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Existence of classical solutions for a class of several types of equations
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Abstract. We study a class of Hamilton-Jacobi equations and a class of incompressible Navier-Stokes
equations. A new topological approach is applied to prove the existence of at least one and at least two
nonnegative classical solutions. The arguments are based upon recent theoretical results.

1. Introduction

In this paper we investigate the following Hamilton-Jacobi equation
u+u2 = 0, t>0, x€R,

1)

M(O, x) Mo(.X), X € ]Rr

where
(H1) uy € C(R), 0 < uy < B on R for some positive constant B.

It has wide applications in optics, mechanics and semi-classical quantum theory.

In this paper, we will inevstigate it for existence of at least one classical solution and existence of at
least two non-negative solutions. Next, we investigate a class of IVP for a class of incompressible Navier-
Stokes equations for existence of global classical solutions. More precisely, we will study the following
incompressible Navier-Stokes equations

Uy + Uy + ULy + WU, + %Px = Vilyy — Vilyy — Vil =0
1
Uy + UDx + VVy + WO + S Py = VUyx = V0yy = V02 =0
Wt + UWy + VW, + WW; + %pz — Vlxx — Vyy — VI, =0 ()
. 3
Ux + Uy + W, =0 in (0, 00) x R”,

u©,x,y,z) =uo(x,y,2), ©v0,x,y,2) =v(x,y,2), w0xyz = wxy,z), (x,y,Z)eRs,

where
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(P1) p,u,v,w: [0,00) X R® = R are unknown, ug, vy, Wy € CZ(R3) are given functions, 0 < 1y, vy, wy < B on
IR? for some positive constant B.

This is a system of partial differential equations that governs the flow of a viscous incompressible fluid.
Here p is the density, u the velocity vector, p is the pressure. The first three equations of (2) are Cauchy’s
momentum equations where the first term is the accelerating time varying term, the second and third are
the convective and the hydrostatic terms respectively. The physical example of the convective term can be
described as a river that is converging, the case where the term is increasing and the river diverging the
case where the term is decreasing. The hydrostatic term describes flow from high pressure to low pressure.
The forth term is the viscosity term with the coefficient v the kinematical viscosity. This term describes the
ability of the fluid to induce motion of neighboring particles. On the right hand side we have the external
forces density term. This term can include: gravity, magneto-hydrodynamic force, and so on. The fourth
equation of (2) is the nullification of the divergence due to incompressibility condition. Turbulent fluid
motions are believed to be well modeled by the incompressible Navier-Stokes equations. In the case of the
3D version of the NS equations the existence problem is an unsolved issue([10]).

We recall that global existence of weak solutions of the incompressible Navier-Stokes equations is known
to hold in every space dimension. Uniqueness of weak solutions and global existence of strong solutions is
known in dimension two [17]. In dimension three, global existence of strong solutions of the incompressible
Navier-Stokes equations in thin three-dimensional domains began with the papers [19] and [20], where is
used the methods in [13] and [14].

In this paper we propose new method for investigation of equations (2). The proposed method gives
existence of classical solutions for the problem (2).

The paper is organized as follows. In the next section, we give some auxiliary results. In Section 3 we
investigate the equation (1). In Section 4, we investigate the equations (2).

2. Preliminary Results

The first continuation theorems applicable to nonlinear problems were due to Leray and Schauder (1934)
[22, Theorem 10.3.10 ]. This result is the most famous and most general result of the continuation theorems
(see [22, pages 28,29 ]). In [21] (1955), Scheafer formulated a special case of Leray-Schauder continuation
theorem in the form of an alternative, and proves it as a consequence of Schauder fixed point theorem. In
this paper, we will use some nonlinear alternatives, in one hand, to develop a new fixed point theorem
and in another hand to study the existence of solutions for Problem (1). In what follows we recall these
alternatives.

Proposition 2.1. (Leray-Schauder nonlinear alternative [3]) Let C C E be a convex, closed subset in a Banach space
E,0 € U c C where U is an open set. Let f: U — C be a continuous, compact map. Then

(a) either f has a fixed point in U,
(b) or there exist x € dU, and A € (0,1) such that x = A f(x).
As a consequence, we obtain

Proposition 2.2. (Schaefer’s Theorem or Leray-Schauder alternative, [7], p.124 or [22], p.29) Let E be a Banach
space and f: E — E be completely continuous map. Then,

(a) either f has a fixed point in E,
(b) or forany A € (0,1), the set {x € E: x = Af(x)} is unbounded.
Another version of Scheafer’s Theorem is given by:

Proposition 2.3. (Scheafer’s Theorem [21]) Let E be a Banach space and f: E — E be completely continuous map.
Then
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(a) either there exists for each A € [0, 1] one small x € E such that x = A f(x),
(b) ortheset {x e E : x=Af(x), 0 <A < 1}is bounded in E.
To prove our existence result we will use the following fixed point theorem.

Theorem 2.4. Let E be a Banach space, Y a closed, convex subset of E,
U={xeY : ||x|| <R},
with R > 0. Consider two operators T and S, where
Tx=¢x, x € U,
fore € R, and S : U — E be such that
() [-S:U - Y continuous, compact and

(i) {xe Y:x=sgn(e)A(I-S)x, |lx|=R} =0, forany A€ (0, ﬁ),
where sgn(e) is the signum of €.

Then there exists x* € U such that
Tx* + Sx* = x".

Proof. We have that the operator (I -S): U — Y is continuous and compact.
Suppose that there exist xo € dU and o € (0, 1) such that

1
Xo = Ho E(I = S)xo,

that is H
0
X = sgn(e) E (I = S)xo.

2967

This contradicts the condition (ii). From the Leray-Schauder nonlinear alternative, it follows that there

exists x* € U so that
1
xX'==(I-Sx"
I3
or
ex"+Sx" =x",
or
Tx* + Sx* = x".
O

Let X be a real Banach space.

Definition 2.5. A mapping K : X — X is said to be completely continuous if it is continuous and maps bounded

sets into relatively compact sets.

The concept for [-set contraction is related to that of the Kuratowski measure of noncompactness which we

recall for completeness.
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Definition 2.6. Let Qx be the class of all bounded sets of X. The Kuratowski measure of noncompactness o : Qx —

[0, o0) is defined by

a(Y) = inf 5>0:Y=UYj and diam(Y;) <6, jell,...,m}},
j=1

where diam(Y ;) = sup{llx — yllx : x, y € Y;} is the diameter of Y}, j € {1,...,m}.
For the main properties of the measure of noncompactness we refer the reader to [4].

Definition 2.7. A mapping K : X — X is said to be l-set contraction if it is continuous, bounded and there exists a
constant | > 0 such that

a(K(Y)) < la(Y),
for any bounded set Y C X. The mapping K is said to be a strict set contraction if | < 1.
Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction (see [6]).

Definition 2.8. Let X and Y be real Banach spaces. A mapping K : X — Y is said to be expansive if there exists a
constant h > 1 such that

IKx — Kylly > hllx — yllx
forany x,y € X.

Definition 2.9. A closed, convex set P in X is said to be cone if

1. ax € P for any a > 0 and for any x € P,
2. x,—x € P implies x = 0.

Denote £* = P\{0}.
The following result will be used to prove our main result.

Theorem 2.10. ([24]) Let P be a cone of a Banach space E; Q) a subset of P and Uy, Uy and Us three open bounded
subsets of P such that U; c U, € Uz and 0 € Uy. Assume that T : Q — P is an expansive mapping with
constant h > 1, S : Us — E is a k-set contraction with 0 < k < h — 1 and S(U3) c (I — T)(Q). Suppose that
Uy \ Ul) NQ#0, (Us\ Uz) N Q # 0, and there exists ug € P such that the following conditions hold:

@) Sx # (I —T)(x— Aug), forall A > 0and x € IU; N (Q + Aug),
(ii) there exists € > 0 such that Sx # (I — T)(Ax), forall A >1+e€, x € dUp and Ax € Q,
(iii) Sx # (I - T)(x — Aug), forall A > 0and x € Uz N (Q + Auy).
Then T + S has at least two non-zero fixed points x1,x, € P such that
x1 €U NQand x, € (U \ Up) N Q

or
x1 € (U \ Uy) N Qand x, € (Us \ Uy) N Q.
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3. Classical Solutions for Hamilton-Jacobi Equations

3.1. Existence of at Least One Classical Solution
The main result in this section is as follows.

Theorem 3.1. Suppose that (H1) holds. Then the Cauchy problem (1) has at least one classical solutions u €
CY([0, ) X R).

Proof. Let X = C([0, %) X R) be endowed with the norm

ull = mw{ sup (), sup w0, sw>|m@w$
(t,x)€[0,00)xR (t,x)€[0,00)xR (t,x)€[0,00)xR

provided it exists. For u € X, define the operator

Swu(t,x) = u(t,x)—up(x)+ j:(ux(tl,x))zdtl, (t,x) € [0, 00) X R.
Lemma 3.2. Suppose (H1). If u € X satisfies the equation

Squ(t,x) =0, (t,x)€[0,00)XR, 3)
then it is a solution of the IVP (1).
Proof. Let u € X be a solution of the equation (3).

0 = u(t,x)—uo() + [ (us(ty, 0)Pdtr  (tx) € [0,00) X R. 4)

We differentiate (4) with respect to t and we find

u(t, x) + (uy(t, x))* =0, (t,x) €[0,00) x R.
i.e., u satisfies the first equation of (1). Now, we put t = 0 in (4) and we arrive at

0 = u(0x)—up(x), xekR.
Therefore u satisfies (1). This completes the proof. O
Let

By = max {2B, B%}.
Lemma 3.3. Suppose (H1). For u € X with ||u|| < B, we have

|Su(t,x)| < B1(1 +1t), (£,x) €[0,00) xR.
Proof. We have

t
Swut, 0| = ww—wm+fwme%
0
f
snmm+mwufwmﬁWM
0
< 2B+ tB>
< Bi(1+1), (tx)€[0,00)XIR.

This completes the proof. [
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Suppose that

(H2) there exists a nonnegative function g € C([0, o) X R) so that g(0,x) = g(t,0) = 0, (¢,x) € [0,00) X R,
g(t,x) > 0 for (t, x) € (0, 00) X (R\{0}), and a positive constant A for which

X
f g(t1, x1)dxq
0

In the last section, we will give an example for a function g and a constant A that satisfy (H2). For u € X,
define the operator

dt; < A.

t
2(1 + £+ £2)(1 + |x|) f
0

t X
Sou(t,x) = f f (t = t1)(x = x1)g(t1, x1)S1u(t1, x1)dx1dt,
o Jo

(t,x) € [0,00) X R.
Lemma 3.4. Suppose (H1) and (H2). For u € X, |lul| < B, we have
IS2ull < AB.

Proof. We have

|S2u(t, %)

t X
f f (f = t1)(x = x1)g(t1, x1)S1u(ts, x1)dx1dt
0 Jo

r

t X
By f f (t = t1)(X + t1)lx — x1lg(te, x1)dx
o 1Jo

t X
2B1(1 + £)t|x| f f g(t1, x1)dx
o I Jo

ABl/ (t/ x) € [O/ 00) X R/

IA

dh

X
f (t = t1)lx = x1lg(t1, x1)IS1u(tr, x1)ldxs
0

IN

dt

IN

dty

IA

and

d
‘Eszu(t/ .X)

t X

' f f (x = x1)g(t1, x1)S1u(ty, x1)dx1dty

0 Jo

t
!

t X
By f f (1 + to)lx — x1lg(tr, x1)dx1
0o 1Jo

t X
2B,(1 + B f f gl x)dx:
0 0

ABi, (t,x)€[0,00) X R,

IA

dty

f b = xalg(ty, x)ISuuty, %)l
0

IA

dh

IA

dt

IN

and

d
‘aszu(t, x)

t X
f f (t = t1)g(t1, x1)S1u(t, x1)dx1dt
0o Jo
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t X
< ff(t—tl)g(t11x1)|5111(f1,x1)|dx1dtl
o 1Jo
t X
< B [ | [ =0+ mgtn,xn
0o 1Jo
t X
< B1(1+t)tf fg(t1,x1)dx1dt1
o 1Jo
< ABi, (tx)€[0,00)%XIR.
Consequently
IS2ul| < AB;.

This completes the proof. O
Lemma 3.5. Suppose (H1) and (H2). If u € X satisfies the equation

Sau(t,x) =0, (tx)€[0,0)XR, ()
then u is a solution to the IVP (1).

Proof. We differentiate two times with respect to t and two times with respect to x the equation (5) and we
find

g(t, x)S1u(t,x) =0, (t,x)€[0,00) xR,
whereupon
Su(t,x) =0, (t,x) € (0,00) x (R\{0}).

Since S,u(:, ) is a continuous function on [0, o) X IR, we have

0

ltirrol Sou(t,x) = S,u(0,x) = lir% Sou(t, x) = Syu(t,0)
— x—

infl‘o Sou(t,x) = Sou(0,0), (t,x) € [0, 00) X R.
Therefore
Sou(t,x) =0, (tx)€[0,00)xXR.
Hence and Lemma 3.2, we conclude that u is a solution to the IVP (1). This completes the proof. O

Below, suppose

(H3) € €(0,1), A and B satisfy the inequalities €B1(1 + A) < 1and AB; < 1.

Let Y denote the set of all equi-continuous families in X with respect to the norm || - ||. Let also, Y = Y be the
closure of Y,

U = {ueY:|ull<B}.
For u € U and € > 0, define the operators

T(u)(t,x) = eu(tx),
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Su)(t,x) = u(t,x)—eu(t,x)—eSr(u)(t,x), (tx)€[0,00)xR.
For u € U, we have

I = S)()ll

lleu + €Sz ()|

IA

ellull + llS2 ()l

IA

€B + €AB;.

Thus, S : U — X is continuous and (I — S)(ﬁ) resides in a compact subset of Y. Now, suppose that there is a
u € Y so that ||u|| = B and
u=AI-S)(u)

or
u=Ae(l+S)(u), (6)
for some A € (O, %) Note that (Y, || - [|) is a Banach space. Assume that the set
A={ueY:u=ul+S)u), 0<p<l}

is bounded. By (9), it follows that the set A is not empty set. Then, by Schaefer’s Theorem, it follows that
there is a u* € Y such that

ut = I+ Sy)u), 7)

or
S(u) =0,

i.e., u* is a solution to the problem (1). Assume that the set A is unbounded. Then, by Schaefer’s Theorem,
it follows that the equation
w=p+S)), uey,

has at least one small solution u* € Y for any p € [0,1]. In particular, for u = 1, there is a u* € Y such that
(10) holds and then it is a solution to the problem (1). Let now,

fueY:u=MI-S)u), lull=B}=0

for any A; € (O, %) Then, from Theorem 2.4, it follows that the operator T + S has a fixed point u* € Y.
Therefore

wi(t,x) = T@")(tx)+Su)(t, x)
= eu'(t,x)+u(t,x)
—eu'(t,x) — eS,(u*)(t,x), (t,x) €[0,00) xR,
whereupon

So(u)(t,x) =0, (tx)€][0,00)xR.

From here, " is a solution to the problem (1). From here and from Lemma 3.5, it follows that u is a solution
to the IVP (1). This completes the proof. [
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3.2. Existence of at Least Two Classical Solutions

The main result in this section is as follows.

Theorem 3.6. Suppose that (H1) holds. Then the Cauchy problem (1) has at least two non-negative classical solutions
Uy, Uy € Cl([O, OO) X ]R)

Proof. Let X be the space used in the previous section. Suppose

(H4) Letm > 0belarge enough and A, B, 7, L, R; be positive constants that satisfy the following conditions

r<L<Ry, €>0, R1>(i+1)L,
5m
L
ABl<g.
Let

P={fueX:u>0 on [0,00)xR}.

With P we will denote the set of all equi-continuous families in P. For v € X, define the operators

(1 + me)o(t) — e£,

Tﬂ)(t) 10

Sso(t) = —€Syu(t) — mev(t) — e%,
t € [0, 0). Note that any fixed point v € X of the operator T; + S; is a solution to the IVP (1). Define

U = Pr=fveP:lol<r}

U = Pr={fveP:lbll <L}

Us = Pr,={veP: |l <R,

R, = Ri+ é31 + —,
m

Q = Pr,=weP: || <Ry}
1. For vy, v, € QQ, we have
IT101 — Thozl| = (1 + me)|loy — v2l,

whereupon T : Q — X is an expansive operator with a constant # = 1 + me > 1.
2. Forv e ﬁz], we get

L
ISsvll < €||520||+m€||0||+€ﬁ

L
< S(ABl + mRy + E)

Therefore 53(5&) is uniformly bounded. Since S3 : ﬁql — X is continuous, we have that S3(§BR1) is
equi-continuous. Consequently Sz : Pr, — X is a 0-set contraction.
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3. Letov, € 7_)121. Set

1 L
Uy =01 + —Sov + —.
m 5m

Note that S,v; + £ > 0 on [, ). We have v; > 0 on [fy, ) and

1 L
loall < florll + =|IS201]| + —
m 5m

IA

R1+éB1+L
m 5m

= Ro.

Therefore v, € QO and

—EMUVy = —eMU — €S — ££ - s£
10 10
or
(I-Ty)v, = —emvy+ é‘£
10
= 532)1.

Consequently S3(Px,) € (I - T1)(Q).
4. Assume that for any uy € P there exist A > 0 and x € 9P, N (Q + Aug) or x € IPr, N (Q+ Aug) such that

S3X = (I - Tl)(x - Auo).
Then
L L
—€Syx — mex — em = —me(x — Aug) + E’E
or
L
=Sox = Amug + 3
Hence,

L
[1S2x]| = H/\muo + G >

g .
This is a contradiction.

5. Suppose that for any e; > 0 small enough there exist a x; € 9P, and A; > 1 + €; such that A;x; € Pg,
and

Szx1 = (I = Tq1)(A1x1). (8)

In particular, for e; > %, we have x; € 0P, A1x1 € 7_>R1, A1 =1+ € and (8) holds. Since x; € P and

A1x1 € ST)RI, it follows that

2
(— + 1)L <ML = A|lx]]l € Ry.
5m
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Moreover,

—€Sox1 — —eL——)\mex +€L
€02X1 mexy 10 = 1 1 10r
or
L
Sox1 + g = (A — Dmxy.
From here,

L
2— >
52

L
Sox1 + EH = (A1 — Dml|x1]| = (A, — )mL
and
2
= 41>
5m Tz,

which is a contradiction.

2975

Therefore all conditions of Theorem 2.10 hold. Hence, the IVP (1) has at least two solutions #; and u; so

that
lluall = L < [Juzll < Rq
or
r <|lmll <L <|juzll < Ry.
O

3.3. An Example
Below, we will illustrate our main results. Let

1 1
Ri=B=10, L=5 r=4, m=10", A 108, € BB T A)
Then
By = 10°
and
1
ABq = 0 <B, eBi(1+A)<1,
i.e., (H3) holds. Next,
2 L
r<L<Ry, €>0, R1>(—+1)L, AB; < =.
5m 5
i.e., (H4) holds. Take
11 22 1145
h(s) = log ﬂ, I(s) = arctan i, seR, s#=+l1.
1 —s11/2 452 1-s22
Then
22 v2s10(1 — 522
e = V251001 - 57

(1 -1 V2 +2)(1 + 511 V2 + s2)
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, 11 V25'0(1 + s2)
I'(s) = B — seR, s#+1.

Therefore

—co < lim (1 45+ s?)h(s) < oo,
S—=+o00
—co < lim(1+s+ s%)I(s) < oco.

Hence, there exists a positive constant C; so that

L lo 1-’-511‘/5-’-522+ 1 arctan—sn\/E <
B2 B1_siNa+s2 | 22 1-s2] ~

s € R. Note that lim1 I(s) = 7 and by [18] (pp. 707, Integral 79), we have
s—+

Ci,

(1+s+sz)3(

f dz__ 1 lo 1+z\/§+zz+ arctan
T+28 440 Bl _svat22 ov2 1-2
Let
§10
= 7 GR/
Q) (1 +s¥)(1 +5+52)? )
and

g1(t,x) = Q()Q(x), te[0,00), xeR

Then there exists a constant C > 0 such that

t X
2(1+t+t2)(1+|x|)j; j{;gl(tbxl)dxl

dty <C, (t,x)€[0,00) X R.

Let
A
g(t,x) = Egl(t, x), (t,x)€[0,00) X R.
Then

dti <A, (t,x)€[0,00)XRR,

2(1 +t+t2)(1 + %)) ft fxg(h,xl)dxl
0 0

i.e., (H2) holds. Therefore for the IVP

U + ul 0, t>0, xeRR,

u(0, x) L, x€eR,

(1+x2)87

are fulfilled all conditions of Theorem 3.1 and Theorem 3.6.
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4. Classical Solutions for Incompressible Navier-Stokes Equations

4.1. Existence of at Least One Classical Solution
Without loss of generality, suppose that p = v = 1. Our result in this section is as follows.

Theorem 4.1. Suppose that (P1) holds. Then the equations (2) has at least one solution (u,v) € (C'([0, o), C*(R%)))*.
Proof. Let X! = CY([0, 00), C*(IR®)) be endowed with the norm

Il = max{ sup jut,x,y,2), sup st x, y,2),
(t,x,y,2) € [0,00) X R? (t,x,y,2) € [0,00) X R®

sup qu(tl xl ]// Z)|/ Sup |uxx(t/ xl ]// Z)|/
(t,x,y,2) € [0,00) X R3 (t,x,y,2) €[0,00) X R

sup uy(t, x, y,2), sup [uyy(t, X, y,2)l,
(t,x,y,2) € [0,00) X R? (t,x,y,2) €[0,00) xR

sup [uL(t, x, y,2)|, sup luz(t, x, y, Z)I},
(t,x,,2) € [0,00) x R? (t,x,1,2) € [0,00) xR

provided it exists. Let X = X! x X! x X! x X! be endowed with the norm

I, v, w,p)ll = max{llully:, [vllx, [wlx, lplx),  (wo,w,p)eX,

provided it exists. For (u,v,w,p) € X, we will write (u,v,w,p) > 0 if u(t,x,y,z) =2 0, v(t,x,y,z) = 0,
w(t,x,y,z) 20, p(t,x,y,z) 2 0 for any (t,x,y,z) € [0, 0) X R3. For (u,v,w, p) € X, define the operators

t
S%(u, v,w,p)t,x,y,z) = u(t,x,yz) —u(x,y,z)+ f (u(s, X, Y,2)ux(s, X, Y, 2)
0

+U(S, xl ]// Z)u]/(sl x/ ]// Z) + w(sl x/ }// Z)uZ(S/ x/ ]// Z) + px(s/ x/ }// Z)
—Ux(S, X, Y, 2) — tyy(S, X, Y, 2) — Uz(S, X, Y, Z))ds,
t
S%(u, v,w,p)t,x,y,z) = vt,xYz)-0vx Y z2)+ ‘fo (u(s, X, Y,2)0(S, X, Y, Z)
+U(S/ X, ]// Z)Uy(sx X, ]// Z) + w(sl X, ]// Z)UZ(S/ X, ]// Z) + py(S/ X, ]// Z)
_UXX(S/ X, Y, Z) - Uyy(sr X, Y, Z) - vZZ(SI X, Y, Z))dsl
t
S“;’(u, v,w,p)t,x,y,z) = wtxyz)—wxyz)+ j(; (u(s, X, Y, 2)Wx(S, X, Y, 2)
+U(S/ xl ]// Z)wy(s/ x/ ]// Z) + w(S/ x/ ]// Z)wZ(S/ x/ ]// Z) + pZ(S/ xl ]// Z)

_wxx(sl X, Y, Z) - wyy(sl X, Y, Z) - wzz(s/ X, Y, Z))dsr

S%(u/ 'U, w/ p)(t/ xr ]// Z) = ux(t/ xr yl Z) + vy(tl x/ ]// Z) + wz(t/ xr yr Z)/
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Si(u,v,w,p)t,x,y,2) = (Si(u, v, w,p)t,x,Y,2), Si(u, v, w,p)t,x,v,2)

S3(u,v,w,p)(t, x,y,2), S1(u, v, w,p)(t,x, Y, Z))

As in Section 3, one can prove the following lemmas.

Lemma 4.2. Suppose (P1). If (u,v, w,p) € X satisfies the equation
S1(w,v,w,p)(t,%,y,2) =0, (t,x,y,2) €[0,00) X R,

then it is a solution of the IVP (2).
Let

B; = 3B* + 4B.

Lemma 4.3. Suppose (P1). For (u,v,w,p) € X with ||(u, v, w, p)|| < B, we have

IS%(u, v,w,p)t,x,y,z)| < Bi(1+1),
IS%(u, v,w,p)t,x,yz)| < Bi(1+1),
IS‘I’(u, v,w,p)t,x,y,z)| < Bi(1+1),
ISt v,w,p)(t,x,y,2)] < Bi(l+t), (tx,y,2) €[0,00) xR

Suppose

7

7

(t,x,y,2z) € [0,00) X R3.

(P2) g€ C([0,00) x R, g(t,x,y,2) > 0 for (t,x,y,z) € (0,00) X (R\{{x = 0} U {y = 0} U {z = 0}}),

9(0,x,v,2) = g(t,0,y,2) = g(t,x,0,2) = g(t,x,y,0) = 0,

(t,x,y,2) € [0,00) X R?, and

8(1+ £ (1+ x| + %) (1+ |yl + 12) (1 + |2l + 22)

t X Y Z
Xf f f f g(t, x1, Y1, z1)dx1dydz |[dt < A,
o IJo Jo Jo

(t,x,y,2) € [0,00) X R3, for some constant A > 0.

For (u,v,w, p) € X, define the operators

Sy(u,v,w,p)(t, X, y,2)

Si(u,v,w,p)(t1, x1, Y1, 21)dx1dyrdzadty,

S2(u, v, w,p)(t, %, y,2)

t X
f f (t — t)(x — x1)2(y — y1)2(z — z1)°g(t1, X1, 11, 21)
0 Jo

t X
f f (t — t)(x — x1)2(y — y1)2(z — z1)*g(t1, X1, 11, 21)
0 Jo

2978
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S (u, v,w, p)(t, X1, y1, 21)dx1dyrdzidt,

t X
S3(u, 0,0, p)(t, %, ,2) f f (= 1)(x = 202 = 1) — 21 g(t, 31, y1,22)
0 0

S (u, v, w,p)(t1, X1, y1, z1)dx1dyrdzidty,

t X
Swowptrys) = [ [ =i -wie-aroen,mm
0 0

St(u,v,w,p)(t1, x1, Y1, 21)dx1dyrdzidty,

Sa(u, v, w, p)(t, x) (Sé(u, o, w,p)(t,x,Y,2),S5,0,w,p)t,x,Y,2),

2979

Sy, v,w,p)t, X, y,2), S3(u, v,w, p)(t, X, Y, Z)), (t,x,y,2) € [0,00) X R?,

(t,x,y,2) € [0,00) X R3.

Lemma 4.4. Suppose (P1) and (P2). For (u,v,w,p) € X, |l(u, v, w, p)ll < B, we have
IS2(u, v, w, p)Il < AB4.

Next,

Lemma 4.5. Suppose (P1) and (P2). If (u,v, w, p) € X satisfies the equation
So(u,v,w,p)t,x,y,2z) =0, (tx,y,2) €[0,00) X R3,

then (u, v, w, p) is a solution to the IVP (2).

Below, suppose

(P3) € €(0,1), A, B and B satisfy the inequalities €B1(1 + A) < 1 and AB; < B.

Let Y denote the set of all equi-continuous families in X with respect to the norm || - ||. Let also, Y =

closure of 17, Y=YU {(1o, vo, wo)},
Y ={w,0)€Y:uowp) 20, |uov,wopl<Bb)

Note that Y is a compact set in X. For (4, v, w, p) € X, define the operators

T, v,w,p)t,xy2z) = —euvwp)txyz),
S(u,v,w,p)t,x,y,z) = (u,o,wp)txyz)+euow,p)txy,z)
+€So(u, v, w,p)(t, x,v,2), (tx,Y,2) €[0,00) x R®.
Let Y denote the set of all equi-continuous families in X with respect to the norm || - ||. Let also, Y =

closure of Y,

u = {(uowpeY:|l(uowpl<B}

il

Y be the

?be the
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For (u,v,w,p) € U and € > 0, define the operators

T(u,v,w,p)t,x,y,2) e(u,v,w,p)t,x,y,2),

S(w,v,w,p)t,x,y,z2) = (u,0,w,p)tx Yy z)—eWowp)txyz)—eS(u,0,wp)txy,z2),
(t,x,y,2) € [0,00) x R®. For (1,0, w, p) € U, we have
(I = S)(u, v, w, p)ll

lle(u, v, w, p) + €Sa(u, v, w, p)l|

A

< ell(w, v, w, pll + €llS2(u, v, w, )l

IA

€B + €AB;.

Thus, S : U — X is continuous and (I — S)(U) resides in a compact subset of Y. Now, suppose that there is a
(u,v,w,p) €Y so that ||(u, v, w, p)ll = B and

(u,v,w,p) = A0 = S)(u,v,w,p)
or
(u,v,w,p) = Ae (I + S2)(u, v, w, p), )
for some A € (0, }:) Note that (Y, || - ||) is a Banach space. Assume that the set
A={w,v,wp)eY:(uvwp) =ul+S)uv,wp), 0<p<l)

is bounded. By (9), it follows that the set A is not empty set. Then, by Schaefer’s Theorem, it follows that
there is a (u*, v*, w*, p*) € Y such that

", v, w, p*) = (L + So)(w’, ", w', p*), (10)

or
So(u’, 0", w',p*) =0,

ie, (u',v",w",p") is a solution to the problem (1). Assume that the set A is unbounded. Then, by Schaefer’s

Theorem, it follows that the equation

(u,v,w,p) = pud + S)(w,v,w,p), (u,v,w,p)€Y,

has at least one small solution (u*,v",w*,p*) € Y for any pu € [0,1]. In particular, for p = 1, there is a
(u*,v*,w*,p*) € Y such that (10) holds and then it is a solution to the problem (1). Let now,

{w,0,wp)eY:(u,ow,p) =MlI-S)(u,v,w,p), lI(u,o,wp)ll =B} =0

forany A; € (0, %) Then, from Theorem 2.4, it follows that the operator T + S has a fixed point (u*, v*, w*, p*) €
Y. Therefore

o, w,p )t x,y,z) = TwW, v, o, p)txyz)+SW,o,w, p)txy,z)

= e, o, w,p )t x,y,z)+ W0, w,p )t x,y,z)

-, v, w, p )t x,y,2) — eSa(u, 0", W, pP)(E, x, Y, 2),
(t,x,y,2) € [0, ) X R whereupon
So(u”, v, w', ')t x,y,2) =0, (tx,y,2) €[0,00) X R®.

From here, (u*, v, w", p*) is a solution to the problem (1). O
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4.2. Existence of at Least Two Non-Negative Solutions
The main result in this section is as follows.

Theorem 4.6. Suppose that (P1) holds. Then the IVP (2) has at least two non-negative solutions in (C*([0, c0), C*(IR®)))*.
Proof. Let X be the space used in the previous section. Suppose

(P4) Let m > 0 be large enough and A, B, , L, R; be positive constants that satisfy the following conditions

2
r<L<R;<B, €>0, R1>(—+1)L,
5m
L
AB1<E-
Let

P= {(w,v,w,p) e X: (u,v,w,p) 20 on [0,oo)><]R3}.

With P we will denote the set of all equi-continuous families in P. For (u,v,w,p) € X, define the operators

Tl(ul 0, wrp)(t/x/ ylz) = (1 + me)(u/v/w/p)(trxr ]//Z) - (elL_Or elL_O)r

L L
—€Sy(u, v, w,p)(t, x,y,z) — me(u,v,w,p)t,x,y,z) — (e—,e—) ,

10" 10
(t,x,y,2) € [0,00) X R3. Note that any fixed point (1, v, w, p) € X of the operator T; + S3 is a solution to the
IVP (2). Define

S3(u,v,w,p)(t, x,Y,2)

Uy = Pr={uovwp)eP:lluowpl<r],
U = Pr={uvwp)eP: v wp)ll <L},

U; = Pr ={wowp) eP:Ill(uowpll <Ri},
R2 = Rl + éBl + L,
m 5m

Q = Pr,=1{w0)eP:lluov,wupl <R

Now, the proof repeats the proof of Theorem ??. [J

4.3. An Example
Let A, B, Ry, L, v, m, A, € be as in Section 3.3. Then

By =340
and (P3) and (P4) hold. Take Q as in Section 3.3. Take
71(%,y,2) = QHRWQWQE),  (t%,y,2) € [0,00) X R,
Then there exists a constant C4 > 0 such that

8(1+ 02 (1+ Il +x2) (1+ |yl + ¥*) (1 + |2l + 22)


milica
Highlight
What is the number of the Theorem?
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[

9559 = Znbnys), (60 €l0,00) xR
4

X Yz
f f f gi(tr, x1, 1, z1)dxidyrdzi|dt < Cy, (%, ,2) €[0,00) X R®.
0o Jo Jo

Let

Then
8(1+ 021+l +x2) (1+ |yl + v7) (1 + |2l + 22)

t X Y Z
f f f f g(t1, x1,y1,z1)dx1dyrdz|dh < Ca,  (t,x,y,2) € [0, 00) X R,
0 0 0 0

i.e., (P2) holds. Therefore for the functions

x? +y? + 2*
10 + x4 + y* + 247
the IVP (2) satisfies all conditions of Theorem 4.1 and Theorem 4.6.

uo(x,y,z) = vo(x, ¥,2) = wo(x,y,z) = (x,y,2) € R,
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