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On Z,7Z,[u)Z;[u, v]-additive cyclic codes and their application in
obtaining optimal codes

Mohammad Ashraf?, Mohd Asim®', Ghulam Mohammad?, Washiqur Rehman?, Naim Khan?

?Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India

Abstract. Let Z, = {0,1}, R, = Z, + uZ,, where u? = 0 and R,=7, + uZ, + vZ,, where u?>=v?> = 0=uv=ou.
In this article, we study Z,%R,R,-additive cyclic, additive constacyclic and additive dual codes and find the
structural properties of these codes. The additive cyclic codes are characterized as R,[y]-submodules of a
ring

Sy pops = Zalyl/ Y = 1) x Rulyl/ (Y™ = 1) x Ra[y] /(¥ = D).
The extended Gray map is represented by

W, Z0 xR x R sz

and is utilized to construct the binary codes with good parameters. The minimal generating polynomials
and smallest spanning sets of the above specified codes are obtained. We also establish the relationship
between the minimal polynomials of additive cyclic codes and their duals. Further, we provide some
examples that support our main results. Finally, the optimal binary codes are determined in Table.

1. Introduction

In the early history of the art of error-correcting codes, the codes had been studied over finite fields, but
with the time, more general structures have been considered and implemented. The study of codes over
rings has attracted many researchers.

In 1973, additive codes were first defined by Delsarte [13, 14] in terms of association schemes. Generally,
an additive code is defined as a subgroup of the underlying abelian group. In the special case of a binary
Hamming scheme, when the underlying abelian group is of order 2", the structure for the abelian groups
are those which are of the form thh X Zﬁz with By + 2, = n. Therefore, the subgroup C of Zgl X Z‘Zz is the
only additive code in a binary Hamming scheme.

In 2015, Z,Z;[u]-additive codes were another generalization of Z,Z4-additive codes which was intro-
duced by Aydogdu et al. [4]. In this article, they determined the Z,7Z;[u]-additive cyclic codes and defined
a mixed code consisting of the binary part and non-binary part from the ring Z, + uZ,, where u? = 0. The
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Z,7Z4-additive codes were further generalized to Z,Z,:-additive codes by Aydogdu et al. [7]. Later on,
Aydogdu et al. [8] generalized Z,Z,-additive codes and Z,Z»:-additive codes to Z,,Z,s-additive codes. In
2016, Z,y Z,s-additive cyclic codes were studied in[10].

Note that in Z,7Z4-additive codes and Z,Z,.-additive codes, Z, is considered as Z;-algebra and Z:-
algebra respectively. Alsoin Z,Z;[u]-additive code, Z; is known as a Z;[u]-algebra and Z, is a Z,--algebra
in 7,y Z,-additive codes. In2018, J. Gao et al. [15] gave the structural properties of additive cyclic codes over
Z,Z,[u], where u> = 0. They also found the minimal generating sets of additive cyclic codes. Moreover,
they determined the relationship of generators between the additive codes and its dual code.

In 2019, Minjia Shi et al.[22] described Z,7Z5[u, v]-additive cyclic codes, where w =0v>=0, uv = vy,
which was the generalization of previously introduced Z,7Z-additive cyclic codes. Recently, Mahmoudi
et al.[21] gave the structures of Zy(Z + uZy + u*Z,), (Zy + uZy)(Zy + uZy + u*Z,), where u3 = 0, Zy(Z, +
uZy +vZs) and(Zy + uZs)(Zy + uZy + u*Z,), where u* = v* = uv = uv = 0. They determined additive codes,
dual additive codes and found singleton bound.

Inspired by aforementioned work, we consider two rings Ry = Z, + uZ,, where w2 =0and Ry, = Z, +
uZy +vZs, where u? = v> = 0 = uv = vu with characteristic 2. In this article, we determine Z,R;R,-additive
cyclic codes, constacyclic codes and dual of additive cyclic codes. We also find the optimal binary images
from Z,R1R,-additive codes. It is to be noted that the additive code of length (51, B2, f3) is the subgroup of
the commutative group Zgl X‘J%fz ><9?§3 . The Z,R1R,-additive codeis alinear code over Z, if B, = Oand 3 = 0,
over Ry if f1 = 0 and B3 = 0 and over R, if f; = 0 and B, = 0. Clearly, we observe that it is the generalization
of linear code over Z,, R; and R,. Furthermore, we obtain the generator polynomials and minimal spanning
sets for Z,R1M,-additive cyclic, additive constacyclic and additive dual codes. These codes are classified
as Ry[y]-submodules of the ring S, g, 5, = Zo[yl/{y"* — 1) x Ra[yl/{yP> — 1) x Rao[yl/(yP - 1).

This paper is organized as follows: In Section 2, we present some basic notions and define some Gray
maps and their extensions. Section 3 contains the cyclic structures of the rings Ry = Z, + uZ,, where u> = 0
and Ny = Zp + uZy +vZs, where u? = v> = 0 = uv = vu. In Section 4, we study Z,R;R,-additive cyclic codes
and find the minimal generating sets when f3; is odd and f33 is even(or odd). In Section 5, we define the
duality of Z,R,R,-additive cyclic codes and their results . In Section 6, we determine the minimal spanning
sets of Z,R1R,-additive constacyclic codes. In section 7, we give some examples and form a table of optimal
binary images from Z,RR,-additive cyclic codes by MAGMA. Last section contains the conclusion and
the suggestion for future work.

2. Preliminaries

Let Ry = Zy + uZy, u> = 0 and Ry = Zy + uZ, + vZ,, where u> = 0, v* = 0 = uv = vu be two rings
with characteristic 2. Any element z € R, can be written as z = a + ub + vc for all a,b,c € Z,. An element
z = a+ub+vc € R, is a unit if g is unit. The total number of ideals in R, are listed as I; = {0}, I, = (u), Iz = (v),
Iy ={u+v)yand Is = (u,v). Since Is = (u,v) is the unique maximal ideal in R,, the finite commutative ring
R, is a local ring. Let

ZoRRy ={(c,c,c )| ce€Zy, ¢ €Ry, ¢ €Ro).

Define three maps 01 : Ry — Zy, 0, : Ry — Ry and 03 : Ry — Z, such that O1(a + ub + vc) = g,
O2(a + ub + vc) = a + ub and O3(a + ub) = a, respectively. Clearly, 01, 0, and 03 are well-defined onto ring
homomorphisms. Let Zﬁl be a pi-tuples of Z,, ‘sz be a fp-tuples of R; and 9?53 be a fz-tuples of R,, where
[3}, B2 ayd ,@3 are Rositive integers. Lety = (y,,r v,y)e Zgl xﬂ?’fz ><ER§3 be a vector, where y = (yo, Y1, .-, Yp,-1),
v =Yy, yﬁz_l) and y = (Yo, Y,/ ..,yﬁ%_l). For any z = a + ub + vc € Ry, the Ry-scalar multiplication

on Zgl X ‘sz X ER§3 is defined as follows:

zy = (01(2)yo, - - -, 61(z)yﬁl_1|62(z)y£), .., Gz(z)y'ﬁrllzyg, .. .,zy,;fl) € Z’;l X ‘sz X ER§3, 1)
where 01(2)y;, Qg(z)y;. and zy; are performed mod2 forall 0<i < 1 -1,0<j<fr—1land 0 <k < B3—1.The

structure Zgl X ‘lez X iRgS forms a Ry-module under usual addition and multiplication defined in (2.1).
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Let Sp, 5, = Zolyl/ (¥ — 1) x Ra[yl/{yP> — 1) X Ra[y]/(yP — 1). Define a map
oD Z‘g] X ERfZ X 9{53 —_—> 8[31,‘32,[;3

d = (flglh) — d(y) = (fWlgW)Ih(y)),

where (f|g|h) = (fO/fl/ - ,fﬁ171|go,gl, .. ,gﬁz,ﬂho,hl, . fhﬁsfl)/
f(y) = fo + fly 4o+ fﬁl—ly’Bl_l, g(y)zgo + iy -+ + gﬂz—lyﬁz_l and
hy)=ho + Iy + -+ lg,1y* ! Forany €(y) = Lo+ (ry ++++ Ly’ € Yalyland d(y) = (FWIgWIAW)) € Sp .

define the R;[y]-scalar multiplication

(y) - d(y) = @1 fWIB2L(EW)gWIEWR(Y)), )

where 01(£(y)) = 61(€o) + O1(£1)y + - -+ + 01(4,)y" and
02(t(y)) = Oa2(bo) + Oa(C1)y + -+ + O2(6,)y". Then Sg, g, 6, forms a Ry[y]-module under usual addition and
scalar multiplication of polynomials defined in (2.2).

Definition 2.1. A non-empty subset C of thh X ﬂ{fz X %53 is called a Z,R1Ry-additive code if C is a subgroup
of Zgl X 92?2 X 92§3, that is, C is isomorphic to Z' X ZJ" X Z x ZJ" X 22" x ZJ°, for some positive integers
N1, Mz, 13, Mg, N5 and ne.

If Cis a ZyRiRy-additive code, then C is of the type (81, B2, B3, 11,12, 113,114,115, 16). Let for any z; =

(ao,a1,...,ap,-1lbo, b1, ..., bg,1lco, c1, ..., cps-1) and
z = (ag,a,,.. "aﬁ1—1|b0’ b,..., bﬁz_llco, Cireves cﬁs_l), the inner product is defined as

Bi-1 a1 a1
2120 = (v Z aia; +u Z bjb;. + Z ckc;()(mod2).
i=0 =0 k=0

Definition 2.2. A non-empty subset C of Zgl X ?sz X ER’? is called a Z,R1Ro-additive cyclic code if
(1) C is additive code.

(it) For any codeword z = (ao,ay, ...,ap,-1lbo, b1, ..., bg,-1lco, c1, ..., cp;-1) € Cits cyclic shift
T(Z):(aﬁl_l,ﬂo, e ,ﬂ51_2|b52_1, bo, ey bﬁ2_2|Cﬁ3_1,Co, . /Cﬁs—Z) eC.

Definition 2.3. Let C be any Z,R1Ny-additive cyclic code. Then the dual code of C with respect to the inner product
is defined as

Ct={nc Zﬁl xiR’fZ x‘ﬁgﬂzl -2y =0for all z; € C}.

Let us define Gray maps as follows:

¢1: R — Z3 3)
such that ¢1(e + uf) = (f,e + f) foralle, f € Z, and
PR — Z; 4)

such that ¢pp(a+ub+vc) =(@+b+c,a+c,b+cc) foralla,b,c, € Z,. Using (2.3) and (2.4), we can define the
another Gray map

W:Zy xR X Ry :— Zr X Z5 X Z, (5)
as W(clc'lc”) = (c, 1(c), ¢2(c”)). An extension of the map W in (2.5) is defined by
W, Z0 xR R s 7B 6)

such that Wi (y=(yly'ly )=y, $1(y), p2(y ), where
y:(yOI ]/1; ey y51—1|y0/ y1/ ey yﬁ2_1|y0, y1/ ooy yﬁs—l) € Zgl X ‘sz X ‘Ris
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Definition 2.4. Let y=(yly'|y") € Z5' x iR‘fz x R, where y € 78", i € 9%?2 and y'€ R, Then the Gray weight of
y is defined as

we(y) = wu(y) + wa(d1(y)) + wu(d2(y)),

where wyy denotes the Hamming weight.
Definition 2.5. Lety,z € Zgl X ‘R’fz X ER/;Z. Then the Gray distance between y and z is defined as

dc(y, z) = we(y — z) = du((WIpr(Vlp2(y))), EP1E)P2(2)))).

3. Cyclic structure of codes over R; and R,

In this section, we study the generating sets of cyclic codes over Ry and R,. We will use these structures
to construct the composition Z,RR,.

Lemma 3.1. A code C of length B, over Ry is cyclic code if and only if C is an Ry-submodule of Ryg, = R1[y]/(yP2-1).
Definition 3.2. (Division Algorithm) If for any f(y), g(y) € R1, where g(y) has unit as its leading coefficient, then

fW) =a)g(y) +ry),
for some q(y), r(y) € Ry, where r(y) = 0 or deg(r(y)) < deg(g(y)).

Let C; be a cyclic code in Ryg,. We can define a map 05 : Ry — Z, by 03(a + ub) = a. Clearly, 0 is a ring
homomorphism in R;. The extension of 63 can be expressed by

m:C1 — Rilyl/ (2 - 1)

such that ny(ag + @y + - - + ag,1y#™") = 03(a0) + O3(a1)y + - - - + O3(a,-1)y** . Now, we can easily obtain the
kernel of 1; as

ker(m) = {ub(y) | b(y) € Zalyl/ (Y™ = 1} = (ubi(y)),

where by (y)|(y?2 — 1)(mod2). Since the image of 7, is also an ideal in Z,[y]/{y** — 1)}, a binary cyclic code

is generated by f(y) with f(y)ly*> — 1. So C1 = {f(y) + up(y), ub1(y)), for some binary polynomial p(y) and
bl(y)lp(y)%. Obviously, uf(y) € ker(n1). This implies that b1 (y)|f(y).

Lemma 3.3. Let Cy be a cyclic code in Rip, = Ra[yl/(yP — 1).
(1) If B2 is odd, then Ry, is principal ideal ring and
Ci = (f(y), ubi(y)) = {f(y) + ubr(v)),
where f(y), bi(y) € Zalyl/(yP = 1) and by(y)l f I - D).
(2) If B is not odd, then

(i) C1 = {f(y) + up(y)), where f(y)|(y** — 1)(mod2) and f(y) + up(y)|(yF> — 1) in R;.
(i) C1 = (f(y)+up(y), ubi(y)), where f(y), b1(y) and p(y) are binary polynomials such that by (y)| f(y)|(y** —

yﬂz -1

1)(mod2), bi(y)lp(y) 7y and deg(bi(y)) > deg(p(y))-

Proof. The proof directly follows from [1, Lemma 2]. [
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Let C; be a cyclic code in Ry, = Ra[y]/ (yP* = 1). We can define a map
0, : Ry — Z, + uZ; such that 0,(a + ub + vc) = a + ub. Clearly, 0, is a ring homomorphism in R,. The
extension of 6, can be expressed by

01: Co — (Za + uZ)[yl/ <y — 1)

such that 01(6o + Gy + -+ + g, yP™1) = 02(Ly) + Oo2(61)y + -+ + O2(Lg,—1)yP~!, where ¢; = a; + ub; + vc;, for
i=0,1,...,p3—1and a;,b;,c; € Z,. It is easy to obtain the kernel of o1 as ker(c1) = {v(a(y)) | a(y) €
(Zy + uZl)[yl/{y"* — 1)}=vZ,. Since the image of 0 is also an ideal in (Z, + uZ>)[y]/{y* — 1)}, a cyclic code
is generated by g(y) with g(y)ly®* — 1. Hence, C; = (g(y) + up1(y) + vq1(y), ua1(y) + vq2(y), va>(y)), where
ailgl (P —1)for1 <i<2.

Lemma 3.4. [17, Theorem 2] Let C; be a cyclic code in Rop, = Ra[y]/(yP — 1).

(1) If B is odd, then Cy = {g(y) + ua1(y) + vax(y)), where a>(y)lar (y)lg(y)|(y* - 1).

(2) If B is not odd, then
Cz = (9(y) + up1(y) + vq1(y), uar(y) + vq2(y), vax(y)),

yﬁ3 -1

. 3 —
wherea; | g | (yf* —1) fori=1,2and al(y)lpl(y)yg(—y)1 and ax(y)lg2(y) R

4. Z,MM,-additive cyclic codes

In this section, we obtain a set of generators for Z,R;R,-additive cyclic codes as R,[y]-submodules
of S, p,p,- Here, C will always denote a Z,R;R,-additive cyclic code. Since C and R»[y]/ (y53 — 1) are
Ra[y]-submodules of Sg, g, g,, we define a map

n:C— Rolyl/ (¥ - 1),

by n(f(Wlglh(y)) = h(y). Clearly, n is a module homomorphism whose image is R[y]-submodule in
Ra[y]1/(y* — 1) and ker(n) is a submodule of C. Further, n)(C) can easily be identified as an ideal in the ring

Ro[y]/{yP* - 1). Since n(C) is an ideal in Ro[y]/(yP — 1), n(C) = (h(y) + up1(y) + vq1(y), uar(y) + vq2(y), vaz(y))
with a; | g; | (y# — 1)(mod2), for i = 1,2. Let us define

ker(n) = {(fWIg)I0) € CIf (y) € Zalyl/ W = 1), 9(y) € Ralyl/(y™ - D},

] ={(fW), 9W) € Zalyl/(¥* = 1) x Ralyl/ <y = DIFW)Igw)I0) € ker(n)).

It is clear that ] is an ideal in the ring Zo[y]/{y% — 1) X R1[y]/(¥** — 1) and hence a cyclic code. There-
fore, by the well-known result on generators of binary cyclic codes, we have | = (f(y), 9(v)). Now,
for any element (f1(y)lg1(y)0) € ker(n), we get (i(y), 91(y)) € ] = {f(y),9(y)) and it can be written as
(i), 1) = my)(Fy), 9(y) for some polynomial my(y) € Rulyl/(y" - 1). Thus, (i), q1(y),0) =
(O3(m1(y)) f(y), m1(y)g(y),0). This implies that ker(n) is a submodule of C generated by an element of
the form (f(y), 9(y), 0), where f()|(y** — 1)mod2 and g(y)|(y** — 1)mod2. By the first isomorphism theorem
for rings, we have

C

Ker()

This implies that any Z,R,R;-additive cyclic code can be generated as a R[y]-submodule of Sg, 4,4, by
(AWI0I0), (L2lg(y)+up1(W)I0), (WL (WIh(y)+up1(y)+og1(y), (fa(WIl2(y)luar (y)+vg2(y)) and (f5163(y)lva(y)).

Hence, any element in C can be expressed as
di(y) X (FWI00) +da(y) X (HWIGW) + upr(W)I0) + da(y) X (HWIE W)+
upa(y) + vq1(y)) + da(y) X (fala(Y)luai (y) + vq2(y)) + ds(y) X (f5163(y)lvaz(y)),
where d1(y), d2(v), d3(v), ds(y) and ds(y) are polynomials in the ring R»[y].

= (W(y) + up1(y) + oq1(y), uar(y) + 0q2(y), vax (y))-
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Theorem 4.1. Let C be any ZyM1Ry-additive cyclic code. Then C* is also cyclic.
Proof. Let C be any Z,R;R,-additive cyclic code and
zzz(aé),a/l, ) ..,a/ﬁlfllbb, bll, ) ..,b/ﬁrllc;),cll,...,clﬁrl) e C*.

We have to prove that z; - T(z2) = 0. Since C is cyclic, we have T!(z1) also in C, where £ = lem(B1, B2, B3)-
Now, we can write

0 = T7'@) 2
= (111, LR aﬁ‘[—ll a0|b1/ R bﬁz—l/ b0|C1/ ey Cﬁ3—1/ CO) : (aOl al/ LR aﬁ1_1|b0/ bl/ cety bﬁz—ll
(P Cﬁ3—1)
= ulmay +axa, +---+aoag )+ 0(biby + baby + -+ + bobg 1) + (c16y + €20y
+ooe 4 cocﬁ3_1)
= M(ﬂoaﬁl_l + ma + -+ aﬁl_laﬁl_z) + U(bobﬁz—l + blb() + -+ bﬁz_1b52_2) +
(Cocg,_y + €16 + -+ Cpy-1Cp, )
0 = z- T(Z;g).

This implies that T(z;) € C*. Hence, C* is Z,RR,-additive cyclic code. [

Definition 4.2. A subset C C Sg, g, , is called a Z,R1Ry-additive cyclic code if and only if C is a subgroup of
S, 2,6, and for all

diy) = (FWlgylry)
= (ot Ay+-+ frmy" go+ qry + o+ gpm1y o + luy
+o+hg P e
we have

v-dy) = (far+ foy+-+ fa2y" Ugp + goy + - + gp2y” g
+hoy + -+ + hg, P € C.

Theorem 4.3. A code C is a Z,R1Ro-additive cyclic code if and only if C is a R[y]-submodule of S, p, p,-

Proof. Let Cbe a Z,RRy-additive cyclic code. Then we have to show that for any d(y) € C and €(y) € R[y],
{(y)d(y) € C. Assume that d(y) = (f(W)lg(y)lh(y)) € C, where f(y) = (fo+ iy + - + fﬁl_lyﬁl‘l), g(y) =
(9o + ry + -+ + gg-1yP ) and h(y) = (ho + Iy + - - - + hg,_1y»~1). The multiplication
y-dy) = (fpr+foy++ frat? N gpm1 + g0y + -+ G2t g
+h0y + -+ hﬁS_zyﬁ371)
represents the cyclic shift T(d(y)) of d(y). Since C is ZyR1R,- additive cyclic code, y'd(y) € C for all i € N.

It follows that I(y) - d(y) € C. This implies that C is R»[y]- submodule of Sg, g, g,. Converse part is directly
followed by the Definition 4.1. [J

Theorem 4.4. Let

(i)I0I0), (2Wlg(y) + up1(y)l0),
C = < (LW W)Ih(y) + upr(y) + 0q1(v)), (faWIl2(y)luai(y) + vg2(y)), >
(s (y)lvaz(y))

be a Z,R1Ry-additive cyclic code. Then deg(fi(y)) < deg(f1), where 2 < i <5 and deg(€;(y)) < deg(t1(y)), where
j=2,3.
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Proof. Letdeg(fi(y)) = deg(f(y)) for 2 < i < 5. Then we can assume that deg(f;(y)) —deg(f(y)) = t. In particular
i = 2, we define a code with generators of the form

(AWI0I0), (22()lg(y) + upr(Y)IO) + y' - (f1()I0]0),
< (WG W)IR(Y) + up1(y) + v91(v), (fa(WIC2(y)luai(y) + vg2(y)), >
(fs(WIta(y)lvaz(y))

< (AWI0I0), (2(y) + ¥ AWIg(y) + up1(y)I0), >

c

(SLWNGWIR(Y) + up1(y) + vq1(y)), (a@Ila(Yluar(y) + vg2(y)),
(fs(WILs(y)lvax(y))

This implies that C' € C. Now, suppose that (f2(y)|g(y) + up1(y)|0) € C. Then it can be written as
(RWIgy) + up1(y)I0) = (fo(y) + ¥ AWIFY) + upr(IO) = ¥ - (AH)IOIO).

This shows that C € C'. Hence C = C'. Similarly, other cases can be easily proved. [

Theorem 4.5. Assume that
C = (AWIO0), (LWgy) + ubrWIO), (WL W)IAY) + uaiy) + vax(y))
be a Z,R1R,-additive cyclic code of length (B1, B2, B3), where Bp and s are odd integers. If m,(y) = GRD g

; g(y)+ubi(y)
m(y) = mrmaary then fi(y) | my(y)fo(y) and
g(y) + ubi(y) | mu(y)ta(y).

Proof. Let n(my(y)(f2(0g(y) + ubi(y)I0)) = n(my(y) 2(1)I0[0). It gives that
(my(y) f2()|0|0) € ker(n) and hence f1(y) | m,(y) f2(y). Similarly, we consider that

N BWIEWIY) + uai(y) +vax(y))) = n(mu(y) fsWImn(y)6()I0), we get
(mn(y) fs(Wlmu(y)1(y)10)) € ker(n). Therefore, g(y) + ubi(y) | mp(y)tr(y). O

Theorem 4.6. Let
c - < (A0, (LWIgy) + ubsIO), (SWIEWIW) + upr(y) +031(1), >

(faWlea(y)luar(y) + vq2(y)), (fs5lC3(Y)lvaz(y))
be a Z,R1Ry-additive cyclic code of length (B1, B2, B3), where By is an odd integer and B3 is an even integer and

buIgWIE = 1), aiy) | (y) | (= 1) fori = 1,2 I mu(y) = L2 my(y) = gedmu(yps (), mu(y)an (), (4P —

(¥F3-1) -1
), ma(y) = Sy ma () = gy
(yP3-1)

s1(y) = ged(ma, (W)q2(y), (Y = 1)), 52(y) = <55 hay (y) =

w1
ww  then

@) AWIma(y)mu(y) f(y), 9(y) + ubi(y) | ma(y)mu(y)ta(y),
(i1) AWs2(y)ma, () fa(y), 9(y) + ub1(y) | s2(y)ma, (v)C2(y),
(@) fLWma, () f5(y), g(y) + ubi(y) | ma, (¥)3(Y).

Proof. (i) Since my(y) | my(y)p1(y) and my(y) | mi(y)q1(y), mu(y)p1(y) = ri(y)ma(y) and my,(y)q1(y) = r2(y)ma(y)
for some polynomials r1(y), 72(y) € Ra[y], we have
n(ma(y)mu(y) (W W)IY) + op1(y) + vq1(y))
1n(ma2(y)m(y) f()lma()mu(y) e () ma(y)mu(y)(h(y) + op1(y) + vq1(y)))
n(ma(y)mu(y) f(y)Ima2(y)mu(y)t1(y)10)
= 0.

This implies that (12 (y)my(y) f3()lma(y)m(y) €1 (Y)10) € ker(m={(f1(y)Ig(y) + ub:1(y), 0)). Therefore,
Fi)ma(y)my(y) f3(y) and g(y) + ubi(y) | ma(y)my(y)l1(y). We can analogously prove other cases also. [
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Theorem 4.7. Let

c = < (AWI0I0), (2(W)lg(y) + ubi(y)I0), (W WIA(Y) + up1(y) + vq1(y)), >
(faWl2(W)uar(y) + vq2(y)), (fs1€3(y)|vaz(y))

be a Z,R1Ry-additive cyclic code of length (B1, B2, B3), where Py is an odd integer and B3 is an even integer and
bl(y)lg(y)l(yﬁz - 1), a-(y) | h(y) | (yﬁ3 ~1) fori = 1,2 If m(p)="P, b = gedmymbi(y), (v - 1),

ta(y) = h(y), (WP (), (D@ (), G = 1), maly) = L, e (y) = L,
wB-1)

e, () = L ,sl(y) = gcd(mal W0, " - 1), ) = L2,

pr—deg(f(y))-1

S = (v (Am)I00)};
i=0
Par=deg(g(y))-1
$ = |J W (awlaw +ubi o)
i=0
deg(g(y))~deg(br(y)-1
S = U @b y)bi o))
i=0
pa3—deg(h(y))-1 4
s = | - (@@ + upi ) + on ()
i=0
Ps—deg(m(y)-1
$s = |J W @)@ E @ @p @) + om(ya )
i=0
deg(h)—deg(a;)—-1 '
s = | - (Al y) + o)
i=0
Ps—deglsr(y)-1
S5 = U W 0na i@l O)ome, W)
i=0
deg(ar(y))-deglar(y)-1
Sy = - (W),

i=0
then S = 51U Sp U S3 U S4U S5 U S¢ U Sy U Sg is a minimal generating set for the code C and

ICl = 2(Br1=deg(f1)) 922 —deg(g)~deg(br) 63 —deg(h)—2deg(im)—deg(ar)~deg(az)—deg(s1)

Proof. Let c € C be a codeword and ¢; € Ry[y], 1 <i < 5. Then

c1 - (i)I0I0) + c2 - (2(Wlg(y) + ubr(Y)I0) + c3 - (WL (W)IA(Y) + up1(y) +
vq1(y)) + ca - (fa(WIW)luar(y) + v92(y)) + ¢s - (fs(Y)lls(y)lvax(y))

(61(c1) AWI0I0) + c2 - (fa(Wlg(y) + ub1()I0) + c5 - (fs(WILW)IA(y) +
up1(y) + oq1(y)) + ca - (faWll2(y)luar(y) + v92(y)) + s - (fsll(Y)lvaz(y)).

If deg(6(c1)) < p1 — deg(f1) — 1, then (f1(y)I0[0) € span(S1). Otherwise, by division algorithm, we have

c

B — 1
deg(@(cl))zuch +eq,

A
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where deg(e1) < 1 — deg(f1) — 1. Therefore,

-1
O(c)(fiwlol0) = (( [0 d1 + e1)(f1(y))[0I0)

(e1(f1(¥))I0I0) = ex(f1(1)10[0).
This implies that (6(c1)(f1(y)), 0) € span(S1). Now, we have to show that

c2 - (a(Wlg(y) + ubi]|0) € span(S1 U Sy U S3) C span(S).
Suppose that m, divides c,, that is, c; = dym, + e, where e; = 0 or deg(ez)<deg(m,) — 1, we get

2 - (2(Wlg(y) + ubr(y)I0) (damg + e2) - (f2(y)lg(y) + ub1(y)I0)

da(my folumgby (y)|0) + ea(f21g(y) + ub1(y)|0).

Cleraly, ex(f2lg(y) + ub1(y)|0) € span(S,). It remains to show that da(m, fo, um,b1(y)|0) € span(S; U S3). Since
t1 | myb1, we obtain myb; = r1t;. Hence, m;bito = 0. By division algorithm, we have d, = d'ztz + e'z, where
e’z =0or deg(e'z) < deg(t2) — 1. The expression d,(1m, f>[um,b1(y)|0) can be written as

dy(m folumyby ()|0) (dyta + ey)(my folum,ybi (1)|0)

d, (tamg fo, utamgby (y)|0) + ey (my fo, umgbi (y)|0).

dy (21, £21010) + e, (my fo, umgbi (y)[0).

By Theorem 4.4, filtom, f, and d,(t2m, f10/0) € span(S1). Since (my fo, umgbi(y)I0) € span(Ss), c2 - (f2(Y)lg(y) +
ub1|0) € span(S1 U Sp U S3). Next, we need to show

ez - (I (WIh(y) + up1(y) + vq1(y)) € span(Sz U Sy U Ss) C span(S). Let us assume that c; is divisible by my,.
This means that c3 = d3my, + e3, where e3 = 0 or deg(es) < deg(my,) — 1. Therefore,

cs - (WG W)I(y) + up1(y) + v91(y))
= (dsmy + e3) - (LI W)I(Y) + up1(y) + v91(y))
= ds(mu(y) fs(Wmu () e (W umu(y)p1(y) + omu(y)q1(y))
+es(fs(IWIh(y) + upr(y) + vq1(y)).

Obviously, e3(f3()I€1()Ih(y) + up1(y) + vq1(y)) € span(Sy). Further, we prove that
dz(mu(y) fs(mu(y) L (Wlumu(y)p1(y) + vmi(y)92(y)) € span(Sz U Ss).

Sincemy | mypy and my | myuqy, so my(y)p1(y) = ramy, my(y)q1(y) = ramy. Hence, my(y)p1(y)yma = my(y)q1(y)mz =
0. Again, by division algorithm, we have d3 = dym; + e4, where dy = 0 or deg(dy) < deg(m>) — 1. Now,

ds(mu(y) fs()lmu () (W)lumy(y)p1 (y) + vmu(y)q1(y))
= (dama + eg)(my(y) f3(y) i (y) € (W) lumy (y)p1(y) + omu(y)q1(y))
= da(ma(y)mu(y) f5()ma(y)mu(y)e ()10) + es(mi(y) f3(y)lmu(y) e (Y)lumy(y)pa (y)
+omy(y)q1(y))-

Again by Theorem 4.4, dy(ma(y)mu(y) f3(y)ma(y)mu(y) €1 (y)I10) € span(Sz). Also,
ea(mu(y) (W) lmn ()L (Wlumn(y)p1(y) + vmu(y)q1(y)) € span(Ss). Hence

3 - (f3, ua1(y) + vqa(y) + uore(y)) € span(Sz U S4 U Ss).

Similarly, we can prove that

ca - (fa(W)la(y)luar (y) + vq2(y)) € span(Sa U Sg U S7)



M. Ashraf et al. / Filomat 38:8 (2024), 2899-2914 2908

and ¢s - (f5(y)l€3(y)lvax(y)) € span(S, U Sg). Finally, we conclude that ¢ € span(S). Thus, S is the minimal
spanning set for C because none of the element of S is a linear combination of the other and

IC| = 21 —dﬁ’y(fl))zzﬁz —dfy(ﬁ)—d39(h1)2653—513?(}1)—25169('"1)—dfg(ﬂl)—dffg(ﬂz)—dﬂ’g(sl)‘
O

From Theorem 4.6, the following results follow immediately.

Corollary 4.8. Let C = ((f1(1)I00), (f2l9(y) + ubi(y)|0)) be a Z,R1R,-additive cyclic code of length (b1, B2, B3),
where By is an odd integer and g(y) + uby(y)) | yP2 — 1. If

pr—deg(fi(y))-1

ss = U w-Gwmooy
i=0
Pr—deglgy)-1
= U W awgw +ubmo);
i=0
deg(g(y)—deg(br(y)-1
Sy = U W @ A@lhmy )b mI0)),
i=0

then Sq U Sy U S; forms a basis for C with |C| = 21=dea(fi))2(2p2=deg(g1)=deg(br)
Corollary 4.9. Let C = {(f1(y)(y)I00)) be a Z,R,Ro-additive cyclic code of length (B1, B2, B3) and fi(y) | v — 1. If

pr—deg(f)-1
si= J - (hwooy,

i0
then Sy forms a basis for C with |C| = 21=deg(f)),
Theorem 4.10. Let

C=(LWIOWIAY) + up1(y) + vq1(y), (faWC(Wluar(y) + vq2(y)), (Sl (y)lvaz(y)))
be a Z,R1Ry-additive cyclic code of length (B1, B2, B3), where B3 is an even integer and ax(y)|ay (y)|h(y)|(yF-1). If

(=52, my (y)=ged(m(y)ps (1), mu(y)gs (v), (YP=1)), ma(y) = L, ma, () = L,
51(y) = ged(ma, (Ng2(), (v — 1), s2(y) = L, () = L,
Bs—deg(h(y))-1 ‘
si = | W (E@amim + up ) + onm);
i=0
Bs—deg(m1(y))-1 ‘
$ = |J W @ s@m@aum@p @) + om(ya )
i=0
deg(h)—deg(ay)—1 '
$ = | - AIemuay) + opm)
=0
Bs—deg(s1(y))-1 .
S = | W 0 i@l WO ome, W)
i=0

deg(a1(y))—deg(az(y))-1

Ss W' (WG W)loa(y)),

i=0
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then S = 51U Sp U S3 U S4 U Ss is a minimal generating set for the code C and

|C| - 26[33—deg(h)—Zdey(mQ—deg(m)—deg(uz)—z:leg(sl).

5. Duality of Z,RM,-additive cyclic codes
In this section, we give the relationship between the generator polynomial of C and its dual code.
Let f(y) € R2[y] and deg(f(y)) = t. Then its reciprocal polynomial can be defined as f*(y) = y*9(/®) f(%).
Assume thatwy(y) = L%y’ y'isa polynomial. Now, letm = lem{B1, B2, s} and £(y) = (FWIf WIf" (), 8(y) =
@Wlg Wlg (y) € Sg, p, ;- Define a map
Raly]
(y"-1)

C: S X Spipos —

such that
= pryym—1-deg(g(y)) o*
CEW), 8y) = ofwr(y™)y g
uf oz (yF)y" 9 D g (y)
+f (y)w £ (yPo )y 1m0 W) g (1))
Now, we state the relevant lemmas that will be used to demonstrate the continuing results.

Lemma 5.1. Let ny,np € IN. Then
yrt=1= " = Do (™).

Proof. Letx™ —1=(x—1)(x""1+x272 4.+ x+ 1)=(x — 1)wy, (x). Putting x=y", we get the desired result. [

Lemma 5.2. [16, Lemma 6.5] Let f, g € Zgl X ‘.sz X ‘Rg% with associated polynomials
) = FWDIf WD W), W) = (9WIg WDIg" (v)) € Sp, pap,- Then fis orthogonal to g and all its shifts if and only if

C(f(y), &) = 0.
Theorem 5.3. Let f(y)=(fWIf WIf ), §W)=0W)lg WIg" () € Sp o p: such that L(f(y), g(1))=0.
(@) If f (=0 0r g (y)=0and f"(y)=0 or g'(y)=0, then f(y)g"(y) = 0 mod(y* - 1).
(ii) If f(y)=0 or g(y)=0 and f"(y)=0 or g"(y)=0, then f (y)g"(y) = 0 mod(y** —1).
(iii) If f(y)=0 or g(y)=0and f (y)=0 or g (y)=0, then f"(y)g"(y) = 0 mod(y”* —1).

Proof. (i) Suppose that either f'(y)=0 or g (y)=0 and f (y)=0 or ¢'(y)=0 . Then we need to show that
f()g*(y) = 0 mod(y*2 — 1). By Lemma 5.2, we have

0 = ). 8W)
= f(y)wﬁ(yﬁl)y’”_l_dW(g(y))g*(y)mod(ym -1).

We find that there exists a polynomial h(y) € Z;[y] such that
fWawp @y 0D () = h(y)mod(y™ - 1)

= hy)y" -1).
By Lemma 5.1, y"1 — 1 = (yf1 — D)w,(y1), we get
fy"gy) = Ky -1)
fg'(y) = 0mod(y¥ —1).

Similarly, we can prove other cases. [J
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Theorem 5.4. Let

C = ((AW)I0I0), (2(WNIg(y) + ubi()I0), (WL (WIR(Y) + upi(y) + va1(y)))

be a Z,R1Ry-additive cyclic code of length (B1,B2,B3)- If C+ = (A ()I00), (Alg(y) + ubi(y)I0), (HI6(y)Ih(y) +
up1(y) + vg1(y))) is the dual of C, then

() A (v) ged(AW), W), () = WY EP - 1),

o ADGOEDIWHEWEW) (o Py
(i) u o T at  (Aw) + ubr (1) = () — 1),

Proof. (i) Since (fi()I0I0), (f2(y)lg(y) + ubi(I0), (WIE(W)I(y) + up1(y) + vq1(y)) € C and (fi(y), 0) € C*, by

Lemma 5.2, we get _
c((f1(y), 0), (i), 0) = O,
(LW + ubr()I0), (fi(y),0) =0

and
C(BWIEWIAY) + up1(y) + vq1(y), (fi(y), 0) = 0.

Using Theorem 5.1, we obtain fi(y)f;(y) = 0, L(f;(y) = 0 and f3(y)f;(y) = 0. It is obvious that
fi(W) ged((), f2(1), f5(y)) = 0 mod(yP* — 1). This implies that there exits a polynomial /1 (y) € Zx[y] such
that

AW ged(A), LW), LW) = )K* -1).
(i) We know that
(A WI0I0), (2Wlg(y) + ubi(NI0), (WL WIA(Y) + up1(y) + vq1(y)) € C.
Then any element c(y) € C can be expressed as

W f(y)a(y)

W= G, ) A, A O
st L () + (10
T B ) NI+ )+ o)
= O ged(fi {;;y}ﬁg) 2 8; awy)’ W0
2
O R O E " SR i R )
- 0 RLWEWI) + LW)GE) CEIIGTC)) Hy).

ged(fi(y), 2(y), f3(v), (1 (y)) ung(fl(]/)/ W), (), t1(y)

p : HOOWBEWIW+LWE W) fWAWGY) F o= 7 _
This implies that (0l “ 2G5 Ao e 20 W et Ao o D), (fo, () +ubi (1)I0) = 0). By Theorem

5.1, we get
y WO (HW)9W) + f(y)6(y))

ng(fl (y)/ fZ(y)/ f3 (y)/ 51 (y))
This means that there exists a polynomial /;(y) € R1[y] such that

FWGW((W9(W) + L()(y)
ged(f1(v), (), f5(y), &a(v))

“(g(y) + ubi(y))* = 0.

(@(y) + ub1(y)) = ha(y)(y™ - 1).
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6. Z,M1MR,-additive constacyclic codes
Definition 6.1. Let A be a unit in Ry. A non-empty subset C of Z? X i}{‘fz X 9%[;3 is called a ZyR1Ry-additive
A-constacyclic code of length (B1, B2, B3) if

(i) Cis additive code;
(i1) For any codeword z = (ag, a1, ...,ag-1|bo, b1, ...,bg,—1lco,C1,-..,cp,-1) € C its cyclic shift
Y B1 B2 B3 Y

T(z) = (ag,-1,40, - -, ap,-21bg,-1,bo, - - ., bg,—2|Acp;-1, Co, - . ., cps2) € C.

Let Sg, 5.0 = Zolyl/ P — 1) x Rayl/ (¥ — A) x Ro[y]/(y** — A). Then Sg, 5,4,1 forms a Ro[y]-module
under usual addition and scalar multiplication defined in (2.1).

Theorem 6.2. A code C is a Z,R1Ro-additive constacyclic code of length (81,2, B3) if and only if C is a Ry[y]-
submodule of Sg, g, p;,1-

Proof. Proof directly follows the from Theorem 4.2 [J

Let 3 be any odd number. Let C be any Z,R;Ry-additive constacyclic code. Both C and R,[y]/{y% — A) are
R>[y]-submodules of Sg, g, 3,1, we define a mapping

12 : C— Ralyl /Ky = A),

where 2 (f(y)lg(y)Ih(y)) = h(y). Clearly, 1, is a module homomorphism whose image is R,[y]-submodule of
Ra[y]/{y# — A) and ker(1},) is a submodule of C. Further, 72(C) can easily be identified as an ideal in the ring
Ro[y]/(y#* — A) . Since 72(C) is an ideal in Ra[y]/(yF* — 1), n2(C) is an additive A-constacyclic code over Ry
of length 3. Now, we give a map W, which gives the relationship between cyclic codes and constacyclic
codes over R, as follows:

Wy Ro[yl/ (Y = 1) — Ralyl/(y™ — A)

h(y) — h(Ay).

Since B3 is odd integer, W, is ring isomorphism. Also, ] is an ideal in Ra[y]/{(y® — 1) if and only if W5(]) is
an ideal Ro[y]/(y* — 1) (see for reference [20]). Using the above assumption , we have the following result.

Theorem 6.3. Let

C=((LWI0I0), (f2(Mg(y) + ubi(I0), (WL (W)Ih(Y) + uar(y) + vaz(y))

be a Z,R1Ry-additive constacyclic code of length (B1, Ba, B3), where By and s are odd integers and by (y)lg(y)I(y*? — 1),

ay) 1 hy | @ - A for i o= 12 ifoomy)=
(yF2-1) (yF3

b = ged(my(ba(y), (v = 1)), oY) = L, ma(y) =52, m(y)=ged(my(y)ar (y),
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B3 — 1yP3 — B3 —
mu(y)ax(y), (s = 1)), ma(y) = L mg, (y) = L g, (y) = L 0f

pr—deg(f(y))-1

ss = U w-Gwmooy
i=0
Par=deg(g(y))-1
$ = |J W (wew) +unmioy
i=0
deg(g(y))~deg(br(y)-1
S = U @A) y)bi o))
i=0
Pa—degh(y)-1
sso = | - (BWIEWIG) +ua(y) + o)
i=0
deg(h(y))—deg(a(y)) '
S5 = U W @ A@Immm)a @) m(y)a ) + omy(yax(y));

i=0
deg(a1(y))—deg(az(y)) .
Se = {v' - ((WIy)lva(y)},

i=0
then S = 51U Sp U S3 U Sy U S5 U Sg is a minimal generating set for the code C and

IC| = oP1—deg(f)92B>—deg(g)—deg(br) 93ps—deg(h)—deg(ar)~deg(az)

Proof. Proof directly follows from Theorem 4.6 [

7. Examples & Table

Example 7.1. Let C be a Z,R1Ry-additive cyclic code of length (2,3,4). Then C is a Rp-submodule of
S234 = o[yl /{y* = 1) X Rulyl/(y® — 1) x Ralyl/(y* — 1) generated by

(BWIGWINY) + upi(y) + oq ), FsIWlua ) +va2(y)), (f51E(lvax(y))
as in Theorem 4.8. Suppose that f3(y) = fi= s =y+1,0(y) = &(y) = GY) = VP +y+ L h@y) = ¥ +1 =a1(y) =

a(y), 1Y) = q1(y) = q2(y) = 0. Then Z,R1N,-additive cyclic code C with parameters [24,8,7] is near-optimal
code.

Example 7.2. Let C be a Z,R1Ry-additive cyclic code of length (2,3, 6). Then C is a Rp-submodule of
Sa6 = Zo[yl/{y* = 1) X Ralyl/(y® — 1) x Ra[y]/(y® — 1) generated by

(BWIOWIY) + upr(y) + oq1(), FaWIEa(Yluar(y) + va2(y)), (fs1E(Y)lvax(y))
as in Theorem 4.8. Suppose that f3(y) = fa= fs=y+ 1L L(y) = L) =GWy) = > +y+ 1, h(y) = v° — 1 = a1(y),

o) =y + 1y +y+1, 1) = 1(y) = 92(y) = 0. Then Z,RRy-additive cyclic code C with parameters [32,2,21]
is optimal code.



M. Ashraf et al. / Filomat 38:8 (2024), 2899-2914

Table: Optimal binary images from Z,R1R,-additive cyclic codes.

(‘Bll ﬁZI ﬁ?))

Generators

Binary Image

(1,1,3)

) =y-1 f(y) =0,9(y) =bi(y) =y -
L=y =1, hy)=y -1 =m(y), ax(y) =y -1

[15, 2,10]

(1,1,3)

W =y-1 Ly =091 =b(y) =y -
fy) =0, 6(y)=ax(y) =1, ()= (y) = y* + y + 1,

[15,5,7]

(1,3,3)

AW =y-L AW =09 =b(y) =y -1,
=14y =Ly =y¥*+y+1,

[19,5, 8]

(1,1,6)

ny) =y +y+1ay) =1
i) =y-1 Ly =091 =bi(y) =y-1,
f(y)=0,6(y) =0,61y) =1, hy) =y° -1,
m(y) =

[27,8,10]

(1,1,7)

v+ +y+1,a(y) = P +1
) =1, f5(y) =1, Gy =1
fly) =
Ay =10H =11y =y -

y=1HWy) =09 =bi(y) =y -
) =y +y+y+lmy) =y +y*+1

[31, 4, 16]

(2,1,7)

AW =v" -1 L1 =0,9() =b(y) =y -
By =101 =1L hy) =a(y) =y -1,

[32, 3,18]

(2,1,7)

my) =y +y*+y+1
A =v-1,HA1 =094 =b(y) =y-
Ay =16 =1hy) =y -
) =v+v+y+Lamly) =y +y+1

[32, 4, 16]

(1,5,6)

AW) =y -1, fo(y) =0, 9(y) =y5—1 =b1(y),
f(y) =0, ti(y) =0, h(y) = y° -1,
fiy) =1, bo(y) = VY +y +y+1
a1(y) = y +y +y+1,a(y) = y +1
W =16W=y+yr+r+y+1

[35, 8, 14]

(1,7,6)

AW =y-1 LW =049 =y -1=h(y),
fW) =0,6(y) =0,h(y) = y° -
iy =1L, 6y =+ +y+ P+ +y+1
)=+ +y+Laly)=y*+1
f=1L6M=y++y+y+y+y+1

[39, 8, 16]

(1,1,9)

W) =y-1, o(y) =0, 9(y) = bi1(y) = y -
fily) =1, 6y) =1, h(y) = 1/9 -
aW =y -Lay=y+y+yr+y+y+1

[39, 2, 26]

9,19

Ay =y 1fzy) 0,9(y) =bi(y) =y -
W=y +y¥+y+ P +y+1, 01 =11y =y -1,
a) =y’ -Lay =y +y+y+yr+y+1

[45, 2, 30]

9,5,6)

AW =y -1 A =0,9) =y’ -1=hy),
f)=0,6@y) =0,y =y -1,
V+i+yrt+ P +y+ L o) =+ Py + 1
)=+ +y+Laly)=y*+1
V+ L+t P+ y+ LGy =+ P+ y+ 1

fa(y) =
f5(y) =

[43, 8, 20]

8. Conclusion

2913

In this article, we have described the structures R;
where 12 = v*> = 0 = uv = vu with characteristic 2. The

=75+ uZy, where u> = 0and Ry = Zp + uZs + vZos,

characterization of Z,RR,-additive cyclic codes,

additive constacyclic codes and the duality of additive cyclic codes are discussed . The structural attributes
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of Z,N1R,-additive codes have been given. Also, we establish the relationships between the minimal
generating polynomials of additive cyclic codes and their duals. Furthermore, the minimal generating sets
for even and odd length of Z,%RR,-additive cyclic codes are determined. We have also obtained optimal
binary images from Z,;RR,-additive cyclic codes that have a number of advantages over linear codes,
including the fact that they are more efficient. In future work, it will be an interesting problem to generalize
this over Z,Zo[ulZs[u, . .., ux], where u? = 0 and u? = 0 = wju; = uju; forall i, j € {1,2,...,k}.
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