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Design and connection of parametric surfaces through given regular
curves

Dae Won Yoon?, Hyun Chol Lee?

?Department of Mathematics Education and RINS Gyeongsang National University, Jinju 52828, Korea

Abstract. This study focused on the connections between two parametric surfaces through the given
regular curves. Accordingly, we analyzed a C°-continuous connected surface in terms of the marching-
scale functions of these surfaces. It should be noted that, in general, differentiability along a common
curve for a C’-continuously connected surface is not guaranteed. To solve this problem, we introduced a
C!-continuous connection and proved its existence for such continuous connections. These connections are
improved versions of the G'-connection of developable surfaces introduced by Paluszny. Moreover, we

suggested applications to illustrate the C!-continuous connection using Bézier curves and some marching-
scale functions of the parametric surfaces.

1. Introduction

Surface construction from a given curve is of significant interest in computational and applied mathe-
matics. In recent years, surface construction from one or more curves has garnered attention from several
researchers [1, 3,7, 9, 10, 14, 15, 18]. Wang et al. [17] proposed the surface interpolation of a curve as an
isoparametric geodesic for surface construction. In particular, they presented the surface family in terms of
marching-scale functions and the Frenet frames of a given curve, and studied the construction of surfaces
that possess this curve as a geodesic. Subsequently, many mathematicians have studied parametric surface
families through a given curve. Zhao and Wang [19] used the Frenet formulas to characterise developable
surfaces through a given space curve (specifically in special cases where the curve is a geodesic on the
surface) and presented the results to design developable surfaces. Kasap et al. [8] analyzed the problem
of constructing parametric surface from a given geodesic curve, as demonstrated in [17], and considered
more general marching-scale functions represented by factor decomposition. In addition, Sdnchez-Reyes
[16] introduced methods for constructing minimal surfaces from a prescribed geodesic to solve Plateau’s
problem. Moreover, Bayram et al. [1] studied the problem of finding a surface family from a given spatial
asymptotic curve; Li, Wang, and Zhu [12] derived the sufficient condition for a given curve as a line of
curvature of the surface under general expressions of the marching-scale functions.

A developable surface can be formed by bending or rolling a planar surface without stretching or
tearing it. In other words, it can be isometrically developed or unrolled onto a plane. Developable
surfaces are widely used in materials that are not amenable to stretching; their applications include the
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formation of ship hulls, ducts, shoes, clothing, and automobile parts, such as upholstery, body panels, and
windshields [4]. Various studies have analysed designs with developable surfaces [11, 14, 19]. Hu, Wu, and
Wang [6] presented a class of methods for constructing locally controlled developable H-Bézier surfaces
through a given characteristic curve, and further proposed a novel method for constructing developable
surfaces using generalised C-Bézier bases with shape parameters [5]. Moreover, the problem of designing
developable surfaces with Bézier patches was addressed in [2]. Zhao and Wang [19] proposed a new
method for designing developable surfaces by constructing a surface pencil through a given curve as a
geodesic. However, only one developable surface is not sufficient for practical applications. Therefore,
a connection of two developable surfaces given abutting two curves must be considered. Paluszny [14]
studied the G! joining of surface patches along a common pregeodesic and discussed the G' connection
between developable surfaces along common rulings. The G! connection between two developable surfaces
containing G! abutting pregeodesics may be useful in practical applications because it offers a wider family
of G! patches containing G' two curves as a piecewise pregeodesic. Moreover, Li et al. [11] proposed a
G! connection for developable surfaces through cubic Bézier curves as a geodesic. It should be noted that
Paluszny and Li et al. only dealt with the connection between two developable surfaces abutting the curves
and rulings; however, there may exist other surface connections through the curves on two parametric
surfaces. Accordingly, we introduce the following problem: Which method can be used to connect any two
parametric surfaces through given reqular curves, and can such surfaces be constructed and designed using this
method?

In this paper, we discuss the aforementioned problem and provide a partial solution. The remainder of
this paper is organised as follows. In Section 2, we briefly review parametric surfaces through given curves.
In Section 3, we introduce two surface connections, namely, CY and C!'-continuous connections; moreover,
we define the essential and degenerate functions to describe these connections. In the last section, we
present a method for designing the C!-connection of surfaces through the given Bézier curves.

2. Parametric surface through a given curve

Let a be a spatially regular curve with parametric . It is well known that the Frenet frames of the curve,
a(r), are defined by:

a0
TO = Taei
B(r) = M (1)

lla(r) x a@ll’
N(r) = B(r) X T(r).
Additionally, the curvature, x, and torsion, 7, are given by:
N GET. Gl < a() X (), §() >
lla(n)IP? lla(r) x a(r)ll>

In contrast, the Frenet formula of a frame, {T, N, B}, for a regular curve, a(r), satisfies the following
relationship:

;o) = ()

d T(r) 0 o(r)x(r) 0 T(r)
—| N() =[ —o(r)x(r) 0 o(r)T(r) || N() |,
ar| B 0 —u@m)r@) 0 B(r)

where v(r) = ||a(r)|.
In this study, we considered a surface generated from a regular curve: a(r) (see [17]).

T(r)
N(r)
B(r)

X(r,t) = a(r) + (F(r,t) G(r, t) H(r, 1))

ro<r<ry, ty=<t<th,
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where F(r,t), G(r,t), and H(r, t) denote the smooth functions.

If parameter ¢ denotes the time, functions F(r, t), G(r, t), and H(r, t) can be viewed as the directed marching
distances of a unit point in time ¢ in direction T(r), N(r), and B(r), respectively. In particular, the values of
functions F(r, t), G(r,t), and H(r, t) indicate extension-, flexion-, and retortion-like effects of the unit point
over time ¢, respectively, starting from a(r). Moreover, functions F(r,t), G(r,t), and H(r,t) are considered
marching-scale functions in directions T(r), N(r), and B(r), respectively.

Definition 2.1. A curve, a(r), on a parametric surface, X(r, t), defined in (3) is said to be an isoparametric curve if it
is a parametric curve, i.e., there exists a parameter, to, such that a(r) = X(r, to).

Owing to Definition 2.1 and (3), we obtain the following result, which is useful late:

Lemma 2.2. Curve a(r) on parametric surface X(r,t), defined by (3), is an isoparametric curve if and only if the
marching-scale functions satisfy F(r, to) = G(r, to) = H(r, to) = 0.

3. Connections of two parametric surfaces

In the study of surface connections, IS(a, F, G, H) denotes the parametric surface, X(r, t), defined by (3),
through an isoparametric curve, a(r) = X(r, o).

3.1. C%continuous connection
Let X; denote parametric surfaces defined by
Ti(r)
Xi(r,t) = ai(r) + (Fi(r, t) Gi(r, t) Hi(r, )| Ni(r)
Bi(r) 4)
rio1<r<r, ty=<t<th,
where Fi(r, t), Gi(r, t), and H;(r,t) denote the smooth functions fori = 1, 2.

First, we introduce a method for surface connection by gluing the t-parameter curves of two parametric
surfaces, X; and X, along r = r1.

Definition 3.1. If Xq(r1,t) = Xp(r1,t), then the surface connected by Xy and X along r = 1y is said to be a
CO-continuously connected surface, which can be denoted by SC°(Xy, Xz) (see Figure 1).

(b) is shows the continuous connection

(a) Two parametric surfaces, X; and X of X; and X, along r = rq

Figure 1 : Continuously connected surface, SCO(X1,Xz)

Deﬁnitipn 3.2. Let a; denote the reqular curves forriy <r <rjandi=1,2. Ifozgj)(rl) = a;j)(rl)forj =0,1,---,m,
where ag]) is the j-th derivative of ;. Then, the two curves ay and ay are said to be j-th continuous at v = ry, which
can be denoted by Cl(ay, a).
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While studying parametric surfaces through a given curve, Wang et al. [17] used marching-scale
functions expressed as two factors, whereas Kasap et al. [8] selected more general marching-scale functions.
It should be noted that marching-scale functions play an important role in the construction of parametric
surfaces. Thus, itisimportant to explain the construction of marching-scale functions for surface connection.
We now suggest sets of two variable functions for the design and construction of parametric surface con-
nections through a given space curve.

Let ¥ be a set of two variable functions: ¥ ={f | f : D C R? — R}, where (r,t) € D = [ro, 1] X [to, t1].

Definition 3.3. For a given function f € F, function f is called an essential C° function along r = ry if f(r1,t) =

f(r1,t) for any f € F. The set of essential C° functions is denoted by C?f(r )

Definition 3.4. A function f € F is called a degenerate C° function along r = ry if f(r1,t) = 0. The set of degenerate
C° functions is denoted by D

r=r1°

From an essential C° function and degenerate C° function along r = r;, we can obtain the following
properties.
Proposition 3.5. Let f € Cj}(r ) and f € DY, . Then, for any f € F, we have

1,

FL Fe D
WI+eG
2 ffe DL,

FL e
B)f+ffe Cﬂh,t).

Proof. The sum of functions f and f along r = r is

(f + Ar1,t) = f(r1, 1) + flro, 1),

Because f € D, e, f(r1,t) = 0, we have

(f + )1, H) = f(r, 1),

which follows f + f € C% o

Moreover, the product of functions f and f along r = r; becomes

(ff)(rl/ t) = f(rll t)f(rll t)
for any f € ¥. Note that f (r1,t) = 0; thus, we have:

(fHr,b =0,
which implies that ff € D?

r=ry°

Finally, (1) and (2) lead to f + ff € cj;(r =
Using Proposition 3.5 (3), we can construct marching-scale functions that share the essential C functions,
ie., f , §,and fz; accordingly, we obtain the following:

Corollary 3.6. Let f,4§,h € D?

r=r

F;, G; and H; can be defined as follows:

A 0 A 0 n~ 0 . . . .
and f € Cf(n,t)’ g€ Cg”(rl,t)’ h e Cﬁ(ﬁlt) for i =1,2. Marching-scale functions

Fi:f'*'fif/ Gi:ﬁ+gig, Hi=ljl+hi]:l

T . 0 ) 0 ) 0
for some fi, gi,hi € F. Then, F; € Cf(rl,t)’ G; € Cﬁ(n Y and H; € Cﬁ(rht).
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Remark 3.7. The degenerate C° function plays an important role in continuous surface connection. We can easily
construct degenerate C° functions along r = ry in various forms, such as r — r1, sin(r — r1), and sinh(r — r1).

Theorem 3.8. Let X; denote parametric surfaces defined by X;(r, t) = 1S(«;, Fi, Gi, H;), tic1 < v <rj, to <t < t; with

F;eC® ,GeC? HeCl fori=1,2. If the isoparametric curves are C*(a1, ap) at r = rq, then we have a
flrt) g(rt) fi(ry )

CO-continuously connected surface, SC°(X1, Xa).

Proof. Let X; denote parametric surfaces defined by X;(r,t) = IS(a;, Fi, G, H;), tie1 < v <13, tg <t < 1 for
i =1,2. Then, inserting r = r; yields:

Xq(r1, t) = ai(r1) + F1(r, )Ti(r1) + Gi(r1, )N1(r1) + Hi(r1, £)B1(r1),

Xa(r1,t) = an(r1) + Fa(r1, )Ta(r1) + Ga(r1, )N (r1) + Hao(r1, £)Ba(r1). ©
If the isoparametric curves are C%(a1, ) at r = 11, we obtain the following:
ai(r) = ax(r), ©)
Ti(r1) = Ta(r1), Ni(r1) = Nao(r1), Bi(r1) = Ba(r1).
We assume that F; € C?f(r],t)’ G; € Cg(m), and H; € Cg(m) fori=1,2. Then, we also have
Fi(r1,t) = Fa(r1,t) = Ga(r1, 1) = Ga(r1, £) = Hi(r1, 1) — Ha(r1,£) = 0. @)

To demonstrate that X;(, t) = Xo(r, t) along r = r1, we confirm X;(r1,f) — Xo(r1,f) = 0. Equation (5) implies
that

2

Xi(r1,t) = Xo(r1, t) = Z(_l)i_l{ai(rl) + Fi(r1, H)Ti(r1) + Gi(r1, )N;i(r1) + Hi(ry, £)Bi(r1)}.
P

Moreover, (6) results in:

Xq(r1, t) = Xo(ry, t) = {F1(r1, t) = Fa(ry, £)}T1(r1)
+{G1(r1,t) — Ga(r1, )IN1(r1) + {H1(r1,t) — Ha(r1, £)}B1(r1).

Thus, (7) leads to X (r1,t) — Xa(r,£) =0. O

3.2. Cl-continuous connection

Although SCY(X1,Xy) is continuous along the common curve, X;(ry,t) = Xa(r1, t), of surfaces X; and X,
(see Figure 1(b)), differentiability is not guaranteed along the common curve of the connected surface. In
general, surfaces SC°(X3, Xp) are not connected smoothly. This problem can be solved using degenerate C°
functions.

Definition 3.9. If Xi(r1,t) = Xo(r1,1), X1:(r1, 1) = Xoi(r1, £), and Xq,(r1, 1) = Xor(r1, 1), then the surfaces are called
Cl-continuously connected by X; and X, along r = r1, denoted by SC'(Xq, Xz) (see Figure 2 (b)).

To provide smoothness to the surface connection, S CY%(X1, X3), we now consider a set of smooth functions
that share an essential C° function.

Definition 3.10. For a given function f € C%( y function f is called an essential C' function along r = ry if
,
fi(r1,t) = fi(r1, 1) forany f € C?A(r 5 The set of essential C* functions is denoted by C}(V o
1, 1,

Definition 3.11. A function f € DY, is called a degenerate C function along r = r1 if f.(r1,t) = 0. The set of

r=ri
1

degenerate C' functions is denoted by D}_, .
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i)
or l(rl' l}ia Xz(rl, [)

(b) Smoothness of connected surface
(a) Tangent vectors along r = r of surfaces SC'(X4,Xz) which coincide with

X; and X; on SC°(X1, Xz), respectively. two tangent vectors along r = 7.

Figure 2 : Continuously connected surface SCY(X1,X2)

Proposition 3.12. Let f € lef(r

1

fL feCl

(l)fffecfm,t)'
2 ffeDL,.

Fo el
@) f+ffe Cf”(rl,t)'

) and f € DL, . Then, for any f € F, we have:

At

Proof. The sum of functions f and f along r = r is

(f + N, ) = fr, O + f(r1, D) = f(, b).

Because fe DL e, f(rl, t) = 0and ﬁ(rl, t) = 0, we have

r=ry/

(f + A1 t) = f(r, D).

In addition, the partial derivative of f + f along r = r; becomes

(f + i(r1,t) = flrr, D) + filre, 1)

Moreover, it is known that ﬂ(rl, t) = 0; accordingly,

(f + ilr, ) = filr, B).

O |
Thus, we obtain f + f € C oty

Forany f € 7, f € Z)}zrl; because f (r1,t) =0, we have

(fA1,t) = f(r1, D f(r1, 1) = 0.

In addition, the partial derivative of (f f)(r1,t) along r = r1 is:

(FHi(r1,8) = f(r1, O fp(r1, 1) + f(r1, £) (1, £).

Thus, we have (ff)r(rl,t) = 0 because f(rl, f) = f;(rl,t) = 0. Hence, (ff) € Z)}:ﬁ.
Using Propositions 3.12 (1) and (2), we finally obtain f + ff € C}(r y d
1,
Thus, from Proposition 3.12 (3), we construct marching-scale functions that share the essential C!
functions, f, g, and I, for the connection of surfaces.
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Corollary 3.13. Let f,§,h € D, and f € C}(r y I € Chuny he C}W o fori=1,2. Marching-scale functions,
1r 4 1r
F;, G; and H;, can be defined as follows:
Fizf"'fiﬁ Gi=§+gi!7, H[Zfl+hifl

for some f;, i, h; € F. Then, F; € C\,

Founy G; € Cl and H; e C}

g(ri.t) fi(r, )"

Proposition 3.14. If f,g € C}(V y then f—g € Dy,
1/

Proof. Assume that f,g € C}(V b Then, we have
1,

PN

f(rll t) = g(rllt) = f(rll t)/
,fr(rll t) = gr(rlz t) = ﬁ(rllt)’

Accordingly,

(f —9)(r1,t) = f(r1,t) — g(r1,t) = 0,
(f = 9)i(r1, 1) = fi(r1, t) — go(r1,£) = 0.

Thus, we obtain f — g € D} O

r=ry
Proposition 3.15. If f,j € DY_, , fi € DL, .
Proof. Suppose that f,§ € D', . Then, we have

fri,t)y=g(r,)=0 and f(r1,Hg(r1,t) = 0.

The partial derivative of f§ with respect to  is:
() = fig + f3-
By taking r = r1, we obtain
(f‘q)f(rlr t) = fr(rl, t)g(rlr t) + f(rll t)!7r(7’1/ t)'
Note that f (r1,t) = 0 and §(r1, t) = 0; thus, we have
(fu(r1,1) = 0.

This leads to f§ € D} O

r=ri°
Remark 3.16. From Proposition 3.15, we can easily determine degenerate C* functions along r = r1 as (r —r1)?, and
sin?(r — r1), sinh?(r — ).

Using the essential C! functions, we obtain the following result for a C'-surface continuously connected
by Xi and X; along r = 1.

Theorem 3.17. Let X; denote parametric surfaces defined by Xi(r,t) = 1S(a;, Fi, Gi, H;), ricg < v <rj,andto <t < H

fori=1,2. IfF;€C, ,GeCl  HeCl fori=1,2and the isoparametric curves are C>(ay, ap) at r = ry,
f(rit) g(r,t) fi(ry t)

we have a Cl—continuously connected surface, SC'(X1, X2).
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Proof. Let X; denote parametric surfaces defined by X;(r, ) = IS(a;, Fi, Gi, H;), tie1 < v <rj,and tg <t < t; for

_ ‘ 1 , 1 , 1 , 0 , 0 , 0 P
i=1,2 IfF; € Cf(rl,t)' Gi € Cﬁ(rl,t), and H; € Cﬁ(n,t)’ then F; € Cﬂr],t), G; e Cﬁ(h,t), and H; € Cfl(n,t) fori=1,2,

respectively. In addition, if the isoparametric curves are C3(ay, ap) at ¥ = rq, the curves imply C?(ay, ap) at
r = r1. Owing to Theorem 3.8, we have Xi(r1,t) = Xo(r1,t). This immediately provides Xi:(r1,t) = Xoi(r1, t)
for i’o <t<t.

However, the partial derivative of X;(r, t) with respect to r leads to:

Xir = (vi + Fiy — vix;G;) Ti(r) + (Gjy + vikiF; — v;1;Hj)Ni(r) + (0;7;G; + Hir)Bi(r), (8)

where x; and 7; denote the curvatures and torsions of «;, respectively, and v; = ||d;(7)|| fori = 1, 2.
To demonstrate that Xi.(r1, t) = Xo,(r1,t) along v = r1, we can confirm Xi,(r1, ) — Xo,(r1,£) =0 for to <t < t;.
From (8), we have:

2
Xi(r1,t) = Xo(r, t) = Z(_l)iﬂ[{(vi(rl) + Fip(r1, t) — 0i(r1)xi(r1)Gi(r1, )} Ti(ry)
p
+{Gir(r1, t) + vi(r1)xi(r1)Fi(r1, t) — vi(r1)Ti(r1)Hi(r1, £)}N;(r1)
+ {0i(r1)ti(r1)Gi(r1, t) + Hir(r1, £)}Bi(r1)].
If curves a1 and a, are C3(a1, an) at r = 1, from (1) and (2), we have
Ti(r1) = Ta(r1), Ni1(r1) = Na(r1), B1(r1) = Ba(r1),
v1(r1) = v2(r1), x1(r1) = x2(r1), T1(r1) = T2(r1)-
Accordingly, we obtain:

2

Xi(r1,t) — Xo(ry, t) = Z(_l)iﬂ[{Fir(rl/ t) — v1(r1)x1(r1)Gi(re, )} T1(r1)
P

+{Gir(r1,t) + v1(r1)x1(r1)Fi(r1, t) — 01(r1)T1(r1)Hi(r1, £)IN1(r1)

+ {01(r1)71(r1)Gi(r1, £) + Hiy(r1, £)}B1(r1)].
. . 1 . 1 . 1 . P . _ _
Since F; € C oy G; € Cg*(rl,t)’ and H; € Cﬁ(rl,t) fori = 1,2, from Proposition 3.14, we obtain F; — F», G; — G,

and H; — H, as the degenerate C! functions along r =1y, ie,

2 2 2
Y (DM EGr, ) = Y ((1)Gitr, ) = Y (<1 * Hi(ra, 1) = 0 (10)
i=1 i=1 i=1
and
2 . 2 . 2 )
Y CDF 1) = Y (1) Gl ) = Y (<1 Hilra 1) = 0. (11)
i=1 i=1 i=1

Thus, (10) and (11) result in Xy,(rq,t) — Xo,(r1,t) = 0. This indicates that we can construct Cl—continuously
connected surfaces using X; and X, along r =r{. [J

4. Applications

In this section, we describe a method for designing surface connections using the given Bézier curves.

A Bézier curve of degree n is specified by a sequence of n + 1 points called control points. Polygons
obtained by joining the control points with line segments in the prescribed order are called a control
polygon. Controlling the shape of a Bézier curve is facilitated by the fact that the control polygon reflects
the basic shape of the curve.
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Definition 4.1. [13] An arbitrary interval Bézier curve, B(r), of degree n with control points by, by, - -+, and by,
defined on interval [a, b] is given by
- r—a
B = iBin 7
=) bibin (5=7)

Biu(r) = {(n—n—z;'z' (1- ﬁ)n_i(ﬁ)i, ifo<i<n

0, otherwise

where

are called the Bernstein polynomials.

4.1. Cl-continuous connection of surfaces through Bézier curves

In this subsection, we explain the C'-continuous connections between two parametric surfaces with
C3-continuous Bézier curves; we consider two Bézier curves, a1 (r) (r € [0,1]) and ay(r) (r € [1,2]), with the
following control points.

oq(r) :

bo(0,0,0),b41(0,2,-0.1),by(1,3,-0.2), bs(2,3,-0.2), by(4,2,-0.3),

ao(r) :

c0(4,2,-0.3),¢1(6,1,-0.4),c(9,-1,-0.6), c5(14, -4, -1.1), c4(7,-7,-1.2).

(12)

Because a(lj)(l) = a(zj)(l) for j = 0,1,2,3, Bézier curves a1 (r) and a,(r) are C>*~continuous at r = 1.

Example 4.2. Let X; and X, denote parametric surfaces given by

Xq(r, t) =IS(Q1,f+ f1f~,gA + g1g,ﬁ + hlljl)
0<r<i1, 0<t<l1,

and
Xao(r, 1) =IS(, f + fof, § + G20, F1 + o)
1<r<2, 0<t<l,
where
f=2t f=0-1? fi=2t, fH=£F
g="=, g=0-1% q=£ @="F
h=tt+1), h=@0r-1?% h =2t h =3t

The Cl—continuously connected surface, SC'(Xy, Xp), of parametric surfaces X; and X, through Bézier
curves a; and ay, respectively, is depicted in Figure 3(a).

Example 4.3. Consider the parametric surfaces defined by

Xl(T, t) :IS(al,f+ f1f~,{? + glg,fl + hlljl)
0<r<1, 0<t<1

and

Xz(?‘, t) =IS(Q2,f+ f2f~,gA + gzg,ﬁ + hzil)
1<r<2, 0<t<l1



D. W. Yoon, H. C. Lee / Filomat 38:8 (2024), 2721-2733 2730

where
f= cos(gt), f=sin® (g(r - 1)), =03t  f=01F,
§= sin(gt), 7 = sin? (g(r - 1)), ;=012 g, =02t
=2, i = sin? (g(r - 1)), =02t  hy =03t

The Cl—continuously connected surface, SC' (X1, Xy), of parametric surfaces X; and X, through Bézier curves
a1 and ay, respectively, is shown in Figure 3(b).

\]
' )
I o
| 1
I —
,_-—’E
==,

(b)
Figure 3 : C!-continuous connections of two parametric surfaces

with C3-continuous Bézier curves.

4.2. Cl-continuous connection of developable surfaces through Bézier curves

In this subsection, we explain the C!-continuous connections between two developable surfaces with

C3-continuous Bézier curves.
Li, Wang, and Zhu [11] discussed that an isoparametric surface, X(r, t), is developable if and only if it

can be represented by:
X(r, £) = a(r) + tg({z(r)T(r) + x(r)B(1)}, (13)

where

PO POl () X & O
=" T w0

for any function p(t) and f(t). Specifically, if @ is a planar curve, then the developable surface is

X(r, t) = a(r) + tq(r)B(r) (14)

for any function, q(t). Using (13) and (14), we obtain examples of C'-continuous connections of developable
surfaces.

Example 4.4. Let ay and ay be planar Bézier curves satisfying C3-continuous at r = 1 with the control points:

ai(r)(r € [0,1]) : bo(0, 0,0), b1(0,4,0), ba(2, 6,0), bs(4,4,0)
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and
ax(N(re[1,2]) : co4,4,0),c1(6,2,0),c2(8,-4,0),c3(8,—16,0).

Consider the parametric surfaces defined by:

Xi(r, t) =a1(r) + tq1(r)B1(r)
0<r<1, 0<t<l1

and

Xa(r, t) =aa(r) + tga(r)Ba(r)
1<r<2, 0<t<l,

where
q(r)=4+02(r—1)%, qo(r) =4+0.1(r — 1)%.

Then, we can design a C'-continuous connection between two developable surfaces through planar Bézier curves, ay
and a, as shown in Figure 4(a).

Example 4.5. Let oy and ay be spatial Bézier curves satisfying C3-continuous at r = 1 with the control points:

al(r)(r € [Or ]-]) : bO(Ol O/ 0)/ bl(ol 4/ %)/ b2(2/ 6/ ]-)/ b3(4r 4! ;)

and
3 11 5 15 9 21
012(7')(7' € [11 2]) . C0(4/ 4:/ E)/ Cl(?, E/ g)/ C2(7/ _1/ Z)/ C3(8/ _7/ g)/ C4(7/ _101 3)

Then, the curvature, x;, and torsion, t;, of the spatial Bézier curve, o, for i = 1,2 are obtained by

() = 16 Vo4rt — 12813 + 19412 — 1287 + 66 o) = - 2
BT o4 —128r4+65)7F 0 3(32r* — 6413 + 9772 — 64r + 33)’
= 38 V78415 — 448017 + 84167° — 128015 — 134117% + 1073873 + 559072 — 7570 + 1825
S(r) =
(236876 — 1516875 + 36000r* — 3987273 + 559072 — 7570r + 1825)2
6(7r> —10r +5
To(r) = ( )

78475 — 448017 + 841616 — 128075 — 134117+ + 1073873 + 559012 — 75707 + 1825

To construct a C'-continuous connection between two developable surfaces, we consider parametric surfaces as follows:

Xi(r, 1) =ay(r) + tg1 (N1 (1) T1(r) + x1(r) By (r)}
0<r<1, 0<t<l,

and
Xa(r, t) =aa(r) + tga(r){T2(r)Ta(r) + 12(r)Ba(r)}
1<r<2, 0<t<l,
where
8 +4(r —1)? 8 +3(r —1)?
7= 22T g = B0

Accordingly, we can construct a surface connection between developable surfaces Xy and Xo with C3(ay, a,), as shown in Figure
4(b).
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(@) (b)

Figure 4 : C!-continuous connection between developable surfaces X; and X,

through Bézier curves a; and a;.

5. Conclusions and Further Study

In this study, we presented the following problem: ‘Which method can be used to connect any two
parametric surfaces through given regular curves, and can such surfaces be constructed and designed using
this method?” To solve this problem, we introduced the method of C°- and C!-continuously connected
surfaces through the given curves on parametric surfaces. To illustrate the construction and design of
surface connections, we defined essential and degenerate functions for the given marching-scale functions
of parametric surfaces. Moreover, we used Bézier curves as the curves given on parametric surfaces.
Essential and degenerate functions are important for surface connection. Essential functions influence the
construction of surfaces and degenerate functions cause the deformation of partial surfaces, although the
curve connected by the surfaces is maintained. Finally, further studies using the connection of parametric
surfaces can be conducted. Another question to consider would be as follows: ‘How can algebraic or
geometric characteristics of essential and degenerate functions affect marching-scale functions?’
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