F in 8B, is compact if and only if it is bounded with respect to the norm || - ||g, and satisfies

lim sup v(z)|f’(z)| = 0.
|z|—1 feF

Theorem 1. C, maps K, boundedly into B, if and only if

_ YOI .
M= supsup o e M ) < 23

Moreover, if Cy, maps K, boundedly into 8B, then

1
ICllxc s, = My + sup ex %(f)] 4
piems = R TP I T =50 @4

Proof. First, suppose that (2.3) holds. Let f € K. Then by Lemma 2, there is a measure u € M such that

f= [ exp[ =i 25)

and ||p|l = [|fll«,. Thus, we have

f@)= f,;]D P [1 . Ez] 1 —fxz)z ap()

and
f(p@2) = j; P [1 — ;(p(z)] - ;(p 7 du(x).
Therefore,
V@l @If (9@ < fa i ﬁ(i)';” ([;Z;'P exp | (P(Z)]dlul(x) (2.6)
< s 1| [l e

Using the facts that fa]D dlpl@x) = llull, lell = Nl fllg, and [exp(f ()] = exp[R(f(2))] for any f € H(ID), we have
that

, v(2)l’ (@)
s N0 < s 1 o e R e
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Taking the supremum over z € D, we get

sup v(@)I(Cp f) ()] < Mallfllc. - (2.7)

Again

[(Cp.NO) = If (@O =

];D exp [#(P(O)]d#(x)

<supexp 5 | [ awi
TP [‘R(#(p(()))]”f .. (2.8)

Thus from (2.7) and (2.8), we have

IC, flls, < {M1 + sup exp [%(#(p(m)]}ufum

xedD

Hence C, maps K, boundedly into 8, and

1
ICollxc o5, < Mi + sup ex %(f)] 2.9
N S RS T 22

Next suppose that C, maps K, boundedly into 8,. Let

fi(z) = exp [1_1—&], x € dD. (2.10)

Then, by lemma 1, we have sup, ., | fllx, = 1 and

710 = ew| x|

1-xz

From this and the fact that C;, maps K. boundedly into 8,, we have that ||C, f:llg, < ||Cyllx.—s,, for every
x € dD and so

1
Mi+s [%(f)] <||IC B . 211
1 XEL;PDexp T=%00) ICll%. -3, (211)

Furthermore, from (2.9) and (2.11), (2.4) follows and the proof is accomplished. [

Theorem 2. C, maps K, boundedly into B, if and only if

M, = sup sup M exp [?&( 2 )](1 -

a-z [
xeaD aeD Jp |1 = Xp(2)I* 1-xp(2) a

2
— ) dA) 2.12)

is finite.

Proof. 1t is sufficient to show that M, = M% Claim that M, > M% For z € D(a), we have v(a) < v(z) and
|1 — az| < 1 — |a*, Thus by the subharmonicity of the function

e [8( =2 )|
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S -

2
- x¢(
; )] - |2|12 e

we can have
2.2

V@)’ () (Z)I2 ) A)

M, > sup su f [‘R(
? xea?D aellID) p@ 11— x(p(z)|4
= sup supf Z(Z)kp (Z)|2 [ (
xedD aeD JD(a) |1 x@(z)|4
2

2 2
@)l @) [
> - R

Sup S T — Xl (1

This settles the claim. Next we show that M, < M% Again
L0
D

M, < M3 sup f (1 - Ina(2))?dA(z) s M3. (2.14)
aeD JD

a—z

1-az

)] (2.13)

2,2

Jara <1,

a—z
1-az

we have that

Thus the proof is accomplished. [

Theorem 3. The following statements are equivalent:

(1) C, maps K, compactly into B,.
(2) For each of x € T, the transform A defined as

2 ’ 2
AW) = fD %exp[%(%qo(z))](l—|17a(z)|2)2d/\(z)

is a continuous function of x.
(3) For each x in dID and E of D, let

V@)’ @) 2
Vi(E)= | ——=——7ex [%( — )](1 -
O ) T wper P T
Then for any given € > 0 and a subset E of D, there is a 6 > 0 such that v(E) < ¢ for all x in JD whenever

L0

Proof. (1) = (2). Let {x;};en be a sequence in JD such that x; converges to x for some x in JID as j — oo. Let
fx; be defined as in (2.1). Then sup . IIfyllx, = 1and f; = f; uniformly on compact subsets of ID. Since C,,
maps K, compactly into 8B,, so by Lemma 4, we have that [|C,( fx/. - follg, = 0as j— co.

A - a1 =] [ | COWO oxp [ R(—2—)

2,2

) ).

a-z
1-az

2,2

oz )d/\(z)<6.

1-az

11— x]<p(z)|4 - Xjp(z)
V2(2)le’ ()P 2 a-z [}
T M-—zp)p [%(1 —T9(2) )]}(1 1-az ) aNz)
2,2
a—2z

-| [ {5 oprer - it opr@pprafi- {2 )
-z

— Z)Zd)\(z))

1/2

f 1, (0@ (2) — fUpE) Py 2<z>(
= “C(p(ij fx)”Bv -0 as] — 00,
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Thus A(xj) — A(x) as j — co. Hence the transformation A is a continuous function of x € JID.

(2) = (3). If possible, suppose that (2) does not hold. Then there are sequences {xi}ren in D and {Ey}ren in
D such that x; — x and
L=
D

as k — oo, but vy, (Ex) 2 1 for all k € N. Now

Z)Zd/\(z) 50

a—z
1-az

e |8 (s )

2y () — va(EQ)] < f

Ex
V2(2)lg’ (2) 2 a—z %\
Thus
V2 (2)lg’ (2) 2
va(B) < f Towoer 2 M)
V2(2)l¢’ () 2 a—z %\
T P [*R(—l e )] (1 S ) A (zZ) + ve(Ep). 2.16)
Also C, maps K, boundedly into 8,, so we have that
B VZ(Z)l(p,(Z)F 2 a—z 2,2
we)= | oo e Bl - =zl ) we
2,2
2 B — — 00
<M fEk (1 = ) dA(z) — 0 as k — oo, (2.17)

Using (2.16) and (2.17) in (2.15), we have that v,(Ex) — 0, contradiction. Hence (2) = (3) holds.
(3) = (1). Let € > 0 be given. Using the identity:
a-z [ (1=laP)(1-zP)

1 —
|1 — az|?

1-az

we can easily see that
2,2

a-z
1- dA(z) = 1.
j]];( 1-az ) A@)
Therefore, by the Jensen’s inequality we have that
V@' (@) 2 a—z [*?
GG T Y | ]
fD iomoor 2 Bl i - =2l ) we

a—z 2

2
) da@dul)

<t [ % S =—re)

Choose a compact set QO C ID such that

a—

fD\Q(l_ 1-

2.2
)Mm<a

z
az
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Then

a—z 2,2

1-az ) aMz)

2 ’ 2
fm —Tl(f)?¢§§§'|4 exp [%(%go(z))](l -

V(2)lg’ (2)P 2 a—-z [P
< Nl j;]D f\Q 11 —xp(z)[* P [%(T(p(z))](l -2z ) M)l (x)
< ellpell fan) dlul(x) = ell fillf. <e. (2.18)

On Q, there is some kg such that | fk’ ((pi(z))l2 < e fork > ko. Thus for k > kg, we have that

2,2

[ ek erie - F=Z] ) ae

<eC fK |<p'(z)|2v2(z)(1_

Therefore, by (2.18), (2.19) and the fact that ¢ € 8B,, we have that [|Cy) fillg, — 0 as k — oo. This completes
the proof of (3) = (1).
J

a—z 2,2

— ) dA(z) < eClipll, (2.19)

Theorem 4. C, maps K, boundedly into B, if and only if

_ V@I’ () 1 N
= supsup o oo [N )| < 220
and
v(2)lp’ ()] 1 3
ol [1-xp@)P [%(1 —%(2) )] =0 @21)

for every x € JD.

Proof. Firstsuppose that (2.20) and (2.21) hold. Let f € K, be arbitrary. Then using Lemma 2 and proceeding
as in Theorem 1, we have

VRl @I (@) < f A | 10 (2.22)

oo 1-xp@)P | F [ (p()

By (2.21), the the left hand side in (2.22) tends to zero for every x € dD, as |z| — 1, and it is dominated by
M;, where M; is as in Theorem 1. Thus by the Lebesgue-dominated convergence theorem, the integral in
(2.22) tends to zero as |z| — 1. Therefore,

lim v(@I(Cpf) (2)] = 0.

Thus C,,f € B, for every f € K,. Hence C, maps K, boundedly into 8,9. Conversely, suppose that C,,
maps K, boundedly into 8,. Then C,, f; € B, for every function f,, x € JID, defined in (2.10), that is

b %P [9‘(#@)] -

for every x € dID. Since C, maps K, boundedly into 8, , so C, maps K, boundedly into 8,. Therefore, by
Theorem 1, (2.20) follows, as desired. [
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Theorem 5. C, maps K, boundedly into B, if and only if
: v(@)l¢’ (2)] [ ( 1 )]
1 —_— ——]| =0. 2.2
A2 T xper TP M TR ) 22
Proof. By Lemma 5, the set {C,f : f € K., ||fllx. <1} has compact closure in 8, if and only if

|£}I—n>1 sup{v@)(Co /) @) : f € Ko, lIfllx, <1} = 0. (2.24)

Let f be a function in the unit ball of k.. Then there is a u € M such that ||ul| = [|f]lx, and

fz) = fa e [1_1—;Cz]dp(x).

Thus proceeding as in Theorem 1, we have
v(2)l’ (2)| [ ( 1 )]
i -xpeP “P M 5@
V@)’ (@)l [ ( 1 )]
< T-xper M Fe )|
Using (2.24) in (2.25), we get (2.23). Hence C, maps K, compactly into 8, . Conversely, suppose that C,

maps K, compactly into B,,0. Using the functions in (2.10) in (2.24), we easily have the desired condition in
(223). O

vI(Cy f) (2)]

(2.25)
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