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N-hyperideals and related extensions

Mahdi Anbarloei?®

®Department of Mathematics, Faculty of Sciences, Imam Khomeini International University, Qazvin, Iran.

Abstract. Various classes of hyperideals have been studied in many papers in order to let us fully under-
stand the structures of hyperrings in general. The purpose of this paper is the study of some hyperideals
whose concept is created on the basis of the intersection of all n-ary prime hyperideals in category of Krasner
(m, n)-hyperrings. In this regard we introduce notions of N-hyperideals, 5-N-hyperideals, (k, n)-absorbing 6-
N-hyperideals and S-N-hyperideals. The overall framework of these structures is then explained, providing
a number of major conclusions.

1. Introduction

The notion of prime ideal as an extension of the notion of prime number in the ring of integers plays a
highly important role in the theory of rings. In 2017, Terkir et al. [13] proposed a new class of ideals called
n-ideals and investigated some properties of them analogous with prime ideals. Let I be an ideal of ring
R. I refers to an n-ideal if the condition xy € I with x ¢ \/6 implies y € I for all x,y € I. Afterward, the
concept of (2, n)-ideals in a commutative ring was defined by Tamekhante and Bouba [14]. They gave many
results to show the relations between this new notion and others that already exist. Indeed, the notion is
a generalization of n-ideals. A proper ideal I of R is said to be a (2, n)-ideal if xyz € I for x, y,z € R implies
that xy € I or yz € V0 or xz € V0.

Algebraic hyperstructures arise as natural extensions of classical algebraic structures when the com-
position operator is multivalued. The pioneer of this theory was the French mathematician F. Marty [8],
who introduced the concept of hypergroup in 1934 on the occasion of the 8 Congress of Scandinavian
Mathematicians in Stockholm. Since the 1970s, hyperstructure theory has experienced a surge of interest,
when its research field was greatly extended by the introduction of other useful notions. Nowadays, hyper-
compositional algebra has a variety of relationships with other areas of mathematics. One significant type
of hyperrings was introduced by Krasner, when the addition is a hyperoperation, while the multiplication
is an ordinary binary operation, which is said to be Krasner hyperring. An extension of the Krasner hy-
perrings, which is a subclass of (m, n)-hyperrings, was presented by Mirvakili and Davvaz which is called
Krasner (m, n)-hyperring, in [9]. Ameri and Norouzi defined some substancial classes of hyperideals in
Krasner (m, n)-hyperrings [1]. Later, in [7] the concepts of (k, n)-absorbing hyperideals and (k, n1)-absorbing
primary hyperideals were studied by Hila et al.. Norouzi and his colleagues illustrated a new defnition for
normal hyperideals in Krasner (i, n)-hyperrings, with respect to that one given in [9] and they proposed in
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[10] that these hyperideals correspond to strongly regular relations. In [5], Asadi and Ameri showed direct
limit of a direct system in the category of Krasner (m, n)-hyperrigs. Ozel Ay et al. presented the idea of
O-primary on Krasner hyperrings [12]. The notion of d-primary hyperideals in Krasner (i, n)-hyperrings,
which unifies the prime and primary hyperideals under one frame, was defined in [3]. For a Krasner
hyperring, the concept of n-hyperideals was briefly introduced by Omidi et al. in [11].

For a commutative Krasner (11, n)-hyperring H, V0" is the intersection is taken over all #-ary prime
hyperideals.

s (n-s)
(mn) _ g(ll( )r 1H ) =0, s<n }}
A {aeH|{ gn@®) =0 s>n,s=ln-1)+1

is an alternative definition of V0. In this paper, we aim to analyze some notions of hyperideals
established on basis of the intersection of all n-ary prime hyperideals in a commutative Krasner (m, n)-
hyperring. The paper is orgnized as follows. In Section 2, we have given some basic definitions and results of
commutative Krasner (1, n)-hyperrings which we need to develop our paper. In Section 3, we introduce the
idea of n-ary N-hyperiudeals in a commutative Krasner (m, n)-hyperring and give several characterizations
of them. In Section 4, we extend the notion of n-ary N-hyperideals to n-ary 6-N-hyperideals. We obtain
many specific results explaining the structures. Afterward, in Section 5, we study an expansion of the
previous concept called (k, 17)-absorbing 0-N-hyperideals. Some properties of them are provided. The last
section is devoted for introducing the n-ary S-N-hyperideals.

2. Preliminaries

For a non-empty set H, the mapping f : H" — P*(H) is called an n-ary hyperoperation where P*(H)
is the family of all the nonempty subsets of H. An n-ary hypergroupoid is an algebraic system (H, f). Let

Hi,---,H, be non-empty subsets of H. Then f(HY) = f(Hi, -, Hy) is defined by U {f(a?) la; e H;, 1 <i< n}.

The sequence a;,a;11,+ - - ,a; is denoted by al], and so we write
f(al/ s, 4ag, bi+l/ T /bj/ Cij+1, " Cl’l) - f(all i1’ ]+1)

Moreover, if by =+ = b; = b, then we write f(aj, b0, c],,). a) is the empty symbol if j < i. For an n-ary
hyperoperation f, (I(n — 1) + 1)-ary hyperoperation f is given by

I(n-1)+1\ _ 2 1 I(n-1)+1
f(l)(al )= f(f( S f(agl) an:l—l st )' “(171)(;171)“)'

Recall from [9] that an algebraic hyperstructure (H, f,g) , or simply H, is called a commutative Krasner
(m, n)-hyperring if
(1) (H, f) is a canonical m-ary hypergroup, i.e., for 1 <i < j <nanda?' € H, f( , flar=h), e 1)

n+i

f (”1 f (a';ﬂ W 1) and "' : H — H is a unitary operation such that

7l+]

1 _

(i) there exists a unique e € H, such that f(a,e V) =aforeverya € Hand ¢! = ¢;

(ii) for each a € H there exists a unique a™! € H withe € f(a,a™!,e("2);

(ili) ifa€ f(a]'), thena; € f(a,a™!,--- ,a7",a;},--- ,a,}) for all i,
(iv) f@"=f (azg'lﬂ)) forall o €5, and for all a]' € H,

(2) (H,g)isan-ary semigroup,

(3) ( f(x’") qu) f(g(a xl,aﬁl),--- ,g(ag‘l,xm,afﬂ)) for everya ,aHl,x €eH,and1<i<mn;
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(4) 9(0,a}) = g(a,0,a}) = --- = g(a5,0) = 0 for every a; € H,

(6) g} = g(a%‘)) ) forallo €8, and for all a} € H.

For a non-empty subset S of H, if (S, f, g) is a Krasner (m, n)-hyperrin, then S is called a subhyperring of H .
Let I be a non-empty subset of H. I refers to a hyperideal of (R, f, g) if (I, f) is an m-ary subhypergroup of
(H, f) and for every " €e Rand 1 < i < n, g(ai*,1,a". ) C I.
Definition 2.1. [9] Suppose that (Hi, fi,91) and (Hy, f, g2) are two Krasner (m,n)-hyperrings. A mapping d :
H, — H, is called a homomorphism if

(i) d(lg,) = 1x,,
(i) d(fi(ar, - am) = fo(d@), - d(an)),

(i) (g0, b)) = ga(d(Br), -+, d(by))
forall al" € Hy and b} € Hy.
Now, We recall some definitions from [1]. Let I be a hyperideal in a commutative Krasner (i, n)-hyperring
R with scalar identity. VI """ is the intersection is taken over all prime hyperideals of H which contain I. If
the set of all prime hyperideals containing I is empty, then \/T(m'n) = H. Theorem 4.23 in [1] shows that if
a € VI™" then there exists f € N such that g(a®, 1g_t)) elfort<n, orgy@?)elfort=1In-1)+1.

Definition 2.2. [1] Let I be a proper hyperideal of a commutative Krasner (m, n)-hyperring H with the scalar identity
1g. I referstoa

(1) maximal hyperideal of H if for every hyperideal I' of H, I C I’ C H implies that I' = M or I’ = H. The
intersection of all maximal hyperideals of H is called the Jacobson radical of H which is denoted by [, (H). If
H does not have any maximal hyperideal, we define | »(H) = H.

(2)  n-ary prime hyperideal if for hyperideals Iy,--- I, of H, g(IY) € I implies that I; C I for some 1 < i < n.
Lemma 4.5 in [1] shows that if for all a} € H, g(a}) € [ implies that a; € I for some 1 < i < n, then L is a prime
hyperideal.

() n-ary primary hyperideal if g(a?) € I and a; & I, then g(ai™*, 1y, a’) € \/T(m'n) for some 1 < i < n. Theorem
4.28 in [1] shows that if I is a primary hyperideal of H, then \/f(m'n) is prime.

Definition 2.3. [1] Let a be an element in a commutative Krasner (m, n)-hyperring H. The hyperideal generated by
a is denoted by < a > and defined by

9(H,a,1") = {g(r,a,1"?) | r € H|.

Definition 2.4. [1] Let a be an element in a commutative Krasner (m, n)-hyperring H. It is invertible if there exists

b € R with 1y = g(a,b, 1;;'_2)). Let U be a subset of H. Then U is invertible if and only if every element of U is
invertible.

3. n-ary N-hyperideals

In this section, we present the concept of n-ary N-hyperideals and study many properties of them with
similar n-ary prime hyperideals.

Definition 3.1. Let I be a proper hyperideal of a commutative Krasner (m,n)-hyperring H. I refers to an n-ary

N-hyperideal if whenever x| € H with g(x7) € I and x; ¢ \/ﬁ(m'n) for some 1 < i < n imply that g(x\1, 1y, xt ) €L



M. Anbarloei / Filomat 38:8 (2024), 2755-2772 2758

Example 3.2. Let x > 1. Consider n-ary hyperintegral domain ([x, co) U {0}, B, -) where & is defined by

bma={a} ifb=0,
am@b= {min{a,b}} ifa #0,b#0anda+Db,
2,000 U{0} ifa=bw0.

and ” - " is the usual multiplication. The hyperideal O is the only n-ary N-hyperideal of ([x, c0) U {0}, |, -).

Theorem 3.3. For an n-ary N-hyperideal I of a commutative Krasner (m, n)-hyperring H, I C \/ﬁ(m'n).

Proof. Let I be an n-ary N-hyperideal of a commutative Krasner (m, n)-hyperring H however I ¢ Vﬁ(nl'n).
Assume thatx € [ butx ¢ Vﬁ(m'n). Since [ is an n-ary N-hyperideal of H and g(x, 12;_1)) €I, we get g(lg)) €l
yielding a contradiction. Consequently, I C \/6(%”). O

The next Theorem gives a characterization of n-ary N-hyperideals.

Theorem 3.4. Let I be an n-ary prime hyperideal of a commutative Krasner (m, n)-hyperring H. Then I is an n-ary
N-hyperideal if and only if I = Vo,

Proof. = Let I be an n-ary prime hyperideal of H. Clearly, \/G(m'n) C I. Suppose that I is an n-ary N-
hyperideal of H. Hence we obtain I C Vﬁ(m'n), by Theorem 3.3. Then we conclude that I = Vo

—Letl= \/6(m'n). We presume x} € H with g(x]) € I such that x; ¢ \/(_)(m'n) for some 1 <i < n. Since I is an
n-ary prime hyperideal of H and x; ¢ I, then there exists 1 < j <i—1ori+ 1< j < nsuch that x; € I. This
implies that g(x™!, 1y, x7,,) € I. Thus, I is an n-ary N-hyperideal of H. [J

In view of Theorem 3.4, we have the following result.

Corollary 3.5. Let H be a commutative Krasner (m, n)-hyperring. Then V0" is an n-ary prime hyperideal of H
if and only if it is an n-ary N-hyperideal of H.

Proof. = Suppose that Vﬁ(m'n) is an n-ary prime hyperideal of H. By Theorem 3.4, \/G(m'n) is an n-ary
N-hyperideal of H.

— Let \/6(7"'”) be an n-ary N-hyperideal of H. Assume that g(x]) € \/6(m'n) for some x| € H such that
X ¢ \/ﬁ(m'n) for some 1 <i < n. Then we get g(xg‘l, 1y, x! ) € \/6("1'”). Since «/6("””) is an n-ary N-hyperideal
of H, we can continue the process and obtain x; € \/6(7'1’”) for some 1 < j < n. This means that \/6(%”) is an

n-ary prime hyperideal of H. [J

Theorem 3.6. Let I be a proper hyperideal of a commutative Krasner (m, n)-hyperring H. If every proper principal
hyperideal is an n-ary N-hyperideal, then so is I.

Proof. Assume that I is a proper hyperideal of H. Let g(x]) € I for some x] € H such that x; ¢ Vﬁ(m'n) for
some 1 < i < n. Since every proper principal hyperideal is an n-ary N-hyperideal and g(x}) € {g(x})), we
get g(xi™, 1y, ¥, ) € (g(x})) € I. This means that I is a an n-ary N-hyperideal of H. [J

Theorem 3.7. Let I be a proper hyperideal of a commutative Krasner (m,n)-hyperring H. Then the following
statements are equivalent:

(1) Iisan n-ary N-hyperideal of H.
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(2) I=E,whereE, = {y €H|g(x,y, 1;;1_2)) € I}for every x ¢ \/6(7"'").

©)) g(IT) C I for some hyperideals I} of H such that I; N (H — \/(_)(m'n)) # @ for some 1 < i < n imply that
g1y, I ) S L
Proof. (1) = (2) Let I be an n-ary N-hyperideal of H. We always have I C E, for every x € H. Assume
that y € E; but x ¢ \/6(7"’”). This implies that g(x, y, 12_2)) € I. Since I is an n-ary N-hyperideal of H and
xé \/6(7"'"), then y = g(y, 1;3_2)) € I. Therefore, we have I = E,.

(2) = (3) Let g(I}) C I for some hyperideals I} of H such that I; N (H — \/ﬁ(m'n)) # @ forsome 1 <i<n.
Then we get x; € I; such that x; ¢ \/(_)(m'n). Hence, g(I ™", x;, I, ) € I which implies g(I™*, 1y, I, ) € E,. Since
I = E,, for every x; ¢ Vﬁ(m'n), then we get g(I'™!, 1, r,)cl

(3) = (1) Assume that g(x]) € I for some x] € H such that x; ¢ \/6(%”) for some 1 < i < n. We get

(m,n)
g((rd, -+, (o)) € () € Tand (x) ¢ VO Then we conclude thatg((x1), -+, (xi1), L, (xinn), -+, (%))
I which means g(x|™!, 15,7, ,) € I. Thus, I is an n-ary N-hyperideal of H. [J

Theorem 3.8. Let T be a non-empty subset of a commutative Krasner (m,n)-hyperring H. If I is an n-ary N-
hyperideal of H such that T € I, then Et = {x €H|gx,T, 11(572)) cl } is an n-ary N-hyperideal of H.

Proof. Clealy, Er # H. Assume that g(x]) € Er for some x] € H such that x; ¢ \/6(m'n) forsome 1 <i < n.
This means that g(g(x?), t, 12;_2)) € I for each t € T and so g(xl-, g(xg‘l,t, Xt ), 1;';_2)) € I. Since I is an n-

ary N-hyperideal of H and x; ¢ \/(_)(m'”), we get g(g(xg‘l, 1n, %2 )t 1;_71'_2)) = g(xi‘l,t, x! ;) € I which means

g(xi™', 1y, 7 |) € Er. Consequently, Er is an n-ary N-hyperideal of H. [

Theorem 3.9. For a maximal N-hyperideal I of a commutative Krasner (m, n)-hyperring H, I = \/6(7“'71).

Proof. Suppose that I is a maximal N-hyperideal of H. Let us consider g(x}) € I for some x] € H. We may
assume that x,, ¢ I. By Theorem 3.8, we conclude that E,, is an n-ary N-hyperideal of H with I € E,,. Since
I'is a maximal N-hyperideal of H, we have E,, = I and so g(x’f‘l, 1y) € I. Now, we assume that x,,_1 ¢ I. In

a similar way, we get g(x"~2, 1;2[)) € I. By continuing the argument, we obtain x; € I which implies I is an

n-ary prime hyperideal of H. Then, we conclude that [ = \/6(%”), by Theorem 3.4. [
The next result characterizes hyperrings admitting n-ary N-hyperideals.

Theorem 3.10. Let H be a commutative Krasner (m,n)-hyperring. Then H admits an n-ary N-hyperideal if and
only if \/6(7"’”) is an n-ary prime hyperideal of H.
Proof. = Let I be an n-ary N-hyperideal of H and let X be the set of all n-ary N-hyperideals of H. Then

L # @,since ] € L. So X is a partially ordered set with respect to set inclusion relation. Now, we take the
chain; CL, C---C I, C--- in X. Put P = (J;2; [;. We prove P is an n-ary N-hyperideal of H. Assume that

g(x7) € P for some x7 € H such that x; ¢ \/6("1’"). Then there exists s € IN such that g(x]) € I;. Then we get

g(xg‘l, 1y, x!,) € Is € P, as I; is an n-ary N-hyperideal of H and x; ¢ \/6(%”). This means that P is a upper
bound of the mentioned chain. By Zorn’s lemma, there is a hyperideal Q which is maximal in .. Hence

Q= \/6(7”'") is an n-ary prime hyperideal of H, by Theorem 3.9.

& Let \/ﬁ(m'n) be an n-ary prime hyperideal of H. Then it is an n-ary N-hyperideal of H, by Corollary
35. O
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Corollary 3.11. Let I be a hyperideal of a commutative Krasner (m, n)-hyperring H with I C \/(_)(m'n). Then I is an
n-ary N-hyperideal of H if and only if I is an n-ary primary hyperideal of H.

Proof. Straightforward. O
Now, we are interested in the hyperrings over which 0 is the only n-ary N-hyperideal of H.

Theorem 3.12. Let H be a commutative Krasner (m,n)-hyperring. Then 0 is the only n-ary N-hyperideal of H if
and only if H is an n-ary hyperintegral domain.

Proof. = Let 0 be the only n-ary N-hyperideal of H. Then by Theorem 3.10, «/6(’“’”) is an n-ary prime

hyperideal of H. Therefore \/6(m'n) is an n-ary N-hyperideal of H, by Corollary 3.5. Thus 0 = \/6(’”'”) is an
n-ary prime hyperideal of H which means H is an n-ary hyperintegral domain.

&= Let H be an n-ary hyperintegral domain. Suppose that I is an n-ary N-hyperideal of H. ThenI C «/6(’”’”),
by Theorem 3.3. Since H is an n-ary hyperintegral domain, we get 0 = x/ﬁ(’”’”). Hence I = 0 is the only n-ary
N-hyperideal of H. [J

Let (Hy, f1,91) and (Hy, f2, g2) be two commutative Krasner (m, n)-hyperrings such that 1y, and 1p, be
scalar identitis of H; and H», respectively. Then the (m, n)-hyperring (H1 X Hy, fi X f2, 91 X g») is defined by
m-ary hyperoperation f = f; X f, and n-ary operation g = g; X g», as follows:

Fx (G, ), G ym) = {6 ) | x € AET), Y € A

1 X ga((@1,b1), -+, (@, b)) = (1@, g2(89)),
for all x7",a} € Hy and y{', b} € Hy [2].

Theorem 3.13. Let (Hy, f1,91) and (Hy, f2, g2) be two commutative Krasner (m, n)-hyperrings such that 1p, and
1y, be scalar identitis of Hy and H,, respectively. Then Hy X Hj has no n-ary N-hyperideals.

Proof. Letl; and I, be hyperideals of Hy and Hy, respectively, and let I; XI, be an n-ary N-hyperideal of Hi xH,.
It is clear that (1g,,0n,), Oy, 11,), (Qny, 10,) € m(m'”) but g1 % 92((1H1/0H2)/ O, 11,), (1H1,1H2)(n—2)) c
I; X I. Therefore we obtain (1g,,0m,) = g1 X gz((lHl,OHz), (1Hl,1H2)(”‘1)) € I X I and (Og,, 1p,) = g1 ¥
92((,, 1), On,, 1), (11, 1,)"2) € I X Ip. This implies that

(1H1/ 1H2) = fl X f2<(1H1/ OHz)/ (0H1/ 1Hz)/ (0H1/ OHz)(m_Z))) € Il X IZ
which means I} X I, = H; X H,. [

Theorem 3.14. Suppose that (Hy, f1,g1) and (Hy, f2, g2) are two commutative Krasner (m, n)-hyperrings and h :
H; — H; is a homomorphism. Then:
(1) If h is a monomorphism and I, is an n-ary N-hyperideal of Hy, then h™'(I,) is an n-ary N-hyperideal of H;.
(2) Let h be an epimorphism and 11 be a hyperideal of Hy with Ker(h) C . If I is an n-ary N-hyperideal of Hy,
then h(l1) is an n-ary N-hyperideal of H».

Proof. (1) Let q1(x]) € h=(I,) for xj € Hjp such that x; ¢ +/0p, o) for some 1 < i < n. Then we have
h(gl (x;’)) = g2<h(x;‘)) € I,. Since h is a monomorphism and x; ¢ /Og, (m'n), then h(x;) ¢ \IOHZ(m'n). Since I, is a

N-hyperideal of H, we get the result that

9a(1(x1), -y P61, Ly B(i11), oy )
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= WG, L, )
el
which follows g1 (i, 1y, x7.,) € h™'(Iy). Thus h™'(I,) is an n-ary N-hyperideal of H;.

(2) Let 92(y}) € h(l1) for some y| € H such that y; ¢ M(m'n). Since & is an epimorphism, then there
T € Ry with h(x1) = y1,-+ ,h(xy) = yu. Therefore h(gl(x’f)) = gz(h(x1),...,h(xn)) = g2(yy) € h(h).
Since Ker(h) € I, then we have g;(x]) € I;. Since y; ¢ \/O_Hz(m'n), then x; ¢ \/@ ™" Since I is an n-ary
N-hyperideal of Ry and x; ¢ \/@ (m'n), we obtain g1(x\ !, 1y,,x".,) € I; which means

exist x

g (7 1y, 200)) = g2 (), oy PG, Lty (11, oy PG

= g2(y 1y, v, ) € h(ly)
Consequently, h(l;) is an n-ary N-hyperideal of H,. [

Corollary 3.15. Let H' be a subhyperring of a commutative Krasner (m, n)-hyperring H. If I is an n-ary N-hyperideal
of H such that H' ¢ I, then H' N I is an n-ary N-hyperideal of H'.

Proof. Let us consider the identity map j from H’ into H. We conclude that H’ N1 is an n-ary N-hyperideal
of H', by Theorem 3.14 (2). O

Let ] be a hyperideal of a commutative Krasner (m, n)-hyperring (H, f, g). Then the set
H/J = {f@, L a}i)) ™t € H)

endowed with m-ary hyperoperation f which for all a}",--- ,a"" € H

13 1 (i-1)
f(Fa™ Laigt) - fans ™ L))

= f(F@), -, f@E0, 1 f@ED), -, fagm)

and with n-ary hyperoperation g which for allal?,--- ,a™ e H
1(i-1 m 1
(f(a - )/]ra%(,q.l))/ e /f( n(] )r]1 n(1+1)))

= flo@h), - 9@ i), L 9@, fai)
construct a commutative Krasner (m, n)-hyperring, and (H/J, f, ) is said to be the quotient Krasner (m, n)-
hyperring of H by J [1].
Now, we determine when the hyperideal I/] is n-ary N-hyperideal in H/].

Theorem 3.16. Let I and | be two hyperideals of a commutative Krasner (m, n)-hyperring H with | C 1. If I is an
n-ary N-hyperideal of H, then 1/] is an n-ary N-hyperideal of H/1.

Proof. Consider the projection map of H of J, thatis, 0 : H — H/], defined by a — f(a,I,0""~?)). By using
Theorem 3.14 (2), we are done. [J

Theorem 3.17. Let I and | be two hyperideals of a commutative Krasner (m, n)-hyperring H with | C I. If I/] is an
n-ary N-hyperideal of H/] with | C \/@(m'n), then I is an n-ary N-hyperideal of H.

Proof. Let g(x}) € I for x| € H such that x; ¢ \/OH(m’n) for some 1 <i < n. Then we get

g(fCer, B O, fla, 0% ) = £(a6e), 1,085, 7) € 1/).
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Note that f(x;, ], 0% ) ¢ \/OH/](m'n). Since I/] is an n-ary N-hyperideal of H/J and f(x;, J,0\/) ¢ \/@/](m’n)r
we get the result that

g(Fer, LOY ), -, fxioa, L O, Ay, fxia, 1,057,

e fGen, O ) €1/
(m-2)

1] ) € I/]. Therefore g(xg_l, 1p,x,,) € I. Thus Iis an n-ary N-hyperideal

which implies f (g(xg_l, 1y, x!1),J,0
of H. O

Using Theorem 3.3 and Theorem 3.17, we have the next corollary.

Corollary 3.18. Let I and ] be two hyperideals of a commutative Krasner (m,n)-hyperring H with | C I. If I/] is an
n-ary N-hyperideal of H/] such that | is an n-ary N-hyperideal of H, then I is an n-ary N-hyperideal of H.

Proof. The proof follows from Theorem 3.3 and Theorem 3.17. [J

4. n-ary 6-N-hyperideals

Recall from [3] that a function 6 is a hyperideal expansion of a commutative Krasner (m, n)-hyperring H
if it assigns to each hyperideal I of H a hyperideal 6(I) of H such that I C 6(I) and if I C ] for any hyperideals
I,] of H, then &(I) C 6(]). For instance, 8o(I) = I, 51(I) = VI and 6y(I) = H for all hyperideals I of H are
hyperideal expansions of H. Moreover, 6,(I/]) = 6(I)/] for expansion function 6 of H and for all hyperideals
I of H containing hyperideal | is an hyperideal expansion of H. By using a hyperideal expansion 6 of H, we
present the following definition.
Definition 4.1. Assume that 6 is a hyperideal expansion of a commutative Krasner (m, n)-hyperring H. A proper

hyperideal I of H is said to be an n-ary 6-N-hyperideal if g(x]) € I for x| € H and x; & «/6(”””) forsomel <i<mn
imply that g(xi*, 1p, x7. ) € 6(I).

Example 4.2. Assume that Zy; = {0, 1,2,3,--- ,11} is the set of all congruence classes of integers modulo 12
and 7, = {1,5, 7,11} is multiplicative subgroup of units Zyp. Construct H as Zq12/2Z3,. Then we have H =

Krasner hyperring (H, 8, o) that for all X, € H, % o §j = xy and 2-ary hyperoperation &8 is defined as follows

B0 1 2 | 3] 416
010 1 2 [ 3] 416
1/1/0246|1,3/24(1,3|1
212 ,3 |04] 1 [26]4
3[3] 24 1[06] 13
414 1,3 2,6 | 1 [0,4]2
6|6 1 4 | 31210

In the hyperring, Vo*? = {(), 6} and [ = {(), 2,4, 6} is a 2-ary 61-N-hyperring.
Theorem 4.3. Let I be an n-ary O-primary hyperideal of a commutative Krasner (m,n)-hyperring H such that

Ic \/6("1'”). Then I is an n-ary 6-N-hyperideal of H.

Proof. Let g(x]) € [for x} € Hsuch thatx; ¢ \/ﬁ(mln) forsome 1 < i < n. By the assumption, x; € I. Since I is an
n-ary 6-primary hyperideal of H, we conclude that g(x'™!, 1y, x". |) € 6(I). Thus I is an n-ary 6-N-hyperideal
of H. O
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The next Theorem shows that the inverse of Theorem 4.3 is true if I = \/(_)(m'n).

Theorem 4.4. Let \/(_)(m'n) be an n-ary 6-N-hyperideal of a commutative Krasner (m, n)-hyperring H. Then \/(_)(m'n)
is an n-ary O-primary hyperideal of H.

(m,n) (m,n) . . (mn) .
Proof. Let g(x}) € VO for some x] € H such that x; ¢ VO forsome 1 <i < n. Since VO ' is an n-ary
0-N-hyperideal of H, we get the result that g(xg‘l, 1y, xlf’ﬂ) € ( w/ﬁ(’”’”)), as needed. O

Theorem 4.5. Let I be a proper hyperideal of a commutative Krasner (m, n)-hyperring H. Then the followings are
equivalent:

(1) Iisan n-ary 6-N-hyperideal of H.
(2) E.C Vo for all x ¢ 6(I) where Ey = {y €eH|g(x,y, 1;;'_2)) € I}.
() Ifg(x, It™") C I for some hyperideals I'~' of H and for some x € H implies x € \/6(m'n) or g(1g, It™1) € 6(D).

(4) Ifg(I}) C I for some hyperideals If‘l of H, then ; N (H— x/ﬁ(’”’”’) =@ forsomel <i<nor g(Ii‘l, 1y, It ) €
o(I).

Proof. (1) = (2) Assume that y € E,. So g(y, x, 12;_2)) € I. Since I is an n-ary 6-N-hyperideal of H and
x = g(x, lg‘_z)) ¢ 0(I), we obtain y € \/6(%") which means E, C x/ﬁ('"’”).
(2) = (3) Let g(x, 11”‘1) C I for some hyperideals I;“l of H and for some x € H such that g(1g, I;"l) & o(I).
Hence there exist a; € I,--- ,a,-1 € I,—1 such that g(1x, a;"l) ¢ o(I). Since x € Eg(lH,a;t—l), we conclude that
Ye \/6(7”’”).
(3) = (4) Let g(I}) < I for some hyperideals I;"l of H such that I; N (H — Vﬁ(m'n)) # @ forsomel <i<n.
Theref(()re)we have some x € [; N (H — \/6(m'n)). Since g(Ii‘l,x, I') € I, we get g(Ii‘l,lH,I;‘H) C o(D), as
xe Vo,
(4) = (1) Suppose that g(x]) € I for x| € H such that x; ¢ \/ﬁ(m'n) for some 1 < i < n. Let us consider
I =), Iy = x). Since ;0 (H — VO # @, we conclude that g(xi=!, 141, ¥%, ) € g(I, 1, I ) € 5(1).
Thus I is an n-ary 6-N-hyperideal of H. [
Theorem 4.6. Let I be an n-ary 0-N-hyperideal of a commutative Krasner (m, n)-hyperring H and let x ¢ 6(I). If
F, C O(E,) where F, = {y € H|gy,x, 1;3_2)) € 6(1)} and E, = {y € H|gy,x, 1%'_2)) € I}, then E, is an n-ary
0-N-hyperideal of H.

Proof. Let g(x]) € E, for x{ € H such that x; ¢ \/ﬁ(m'n) for some 1 < i < n. Hence g(g(x?), X, 1g‘2)) =
g(x,-, gt x,xl ), 12’_2)) € I. Since I is an n-ary 6-N-hyperideal of H, we have g(x'™!,x,x7,,) € 6(I). Hence
g(x7', 1y, 1) € Fx € 6(E,), as needed. [

Recall that a hyperideal expansion 6 of H is intersection preserving if it satisfies 6(I; N I,) = 0(I1) N 6(I7)

for each hyperideals I; and I, of a commutative Krasner (m, n)-hyperring H. For instance, the hyperideal
expansion 6; of H is intersection preserving.

Theorem 4.7. Let I be some n-ary 6-N-hyperideals of a Krasner (m, n)-hyperring H and let the hyperideal expansion
b of H be intersection preserving. Then (i, I; is an n-ary 5-N-hyperideal of H.

Proof. Put I = ML, I;. Suppose that g(x}) € I for x! € H with g(x™!, 15, x7. ) ¢ o(I). Since the hyperideal
expansion 0 of H is intersection preserving, then there exists 1 < t < n with g(xll’l, 1n,x7 1) ¢ 6(I1). Asliiaan

n-ary 6-N-hyperideal of H, we have x; € \/6(m'”). Therefore I = (N, [; is an n-ary 6-N-hyperideal of H. O
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Theorem 4.8. Suppose that 11,1, and 13 are proper hyperideals of a commutative Krasner (m, n)-hyperring H with
L €I, C Iz and 8(11) = 6(I3). If I is an n-ary 0-N-hyperideal of H, then I, is an n-ary 6-N-hyperideal of H.

Proof. Let g(x]) € I for some x{ € H such that x; ¢ Vﬁ(m'n). Since I3 is an n-ary 6-N-hyperideal of H

and I, C I5, then we conclude that g(xlfl, 1g,x7,) € 6(I3). Then we get g(xg‘l, 1y, x7,,) € 6(I). Therefore
g™, 1g,x ) € 6(2), as I C Ir. Thus I is an n-ary 6-N-hyperideal of H. [J

Theorem 4.9. Suppose that I is a proper hyperideal of a commutative Krasner (m, n)-hyperring H such that 5(I) is
an n-ary N-hyperideal of H. Then I is an n-ary 6-N-hyperideal of H.

Proof. Let 6(I) be an n-ary N-hyperideal of H. Let g(x}) € I for x| € H with x; ¢ \/6(m'") for some 1 <i < n.
Since I € 6(I) and 6(I) is an n-ary N-hyperideal of H, then g(x"l‘l, 1y, x!,) € 6(I). It follows that I is an n-ary
0-N-hyperideal of H. [J

The inverse of the previous theorem is true if 6 = ;. See the next Theorem.

Theorem 4.10. If I is an n-ary 61-N-hyperideal of a commutative Krasner (m, n)-hyperring H, then 61(1) is an n-ary
N-hyperideal of H.

Proof. Let g(x7) € 61(I) for x] € H such that x; ¢ \/6(7"'”). It implies that there exists f € IN such thatif t < n,
then g(g(x{’)(t), 1211_”) € I. Therefore we get

t i— =2t
g 96 1 1), 157)

= g(x, g, 1, 22,)0, 919, 1577Y)
= g(g(?, 157, g™, 14, 21, )0,1577Y)
clL
i i - -N- i &) 1t \/_(m’”) i~1 no\@#) 10—t
Sincelisann-ary 61-N-hyperideal of Hand g(x;”, 1"""”) ¢ VO ", we get theresultthat g g(x.™", 1, x7, )V, 1,77 ) €

01(I) and so g(x;‘l, 1n,x!,;) € 61(I). It follows that 61(]) is an n-ary N-hyperideal of H. By using a similar
argument, one can easily complete the proof wheret =I(n-1)+1. O

Theorem 4.11. Suppose that Vﬁ(m’n) is the only maximal hyperideal of a commutative Krasner (m, n)-hyperring H.
Then for all a € H, {a) is an n-ary hyperideal of H.

Proof. Assume that \/ﬁ(m'n) is the only maximal hyperideal of a commutative Krasner (m, n)-hyperring H.
Leta € H and g(a7) € (a) for a} € H such that a; ¢ (a) for some 1 <i < n. From 4; ¢ (a), it follows that 4; is an

invertible element. Then we have g(ag‘l, 1y, al ) €a) C 6((a)) which means that (a) is an n-ary hyperideal
of H. O

Theorem 4.12. Let I be a hyperideal of a commutative Krasner (m, n)-hyperring H and 6 be a a hyperideal expansion
of H such that 6(6(1)) = 0(I). If I is an n-ary 5-N-hyperideal of H and x ¢ \/6(n1'n), then 6(Ex) = O(I) where

Ec={yeH|gyx14?) el

Proof. Assume that[is an n-ary 5-N-hyperideal of H and x ¢ \/ﬁ(m'n). Lety € E,. This means g(y, x, 12;_2)) el
Since I is an n-ary hyperideal of H and x ¢ V0" we get y = (y,10"Y) € 6(I) which implies E, C 6(I) and
so O(Ey) C 6(6(1)). By the assumpption we have 6(E;) C 0(I). On the other hand, we have I C E, and so
o(I) € 6(E,). Consequently, 6(Ex) C o(I). O
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Theorem 4.13. Suppose that I is a maximal n-ary 6-N-hyperideal of a commutative Krasner (m,n)-hyperring H
and x ¢ O(I). If Fx C 6(Ey) where Fy = {y € Hlg(yx, 12’72)) € 6(1)} and E, = {y € H|g(y,x, 1;_’;72)) € I}, then

I= Vﬁ(m'n) is an n-ary prime hyperideal of H.

Proof. Let I be a maximal n-ary 6-N-hyperideal of H. Assume that g(a}) € I for a] € H such thata; ¢ I

for some 1 < i < n. Then, by Theorem 4.6, E; is an n-ary 6-N-hyperideal of H. Therefore E; = I by the
maximality of I. Thus we have g(a' '1y,4a!,,) € I. Since I is a maximal n-ary 6-N-hyperideal of H, we can
continue the process and so get a; € I for some 1 < j < n which implies [ is an n-ary prime hyperideal

of H. This means that x/ﬁ(”””) C I. Now, suppose that I ¢ \/6(7”’”). Then there exist some x € I such that
x¢ \/6(m'n>. Since g(x, 1;;1_1)) € I and [ is an n-ary 0-N-hyperideal of H, then we get the result that g(lg)) el
which is a contradiction. Then we conclude that I = \/ﬁ(m'n).

Theorem 4.14. Let y and 6 be two hyperideal expansions of a commutative Krasner (m,n)-hyperring H. If I is an
n-ary y-N-hyperideal of H and y(]) C 6(]) for all hyperideals | of H, then I is an n-ary 6-N-hyperideal of H. Moreover,
if 0(I) is an n-ary y-N-hyperideal of H, then I is an n-ary y o 6-N-hyperideal of H.

Proof. The proof of the first assertion is straightforward. For the second assertion, suppose that g(x}) € I
for x] € H such that x; ¢ \/6(m'n). Therefore we get g(x]) € 6(I), as I € 6(I). By the assumption, we conclude
that g(xi‘l, 1y, x ) € )/(6(1)) =y o 6(I) which means [ is an n-ary y o 6-N-hyperideal of H. [

Assume that (Hj, f1,91) and (Hy, f», g2) are two commutative Krasner (m, n)-hyperrings and h : H; — Hj
a hyperring homomorphism. Let 0 and y be two hyperideal expansions of H; and Hy, respectively. Recall

from [3] that & is a oy-homomorphism if 6(}1‘1 (Iz)) = h‘1<y(12)) for the hyperideal I, of H,. Note that
y(h(Il)) = h(é(ll)) for 6y-epimorphism h and for hyperideal I; of H; such that Ker(h) C .
For instance, suppose that (H1, f1, 1) and (H>, f», 2) are two Krasner (m, n)-hyperrings. If 6; of H; and y4

of H, are the hyperideal expansions defined in Example 3.2 of [3], then all homomorphism / : Hi — H, is
a 61y1-homomorphism.

Theorem 4.15. Let 6 and y be two hyperideal expansions of commutative Krasner (m, n)-hyperrings (Hi, f1, g1) and
(Ha, f2, 92), respectively, and let h : Hi — Hj be a dy-homomorphism. Then the followings hold :

(1) If I is an n-ary y-N-hyperideal of Hy and h is a monomorphism, then h™\(Iy) is an n-ary 6-N-hyperideal of
Hi.

(2) If his an epimorphism and 1y is an n-ary 6-N-hyperideal of Hy containing Ker(h), then h(ly) is an n-ary
y-N-hyperideal of H,.
Proof. (1) Let g1(x) € h™'(Iy) for ¥/ € Hy. It follows that ga(h(x1), -, h(x,)) = h(91(x})) € L. Since I is an
n-ary y-N-hyperideal of H», then h(x;) € NIOHZ(m'n) forsomel <i<mnor

a(PCer), oy Bi1), Tty HXi1), o, )

= WG 1, 2,)
€ y(l2).
In the first possibility, since Ker(h) = {OHl}, we obtain x; € 4/0p,

(m,n)

. In the second possibility, we get the
result that g1 (x0!, 1p,, %7 ) € h‘l(y(lz)) = 6(h‘1(12)). Consequently, h~!(I,) is a 5-N-hyperideal of H;.

(2) Assume that g2(y)) € h(l1) for y} € Hy with y; ¢ M(Wl) for some 1 < i < n. Then there exist x| € Hy
such that h(x1) = y1,--- ,h(x,) = y, as h is an epimorphism. Therefor h(gl(x’f)) = go(h(xq),--- ,h(xn)) =
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92(y7) € h(ly).
Since I; contains Ker(h), we have q1(xf) € L. Since y; ¢ \/OHZ(m'n), then x; ¢ 4/0p, (m'n). Since I; is a
5-N-hyperideal of Hy and x; ¢ 0", it follows that g1 (¥, 1py,, x7,) € 8(I1) which implies

g1 (7 1, x0)) = g2 (Gx1), o 1), Ty, B2, o B())

= !]2(]/;71, 1H2/ yfﬂ,l)

e h(5(I))-

By the assumption, we have h(é([l)) = y(h(Il)). So gz(yi‘l,le,y;“H) € y(h(ll)). Hence h(l) is an n-ary
y-N-hyperideal of H,. [

Corollary 4.16. Suppose that I and | are two hyperideals of a commutative Krasner (m, n)-hyperring H with | C L
If 'is an n-ary 6-N-hyperideal of H, then 1/] is an n-ary 64-]-hyperideal of H/].

Proof. The claim follows by using Theorem 4.15 (2) and by a similar argument to that of 4.18. O

The next theorem shows that for an n-ary 6-N-hyperideal I of H if §( \/T(m'n)) contains 5( th Vi o
is an n-ary 6-N-hyperideal of H.

Theorem 4.17. Suppose that I is an n-ary 6-N-hyperideal of a commutative Krasner (m,n)-hyperring H with
\/6(1)(%”) c o( \/f(m’n)). Then VI is an n-ary 6-N-hyperideal of H.

Proof. Assume that g(x]) € VI™™ for X € H with x; ¢ V0" for some 1 < i < n. Then there exists f € N
such that if t < n implies that g(g(x’f)(t), 1211_”) € I. Then we get the result that

g, 907 a5, )0, 1) = 9o, 157, 97 i 2 ),

(1--1)
14 el

Since g(x;t), 100y ¢ \/(_)(m’n) and I is an n-ary 6-N-hyperideal of H, then we have g(g(x g, ), 1(H”7t)) €

5(1). It follows that g(xi-!, 1g, x7. ) € A" Since oD " € 8(VI™™), then g(xi~!, 15,27 ) € 5(VI™")

as needed. A similar argument will show that if t = I(n — 1) + 1, then VI " is an n-ary 6-N-hyperideal of
H. O

Recall from [1] that a non-empty subset S of a Krasner (m, n)-hyperring H is said to be an n-ary multiplicative,
if g(t]) € Sfor t1,--- ,t, € S. The notion of Krasner (m,n)-hyperring of fractions was introduced in [4].
Assume that 6 is a hyperideal expansion of a commutative Krasner (m, n)-hyperring H and S is an n-ary

multiplicative subset of H with 1 € S. Then d5 is a hyperideal expansion of S™'H with 65(S7'I) = 5’1(6(1)).

Theorem 4.18. Suppose that S is an n-ary multiplicative subset of a commutative Krasner (m, n)-hyperring H with
1 €S. If I is an n-ary 6-N-hyperideal of H and I N S = @, then S™1 is an n-ary 6s-N-hyperideal of S H.

Proof. Let I be an n-ary 6-N-hyperideal of H. Assume that G(3!,..., 3*) € S7'I for 1,...,3* € S7'H such

517 sy

that 3 o 10g4- 1H( " for some 1 < i< n Hence 2 (( ; € S7'I. This means that there exists t € S such that

(t g(x") 12 ) € [ and then g(xl, gt a1, 10 2)) €L Sincex; ¢ VO and I'is an n-ary 6-N-hyperideal

1
oo % g Xm0 X 904 AnAd,) _
) € 6(I). Therefore G( ot g, e, s,,) =

i-1
of H, then we get the result that g(x] ™, ¢, x” T =

i+1

oot ¢ g (6(1)) = 65(5‘1(1)). Consequently, S~ is an n-ary 6s-N-hyperideal of ST'H. 0O

96T
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5. (k, n)-absorbing 6-N-hyperideals

In his paper [14], Tamekkante et al. introduced a generalization of n-ideals of commutative rings, which
they defined as (2, n)-ideals. In this section, we generalize this concept for hyperrings by using the notion
given in previous section.

Definition 5.1. Given a hyperideal expansion 6, a proper hyperideal I of a commutative Krasner (m, n)-hyperring
H is called (k,n)-absorbing N-hyperideal i g(a"™**1) € I for a1 € H implies that ga™"""*?) e VO or a
g-product of (k — 1)n — k + 2 of a; s except g(agk_l)"_kﬂ) is in O(I).

Example 5.2. If we continue with Example 4.2 and use its notation, then I = {0, 3, 6} is a (2,2)-absorbing 61-N-
hyperring of Z12/Z5,.

Theorem 5.3. Let I be a (k, n)-absorbing N-hyperideal of a commutative Krasner (m, n)-hyperring H. Then \/T(m'n)
is a (k, n)-absorbing 6-N-hyperideal.

Proof. Assume that g(a¥"*+1) e VI " for a1 e H. We presume none of the g-products of (k—1)n —k +2
of the a;s other than g(a(lk_l)”_k+2) are in §( \/f(m'n)). Since g(af"**1) € \/T(m'n), then for some t € IN we
have for t < n, g(g(a’{”‘k”)(t),lg’ft)) €lorfort>nwitht=1In-1)+1, g(,)(g(alf”‘k“)“)) € L. In the first
possibilty, since all g-products of the a;s other than g(a(lk_l)”_k+2) are not in 6( VI (m'n)), then they are not in I.
Since I is a (k, n)-absorbing J-hyperideal of H, then we have g(g(x(lk_l)"_k+2))(l), 1;?_”) e V0" which means
g(x(lk_l)"_k+2) € \/6(m'n). In the second possibilty, the claim follows by using a similar argument. [

Theorem 5.4. Suppose that 1 is a hyperideal of a commutative Krasner (m,n)-hyperring H such that 0(I) is a
(2, n)-absorbing N-hyperideal. Then I is a (3, n)-absorbing 6-N-hyperideal of H.

Proof. Letg(a3""?) € Iforal""> € Hbutg(a3"™") ¢ V™", This means that g(g(al,ag’;‘z), a%"‘l) €1 c (). Since

o(I)is a (2, n)-absorbing N-hyperideal of H and g(a%"‘l) ¢ Vﬁ(m'n), then we get the result that g(af, agfl‘z) € o(I)
or g(a1,a*31,a3"=2) € 5(I). Consequently, I is a (3, n)-absorbing 6-N-hyperideal of H. [

n+l 7" 2n

Theorem 5.5. Assume that I is a hyperideal of a commutative Krasner (m,n)-hyperring H such that 6(I) is a
(k + 1, n)-absorbing 6-N-hyperideal of H. Then I is a (k + 1, n)-absorbing 6-N-hyperideal of H.

Proof. Suppose that g(a(lk”)”_(kH)H) e Ifora™" V" ¢ Hsuch that g(a*"*+1) ¢ V0" 50 galrhr ety =

g(a’{”‘k, g(ali’::c)fl_ (k+1)+1)) € I € 6(I). Since 6(I) is a (k + 1, n)-absorbing 6-N-hyperideal and g(a"~**!) ¢ Vﬁ(m'n),

we get the result that g(ail‘l,ai.‘fl‘ k, g(a,(:;tllzf; (k”)”)) € 8(I) for 1 < i < n. ThusIis a (k + 1,n)-absorbing
0-N-hyperideal of H. [J

Theorem 5.6. Let I be a 6-N-hyperideal of a commutative Krasner (m, n)-hyperring H. Then I is a (2, n)-absorbing
0-N-hyperideal of H.

Proof. Let g(a3"™') € I for a3"~" € H. Since I is a 6-N-hyperideal of H, we get the result that g(a}) € Vo
or g(a*"}") € 6(I). Therefore we have g(a;, x2";') € 6(I), for 1 < i < n, as (1) is a hyperideal of H. Thus I is
(2, n)-absorbing 6-primary. O

Next, we determine all integers k > n.

Theorem 5.7. Let I is a (k,n)-absorbing 6-N-hyperideal of a commutative Krasner (m, n)-hyperring H. Then I is
(s, n)-absorbing 6-N-hyperideal for s > n.
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Proof. Let g(agkﬂ)”_(kﬂ)ﬂ) € I for a(1k+1)”_(k+1)+1 € H. Put g(@/*?) = a. Since I is (k,n)-absorbing 6-N-
hyperideal, then we obtain g(a, - , Ag+1)n-(k+1)+1) € \/ﬁ(m'n) or a g-product of kn — k + 1 of the a’s except

9@, , Ags1yn—(k+1)+1) is in 6(I). This implies that g(ai,aik:; )"_(k+1)+1) € o(I) forall 1 <i < n+2which implies I

is a (k + 1, n)-absorbing 6-N-hyperideal. Consequently, I is an (s, n)-absorbing 6-N-hyperideal for s > n. O

6. n-ary S-N-hyperideals

In this section, we study the notion of n-ary S-N-hyperideals of a Krasner (m, n)-hyperring H, where
S is an n-ary multiplicative subset of H. The following definition constitutes the S-version of the class of
N-hyperideals.

Definition 6.1. Assume that S is an n-ary multiplicative subset of a commutative Krasner (m, n)-hyperring H. A
hyperideal I of Rwith I NS = @ is said to be an n-ary S-N-hyperideal if there exists an s € S such that for all x} € H

if g(x7) € Lwith g(s, x;, 1272)) ¢ Vo for some 1 < i < n, then g(xi™,s,x" ) € I. This element s in S is called an
S-element of 1.

Now we give a charactrization of an n-ary S-N-hyperideal.

Theorem 6.2. Assume that S is an n-ary multiplicative subset of a commutative Krasner (m, n)-hyperring H and I
is a hyperideal of H disjoint with S. Then I is an n-ary S-N-hyperideal of H if and only if there exists s € S, for all

hyperideals T of H, if g(I?) C I, then g(s,1;, 1) € V0" for some 1 <i <n or g(li-1,s, I ) C I

Proof. = Let I be an n-ary S-N-hyperideal of H. Suppose that g(I}) € I for some hyperideals I} of H such
that g(s, I, 1(;1'_2)) ¢ \/6(’"'”) and g(I'™!,s,I1 ) ¢ I for all s € S. Then there exists a; € I; for each 1 < i < n such
that g(a]) € I but g(s, a;, 1;;1_2)) ¢ V0" and g(ail,s,a” ) ¢ I, a contradiction.

<= Suppose that g(x}) € I for some x| € H. Then g((x1>, s, (xn>) C I. By the assumption, we are done. [
Theorem 6.3. Let S be an n-ary multiplicative subset of a commutative Krasner (m, n)-hyperring H. If I} are some
n-ary S-N-hyperideals of H, then (\{_; I} is an n-ary S-N-hyperideal of H.

Proof. Let I} be n-ary S-N-hyperideals of H. Suppose that for each 1 < t < n, there exists s; € S such that if

g(a}) € I; for some a € H, then g(s;, a;, 1;_’1'_2)) € \/5(m'n) or g(alfl, St, a?ﬂ) € I;. Now, assume that g(af) € Nizy It
for some a} € H. This means that g(a}) € I; for each 1 <t < n. PutII{;s; € S. Then we get the result thet

g(s, ai, 1;;'_2)) € \/G(m'n) or g(ag‘l,s, a’,,) € Nizy Iy, as claimed. [

Theorem 6.4. Assume that S is an n-ary multiplicative subset of a commutative Krasner (m, n)-hyperring H and I
is a hyperideal of H such that INS = @. IfE; = {y € Hlgy,s, 1g—2)) € I} is an n-ary N-hyperideal of H for some
s € S, then I is an n-ary S-N-hyperideal of H.

Proof. Let Es be an n-ary N-hyperideal of H for some s € S. Suppose that g(x]) € I for x] € H such that
g(s, xi, 1;;‘_2)) ¢ \/a(m’n) for some 1 < i < n. Therefore g(g(xg’),s, 1%1_2))) € I and so g(x]) € E;. Since Es is an
n-ary N-hyperideal of H for some s € S and x; ¢ \/6(m'n), we get the result that g(xg‘l, 1y, x!,) € Es which
means g(g(xlfl, g, x7)),s, 1?;_2)) = g(xi',s,x" ) € I. Consequently, I is an n-ary S-N-hyperideal of H. [J
In the following theorem, we determine a condition on I when the converse holds.

Theorem 6.5. Assume that S is an n-ary multiplicative subset of a commutative Krasner (m, n)-hyperring H and I is
a hyperideal of H such that INS = @. If I is an n-ary S-N-hyperideal of H and F,; = {y €eHlg(y,s, 12’_2)) € \/(_)(m'n)}

is an n-ary N-hyperideal for an S-element s € S of I, then E; = {y €eHlg(y,s, 121_2)) el } is an n-ary N-hyperideal of
H.
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), 1 "‘2)) €

Proof. Let g(x]) € E; for x| H

1 € H. Then we have g(g(x’l“), s, 1(H”_2)) € I and so g(xl-, g, s, x!

i+177
I. Since I is an n-ary S-N-hyperideal of H, we get the result that either g(s,x;, 1;;:—2)) e V0 o) or
g(g(xg’l,s, X' ).s, 1;3_2)) = g(g(x"l’l,lH, x ), 9(s?, 1;’;_2)), 12}_2)) € I. In the former case, by Theorem 3.3

we conclude that F; = Vﬁ(m'n), as F; is an n-ary N-hyperideal. Therefore x; € \/5(m'n). In the second case,
suppose that g(x'™!,s,x". ) ¢ I. Then we obtain g(g(s(z, 1179y, s, 1("_2)) = g(s®,1%7) € NI implies

thats € \/6("1'”), a contradiction. Then we conclude that g(xg‘l, ) € I which means g( L1y, x ) € E;
which implies E; is an n-ary N-hyperideal of H. [

Theorem 6.6. Let S C S’ be two n-ary multiplicative subsets of a commutative Krasner (m, n)-hyperring H and I be

an n-ary S’-N-hyperideal of H. If for each s € S', there is an element s’ € S" with g(s, s’, 1;’;_2)

S-N-hyperideal of H.

) €S, then I is an n-ary

Proof. Let g(a}) € I. Since I is an n-ary S’-N-hyperideal of H, we have either g(s, a;, 1;;'_2)) € \/6(m'n) 0
g(@?,s,a’,) € I for a S'-element s € S’ of I. By the assumption, there exists s’ € S such that s” =

g(s,s, 1;;'—2)) € S. From g(s,a;, l;’;_z)) € \/6(m'n) , it follows that g(s’,g(s, a;, lg_z)), 1;;‘_2)) € \/ﬁ(m'n). Also,
from g(ai‘l,s, a?ﬂ) € I it follows that g(s’,g(ag‘l,s, ”?+1)' 12;_2)) € I. Consequently, we get the result that
g(s”, ai, 1};'_2)) € \/6(7"'") or g(ai,s”,a’ ) €I, asneeded. [

Theorem 6.7. Let S C S’ be two n-ary multiplicative subsets of a commutative Krasner (m, n)-hyperring H such
that 15 € S and I be a hyperideal of H with IN'S’ = @ . If I is an n-ary S-N-hyperideal of H, then S''1 is an n-ary

S'~1S-N-hyperideal of ' *H and S’"'I N H = E where E; = {y €Hlg(y,s,1"?) ¢ I} and s is an S-element of I.

Proof. LetIbeann-ary S-N-hyperideal of H. Itis easy to see that S’ 'SNS’~'I = @. Assume that T € S!S for
(m,n)
(” 2) -1

) &
€ $'7'I which follows there exists t € S’ such that g(t, g(a7), 1(”72)) €l and

some S-elements of I. Let G(¢, -+, ) € §'~ D foraj € Hand s € §" such that G(3%, ¢

S 4 1[—[
g(a’)

9(sy)
then g(al,g(al Ltal), 1) (n— 2)) € I. Since I is an n-ary S-N-hyperideal of H and g(s, al,1<" 2y ¢ \/_H(m "

9@ 5,0

forsome 1 <i < n. So

)
i+l -
g 1m0

we get the result that g(s glai ™t t,ar ), 1 " 2)) € I which means G(;,- T el AR ”—) =

7/ 8i 1’1H Siv1” 7 Sn
95,9 bal )1"2)

pEEYE € $'I. Thus $'"'I is an n-ary S’~'S-N-hyperideal of $'"'H. For the second assertion,

1+1)
suppose that x € $''I N H. Then there exists a € I such that - = ¢ for some t € 5. Therefore there exists

u € S’ such that g(u,a, 1(H”72) ) € I. Since I is an n-ary S-N-hyperideal of H, then there exists s € S € 5’ such
that we have g(s, u, 1}3_2)) € \/@(Wl) or g(s,a, 1;;'_2)) € I. In the former case, we have a contradiction since
s'N @(m'n) = @. Hence g(s,a, 1g_2)) € I which implies a € E; which means S$"'INH C E,. Since the
inclusion E; € $’'1 N H holds, we get STINH=E. O

We have the following corollary of Theorem 6.7.

Corollary 6.8. Let S be an n-ary multiplicative subset of a commutative Krasner (m, n)-hyperring H such that 15 € S
and I be a hyperideal of H with IN'S = @ . If I is an n-ary S-N-hyperideal of H, then S71 is an n-ary N-hyperideal

of S'H and S™' 1 N H = E; where E5 = {y € H|g(y,s,1"2) ¢ I} and s is an S-element of 1.

Proof. Let I be an n- ary S-N-hyperideal of H. Then, by Theorem 6.7, S~'I is an n-ary S~'S-N-hyperideal of

S7'H. Suppose that G(¢,---, %) € S™'[ for aj € H and s} € S. There there exist an $™'S-element & of S7'I

-2
such that G(%, ‘;’,}Z(n ))e V0s- 1H( orG(%,--- Gimy U Gl ”n)eS ] for some 1 < i < n. Then we get

7 sin” v’ s
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the result that S™'I is an n-ary N-hyperideal of S H, as ¥ is invertible. For the second assertion, we use a
similar argument to that of Theorem 6.7. [J

From Theorem 6.7 and Corollary 6.8, we can conclude the following.
Theorem 6.9. Let S be an n-ary multiplicative subset of a commutative Krasner (m, n)-hyperring H such that 1 € S

and I be a hyperideal of H with IN'S = @. Then I is an n-ary S-N-hyperideal of H if and only if S7\1 is an n-ary
N-hyperideal of S™'H and ST\ INH = E; and S7* \/a(m'n) NH = Fy where E; = {y € H|g(y,s1"2) e 1} and

Fy = {z €H|g(z,s,12) € Vﬁ(m'n)}for somes,s’ € S.

Proof. = Let I be an n-ary S-N-hyperideal of H. Then, by Corollary 6.8 we conclude that S~ is an n-ary
N-hyperideal of S7'H. The rest of the claim follows by a similar argument to that of Theorem 6.7.

&= Assume that S7'I is an n-ary N-hyperideal of S™'H, S'IN H = E; and S7! \/6("”1) NH = Fy where E; =
{y €Hlgy,s, 1;’;_2)) € I} and Fy = {z € Hlglz¢s, lg—z)) € Vﬁ(m'n)} for somes,s’ € S. Put g(s, s, 1;3_2)) =s".

Assume that g(a}) € I for a € H. This implies that G(f—;, e, f—:’) € S7!I. Then we get the result that either

) (11,1) ¥ ) ) . .
1‘1—1’{ e VS-10 =61 \/G(m " or G(f—;,--- i ”1’—;, }—Z, ”{—*Hl, e, %) € S71I for some 1 < i < n. In the first case, we
0-2)
get g(t, a;, 1}_’["2)) € \/5(7"'") for some t € S which implies a; = £ ;t('f'l'(l,ﬁl))) es! \/ﬁ(m’”) NH = F,. This means that
7 H

g(s’, a;, 12;_2)) € \/6(m'n). Then we obtain g(s”, 4;, 1;’;_2)) = g(g(s, s, 1;3_2)),11,-, 1;_'11_2)) € \/6(m'n). In the second

; .. . ; =1 g _
case, we get g(ai ', ¥',a’ ) € I for some ' € S. This implies that g(a|™", 1p,4},,) = % €S 'UINnH=E,.

,aly) = g(ai‘l,g(s,s’,lgfz)), “?+1) € I. Consequently, I is an n-ary S-N-

"

Then we conclude that g(a/™, s
hyperideal of H. [

Theorem 6.10. Let S1 and Sy be n-ary multiplicative subsets of commutative Krasner (m, n)-hyperrings (Ha, f1, 1)
and (Hy, f2, g2), respectively, and let 1y, and 1y, be scalar identitis of Hy and H,, respectively. Then the following
statements hold.

(1) L1 X Hyis an n-ary S-N-hyperideal of Hy X Hp where S = S1 X Sy if and only if I; is an n-ary S1-N-hyperideal
of Hi and S, N /0y, # @.

(2) HixIyisan n-ary S-N-hyperideal of Hy X Hy where S = 51 X Sy if and only if I, is an n-ary S,-N-hyperideal
of Hy and S1 N /0y, # @.

Proof. = LetI; X H, be an n-ary S-N-hyperideal of H; X H, where S = 51 X S; and let (51, 52) be an S-element
of [y X Hy. Suppose that g;(a}) € I; for some a] € H;. So we consider the following cases.

Case 1: Let g1(a%!, 51,4 ) ¢ I. Then we get

g1 X 92((111, 1m,), -+, (an, 1Hz)) €1 X Hp
but
g1 X a((@1, 1), @1, Tw,), (51,52), @i, 1), - (@, 1)) & Ty X .
Then we get the result that g1 X gz((sl,sz), (ai, 1,), (g, 1H2)(”‘2)) € \Ouxr, = \0n, X 0, as [ x Hy is an

n-ary S-N-hyperideal of H; X H,. Hence g(s1, a;, 1%‘1_2)) € /0y, and s € Sy N 4/0p,, as needed.

Case 2: In this case we suppose that g; (ag‘l, s1,a!,;) € 1. Then we have

g1 X yz((ﬂl, 1w,), -+, (@i-1, 1n,), (51,52), (@iv1, 1m,), - - (@, 1H2)) € 1 X Hp.
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Since g1 X gz((sl, 5)?, (1g,, 1H2)(”‘2)) ¢ I; X Hy, we get the result that
g1 % go((@, 1), -+, @1, T1,), (51,92), @i, Tr,), -+ (@, 1)

€ +/0n,xH,
= /0x, X \/@

&= Let I; be an n-ary S;-N-hyperideal of H; and let s; be an Si-element of I; and s, € S, N /0x,. Now,
assume that g; X gz((al,bl), e, (a,,,bn)) € I; X H for some 4} € Hy and b} € Hy. Then we have g:(a]) € I1.
Hence we get either gi(s1,4;, 12}_2)) € \/()_H1 for some 1 < i < nor g(ai‘l,sl,alf’ﬂ) € . Therefore g; X
gz((sl, 11,), (ai, bi), (1m,, 1H2)("_2)) € /0p, X \/O_HZOT glxgz((ﬂll,bl), -, (@i-1,bi21), (51,52), (@is1, biga), - - - r(ﬂn,bn)) €

I1 X Hj. So (s1,52) is an S-element of I; X H.
(2) The proof is similar to (1). O

Theorem 6.11. Let S1 and S, be n-ary multiplicative subsets of commutative Krasner (m, n)-hyperrings (H1, f1, g1)
and (Ha, f», g2), respectively, and let Iy and I, be proper hyperideals of H1 and Hy, respectively. If one of the following
cases holds,

(m,n)

(1) +/0g, N Sy # @ and I is an n-ary S1-N-hyperideal of Hy.

(2)  +/0g, o) N Sy # @ and I, is an n-ary Sy-N-hyperideal of H».

then Iy X I is an n-ary S-N-hyperideal of Hy X H, where S = 51 X S,.

Proof. Let w/OHz(m'n) NS, # @ and [; be an n-ary S1-N-hyperideal of H;. So Oy, € bNS; # @ and [ N S; = @.
Suppose that g1 X 92((ﬂ1, by),--- ,(ay, b,,)) € I; X I, for some a’ll € H; and bT € H, and s; is an S;-element of I;.

IS-Ience we have g1(a}) € I1. Then either g(s1, a;, 1;;’1_2)) € 0p, ™) gor some 1 <i < nor g1(@ ™ sy,al ) € 1.
)

_ (m,n) (m,n)
71 X !72((51,0), (ai, bi), 1y, 1) 2)) € /0x, " x VOH, "

or
g1 X g2((@1,b1), -+, @11, bi-1), (51,0), (@51, bisa), -+, (an, b)) € [y X I,

Thus (s1,0p,) is an S-element of I; X I.
Also, if Case 2 holds, then by using a similar argument, we can show that I; X I, is an n-ary S-N-hyperideal
OfH1 X Hy where S = S51%XS5,. O

7. Conclusion

In this paper, our purpose was to introduce and study the concept of n-ary N-hyperideals and some of it's
generalizations such as n-ary 6-N-hyperideals, (k, n)-absorbing 6-N-hyperideals and n-ary S-N-hyperideals
over a commutative Krasner (m, n)-hyperring. Some results and characterizations with a number of sup-
porting examples were given to explain the structures of these concepts. For instance, we indicated that

a commutative Krasner (m, n)-hyperring H admits an n-ary N-hyperideal if and only if x/ﬁ(’”'") is an n-ary
prime hyperideal of H. We proved that if 6(I) is an n-ary N-hyperideal of H, then I is an n-ary 6-N-hyperideal
of H. We showed that the inverse of the theorem is true if 6 = 06;. We characterized n-ary N-hyperideals
and also n-ary S-N-hyperideals of cartesian product of Krasner (1, n)-hyperrings. As future work, we will
study n-ary N-subhypermodules.
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