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Abstract. In the setup of metric spaces, many recent studies established a significant variety of control type
mappings and illustrated some fixed point results. To represent various contractivity conditions, Khojasteh
et al. have established the idea of a simulation function and came up with certain conclusions about the
fixed point. For two nonlinear operators utilizing this type of control function, in this study we explore the
existence of the best proximity coincidence point in this study by generalizing the concept of simulation
functions. Finally, we applied our results for a new type of nonlinear integral equations.

1. Introduction and preliminaries

Let Q) be a metric space and let I, S : Q2 — Q be two mappings. A point x € X is called a fixed point of I'
if I'x = x and a point x € Q is called a coincidence point of I and S if I'x = Sx. Also, a point x € () is called a
common fixed point of I' and S if I'x = Sx = x. Suppose that A and B be nonempty subsets of Q. Let:
A, {ueA:d(u,v)=d(A, B) for somev € B},
B, {veB:d(u,v) =d(A,B) forsome u € A}.

If there is a pair (9., ¢.) € A X B for which d(3.,¢.) = d(A, B), where d(A, B) is the distance between A and
B, then the pair (9., ¢,) is said to be a best proximity pair for (A, B). Best proximity pair evolves as an
expansion of the concept of best approximation.

The best proximity points of (A, B) can be find by consideringamapI': AUB — AUB. A pointu € AUB
is called a best proximity point of the pair (4, B), if d(u,I'u) = d(A, B) and the family of all best proximity
points of (A, B), Pr(A, B), is

Pr(A,B) = {u € AUB : d(u,Tu) = d(A, B)}.

2020 Mathematics Subject Classification. Primary 47HO08; Secondary 47H10, 45B05.

Keywords. Fixed point, coincidence point, common fixed point, best proximity pair and best proximity point.

Received: 23 April 2023; Revised: 20 May 2023; Accepted: 02 October 2023

Communicated by Erdal Karapinar

This research is supported by the Science Fund of the Republic of Serbia, #GRANT No 7632, Project "Mathematical Methods in
Image Processing under Uncertainty” - MaMIPU.

* Corresponding author: Mohammad Reza Haddadi

Email addresses: majap@rcub.bg.ac.rs (Marija Paunovi¢), haddadi@abru.ac.ir (Mohammad Reza Haddadi),
zam.dalahoo@gmail. com (Vahid Parvaneh)



M. Paunovié et al. / Filomat 38:8 (2024), 2847-2856 2848

The best proximity point is also an expansion of the concept of fixed-point because, if A N B # (, then every
best proximity point is a fixed point of I'. There are a number of contributing publications on the subject
of fixed points and common fixed-point theorems (see [7-9, 20, 25, 28]). Common best proximity points
have become one of the most studied topics in the field of fixed point theory. These notions generalize
the concept of a common fixed point and allow us to deal with non-self-mappings. There are many more
results on common best proximity points in the literature; for instance, we can see [10, 24, 30].

Eldred et al. [11] and Sankar Raj et al. [32] presented a best proximity point theorem for relatively
nonexpansive mappings. A best proximity point theorem for contraction mappings has been obtained by
Basha [31]. The best proximity point theorems for various variants of contractions have been explored in
[12, 14,15, 17-19, 26].

Recently, Khojasteh et al. have explained in [23] the idea of the simulation function in order to express
different contractivity conditions. Hence, it could be possible to treat several fixed-point problems from
a unique common point of view. Furthermore, Roldan et al. in [29] slightly modified their notion of
simulation functions, and they have investigated the existence and uniqueness of coincidence points for
two nonlinear operators by using this kind of control functions.

Karapinar has introduced new fixed point results via simulation functions [22]. Alsubaie et al. extended
the simulation function via rational expressions [4]. Heidary et al. gave a common fixed-point theorem for
Suzuki-type contractions via generalized W-simulation functions [16]. Agarwal et al. introduced the notion
of interpolative Rus-Reich-Ciri¢ type Z-contractions in the setting of complete metric spaces, and they
considered some immediate consequences of their results [1]. Alqahtani et al. investigated the existence of
a fixed point for some contractions with the help of simulation functions [3, 4]. In continuation, Alghamdi
et al. gave a note on extended Z-contraction.

Gabeleh etal. proposed a new type of simulation functions and, using Meir-Keeler condensing operators
and the notion of measure of non-compactness, established a new generalisation of Darbo’s fixed point
theorem [13]. Monfared etal. [27] introduced a;,-admissible mappings, Z,,-contractions and N,-contractions
via simulation functions. They proved some new fixed-point theorems for some classes of contractions via
a-admissible simulation mappings as well. The existence of fixed points for certain operators via simulation
functions has been investigated in the context of complete M-metric spaces by Asadi et al. [5]. Also, Asadi
et al. gave a new approach to generalising Darbo’s fixed point problem by using simulation functions with
an application to integral equations [6].

At the end, Karapmar and Khojasteh have investigated the existence of the best proximity points of
certain mappings via simulation functions in the framework of complete metric spaces.

Definition 1.1. [29] A simulation function is a mapping & : [0, 00) X [0, 00) — R satisfying the following conditions:
(1) £(0,0) = 0;

(2) &(t,s) <s—tforall t,s > 0;

(3) if {t,} and {s,} be sequences in (0, 0o) such that limy, e t, = liMy—e S, > 0and t,, < s,, then lim sup &(t,, s,,) < 0.

n—oo

Suppose Z be the set of all simulation functions. Now, in the following we give a new generalization of
the simulation functions.

Definition 1.2. Let a be an arbitrary positive real number. An a-simulation function is a mapping &, : [a, 00) X
[ar, 00) — R which is satisfying the following conditions:

(1) Eala, ) = 0;

(2) Ea(t,s) <s—tforallt,s > a;

(3) if {t,} and {s,} be sequences in (at, 00) such that lim,_,c t, = lim,—e0 54 > @, then lim sup &, (¢, s4) < 0.

n—oo

Let Z, be the set of all a-simulation functions. Before presenting our main results using simulation
functions, we give some examples.
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Example 1.3. Let o > 0,k € [0,1) and let &, : [a, 00) X [@r, 00) — R be the function defined by:
2(s—=1), 1 s<t,
OO .
k(s—a)—(t—a), otherwise.
Then &, is an a-simulation function. Verification of (1) and (2) follows from

a<s<t =&(ts)=2(s—-1)<s—t,
a<t<s =&ts)=kis—a)-(t-a)<(s—a)—(t—-a).
Example 1.4. Let « > 0,k € [0,1) and let &, : [a, 00) X [a, 00) — R be the function defined by:

2(s—1t), if s<t,
t,s) = .
£alt;9) { Vsa —t, otherwise.

Then &, is an a-simulation function.

Example 1.5. Let ¢ and ¢ be two altering distance functions such that o(t) < t < ¢(t) for all t > 0. Then the
mapping
51x(t1 S) = (P(S) - ¢(t)/ A4 t/S € [0{, OO)

is an a-simulation function. If, in the previous example, ¢p(t) = t and @(t) = kt + (1 — k)a for all t > 0, where
k € [0, 1), then we obtain the following particular case of simulation functions:

Eat,s)=ks+ (1 —-k)a—t, Vt,se€[a, ).
Example 1.6. If ¢ : [, 00) — [0, o0) be a continuous function such that ¢(t) = 0 iff t = a, and we put
éa(t/ S) =s5- <]5(5) - t/ v Srt € [Oé, OO),

then &, is an a-simulation function.

2. Main Results

In this section, we use the notion of a-simulation function for finding the best proximity pairs, best
proximity points and best proximity coincidence points for a non-self-mapping defined on a metric space.

Definition 2.1. Let (Q,d) be a metric space, A, B be nonempty subsets of Q and let I',S : AUB — A U B be two
mappings. Let a = d(A, B). We say that the pair of operators (T, S) is a pair of cyclic (Z)-contractions if

I'(A)CS(B)C B, T(B)CS(A)C A
and there exists a pair (&, Ey) € Z X Ly such that
Ed(Tx,Ty),d(Sx,Sy)) =20, Vx,y € A, orx,y € B such that d(Sx, Sy) > 0,

and
Ead(Tx, Ty),d(Sx,Sy)) =0, Vx € Aand ¥V y € B such that d(Sx, Sy) > a.

Definition 2.2. Let (Q,d) be a metric space. Given two mappingsI',S : AUB — AU B, we say that {x,} C Qisa
Picard sequence of the pair of cyclic (Z)-contractions (I, S) if

Skpe1 = 'y

Since I'(A) € S(B) C Band I'(B) C S(A) C A, it is well known that there is a Picard sequence of (I, S) for every point
Ko € A. Also, if kg € A, then we have {x2,} C A and {k2,+1} € B.



M. Paunovié et al. / Filomat 38:8 (2024), 2847-2856 2850

Definition 2.3. Let A and B be nonempty subsets of a metric space Qand letT,S: AUB — AUB. Apoint x € A
is called a best proximity coincidence point (BPC point) of the pair (I, S) if

d(T'x, Sx) = d(A, B).

Of course, on the other hand, (I'x, Sx) is a best proximity pair. It is notable that if we have A N B # 0, the point x € A
is a coincidence point of (I, S), i.e., I'x = Sx. Also, if we have S = I (i.e., the identity mapping), then the point x € A
is a best proximity point of . Finally, if we have AN B # 0 and S be the identity mapping, then the point x € A is a
fixed point of T.

In the following, we give the main theorem of this section.

Theorem 2.4. Let (Q,d) be a metric space, A, B nonempty closed subsets of QY and let I,S : AUB — AUB be
mappings such that (I, S) be a pair of cyclic (Z)-contractions in (Q, d) and suppose that there exists a Picard sequence
{Kntuso of (T, S). Also assume that (I'(A), d) or (S(B), d) is complete. Then (T, S) have, at least, a BPC point.

Proof. If {x,}u>0 contains a BPC point of (I',S), then the proof is finished. Suppose that {x,},>0 does not
contain any BPC point of (I, S), that is,

d(Sk, Skcpi1) > d(A,B), ¥ 1> 0.

We divide the proof into four steps.
Step 1. We claim that lim d(S«,,, Sk,+1) = d(A, B). Using the definition of the a-simulation function, we have

0 < Eald(Txcn, Txp41), A(Skn, SKps1)) = Ea(d(SKps1, Skns2), d(Sxn, Skns1))

< d(Sxn, Skns1) — A(Skp41, Skns2),

which means that d(A, B) < d(S«y+1, Skn+2) < d(Sx,, Sx,41) foralln € IN. Letd,, = d(Sx,,, Sk,+1), then {d,,} is a
non-increasing sequence of nonnegative real numbers, hence it is convergent. Let r = lim,,_,, d,. We prove
r=d(A,B). If t, := dy41 and s, := d,,, then t, <s, and so limsup, _, . £4(ty, s4) < 0, which is a contradiction.
Therefore, d(A, B) = lim;, o d,,.

Step 2. In this step, we prove thatlim, . d(Sx;-1, Sky41) = 0. Using the definition of the simulation function,
we have
0 < &(d(Tkn-1, Txn+1), d(Sxn-1, Sku+1)) = E(A(SKn, Skcn+2), A(Skn-1, SKn+1))

< d(SKn—ll SKn+1) - d(SKn/ SKn+2)/

which means that 0 < d(Sx,,, Sk,1+2) < d(Sk,-1,Sk,+1) for all n € IN. Let b, = d(S«x,_1,Sk,+1), then {b,} is a
non-increasing sequence of nonnegative real numbers, so it is convergent. Let 6 = lim,_,. b,. We prove
that 6 = 0. If t, := byy1 and s, := by, then t, < s, and so limsup,_, . &(t,54) < 0, which is a contradiction.
Therefore, lim,,_,, b,=0.

Step 3. We claim that {S«y,} is Cauchy in (€2,d). We reason by contradiction. Suppose that {S«,} is not
Cauchy in (), d). Hence, there is €g > 0 such that for all k € IN there exist my, 1, € IN so that my > ny > k and
A(Skom,, Skan,) = €o.
We can assume that my, is the smallest index for which the above relation is valid, that is,
A(SK2m(k)-2), SKanky) < €0 ¥ k € IN. 1)
By using (1), we deduce that
€0 A(SK2meky, SKan(k))
A(SK2mE), SK2m(k)-2) + A(SK2m(k)-2, SK2n(k))
A(SKom@y, SKam@)-2) + €0,

INIA

A
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for all k € N and also using step 1, it follows that

€ = %1_{?0 A(SK2mE), SK2n(k))-

Moreover, by
A(SKamky, SKanky) < A(SKamy, Skamy+2) + A(SKampy+2, SKany+2) + A(SK2n@wy+2, SKanw)

and
A(SKom@+2, SKon+2) < A(SKamy+2, SKam@y) + A(SKam(ry, S¥2n(ry) + A(SK2n(ky, SKon(ry+2)

for all k € N and also using step 1, it follows that
€ = ;}erolo A(SKom@+2, SKank)+2)-

In particular, there is #; € IN such that
A(SK2m(ky, SKank)) > €0/2 > 0, d(SKompy+2, SKony+2) > €0/2>0, ¥V k= ny.
Using the fact that the pair (I, S) is a pair of cyclic Z-contractions with respect to &, we deduce that

0 < &dTxomm+2, Tkan+2), A(SKam@y, Skanek)))
= &(d(Skoumm+3, SKan(y+3), A(SKamE), SKan(k)))
A(SKom(k), SKan(ky) — A(SKam(ky+3, SK2n(k)+3)

A

vk > ny.
In particular,
0 < d(Skam@py+1, Skony+1) < d(SKamry, Skny), ¥ k = 1.

Employ the sequences t; = d(Skom()+1, Skong)+1) and sy = d(Skomp), Skanky)- Thenty < syandlimsup,_, . &(f, sx) <
0, which is a contradiction. Therefore, we must admit that the sequence {S«»,} is Cauchy in (Q, d).

Step 4. Now, we prove that (I', S) have a BPC point. Note that Sky,+1 = ', € T'(A) € S(B). Since S(B) is
complete, there is u € S(B) such that Skp,+1 — u, that is,

31_1)1;10 d(Sxon41, 1) = 0 and so %1_1)1([)10 d(Txp,,u) = 0. (2)
Let v € B be a point such that Sv = u. We are going to show that v is a BPC point of (I, S). Now,
d(A,B) < d(Sv,Tk,-1) < d(Sv, ko) + d(Ticon, Ikon-1).
Thus, by step 1 and (2) we infer that d(Sv, I'ky,—1) converges to d(A, B). On the other hand,
0 < &(d(Tx2y-1,T0), d(Sk24-1, 50)) < d(Sk24-1,50) — d(T'k24-1,T0),

and so
d(ernfl,r"U) < d(SKznfl, SU), VY nelN.

Therefore

lim d(T'xy,-1,Tv) = 0. ®3)

Hence,
d(A, B) < d(Svu,Tv) < d(Sv,Tkau-1) + d(T'xp,—1, T0).

Hence, if n — oo by (2) and (3) we have d(Sv,1'v) = d(A,B). O

In the following we give some consequences of Theorem 2.4.
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Corollary 2.5. Let (Q,d) be a metric space, A, B nonempty closed subsets of Q) and let I',S : AUB — A UB be
mappings such that I'(A) € S(B) € B and I'(B) C S(A) € A and suppose that there exists a Picard sequence {i,}n>0
of (I, S). If ¢ and @ be two altering distance functions such that o(t) < t < ¢(t) for every t > 0 and

¢d(Tx, T'y)) < p(d(Sx,Sy)), Vx,y€ Aorx,y € B

and
d(Tx,Ty) < kd(Sx,Sy)+ (1 —k)d(A,B), Vx€ A, y€B,

also assume that (I'(A), d) or (S(B), d) is complete, then (I', S) have a BPC point.

Proof. It follows from Theorem 2.4 using the simulation function (¢, s) = ¢(s) — ¢(t) for all s, t € [0, o), and
a-simulation function &,(¢,s) = ks + (1 —k)a — t for all s,t € [a, 00). O

Corollary 2.6. Let (Q,d) be a metric space, A, B nonempty closed subsets of Q and letT : AUB — AUBbea
mapping such that T(A) € Band I'(B) C A. Let ¢ and @ be two altering distance functions such that p(t) <t < ¢(t)
for every t > 0 and

od(I'x, Ty)) < p(d(x,y), YVx,y€ Aorx,y € B

and
dTx, Ty) <kd(x,y)+ (1 -k)d(A,B), Vxe€ A, y€B.

Also, assume that (I'(A), d) is complete. Then I" have a best proximity point.
Proof. It follows from Corollary 2.5, if S be the identity mapping on Q. O

Theorem 2.7. Let A and B be two nonempty closed and convex subsets of a strictly convex Banach space Q). Let
IS: AUB — AU B be mappings such that (I, S) be a cyclic Z-contraction. Also, assume that T'(A) or S(B) is
complete. Then (T, S) have a unique BPC point.

Proof. By Theorem 2.4 (I',S) have at least a BPC point. Suppose that x,y € A such that x # y. Since A

and B are convex, rx+ry € B and @ € A. Also, since ||[I'x — Sx|| = d(A, B) and |I'y — Syl| = d(A, B), then

from strictly convexity assumption of Banach space Q, || Fx;—l"y - SX;Sy I < d(A, B), which is a contradiction.

Therefore, x = y. Hence, the proof is completed. [

In the following, we give some examples for finding the BPC point.

Example 2.8. Let A and B be subsets of R? defined by
A={x0):x>1}, B={0,y):y > 1}.

Suppose that
T(x,y) = (Y, V%), S(xy) = (Vx, )

and

Es,t)=ks—t, Eals,t) = \ V25—t
where k € [0,1).

Then (T, S) is a cyclic Z-contraction on R? and ||[T(1,0) — S(1,0)|| = d(A, B). Here, d(A, B) = V2. For (x,00€ A
and (0, y) € B we put
t=1I'(x,0) =IO, »Il, s = lISCx, 0) = SO, Y)II-

Hence
F= A/ Vx+ VY, s=x+y.

Since

Vi Vi V2T,
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therefore

Eals 1) = V2s —t<s—t, foralls,t > V2 = d(A, B)

and so &, is a a-simulation function.
Example 2.9. Let A and B be subsets of R? defined by,
A=11,2]x[1,2], B=[-2,-1]x[-2,-1]
and x, € A. Define mappingsI',S: AUB — AUB by
y

(‘% - %r_g - )/ (x/y) EA/
I'(x,y) = 4)

@IN

5—%235-3) (Y eB

Obviously, I'(A) € S(B) € Band I'(B) € S(A) C A. Initially, we show that
ITCx, y) — T, wll < IS(x, y) — S(u, w)l|,
forall (x,y) € A and (u, w) € B. We have

_ x 2 u 2.y 2 w2
TG y) ~Tawwll = -3 -3 -[-3+3L-3 -5 -3 +3Dl
u—-x 4 w—-y 4
< —_ 212 _J _ R
\/| 5 3 I 3
u—-x w—y
< — 1|2 —_ 112
\/I > 17+ > 1|
< [IS(x, y) = S(u, w)ll,

and S(x*, y*) = (x*,y*) = (1,1) such that

TG, y7) = S, vl = 1I(1,1) = (=1, =1)l| = 2 V2 = dist(4, B).

3. An application to integral equations

In this section, we apply Corollary 2.6 to study the existence and uniqueness of a solution to a new kind
of nonlinear integral equations. Let f : [-b,b] X R — R and G : [-b,b] X [-b,b] — [0, 00) are continuous
functions. Let X = C([-b, b], R) be the set of real continuous functions on [-b,b]. We endow X with the
standard norm

llullo = max [u(t)].
te[-b,b]

It is well known that (X, ||./l) is @ Banach space. For 0 < a < b, we consider the nonlinear integral equation

b
)~ [ 6,55, uo)sl =20, € a,), ©)
—b
We suppose that
b
sup f IG(t, s)lds < 1. @)
te[-b,b] Ja
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Also, we suppose

—bs]kahﬂﬂ&MQMss—thewwL ®)
and a

HSJWQWﬂﬂﬂMPﬂ%Shvaﬁ} )
Fmdmwe;mm%mmﬁnmsebhﬂﬁﬂﬂeMﬁkmdﬂﬂebthmm

£ (s, x(s)) — f(s, y(s))| < Klx(s) — y(s)| + 2a(1 = k) (10)
and if x(s), y(s) € [a, ], then

£ (s, x(5)) = f(s, y(s))I < klx(s) — y(s)], (11)

where k € (0,1). Now, define the set
O={ueX:-b<u(t)<b, forte[-bD]}.
Theorem 3.1. Under the assumptions (7)—(12), problem (6) has a solution u* € ©.
Proof. Let A and B be closed subsets of X such that
A={uecO:uab]) Cla,bl,u((-b,a]) = {a}}

and
B ={u€® :u([-b,—-a]) C [-b, —a], u([—a, b]) = {—a}}.

It is clear that d(A, B) = 2a. Define the mapping I' : X — X by

b
Tu(t) = f G(t,s)f(s,u(s))ds, t € [-b,b].
b
We shall prove that

I'(A) C Band T(B) C A. (12)

Let u € A, thatis, u(s) € [a,b] for all s € [a,b]. (8) implies that —b < T'u(t) < —a for all t € [-b, —a]. Hence,
I'u € B,ie., I'(A) C B. Also, let u € B, that s, u(s) € [-b, —a] for all s € [-a,—b]. (9) implies thata < T'u(t) < b.
Hence, I'u € A, i.e.,, I'(B) € A. Now, using conditions (7) and (12), for all t € [4,b], u € A and v € B, we have

b
Tu(t) - To(t)] < f G(t,s)If (s, u(s)) — f(s,—a)lds
b b
< kf G(t,s)lu(s)—(—a)Ids+(1—k)2af G(t, s)ds

b

< Mu—wm+ﬂ—bMJNG@@@
a

< Kl =l + (1 —K)2a.

Similarly, for all t € [-b, —a], u € A and v € B, we have

A

Fu(t) - To(t)] < f b G(t, )1 (s, ) — F(s, 0(s))lds
< Kl =0l + (1 - K)2a.
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Forallt € [-a,a], u € Aand v € B, we have

Tu(t) - To(t)] < f G(t,s)If(s,a) — f(s, —a)lds
klu — vl + (1 —k)2a

IN

and so forallt € [-b,b], u € A and v € B, we have

b
ITu(t) - To() < I . G(t,9)If (s, u(s)) + f(s,v(s))lds
klu — vl + (1 — k)2a.

IA

Hence

IT% = Tolleo < kil = vlleo + (1 = K)d(A, B).

Also, for all t € [-b,b] and u,v € A, we have

A

b
ICu(t) = To(t)] < I . G(t, )If (s, u(s)) = f(s,0(s))lds

IN

b
kf G(t, s)|u(s) — v(s)lds

kil = vllco.

IA

Hence,

ITu — Tl < Kkllu — 0llco-

Now, all the conditions of Corollary 2.6 are satisfied and we deduce that I has a best proximity point u* € A,
that is, u* € ® is a solution for (6). O
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