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Existence of pyramidal traveling fronts to the buffered bistable systems
in R3

Xin-Tian Zhang?, Zhen-Hui Bu®*, Jing-Xiang Wu?

#College of Science, Northwest A&F University, Yangling, Shaanxi 712100, People’s Republic of China

Abstract. This paper studies the pyramidal calcium concentration waves for buffered bistable systems
in R%. We show the existence of three-dimensional pyramidal traveling fronts by using the fixed point
theory and the super-subsolution method combined with the comparison principle. Our result implies that

multiple immobile buffers (where all buffers do not diffuse) do not affect the existence of pyramidal calcium
concentration waves.

1. Introduction

For along time, many researchers have sought to understand the traveling fronts of the reaction-diffusion
equation [4, 5, 29] and they have observed the phenomenon of wave propagation in various fields, such as
biology and chemistry with regards to the FitzHugh-Nagumo model [22] and the Belousov-Zhabotinskii
reaction [7, 12]. Among them, the study on the propagation of calcium concentration waves between cells
and within them has received widespread attention [1, 3, 9, 17]. In general, the mechanism of calcium wave
generation is based on reaction-diffusion, which can be documented by the equation

ur (x,t) = DAu(x,t) + f(u(x,t), xeRN, t>0, (1)

where u represents the concentration of free cytosolic calcium, A is the Laplace operator, D > 0 represents
diffusion coefficient of free cytosolic calcium in the cytoplasm, N denotes the spatial dimension of cells
and the bistable nonlinear reaction term f(u) not only maintains stable self-sustaining waves [4], but also is
considered to be critical for the fertilization of calcium waves in mature Xenopus oocytes [6, 33].

Due to the presence of calcium buffers in cells [15], the study of calcium waves is slightly different from
other excitable systems. Calcium bulffer is a kind of protein in the cytoplasm that can bind to free calcium,
thereby limiting the diffusion of free calcium and controlling the release and uptake of calcium [17, 32].
Consequently, whether calcium buffers have an effect on calcium waves has aroused wide concern. One of
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buffered systems can be written as
(%, 1) = DA+ f(u) + X1y [0 — (Ko + K ) o], ®
i (X, 1) = DiAv; + kL b} — (kiu + ki_) vi, i=12,---,n,

for all (x,t) € RN x (0, +0), where v; and D; > 0 represent the concentration and diffusion coefficient of the
i-th free buffer in the cytoplasm respectively, 7 is the number of species of the free buffer, b} > 0 represents
the amount of the total concentration of the i-th buffer, including the concentration of the i-th free buffer
and the i-th non-free buffer, and k\ are reaction rates of calcium ions and the i-th free buffer through the
following reaction

K .
Ca** + B; k::CaBi, i=1,---,n,

where B; represents the i-th free buffer and CaB; represents the i-th non-free buffer.

As a special solution of the development model based on the unbounded region, the traveling front
can well describe the properties of the solution of the reaction-diffusion equation. In high-dimensional
space, under the influnce of curvature, the equation has traveling fronts whose level set is not hyperplane.
Thus it is very vital to study nonplanar traveling fronts in high-dimensional space. For the Fisher-KPP
monostable case, Hamel and Nadirashvili [8] proved the existence of an infinite-dimensional manifold of
nonplanar traveling fronts in RY (N > 2). For the degenerate Fisher-KPP monostable case, Wang and Bu
[31] established the existence of pyramidal traveling fronts in IR* and showed the existence and stability
of V-shaped traveling fronts. In [2], they further studied the stability of pyramidal traveling fronts in R>.
When the nonlinear term reaction f(u) is bistable, Ninomiya and Taniguchi [16] obtained the existence
of the V-shaped traveling fronts in R? by constructing supersolutions and subsolutions and using the
comparison principle. Later, Taniguchi [23, 24] used a similar method to prove the existence and stability of
the pyramidal traveling fronts in R®. Wang [30] studied the existence, uniqueness and stability of V-shaped
traveling fronts for reaction-diffusion bistable systems in R2. Wang, Li and Ruan [34] also showed the
existence, uniqueness and stability of three-dimensional traveling fronts for monotone bistable systems of
reaction-diffusion equations in R® by using the super-subsolution method combined with the comparison
argument. For more research on higher dimensional space, we can refer to literatures [13, 19-21, 25, 26]
and the references therein. With regard to system (2), Tsai and Sneyd [27, 28] showed the existence, local
stability and uniqueness of one-dimensional traveling waves for D; = 0(i = 1,2,--- ,n) and the stability
and uniqueness of one-dimensional traveling waves for D; > 0(i = 1,2,--- ,n). Jia et al. [10, 11] obtained
the existence, global stability and uniqueness of V-shaped traveling fronts of the buffered bistable systems
in IR?. As mentioned above, reaction-diffusion equations may have traveling curved fronts with different
types of level sets in spaces of different dimensions. For system (2) with D; =0,(i = 1,2,--- ,n), there is no
relevant conclusion on whether a pyramidal traveling front exists in R®. In this paper, we will answer that
question in the affirmative. It is worth noting that only the first equation has a positive diffusion term, while
the other n equations have no positive diffusion term which makes the equation lose the regularization
estimation, so that the existence of the solution cannot be verified by the prior estimation. Therefore, when
improving the regularity of the solution, the requirements are higher and the difficulty will be increased.

In this paper, assume that the nonlinear term f(u) is a simple form

fw)y=uw—-a)(l-u), 0<a< %

Without loss of generality, we can research system (2) with only one free buffer. That is, we study the
buffered bistable system

ur (%, y,z,t) = DAu + f(u) + [k_by — (ksu + k_) 0], 3
v (x,y,z,t) =k_by — (kyu +k_)v, (3)
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for all (x,y,z,t) € R3 % (0, +00), where D, k., k_ and by are positive constants. Studying the existence of
traveling fronts of system (3) is complicated by the fact that the diffusion coefficient of the second equation
is 0, which makes the system lose regular estimate. Thus we will apply the Banach’s fixed point theory to
show the existence of pyramidal traveling fronts of system (3).

Let us now give two symbolic definitions. For any two vectors a,a’ € R?, a < (<)a’ means a; < (<)a; with

i =1,2,3. The interval [a,a’] = {x eRla<x< a’}. After defining ¢1(x,y,z,t) = u(x, y,z,t), P2(x, y,z,t) =
by —v(x,y,z,t), ® = (¢1,¢2) and D = diag(D, 0), then system (3) can be simplified as

D;(x,y,2,t) = DAD (x, y,z,t) + (D (x,y,2,1)), 4)
where

F(®) = (f1(DP), /(D)) = (f(P1) + k-2 — ks P1(bo = P2), =k-p2 + ks P1(bo = ¢2)).

For convenience, we always denote 0 = (0,0) and G = (1,bp —b1) = (1, by — k’f jrb,g ) Obviously 0 < by < by,
and 0 and G are two equilibria of system (4). From [27], it follows that the Eq.(4) has a unique positive
traveling front W(c) = (¥1(c), ¥2(c)) connecting 0 and G and the wave speed c, is positive, where ¢ =
(x,y,2)- e+ c.tand e € $%. That s, (Y1(c), ¥2(c)) satisfies

Dy —cap) + f(Y1) + k-2 — ki 1(bo — ¢2) =0,
=y — k-2 + kypi(bo — ) =0,
0<y1<1,0<ya<by—by, ¥;>0, P; >0, ®)

P1(=0) =0, P1(+0) =1,
Pa(=00) = 0, Pa(+00) = by — by.

In addition, the traveling front (11(c), ¥2(c)) has the following asymptotic behavior.

Lemma 1.1. [10, Lemma 1.1] There exist two positive constants Co and Bo such that
max {1 = $1(c)\, Iby — b1 = ¥a()1} + max (I} (), [W5()I} + 19} ()] < Coe ™, ¢ >0,

max {[p1 (0], [2()l} + max {15 () W51} + [ ()] < CoePH, ¢ <0.

This paper mainly studies the existence of the three-dimensional pyramidal shaped traveling front of

= Nee . Let

Eq.(4). Affected by curvature, we can assume ¢ > c¢. and define m. = ——

D(x,y,z,t) = v(x1,x2,x3,1), (x1,%2,%3) = (X, Y,z + ct), (6)
which travels in the direction of the z-axis. Substituting v into Eq.(4), we have

vi=DAv-cv,, +F(v), x€R? t>0, )
vo(x) = v(x,0), x € R?,

where x = (X', x3) and x’ = (x1,x2). The goal of this paper is to find the solution W(x) = (Wi(x), Wa(x))
satisfying the equation

LIW] ;= -DAW + cW,, —F(W) =0, xeR%. (8)

Now we construct a pyramid which comes from [23]. Let/ € N and / > 3. Assume that {6 j}1<j<l satisfies

0<61<6,<---<0; <2 and max(9j+1—6j)<n, 9)
1<j<l
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where 0,1 = 01+27. And then (m cos 0, m. sin 0, 1) is the normal vector of surface {x eR3|—x3=h j(x1, xz)},

where h; (x1, x2) = m. (x1 cos 0 + xp sin Gj) (1 <j<I). Forany (x1, %) € R?, let

h(x1,x2) = maxh; (x1, x2) = m. max (x1 cos 0 + xp sin 6]-) .
1<j<l 1<j<l

Then {x eER|-x3=h (x1,x2)} is a pyramid in IR?, and for any (x1, x2) € R?,

h(x1,x2) 20, lim inf i (x1,x) = oo.
R—c0 x2422>R2

Let

Qj={x eR? | hx;, %) = hj (1, %)}, j=1,2--,1,

then R? = U5‘=1 Q;j. (9) yields that the planes Q1,(,,---,(); are arranged in a counterclockwise direction.

Let dQ; be the boundary of Q); and K = U;zl dQ);. Each side of {x eR®| —x3 =h(xi, xz)} can be represented
as

Sj={xe R | —x3 = hj(x1, ), (¥1,02) €Qj}, j=1,2,+ L
Denote each edge of the pyramid {x eR3| —x3 = h( X1,x2)} as

I = S]'ﬁs]q.l, 1<j<l—1,
7] § NSy, j=l,

then U§'=1 S; C R? represents the set of all lateral surfaces of the pyramid, and I' = U§'=1 I'; represents the set
of all edges of the pyramid. For any y > 0, define

D(y) = {x e R® | dist(x,T) > 7}.

Forany 1 < j <, itis obvious that W (% (x3 +hj(x1, xz))) is the solution of Eq.(8). Define

v (x) = w(% (x3 + I (xl,xz))) - max‘l’(% (s +1, (xl,xz))), (10)

1<jsl

then v~ (x) is a subsolution of Eq.(8), and W’(c) > 0 yields v, (x) > 0 for any x € R3.
The main result of this paper is the existence of three-dimensional pyramidal traveling front.

Theorem 1.2. Foranyc > c., the Eq.(4) exists a nonplanar traveling front W(x) which satisfies Eq.(8), W(x) > v~ (x),
Wy, (x) > 0 for any x € R?, W(x], x3) = W(x), x3) if

/

2

’
X1 X

7

W, (0,x2,x3) =0, Wy (x) >0, V(x1,x2,x3) € (0,+00) X R?,
sz (xll 0/ x3) = 0/ WXZ(X) > O/ v(xlle/ x3) e ]1-{ X (OI +00) X R/
and
lim sup |W(x) -v (x)| =0. (11)
y—00 X€D(7)

The rest of this paper is organized as follows. In Section 2, we list some vital and useful notations and
preliminaries. In Section 3, we establish the existence of three-dimensional pyramidal traveling front by
constructing the supersolution and using comparison principle and fixed point theory. That is, we give the
proof of Theorem 1.2.
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2. Preliminaries

First of all, we consider the qualitative properties of Jacobian matrix DF(®).

Fa(®@)  fia(D) 5ok
PR®) = (0] (0] - o df
fZl( ) f22( ) E % (12)

=302 +2a+V)p1 +kepp —kibg—a ki +k_

—k+¢2 + k+b0 —k+¢1 —k_

Similar to the process in [10], we obtain A~ < 0 and A* < 0, where A~ and A" are the principal eigenvalues
of DF(0) and DF(G), respectively. In addition, we can get that there exist positive eigenvectors of DF(0) and

DF(G), which we shall name P~ = (P7, P;) and P* = (P, P}) respectively.

Let 61 > 0 be a small enough constant such that P* > 6;P~, and define
Q =0P =(Q,Q,) Q" =P =(Q[, Q)
Obviously, there hold Q* > Q™ > 0. Define
H =(H{,H;)=A"Q =DF0)Q <0, H"=(H,H;)=A"Q" = DF(G)Q" <0. (13)

Since DF(®) is continuous, by (13), we can choose 0 < §; < 1 small enough such that

DF(®)Q" < %H‘, @ € [G,5P], (14)
DE(®)Q* < %H*, ® € [G - 5,P,G"], (15)
k. — 62k+P1_ >0, bl - 62P; >0, (16)

and
F(G™) = F(0) — 5 DF(0)P™ + 0(52 [P7|) = —=6,A"P~ + 0(5, |[P7]) > 0, .
F(G") = F(G) + 5,DF(G)P* +0(52 [P*|) = 6,A"P* + 0(52 [P*|) < 0, (17)

where G~ = (G, G;) = —=6;P~ and G* = (G, GJ) = G + 5,P". In this paper, we fix the constant 0, satisfying
(14)-(17) and define

Q=max{QT,Q;}, Q=min{Q1_,Q2_}, I:I=max{HIr,H;}, I:I=max{Hl_,H2_}.

Let i1 = kiby, po = ko, A(®) = f(1) + k-2 + kip1¢p2 and f(P) = kibop1 — ki p1¢p, then Eq.(4) can be
rewriten as

}—z = DAG1 - g + fi(®), a8)
- = —taP2 + fo(D).

Following from (17), G~ and G* are the subsolution and supersolution of system (18) respectively. For any
(¢1,92) € [G™,G*], (16) yields that

a—f_l@ ¢2) = k- + ki1 > k_ — 8k, P > 0
a¢)21/2_— +P1 = A- 2+1 7
of .
== ($1,¢P2) = ki (bo — ¢2) = ki (b1 — 02P5) > 0,
dP1
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which shows that system (18) is cooperative on [G™,G*]. Let E = BUC (]R3,]R2) be the Banach space
that consists of all bounded and uniformly continuous vector-valued functions from R® to R? and denote

Et = {u € Elu(x,y,2z) 2 0,(x,y,2) € ]R3}, then E* isa closed cone of E. Define a strongly continuous semigroup
onE as

T(t) = diag(T1 (1), T2(1)), t >0,
where for any (x,y,z) € R3and t > 0,

_ 1 )t O e GtV
Ti(Hui(x, y,2) = e f e (Y1, Yo, ys) dyadyadys,
R (2VnDt) (19)

To(hua(x,y,2) = e ' ua(x, y, 2).
Now we give the definitions of classical and mild subsolution (supersolution) respectively.
Definition 2.1. If functions ¢1(x, vy, z,t) € C* (IR3 x (0, +oo)) NnC (1R3 x [0, +oo)) and
ba(x, y,2,) € C¥ (IR® X (0, +00)) N C(R? x [0, +00)) satisfy

{ ¢14 = DAG1 + i1 — AH(P) <0 (20), Y(x,y,2t) € R>X (0, +00),
(PZ/t + ‘llz(i)z - fZ(q)) <0 (Z O), V(X, Y,z t) € IR3 X (0, +OO),

then the vector-valued function ®(x, y, z,t) is called a classical subsolution (supersolution) of system (18).

Definition 2.2. If the continuous vector-valued function ®(x,v,z,t) : R® X [0, +c0) — [G™, G™] satisfies
t
D < (2)T(t - s)P(s) + f T(t — r)F(D(r))dr, (20)

for 0 < s < t, where F(®@) = (f1(D), f(D)), then the vector-valued function D(x, y,z,t) is called a mild subsolution
( mild supersolution ) of system (18). Particularly, when (20) takes the equal sign, the vector-valued function
D(x,y,z,t) can be called a mild solution of system (18).

By an argument similar to Theorem 2.3 of [10], we can obtain the following comparison principle.

Lemma 2.3. Suppose that @~ and ®* are mild subsolution and mild supersolution of system (18) on R X [0, +o0)
respectively, and ®~, ®* € [G™, G ] and @~ (x,y,z,0) < ®*(x,y,z,0) for any (x, y,z) € R3. Then ®~(x,y,z,t) <
Dt (x,y,z,t) forany (x,y,z,t) € R3 x [0, +00). Moreover, if the initial value @y € E satisfies

D (x,y,2,0) < Dy(x,y,2) < P (x,y,2,0), (xyz) R,
then system (18) exists a unique mild solution ®(x, y, z, t; Dy) such that
D (v, y,2,1) <D, y,z, D) <D (x,y,2,t), (xyzt)e R3 x [0, +00).
Obviously, the above lemma implies that for any @y € [G™, G*], one has
G <D(x,y,ztDy) <G, VY(x,y,zt) € R’ x[0,+c0).
Similarly, for any @y € [0, G], we can also get
0<D(x,y,z,tDP) <G, Vxuyzt)e R? x [0, +0c0).

Next, we are going to mollify the pyramid {x ER3|—x; = h(xl,xz)} which will play a vital role in the
subsequent proofs, see [23].
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Define p (x1,x2) = ﬁ( 2+ x%), where function p(r) € C*[0, o) have the properties:

(1) p(r) > 0, p(r) <0, for any r > 0;
(2) p(r) = 1, for any r > 0 small enough;
(8) p(r) =", for any r > Ry > 1 large enough, where Ry is a constant;

4) fle p ( a3+ x%)dxldxz =2n fom rp(r)dr = 1.

Then p € C* (]RZ) and f]Rz p (x1,x2) dx1dx, = 1. For all integers iy > 0 and i, > 0 with 0 <i; + i, < 3, one has

|D§511D;22p (xl/ x2)| < MP (xll X2) ’ A (x1’x2) € ]R2’

where 0 < M < +0 is a constant, D?l = % and Dﬁfz = %. Define ¢ (x1,x2) = p * h. That s,
@ (x1,x2) = f p <x1 —-X],x — x’z) h (xi,x’z) dx’dx;,
RZ
_ o ’ ’ /30 2
= f p (xl,xz)h (x1 - X}, X — xz) dxidx;, VY (x1,x2) € R, (21)
]RZ

We call {x ERY|-x3=¢ (xl,xz)} the mollified pyramid of {x eR¥|-x3=h (xl,xz)}. Define

c

N1+ )Vgo (3(1,3c2)|2

where Vo (x1,x2) = (¢x, (X1, X2) , Pz, (X1, X2)).
The following two lemmas can be obtained from [23, 24, 31], which show some properties of the functions
@ (x1,x2) and S (x1, x2).

§(x1,x2) = —c., (22)

Lemma 2.4. The functions @ and S are defined as (21) and (22) respectively. Then we have

sup |DiDZe (x1,x2)| < 0,

(x1,%2)€R?

h(x1,x2) < @ (x1,x2) < h(x1, x2) + 27'zm*f rzﬁ(r)dr,
0

|V(P (X1,XZ)| <m., 0< S (xl,xz) <cCc—¢Cs V(xl,xg) € IR2,
(szxz (x1/x2)| S m*Mr v (X1,.X2) € Rz (23)

|(Px1x1 (xlixz) 7
and
lim sup {S (11, %) | (11, %) € R, dist (11, 12), K) > A =0,

lim sup {p (v1,72) = h (x1,32) | (11, %2) € R, dlist ((x1,32), K) 2 A} = 0.

Lemma 2.5. There exist two constants p1 and p, such that

0<pi= ing LOVDROwx) o 9l n) Zh, )
(x1,%2)€R? S (x1,x2) (x1.12)cR? S (x1, %2)

=ﬁ2<00.

In addition, for any integers i, i > 0 satisfying 2 < iy + iy < 3, there exists a positive constant H such that

Dﬁgl Décz @ (x1,x2)

2

< H < +co.
S (x1,x2)

sup
(x1,22)€R?
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3. Existence of three-dimensional pyramidal traveling fronts

In this section, we will establish the existence of the three-dimensional pyramidal traveling front W (x)
of Eq.(8). That is, we give the proof of Theorem 1.2.

3.1. Construction of the supersolution

In this subsection, we use the perturbation method to construct the classical supersolution.
For any a € (0, 1), there holds %h (ax1, axp) = h(xq,x7). Let z3 = axs, z = (z1,22,23) = ax = (axy, axz, aX3),
z' = ax’ and

o (x1,x2) = S(axy, axy) = S(z'),

G 1 _ c.z3+@(z)
@(x) = - (X3 + E(P (axhaxz)) =T a (24)
X3 + 2@ (axy, axp) 23+ ¢ (z')
o(x) - 217 (25)

) \/1 + )Vgo (axl,axz))z ) a1+ |Vq0 (z’) 2

Calculate them directly, one has

Oy (x1,%2) = @S, () and oy, (x1,%2) = %S, (Z)), i=1,2,

Cs Cs Cx
Dy = =, Ouy =0, @Oy ==z, Ou =0z,
C C C
1
Ox; = > Oxix; = 0
1+|Ve ()

andfori=1,2,

-1
= (\/1 +|Ve () 2) @z — 000X (2), Oy, = aYi(z) — a®0(¥)Zi ('),
where

-1
Xi(z’)=\/1+(Vgo(z’))2£( 1+|Vo @) 2) )

-1 ’
Yi(z') =a% (( V1+|Ve @) 2) (Pz,-] - %%r
1+ |V (z’

Ox

dX; (z')

Zi(Z) = oz

- Xl.2 (z").

Now we define a function w(x) € C*(RR) satisfying

w(x) =1, ifx>1,
O<w <l 0<o'(x)<1, if —1<x<1, (26)
w(x) =0, ifx<-1,

which plays an important role in later proofs.

Lemma 3.1. There exist a positive constant 0 < &7 < 1 and a positive function a (¢) such that, for any ¢ € (O, eg)
and a € (O, ay (s)), the function

vi(x e a) = W(o(x) + eo(X) [w(@(x))Q" + (1 - w(@(x))Q"]
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is a classical supersolution of Eq.(8). Furthermore, the function v*(x; €, ) satisfies the properties

lim sup v;’(x; g a) - v (x)| < el )0, j=1,2, (27)
77 xeD(p)

vixe,a) > v (x), VYxeR’ (28)
vi(ce a)>0, YxelR. (29)

Proof. First of all, we prove v*(x; ¢, ) is a supersolution of Eq.(8). Assume 0 < ¢ < 0,, where 6, is defined
in Section 2. For the sake of convenience, we abbreviate v*(x; ¢, @) as v*(x), @(x) as @, o(x) as g and W(o(x))
as W(p). In order to show v*(x) is a supersolution of Eq.(8), we only have to prove that it satisfies

1,X1X1 1,JCzJCz 1,X3X3

Li[vt]l(x)=-D <v+ +of +of ) + cv;x3 - ilvi(x)) >0, YxeRR?, 30
Lo[vi](x) = cvzx3 - A(vt(x) >0, YxeR. (30)

By calculating directly and combining with (5), we can obtain

Li[v]00 =D (1~ ¢, ~ &, — &) ¥} = D (@nx + ) ¥
— Deo(x)w” (mil +@% + ‘Di) (Qf - Q;)
— Dea(x ) (@syx, + Dspny) (QF — Q1)
— De(0xyx, + Oxyxy) [a)Qf +(1-w) Q{]
- 2D¢a’ (Q;r - Ql_) (0, @z, + Oy, @x,)

) P — Y] + ceo(x )’ @y, (QIr - QI)

1+ Ve @)

- [AG) - fi (W(o)]

and
Lo[v](x) = ;2 — ¢ |¢) + ceo(X )’ @y, (Q;r - Q;)
1+ Vo @)
~ [ (v 00) = f2 (W(o)]-
Let
_ Eiplsaa@) _ Eiplsa@)
B S R N

By Lemma 1.1, Lemma 2.4 and Lemma 2.5, there are two positive constants A3 and A4 such that

3
D|1- Z g,%,_J Y!| < Asao(¥) and |D Z 0 )| < Asao(X).
i=1 i=1,2

Now we divide our proof into three steps.
Step 1: o < —X’, where X’ > 0 is a large enough constant.
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If p < 0, there is éca <o <@ <0. Let's suppose ® < —X; < —1, where X; > 0 is a constant. Then the
definition of w(x) from (26) yields w = 0. Thus we obtain

pe [Z <>] [0 + -0

=12
Y12 Oxix (X)) 2 Yic125z2(2")
S(z")

BT )

o(x")Q] = —Dea o(x)Q; = —Dea’o(x)Q; A1

For the nonlinear term fj, we have
[0 = £ (@) = Y fi (0500 + (1 - 0;) W(0) eo(x) Q7
i=1,2

=Y fi(W(o) + e0j0(x)Q7) ea(x)Q7,

i=1,2

where 0 < é]- <1,j=1,2. From Lemma 1.1, it follows that

W) -0 and Y fi(WE)Q o H;, j=12, asc—ow.
i=1,2

And hence, there is a constant X, > 0 large enough such that for any ¢ € (O, %),

—5,P” < W(p) + eOo(xX)Q™ < 5,P, p<-Xp, 6€(0,1).
Besides, by (14), it follows that

al - ’ — 1 ’ — al .
Zfﬁ (W(o) +£0,0Q7) ea(x)Q; < Se00OH;, 0<-Xy, 6;€(0,1), j=1,2
i=1,2
Set X’ = max {£Xy, X,} and recall £@ < g < @ < 0if ¢ < 0. Thus, for g < - X/, if

, —eH
0 < a < min —, 1%,
{2(A3+A4+DA1Q) }

then one has
L1 [vT] (%) = —Azao(x’) — Asao(X') — Deazo(x’)Ql_Al - %so(x’)Hl_
> [—a (A3 + Ag + DeaQ;Al) - %eHl_] o(x’) >0,
and
Lo[v](x) > —%eo(x’)HZ_ > 0.

Step 2: o > X”, where X” > 0 is a large enough constant.
If o > 0, there is C%cD > 0 > @ > 0. Without loss of generality, we assume @ > X3 > 1, where X3 is a
constant. Then the definition of w(x) from (26) yields w = 1. Thus one has

pe [2 <>] [0 + 1 -]

=12
Y.i=12 Oxx (X) 2 Yic125z2(2")
S(z")

BTY

o(x)Qf = —Dea o(x)Qf = —Dea’o(x)Q; A.
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For the nonlinear term f;, we have

[0 = £ (@) = Y fi (05 00 + (1 - 8;) W(0) eo(x) Q7

i=1,2

= Z fii (\I’(Q) + sé]-o(x’)Q+) ea(x)Q;,

i=1,2

where 0 < é]- <1,j=1,2. From Lemma 1.1, it follows that

W) -G and ) fi(WE)Q - H, j=12, asc— +oo.
i=1,2

Therefore, there is a constant X, > 0 large enough such that for any ¢ € (O,

G- 0,P <W(p) +e00(x)Q" <G+ 5P, o0>Xy 0€(0,1).

And hence, by (15), we can get

- 1 ~ .
Z fi (W) + £60Q" ) ea(x)Q; < SE00NH], 0> X, 6;€(0,1), j=1,2.

=12

Take X” = max {§X3, X4} and review fca > 0> @ > 0if g > 0. Thus, for g > X”, if

. —cH
0 < a < min —, 1%,
2(As+ Ay + DA1Q)

then we have
1
L1 [v] (%) = —Asa0(X) — Asac(X') — Dea’o(X')QF A1 — Eeo(x’)H{’
1
> [—a (A3 + Ay + DeaQIAl) - Eer] o(x') >0,
and
+ 1 N+
Lo[v](x) = —Eso(x )H; > 0.

Step 3: —X' <p < X".
Define

As = 7;;2;(»/ w" (x) (1 + mf), N, = g}?;j (QJ+ - QJ‘) p. =

and for any i, j € {1,2},

M]’l’ = sup ‘f]l ((D) , M]‘ = (Mﬂ,sz) and C] = M]'Q+,
1

De[G,G*

min
-X'<x<X",jel1,2}

3079
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where f;; is defined by (12). By direct calculations, we can get
— Deo(x) [a)” (ca,%l + @3 + cvi) + @ (D, + @xm)] (Qf - Ql‘)
2
_ ’ 1 Cx 2 2 + - ;) Cs + —
= —Deo(x )[a) 2 (1 + @z, + (pzz) (Ql - Ql) tw'a (Pz121 + Pzaz) (Q1 -Q; )]
c c
> _ AN + _ N 7 2 ’ . ]
> Dea(x)c (Ql Ql)[a) E (1 +m*)+2a) am.M
> —Deo(X')N. (As + 2am.M),
— Dée (02, + Oxpzy) [a)QIr +(1-w) Ql_]
2 Yic125z2(2)
S(z)
—2Dew’ (Q{r - QI) (0, @x; + Ox,@y,)
, ) (G Ca
= —2Daew (Q;r -Q ) (?521(% + ?SZZ(PZZ)

> —2Daeo’ (QF - Q7) %Aza(x)m* > —2DaeN.m,Aya(X),

= —Dea o(x’) [a)Qf +(1-w) Qf] > —Dea’o(X)A1Q,

c

1+ Vo @)

£V () - f;(W(0) < Cjea(x'), j=1,2.

—-c. 1/1; > o(xX')ps

and

Thus if @ < min{ and € < min{ 1}, one has

Ppe ps
2(,43 +A4+DQA1) 4 1} 2[DN.(As+2m.M)+2DN.m.A;+C1]”

L1 [v](x) = —Azac(X') — Ayac(X') — Dea(x' )N, (As + 2am.M) — Dea’a(x')QA;
—2DaeN.m,Ay0(X’) + o(x)p. — C1e0(x’)

> o[~ (A3 + Ay + DQA1) a + p. — (DN, (As + 2m.M) + 2DN,m. Ay + C1) e

and if € < g—;, we can also get
L [v'] () 2 po(x) - Crea(x) > 0.

Combining with the above three steps, v*(x) is proved to be the supersolution of Eq.(8) if

; 2Q pe p-
0 <& <min {1/ 0 7 ;7 2DN.(As +2m.M)+2DN.. A2+ C1]
and

1 —eH —eA P~
7 2(A3+As+DA1Q)” 2(As+As+DA1Q)” 2(As+As+DQA) |

O<a<min{

Secondly, we can prove (27) and (28) by similar discussions of [31, ineqality (2.6)] and [31, ineqality
(2.7)] respectively, hence we omit the details.
Finally, we can get vy, > 0 from the definition of v*(x; ¢, a), which proves (29). In conclusion, let

+ = i 20 pe P
&y = min {L 0 ’ G’ 2[DN.(A+2m.M)+2DN.m.A;+Cr]
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and

+ — i —eH —eH P ec2p3p0
o (€) = mm{ 7 2(A3+As+DA1Q)” 2(A3+As+DA1Q)” 2(As+As+DQA,)”  4cCo

We completed the proof of this lemma. [

3.2. Existence

3081

In this subsection, we show the existence of pyramidal traveling fronts to Eq.(8). Before this, we give

two theorems which play important roles in the proof of Theorem 1.2.

Theorem 3.2. If the initial value ®y(x,y,z) € BUC (]R3, [G‘,G*]) is differentiable with respect to the variable
z , even on x,y € R and non-decreasing in x,y € [0,+00), and 0 < Py ,(x,y,z) € BUC (]R3), then there is
a unique solution ®(x,y,z,t;Py) € BUC (]R3 X [0,+oo),[G‘,G+]) to Eq.(4) such that ¢1(x,y,z2,t) is of C? in
(x,y,2) € R¥and is of Ct in t € (0,+00), Pa(x,y,2,t) is of C' in both z € R and t € (0, +0), D,(x,y,z,t) > 0 in

(x,y,z,t) € R3 x [0, +00) and D(x, Y,z,t; Py) is even on x,y € R and non-decreasing in x, y € [0, +00).

Proof. Define

V1> sup |y1 8¢1f1
De[G,G

vy >max{ sup )yz—a, A i —GE),l}
®e[G-,G*]
and
g1 = —1d1 +v1P1 + (D), g2 = —par + V2 + f(D).
Then for any (x, y,z,t) € R® X [0, +o0), Eq.(4) is equivalent to the integral formula

1 (-n)? (v-/z) +(zy3)

P1(x, y,z,t) =" f —e o1 (Y1, v2, y3) dyidydys
R (2 VrDt )3

f —vi(t- s)f (‘ n)? *(A;fDalfzs +(1s)
R (2 nD(t—s)

t
da(x,y,2,t) =¢ " Poa(x, y,2) + f 29 g0 (D(x, y, 2, 5))ds.
0
For any fixed T € ( ] we construct a set of vector-valued functions

D(x, y,z,t) € BUC(R® x [0, T], [G~, G*]);
0 < D(v,y,2t) € BUC(R* x [0, T]);
Sr=1 @(,y,z1t) | @ isnon-decreasingin x € [0, +c0) and evenonx € R; ¢,
® is non-decreasing in y € [0, +0) and even on y € R;

SUP (., y,2)eR3,te[0,T] ‘@jrz (xyz t)‘ <Cjj=12

where

A In2 A N
Cy= sup |¢01,z((x/ Iz Z))| + 4/ %”glan([G-,G*f]) and C; =2 sup ((Poz,z((xf Y, Z))‘ +2C.

(x,y,2)ER3 (x,y,2)€R3

X g1 (P (Y1, Y2, Y3, 5)) dyrdyrdyads,

(31)
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Define the norm on St by

_ d _
IOl = sup iy zhle ™+ sup |o-lryzhe™
(x,y,2)€R3 t€[0,T] (x,y,2)€R3 te[0,T] 1 9%
0
+ sup ((1)2(95, v,z t)| e+ sup —¢a(x,y,z,t)| e,
(x,y,2)€R3 t€[0,T] (x,y,2)€R3 t€[0,T] Jz

where 7 is a positive constant. We can know (St, || - ||;) is a Banach space. For any @ € St and (x, y,z,t) €
R3 x [0, T], define Ar = (Air, Aor) by
1 _ s
vyt dor (x = y1, ¥ — Y2,z — y3) dyrdyadys
V+3+13

t —
+ [y et [ me P g1 (P (X = Y1, ¥ — Y2,z = Y3,5)) dyrdy2dysds,

Por[DI(x, y,2,1) = e, y,2) + [ e ga(D(x, y, 2,5))ds.

Far[@](x,y,z,t) = e ™! [

Applying the Banach’s fixed point theory, the rest of the proof process are similar to Theorem 3.2 of [10],
we omit the details. O

Similarly to the proof of Theorem 3.3 in [10], and combining with Theorem 5.1.4 in [14], we can obtain
the following theorem.

Theorem 3.3. There is a constant L > 0 such that Eq.(4) exists a unique solution @ (x,y,z,t;v") with the initial
value v~ satisfying

|qu,Z (% v,z t)| <IL, (x,y,z,t) e R3 x [0, +00), i=12,
|¢]~(3‘c,y,z,t) - ; (J?,y,z,t)| <L|x-%, %L%yzeRt=0,7=1,2,

|oj (x, 7,2, = ¢ (x, 7,2, )| <L|g— 9], 7,9,xzeRt>0,j=12,

|¢j,z (% y,zt) - 0. (%,y,z t)| <Llx-%, L%yzeRt>0,j=1,2,

|q5]-,2 (x,7,2,t) = iz (x, 7,2, t)| <L |]7 -1, 77xzeRt>0,j=1,2,

|qb1,zz (% v,z t)| <L, (x,y,z,t) e R3 x [0, +00),

|¢2,Z (v, v,z,t) = P2z (%, 2, t)( <L|z-%, zZ,Z,x,yeR, t 20,

|2 (v, y,2,0)| < L, (x,,2,1) € R® x [0, +c0).

Forany 6 € (0,1) and & > 0 small enough, there is a positive constant | = J(6, €) such that

b1l o sy < -
Now we prove Theorem 1.2. That is, we show the existence of pyramidal traveling front to Eq.(8).

Proof. [Proof of Theorem 1.2] Since v~ (x, y, z +ct) is a subsolution of Eq.(4), the comparison principle implies
that v (x,y,z + ct) < P(x,y,z,t;v"). Lett = ¢, we have v (x,y,z + ce) < ®(x,y,z,¢;v"). From Lemma 2.3,
we have @(x,y,z+ce, t;v) < D(x,y,z,t + ;v7). Recall that v(x, v,z + ct, t;v") = D(x,y,z,t;,v") in (6), thus
v(x,y,z+c(t+e),t;v) < v(x,y,z+c(t+ ), t+¢e;v7). Let (x1, x2,x3) = (x, y,z+c(t + ¢)), and then we can obtain
v(x1,x2,%3,1; V") < v(x1, X2, X3, + € v™) for any (x1,x2,x3,t) € R3 X (0, +0). Therefore, the solution v (x, t;v")
of system (7) with the initial value v~ (x) is non-decreasing in t € [0, +00) with x = (x1, X2, x3). And because
0 <v(x,t;v") <G forany (x,t) € R3 x [0, +0c0) by v (x) € [0, G], the limit function

W(x) = tlimo v(x, t;v") (32)
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is well-defined and independent of & and ¢. By the properties of ®(x, y, z, t; v™), the definition of (32) and
the virtue of ®(x,y,x3 — ct, t;v") = v(x1,x2,x3,¢;,v"), we know that W (x, t) is global Lipschitz continuous
with a positive constant L that is obtained in Theorem 3.3, and is differentiable with respect to x3. Besides,
we have

tILI?o ||’U1 (X/ t/ V_) - Wl(X)“Clzoc (R3) = O’
fim [lox (x,£v7) = Wa)|,_ gs) = 0
}Eg ||UZ,X3 (X, £ Vﬁ) - szx3 (x)“Cloc (IR%) =0.

From [18], we know W(x) satisfies Eq.(8) and there holds v (x) < W(x) < v*(x; ¢,a) by the comparison
principle. Since the arbitrariness of a and ¢, we can get (11) by (27). Since v™(x) is even on x1, x; € R, the
definition of W(x) implies that W(x1, x2, x3) = W(—x1, X2, x3) and W(x1, X2, x3) = W(x1, —x2, x3) for any x € R>.

By Theorem 3.2 and the monotonicity of v=(x) on x3, it holds Wy, (x) > 0 for any x € R®. Using the strong
maximum priciple, and Wi ,,(x) satisfies

—DAW] ;(x) + €0, W1 1, (X) = fi1 (W) W1, (x) 20, Yx € R,

one has Wy ,,(x) > 0 for any x € R>. Using proof by contradiction, we can obtain W, ,,(x) > 0 for any
x € R®. In fact, if there is a point (x}, x}, ;) € R? such that Wy, (x}, x5, x5) = 0, then Wy, (%}, X5, x3) = 0 by
W, (x) > 0 for any x € R3. However, W, ,,(x) satisfies

CWZ,X3X3 (X) = - (k— + k+ Wl) WZ,Xg + k+ Wl,X3 (bO - WZ) 7 vx € R3/

which implies
ky
Wan (8, 5, 29) = =W (55,35, 29) (b0 = Wali 53, 53)) > 0.

This is in contradiction with W5 ., (x], x5, x3) = 0.
According to Theorem 3.2 and Theorem 3.3, W(x) is differentiable with respect to x;, Wy, (x) > 0 for any
x € (0, +00) X R? and Wy, (0, x2, x3) = 0 for any (x,, x3) € R%. And since W1 ,,(x) > 0 satisfies

~DAW 1, (X) + €0, W1, (x) = fi1 (W) Wy, (x) 20, Vx € (0, +00) x R?,

using the strong maximum priciple, we have Wi, (x) > 0 for any x € (0,+c0) x R?. Using proof by
contradiction again, we can obtain W5, (x) > 0 for any x € (0, +o0) X R?. In fact, since Wy, (x) = 0 for any
x € (0, +00) X R?, if there exists a point (x},x;,x3) € (0, +00) x R? such that W, (x},x5,x;) = 0, then it is
obvious that W 1, (x], x5, x3) = 0. Moreover, Wy y,(x) satisfies

CW2,X1X3(X) = - (k, + k+ Wl) WZ,x1 + k+wl,x1 (bo - Wz) , VYxe (0, +OO) X ]Rz,

thus
e ke e
2,X1X3(x17x2/x3)_? 1,x1(x1/x2;x3) 0 — 2(x1/x2/x3) >V,

which is in contradiction with W, (x], 3, x3) = 0.

Similar to prove that W, (x) > 0 for any x € (0, +00) X R? and Wy, (0, x5, x3) = 0 for any (xo,x3) € R?, we
can also prove that W,,(x) > 0 for any x € R X (0, +c0) X R and W, (x1,0, x3) = 0 for any (x1,x3) € R2. We
completed the proof. [J
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