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Abstract. Let A be a unital »-algebra containing a non-trivial projection. We prove that if a map IT: A —

AsuchthatII(SeTol) =TI(S)eTolU+SeIl(T)oU+SeTolIl(U)forallS,T,U € A, thenIlisan additive
*-derivation.

1. Introduction

Let Abe an *-algebra over the complex field C. For 5, T € A, SeT = ST+ TS and SoT = ST+ TS denotes
the Jordan #- product and Jordan product of S and T respectively. The Jordan and Jordan *-product is gaining
importance across a number of research fields, and various authors have been interested in its investigation
(see [1-7,9]). An additive map IT: A — Ais called an additive derivation if I1(ST) = II(S)T + SI(T) for all
S5 TeA TS =T1(S), for all S € A, then I is an additive *-derivation. Let IT: A — A be a mapping (
without the additivity assumption). We say ITis a nonlinear Jordan #- derivation if

TI(SeT) =TI(S) ¢ T + S o [(T)

holds for all S,T € A. The mixed Jordan triple products can now be considered. For each S5,T,U € A,
there exists two cases of mixed Jordan triple products: SeTo U and So T e U. In order to distinguish
them, we callSe T o U and S o T e U are first mixed Jordan triple product and second mixed Jordan triple
product respectively. Accordingly, a mappingIT: A — Ais called the first mixed Jordan triple derivation if
[M(SeTol)=TI(S)eTolU+SeIl(T)oU + SeToIl(U)

forany 5, T, U € A. A mapping I1 : A — A is called the second mixed Jordan triple derivation if

[M(SoTelU)=TI(S)ocTeU+SoIl(T)eU +SoTeIl(U)

forany S, T, U € A. In recent years, the examination of mixed Lie and Jordan triple products has received
significant attention from authors. In [8], Zhou et al. proved that every nonlinear mixed Lie triple derivation
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on prime *-algebra is an additive *-derivation. Motivated by the above results, we combine the product of
Jordan and Jordan *-product and give the characterization of first nonlinear mixed Jordan triple derivations.
We prove that the first nonlinear mixed Jordan triple derivations is an additive *-derivation. In particular,
we apply the aforementioned result to standard operator algebras, von Neumann algebras, and prime
+-algebras.

2. Main Result
Theorem 2.1. Let A be a unital +-algebra with unity I containing a non-trivial projection P satisfies

XAP=0 = X =0 (a)
and

XAI-P)=0 = X=0. (v)
Define a map I1 : A — A such that

[M(SeTol)=TI(S)eToU+SeIl(T)oU + SeToIl(U)

forall S,T,U € A. Then Ilis an additive »-derivation.
Proof. Let P = Py be a non-trivial projection in A and P, = [ - Py, where [ is the unity of this algebra. Then by
Peirce decomposition of A, we have A = P1 AP & P1 AP, ® P, AP ® P, AP, and, denote A1 = P1 APy, A =
P1AP;, Ay = P APy and Axp = P, AP,. Note that any S € A can be written as S = 511 + S12 + S21 + Sa,
where §;; € A;; and S:j €Ajtori,j=12. 0O
We use various lemmas to demonstrate the above theorem.
Lemma 2.2. TI(0) = 0.
Proof. It is easy to prove I1(0) = 0. [
Lemma 2.3. Let S1p € Ay and Sy € Ax. Then I1(S12 + Sz1) = T1(S12) + [1(Sa1).

Proof. Let M =T1(S12 + S21) — I1(S12) — I1(S21). Since Sy @ P, o P; = 0 and using Lemma 2.2, we have
[1((S12 + S21) @ P2 o P1) = TI(S12 @ Py o Py) + 11(S21 @ P2 o Py)

H(Slz) ° P2 o P1 + 512 ) H(PZ) o P1 + 512 ° Pz o H(Pl)

+I1(S21) ® Py o Py + So1 @ I1(P3) © Py + Sy1 @ Py o TI(Py).

On the other hand, we have
I1((S12 + S21) ® P> o P7)

I1(S12 + S21) ® Py 0 Py + (S12 + 521) ¢ I1(P2) o Py
+(S12 + S21) @ Py o I1(Py).
In the view of above two equations, we get M ® P, o P; = 0. That means P,M'P; + P{MP, = 0. By left
multiplication of P; both sides yields P1MP, = 0. Similarly, one can show that P,MP; = 0.
Now, again (P; — P;) @ I o Sp; = 0 and using Lemma 2.2, we have
H((Pl - Pz) efo (512 + 521)) H((P1 - Pz) oo 512) + H((Pl - Pz) efo S21)

= TI(Py —Py) el oSy + (P; — Pp) e I1(I) 0 Si»

+(P1 — Py) @ I o I1(S12) + II(P; — P;) @ I 0 Sy

+(P1 — Pz) ° H(I) o 521 + (P1 - Pz) efo H(Szl)
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On the other hand, we have

[I((P1 — P2) @10 (S12+S21)) = TI(P1—Pz)elo(S12+ S2)
+(P1 — Pz) (] H(I) o (512 + 521)
+(P1 — Pz) e]o H(Slz + 521).

By comparing the above two expressions, we find that (P; — P,) ¢ [ o M = 0. That means 2P1M — 2P,M +

2MP; — 2MP; = 0. On pre and post multiplication by P;, we get P{MP; = 0. Similarly, multiplying by P,
from left and right on both sides, we get P,MP, = 0. Hence, M = 0 i.e., I1(S12 + Sz1) = I1(S12) + [1(S21). O

Lemma 2.4. For every S;j € Aj;,1 < i # j <2, we have
TI(Sii + Sij + Sji) = TI(Sii) + T1(Syj) + TI(S ).
Proof. Let M = TI(S;; + Sij + Sji) — I1(Si) — I1(S;;) — I1(Sj;). On the one hand, we have

H((Sii + S,']' + S]l) eP;o P]) = H(Si,' + Si]' + S],) eP;o P]
+(Sii + Sij + Sji) o I1(Py) o P;
+(S5; + Sij + S]‘i) e P;o H(Pj).

On the other hand, using Lemma 2.3 and S;; ® P; o P; = 0, we have

H((Si,’ + S,']' + Sﬁ) o P; OP]') H(Si,' o P; OP]') + H(S,’j o P; OP]') + H(Sﬁ o P; OP]')
= TI(Si)ePjoP;+S;eIl(P;))oPj+S;eP;oll(P))
+H(Sl‘j) e P;o P]‘ + Si]' o H(Pi) o P]‘ + Si]' epP;o H(P]')

+I1(S;;) @ Pio P;+ Sj; # II(P;) o P; + Sj; ® P; o TI(P)).
From last two equations, we get T e P; o P; = 0. This gives P;T*P; + P,TP; = 0. Multiplying above equation

by P; from right, we get P;,TP; = 0.
Since

I I
E.(Pi_Pj)OSij:E.(Pi_Pj)oSﬁ:O'

From Lemma 2.2, we have

I I I
H(E o (Pi—Pj)oS;i+Sii+S;) H(E o (Pi—Pj)oS;)+ H(§ o (P;—Pj)oSij)

I
+H(§ ] (Pl - P]) o S]l)
= TI() (P~ Pj)oSi+ 5 o TP~ P)) o S;
I I
+§ ° (Pl - P]) o H(S,,) + H(E) ° (Pl - P]) [} 51]
I I
+§ o II(P; — Pj) o S;j + 5 (P; = Pj) o I1(Sij)

I I
+H(§) ° (Pi —Pj) o S]‘j + E ° H(P,’ —Pj) o S]‘j

+é ° (Pl - P]) [¢] H(Sﬂ)
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From the other side, we have

1 I
H(E.(Pi—Pj)OSii"'Sij"'Sji) = H(E)'(Pi_Pj)O(Sii"'Sif"'Sﬁ)

I
+§ o I1(P; — P]') o(Sii+ Si]' + Sfi)

I
+§ ° (Pl' - P]') o H(Si,’ + S,']' + S]‘i).
From above two equations, we have % o (P; — Pj)o M = 0. That yields P;MP; = 0. Thus, M = O i.e.,

[I(S;i + Sij + Sji) = T1(Sy) + TI(S;)) + TI(Sj).

O

Lemma 2.5. Forany S;j € A;j, 1 <i,j < 2, we have

2 2
MY, Si) = ) TI(Sy).

ij=1 ij=1

Proof. Let M = T1(S11 + S12 + Sp1 + S22) — I1(S11) — I1(S12) — T1(S21) — T1(S22).
On the one hand, it follows from I ® P; o S1; = 0 and using Lemma 2.4 that

II(I ® Py 0 (S11 + S12 + So1 + S22))

IT(I ® P2 0 S11) + T1(I @ P 0 512)

+I1(I ® P> 0 Sp1) + TI(I @ P; 0 S37)

= TI(I)ePy0Sy; +1eTI(P;)oSy1+1eP;0Il(Sy7)
+I1(I) ® Py 0 S1p + [ @ TI(P;) 0 Sy + [ ® Py o T1(S12)
+I1(I) @ Py 0 Sy; + 1 @ T1(P2) 0 Sp1 + 1 @ Py 0 T1(S21)
+I1(I) ® Py 0 Syp + [ @ T1I(Py) 0 Sy + I @ Py o T1(S20).

From the other side, we have

IT(I ® Py 0 (S11 + S12 + S21 + S522)) IT(I) ® Py o (511 + S12 + So1 + S22)

+I o TI(P2) o (S11 + S12 + S21 + S22)
+]eP;o0 H(Sn + 512 + 521 + 522).

From the last two expressions, we get [ @ P, o M = 0. This gives P1MP, = P,MP; = P,MP, = 0. Similarly,
PyMP; =0. ThusM =0i.e,,

II(S11 + S12 + So1 + S2) = I1(S11) + I1(S12) + I1(S21) + I1(S22).

O

Lemma 2.6. For any S;;, Ti; € A;j with i # j,II(S;; + Tij) = T1(S;j) + TI(T3)).
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Proof. From Lemma 2.3 and Lemma 2.4, we get

N~

TI(P, + S;) (P} + Tyj) o é) = TI(P;+S;) e (P; + Ty) o é +(P; + ) o TI(P; + Tjj)
+(P; + Sij) ® (P + Tij) o H(é)
= (TP +TIS) o (B + Ty) o &
+(P; + Sjj) o (TI(P;) + II(Ty)) © é
+(P; + Sij) o (P; + Ty) n(é)
= TI(P;eP;o é) +TI(P; @ Tjj 0 é)

+T1(S;j » Pj o é) FTIS; 0 Ty 0 é)
= TI(Tyj) + II(S;j + Sjj) + H(TijS;.‘].)
= TI(Ty) + TI(S;) + H(Sj].) + H(Tiijj).
From the other side, using Lemma 2.4, we get

I * *
H((P, + Sl]) ° (P] + Tl]) o E) = H(SU + T,‘]‘ + 51] + T,]Sl])

H(S;‘j + T,']') + H(Sj]) + H(T,‘]‘S;j).

By comparing the above two equations, we get
II(Sij + Tij) = T1(Syj) + IL(T).
|

Lemma 2.7. Forany S, Ty € Aii, 1 <i <2, we have
1. TI(S11 + T11) = I1(S11) + [1(T1y).
2. TI(S22 + Tx2) = TI(S22) + T(T22).
Proof. (1) Let M = I1(S11 + T11) — I1(S11) — I1(T11). Since P, @ S13 o I = 0 and using Lemma 2.2, we have
I1(Py @ (S11 + T11) o I) I1(Py Sy 0 1) + TI(P2 @ T11 o )
= H(Pz).SnOI+p20H(Sn)OI+P20511 OH(I)
+H(P2) eTj10]l+DPre H(Tll) o]+P,eTq;0 H(I)

Also, we have
I1(Py @ (S11 + T11) o I) T1(P2) ® (S11 + T11) o [ + P @ I1(S11 + T1g) o I
+P; (511 + Tq1) o TI(I).
From the above two equations, we have P, ® T o [ = 0, and hence P,MP; = P,MP, = P{MP, = 0.
Now, for any X, € Ay, and using Lemma 2.6, we have
II(P1 @ (S11+ T1) 0 X12) = TI2S11 Xy + 2T X12)
= TI(2511X12) + I1(2T11 X12)
= TI(P1 ® S11 0 X12) + TI(Py @ T11 0 X12)
= TI(P;) ® S11 0 X12 + P1 @ [1(S11) © X12 + P71 @ 517 0 I1(X12)
+H(P1) ) Tll o X12 + Pl ) H(Tu) o X12 + P1 ° T11 ) H(Xlz)
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On the other hand, we have

II(P; @ (511 + T11) 0 Xq2) = II(P1) @ (S11 + T11) o X1z + Py @ I1(Sy1 + T1q) 0 X2
+P1 @ (S11 + Tq1) o IT(X12).

From the above two equations, we get P; ¢ M o X;, = 0. That means P1MXj; + MXj, + X;oMP, = 0.
Multiplying P, from the right and by P; from left, we get P1MXj, = 0i.e., PPMP1XP, =0 forall X € A. It
follows from (a) and (v¥) that PyMP; = 0. Hence, M = 0.
(2) Using the same technique as used in the proof of (1), we can show that
[1(S2 + T22) = I1(S22) + I(T22).
O

Lemma 2.8. I1is an additive map.

Proof. Forany S, T € A, we write S = Zf/jzl Sij, T = Y: T;;. By using Lemmas 2.5 - 2.7, we get

ij=1
2 2
H(Z Sij + Z Tij)

ij=1 ij=1

TI(S + T)

2
= H(Z(Sij +Tj))

ij=1

2
= ) TS +Ty)

ij=1

2
= Z I1(S;;) + I(T})

ij=1

2 2
= T() S+ 1Y Ty)

ij=1 ij=1
= TI(S) + IK(T).

O

Lemma 2.9. 1. P1H(P1)P2 = —P1H(P2)P2.
2. P, TI(P1)P; = —P,I1(P,)P;.
3. PyII(P,)P; = P,I1(P;)P; = 0.
4. PiTI(P,)'P; = PoII(P;)*P; = 0.

Proof. (1) It follows from P; e P; o P; = 0 and using Lemma 2.2 that

0 H(Pl OP2OP1)
H(Pl) ePro0P; +Pe H(Pz) o Py

PoIT(P1)"Pq + P1I1(P1)Py + P1I1(P2)Py + I1(P2)P1 + P1I1(P) + PI1(P2)Ps.

Multiplying both sides by P, from the right and by P; from the left, we get

P{I1(P1)P; = —P1I1(P,)P;.
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(2) Since P, ® P; o P, = 0 and using Lemma 2.2, we get

0

H(Pz [ ] P1 o PQ)
H(Pz) ° Pl o P2 + P2 ° H(Pl) [¢) Pz
P1I1(P2)Py + PoII(P2)Py + PolI(P1)P + II(P1)P2 + PoII(Py) + PoII(P1)Ps.

On multiplying P; from the right and by P, from the left to above equation, we get
PoII(P2)Py = —PoI1(Py)P;.
(3) In Lemma 2.9 (1), we have
0 = PoII(P1)"Py + P1II(P1)P2 + P1I1(P2)Py + I1(P2)Py + P1I1(P2) + P1I1(P;)P;.

By multiplying P; from the left and right sides to the above equation, we get P{I1(P,)P; = 0. Similarly, in
Lemma 2.9 (2) we have

0= P1H(P2)P2 + P2H(P2)P1 + PzH(Pl)PZ + H(Pl)Pz + PzH(Pl) + PQH(Pl)Pz
Multiplying both sides to above equation by P, from left and right, we get P,IT(P1)P, = 0.
(4) It follows from Lemma 2.2, that

0 = TI(P;ePy0P)
H(Pl) ePro0P,+Pe H(Pz) oP,
I1(P1)Py + PoI1(P1)*Py + PoII(P1)Py + PoIT(P1)* + P1II(P2)Pa + PoII(P2)Ps.

Multiplying above equation by P, from left and right, and using P,I1(P;)P, = 0, we get PoI1(P;1)*P, = 0.
Similarly, using the same technique as above on I1(P; ® P, o P;) = 0, we can show that P1I1(P,)*P; =0. [

Lemma 2.10. P1I1(P1)P; = P,I1(P;)P, = 0.

Proof. For every S1, € Ay, in view of Lemma 2.8, we have
I1(P1 @ S1p 0 P1) = I1(S12).

On the other hand, we have

II(P; @ S12 0 Py)

I1(P1) ® S12 0 Py + Py @ T1(S12) o Py + Py @ Sy o T1(P1)
S12I1(P1)*Py + PiII(P1)S12 + S12I1(P1)" + P1I1(S12)P1 + I1(S12)P1
+P1I1(512) + P1I1(S12)P1 + S12I1(P1) + IT(P1)512.

By comparing the above two equations, we get

0 = SplI(P1)"P1 + P1II(P1)S12 + S12l1(P1)" + P111(S12)P1 + I1(S12)P1
+P1I1(S12) + P1I1(S12)P1 + S12I1(P1) + ITI(P1)S12 — T1(S12).

Multiplying the above equation by P, and P; from the right and left respectively, and using P,I1(P1)*'P, =0,
we get P1I1(P1)S12 = 0, i.e., PI1(P1)P1SP, = 0 for all S € A. It follows from (a) and (V) that PiI1(P;)P; = 0.
Similarly, we can prove that P,I1(P;)P, =0. O

Lemma 2.11. 1. H(Pl) = P1H(P1)P2 + PzH(Pl)Pl, H(Pz) = P1H(P2)P2 + PZH(P2)P1
2. TI(I) = 0.
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Proof. (1) From Peirce decomposition, we have
II(P1) = PrII(P1)Py + PAlI(P1)Py + PoII(P1)Py + PoII(P1)Po.
Now, by using Lemma 2.9 (3) and Lemma 2.10 , we get I1(P1) = P1I1(P1)P> + P>I1(P1)P;. Similarly, we can
show that I'1(P,) = P1I1(P;)P; + PoIT(P;)P;.
(2) From Lemma 2.8, Lemma 2.9 and Lemma 2.11 (1), we have
TI(I) = TI(P1) + I1(P2) = P1II(P1)Py + PoII(P1)P1 + P1II(P2)P; + PoII(P2)Pr = 0.
0

Lemma 2.12. TI(S*) = I1(S)* forall S € A.

Proof. Using Lemma 2.8, we find that
[1(S eI o) =TI(2S + 25%) = 2T1(S) + 2T1(S").

From the other side, it follows from Lemma 2.11 (2) that
TI(Selol)=TI(S)elol=_2IIS)+2II(S)".

From above two equations, we get I1(S*) = I1(S)*. O

Now, let M = P1I1(P1)P; — PoI1(P1)P;. Then M = —M*. Define a map @ : A — A by O(S) = I1(S) — (SM -
MS) for all S € A. The following characteristics of @ can be easily verified.

Remark 2.13. @ has the following properties.
1. Forall ST, U e A, O(SeTol)=D(S)eTol+SeD(T)oU +SeTod(U).

2. O(S*) = O(S)* forall S € A.
3. @ is additive.

4., O(P;) = D(P,) = 0.

5. ®() =0.

6.

@ is a +-derivation if and only if Il is a »-derivation.
Lemma 2.14. q)(ﬂi]') - fﬂ,‘j, i,j=1,2

Proof. First, we prove for i = 1, j = 2. For any Sy, € Ajp and using Remark 2.13, we have
O(I ® Py 0 S12) = 20(S12).

From the other side, we get
(I @ Py 0 S1p) =10 Py o D(S12) = 2P1P(S12) + 2D(S12)Ps.

By comparing the above two equations, we have
2P1D(S12) + 2D(S12)P1 — 2P(S12) = 0.

By multiplying P; from the left and right sides of the above equation, we get P1®(S512)P; = 0. Similarly, by
multiplying P, on the left and right sides of the above equation, we obtain P,®(S12)P, = 0.
Again, by using Remark 2.13, we have

0=®(S12 Py ol) = O(Sq2) @ Py oI = 2D(S12)P1 + 2P1D(S12)".

By multiplying P, from left to the above equation, we get P,®(S12)P1 = 0. Hence, P1®(512)P1 = P,®(S12)P; =
qu)(slz)Pl =0. SO, @(512) = quD(Slz)Pz € 512. Since, 512 is arbitarty, we have q)(ﬂlz) - ﬂlz. Similarly, we
can show that ®(Ay;) C Ay;.
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Now, we prove for i = j = 1. For any S11 € Ajy, it follows from Remark 2.13 and using [ @ 511 0 P, =0, we
have

0=®(IeP;0S511) =1eP;0®(S11) =2D(S11)P2 + 2P, D(51y).

This implies that P, ®(S11)P; = P, ®(S11)P1 = P1 ®(S11)P2 = 0. Hence ®(A11) € Ayq. Similarly, ®(Axn) C
Axyn. O

Lemma 2.15. For any S, Tij € A;j, 1 < i, j < 2, we have
1. ©(511T12) = P(S11)T12 + $11DP(T12) and  D(S2T21) = D(S22)T21 + S P(T21).
2. ©(S12T21) = D(S12)To1 + S12D(T21) and  P(S21T12) = P(S21)T12 + SnP(T12).
3. ©(S11T11) = ©(S11)T11 + S11D(T11) and  D(Sx2T2n) = D(52) T2 + SnP(T2).
4. D(512T22) = D(S12)T22 + S12P(T22) and  D(S21T11) = P(S21)T11 + S21P(T11).
Proof. (1) By using Remark 2.13, we have
D(Py @ 511 0 T12) =2 D(S11T12).
From the other side, using Lemma 2.14 and ®(P;) = 0, we get
D(P; @Sy 0Tip) = Py @ D(S11) 0 Tyo + Py @ S13 0 D(T12) = 2D(S11)T12 + 2511 P(T12).
By comparing the above two equations, we get ©(S11T12) = ©(511)T12 + S11P(T12).
Similarly, we can show that @(S»T21) = P(S22)T21 + SP(T21).
(2) By using Remark 2.13 that @ is additive, we have
D(P1 @ S13 0 T1) = 2 D(S12T21).
From the other side, using Lemma 2.14 and ®(P;) = 0, we have
O(Py @ S1p 0 T1) = P @ D(Sq2) 0 Ty + Py @ Sy 0 D(To1) = 2 D(S12)To1 + 2 S12 D(Tn).
By comparing the above two equations, we get ©(512T21) = ©(S12)T21 + S12P(T21).
Similarly, we can prove that @(521 T12) = (D(Sﬂ)le + 521®(T12).
(3) For every Xj; € Ajp, we have
D(511T11X12) = D(S11T11) X2 + S11T11P(X12)
Again, for every Xj, € Ajp, we have from Lemma 2.15(1) that

D(511T11X12) D(S11)T11X12 + S11DP(T11X12)

D(S11)T11X12 + S ®@(T11) X2 + S11T11DP(X12).

By comparing the above two equations, we get
(O(S11T11) = ©(S11)T11 — S11P(T11) )X12 =0, ¥V Xip € Ara.
From (a) and (¥), we get ®(S11T11) = ©(511)T11 + S11P(T11).
Similarly, @(S2T22) = P(52)T22 + S2P(T22).
(4) It follows from Remark 2.13, Lemma 2.14 and Lemma 2.15(1), we get

DO(S1p0TnoPy) = OS12Tan + TSi,)
O(512T22) + O(T22S;,)
q)(Slszz) + (D(TzQ)S;2 + Tzzq)(slz)*.
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On the other hand, using Lemma 2.14 , we get
D(S12 @ Ty 0 Py) D(S12) @ Trp 0 Py + S12 @ O(T2) 0 Py
D(S12) T2 + TD(512)" + S12P(T22) + P(T22)S],

By comparing the above two equations, we get ©(512T22) = P(S512)T2 + S12®(T2). Similarly, O(521T11) =
D(S21)T11 + Sn®(T11). O

Lemma 2.16. O(ST) = O(S)T + SO(T) forall 5, T € A.

Proof. For every S,T € A, we can write S = 511 + S12 + So1 + Sy and T = Ty + T1p + To1 + Ta. Since, P is
additive and using Lemma 2.15, we get

O(ST) = P(S11T1 + S11Tr2 + S12T21 + S12T22

+521T11 + $21T12 + $22T21 + 522T22)

= O(511T11) + O(S11T12) + P(S12T21) + D(S12T22)
+0(S21T11) + P(S21T12) + P(S22T21) + P(S22T22)

= @(S11 4 S12+ S+ 852)(T11 + Tiz + T + Tan)
+(S11 + S12 + So1 + 522) O(T11 + T12 + Ton + T22)

= O(S)T + SO(T).

Hence, ®@ is a derivation. [

Now, from Remark 2.13 and Lemma 2.16, we get ® is an additive *-derivation. Hence, IT is an additive
+-derivation. This completes the proof of Theorem 2.1.

Let H be a complex Hilbert space, and B(H) be the algebra of all bounded linear operators on H. An
algebra of operators on a Hilbert space H is termed a von Neumann algebra if it is both weakly closed and
self-adjoint, and it contains the identity operator I.

Lemma 2.17. [7, Lemma 2.2] Let ‘A be a von Neumann algebra on a Hilbert space H. Let A € B(H) and P € ‘A be
a projection with P = I. If ABP = 0 for all B € A, then A = 0.

As a direct result of Theorem 2.1, we have an following corollaries:

Corollary 2.18. Let A be a standard operator algebra on an infinite dimensional complex Hilbert space H containing
identity operator I. Suppose that A is closed under adjoint operation. Define IT: A — A such that

[(SeTol)=TI(S)eToU+SeIl(T)oU+ SeToll(l)
forall S,T,U € A. Then Ilis an additive »-derivation.

Proof. 1t is a fact that every standard operator algebra A is prime algebra. Which is a consequences of
Hahn-Banach theorem. Then by the definition of primeness, A also satisfies (a) and (¥), hence by Theorem
2.1, ITis an additive *-derivation.

|

Corollary 2.19. Let M ba a factor von Neumann algebra with dimM > 2. Define I1: M — M such that
[(SeTol)=TI(S)eTolU+SeIl(T)yoU+ SeToll(U)
forall S,T,U € A. Then Ilis an additive »-derivation.

Proof. It follows from Lemma 2.17 that every factor von Neumann algebra M satifies (a) and (¥). Hence
by using Theorem 2.1, ITis an additive *-derivation. [J
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Corollary 2.20. Let A be a prime +-algebra with unit I containing non-trivial projection P. A map I1 : A — A
satisfies
[(SeTol)=II(S)eTolU+SeIl(T)oU+ SeTolIl(U)

forall S,T,U € A. Then Ilis an additive »-derivation.

Proof. By the definition of primeness of (A, it is easy to see that A also satisfies (o) and (¥), hence by Theorem
2.1, ITis an additive =-derivation. O

Now, we construct an example to show that the conditions (a) and (¥) in Theorem 2.1 are necessary.
Example 2.21. Consider A = C[X] x My(C), where C[X] and My(C) are a polynomial ring and a matrix ring
over complex numbers C, respectively. Let I = Iy X I, where I and I, = ( (1) ? ) are units of C[X] and M(C),

respectively. Forany Y = (q(x), B) € A, where q(x) is a conjugate of q(x) and BT is a transpose of B. Then » : A — A
such that Y* = (q(x), BT) is an involution. Thus, A is a unital »-algebra with unity 1. Define a map I1 : A — A such
that T1(q(x), B) = (ig(x)’, 0), where i = V=1eCand q(x)" is a derivative of q(x). Then

[[(SeTol)=II(S)eToU+SeIl(T)oU+ SeToIl(U) (1)
for all S,T,U € A. Note that d(x) = iq(x)’ is a derivation on C[X] and so the above condition (1) satisfies. Let
P = {0} x 8 (1) be a non-trivial projection so P> = P and P* = P. For W = (r(x), 0) # (0,0) where 0 # r € C, we

have WAP = (0) but 0 # W € A. However, I1is not an additive +-derivation because I1(S*) # (I1(S))* for some S € A.
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