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Cubical simplicial algebras and related crossed structures

Ozgiin Giirmen Alansal?

“Kiitahya Dumlupmar University, Science and Art Faculty, Department of Mathematics, Turkey

Abstract. We introduce the concept of Peiffer pairings in the Moore n-complex of an n-dimensional
simplicial commutative algebras and, using these pairings operators demonsrate the connection between
n-dimensional simplicial commutative algebras and crossed n-cubes. In the content of dimension 3, we pro-
vide explicit calculations using Peiffer pairings to establish the close relationship between cubical simplicial
algebras, crossed cubes and 3-crossed modules on commutative algebras.

1. Introduction

Crossed modules of groups were introduced by Whitehead in [16]. The notion of crossed square
introduced by Guin-Walery and Loday in [9], can be thought as a 2-dimensional version of crossed modules.
As crossed modules model 2-types of homotopy connected spaces, crossed squares model 3-types. The
general form of crossed squares are crossed rn-cubes introduced by Ellis in [8]. These structure is an
algebraic model for homotopy (1 + 1)-types. If G = {G,,} is a simplicial group with Moore complex (NG, d),
then a 1-truncation of G, tr1(G) gives a crossed module as d; : NG; — NGy. Then, a 2-truncation of G,

tro(G) gives a 2-crossed module NG, 22, NG, LN NGy introduced by Conduche in [6]. The connection
between n-truncated simplicial groups and crossed n-cubes was proven by Porter in [14]. Using the
images of F, g functions introduced by Mutlu and Porter [12], they have proven in theorem 2.2 of [13] that

d1 : NG1/(NG; N D;) — NGy is a crossed module, where d,(NG, N D) = [kerdy, kerdy] is a commutator
subgroup generated by the elements 9»(F(o)1)(x, ¥)) = sod1(x)ysod: (x 1) (xyx~1)7! for x, y € NG; = kerd, in
NG;j. The original motivation of this result comes from Brown-Loday lemma given for the equivalence
between crossed modules and cat'-groups (cf. [5]). The connection between 2-crossed modules and
simplicial groups with Moore complex of length 2 has been proven by Mutlu and Porter [13] by using the
images of F, g functions in the Moore complex. In [10], the general form of F, 4 functions for the n-complex
of a n-dimensional group has been reformulated and using the images of these functions, it was proven that
tr1(G) gives a crossed n-cube over groups for a multisimplicial group G. Then if G is a bisimplicial group,
tr1(G) gives a crossed square, and if G is a cubical simplicial group tr1(G) gives a crossed cube of groups.
In this paper, we will give the commutative algebra version of this result. The commutative algebra
version of crossed modules was studied by Porter in [15] and higher dimensional cases has been investigated
by Ellis [8]. Arvasi and Porter in [2], by introducing the functions C, g for a simplicial commutative algebra
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E, proved that o, : NE; — NE,is a crossed module of commutative algebras, where NE; = NE;/ 0d,(NE;NDy)
and where d,(NE; N D) is an ideal of NE; generated by elements of the form d,(C(g) 1) (x, ¥)) = xy —xsod1y for
x,y € NE;. Similar applications for higher dimensional crossed modules such as crossed squares, 2-crossed
modules has been given by these authors in terms of C, g functions in the Moore complex of a simplicial
algebra.

In this work, following [10], we will define C, g functions for n-dimensional simplicial algebras or mul-
tisimplicial algebras and using these functions, we prove that tr(E) gives a crossed n-cube of commutative
algebras for multisimplicial algebra E. In particular as an explicit application, to see the role of these func-
tions within these structures, we give detailed calculations in dimension 3 and thus we obtain the close
relationship among 1-truncated cubical simplicial algebras, crossed cubes, crossed squares and crossed
modules. The results and the general methods for n- dimensional simplicial commutative algebras given
in section 2 of this work are, of course, inspired by those given for the corresponding group case in [10].
Although, some of the calculations in this work are similar to the case of commutative algebras, to repeat
some arguments can be regarded as advisable, for the readers of this work.

2. Multisimplicial algebras

All algebras discussed in this work will be commutative algebras over a fixed commutative ring k. We
will denote the category of commutative algebras by Algy. A simplicial algebra E is a collection of algebras
{Eu} together with the homomorphismsd! : E,;, — E;-1,(0 < i < n)and s;’ :Ey = Eu1,(0 £ j < n) called faces
and degeneracies respectively satisfying the usual simplicial identities given in [2]. The Moore complex

n—-1
(NE, 9) of a simplicial commutative algebra E is a chain complex defined by NE, = (1 kerd” on each level

i=0
together with the boundaries d,, : NE, — NE,_; induced from d} by restriction. The Moore complex is of
length k if NE, = 0 for n > k + 1. A crossed module of algebras is a homomorphism of algebras d : S — R
together with an algebra action of R on S given by s -7 and 7 - s on the left and right sides, satisfying the
conditions CM1. d(s - r) = d(s)r, d(r - s) = rd(s) and CM2. d(s) -s’ =ss’ =s-d(s’) forall r € Rand 5,8’ € S.
Where the first condition is called the pre crossed module axiom and the second is Peiffer identity. Using the
action of R on S, we can say that S is an R-module and from condition CM1, d is an R-module morphism.

We know from [12] that for any simplicial algebra E and for x, y € NE1, C) q)(x, y) = s1x(s1y—so0y) € NE»

and thus, we have d>(C(),1)(x, ¥)) = xy — xsod1y € d2(NEy). If I, is an ideal generated by elements of the
form Cp),1)(x, y) of NEy, in [3] it was proven the equality d>(NE;) = d»(I>) and thus d1 : NE1/d»(NE») — NEy
given by d1(a) = d1(a + d2(NEy)) = d1(a) is a crossed module of algebras together with action of x € NE; on
a € NE; given by x -a = sy(x)a and a - x = asy(x). If the Moore complex is length 1, then we have NE, = {0}
and d»(NE,) = {0} and thus d; : NE; — NEj is a crossed module. Thus we can give the following result
from Arvasi and Porter [3]:

Proposition 2.1. ([3]) Let E be a simplicial (commutative) algebra. Then z : NE1/d»(NE; N D) — NEg is a
crossed module.

To give the general form of this result, firstly, we give some definition about multisimplicial algebras
and Peiffer pairings on them.
A multisimplicial algebra or n-simplicial algebra E,..,..., is given by the functor from the product
category
AP X AP X X AP = (AP)"

to the category of algebras Algy, with structural maps denoted by respectively
,,,,, k=17 (0< i]' < k]‘ , 1< ] < I’l,)

and

T . .
Si]'l : Ekl,--~/kj/~~~/kn — Ekl,...,k]'+1,...,k,,/ (0 < lj < k] ’ 1 < ] <n, )/
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where each 7; indicates the directions of n-simplicial commutative algebra. The Moore multi complex or
n-complex (cf. [7]) of an n-simplicial algebra can be given by

(klfl,szl,...,k”*l)
— 1 2 A, n
NEi ko, 0 = ﬂ Kerd; NKerd; N---NKerd]
(1,120 =(0,0,...,0)

with the boundary homomorphisms of algebras

3: : NEk,,. kj,.ky — NEk;, k-1, k,
induced by d:f. We denote the category of n-simplicial commutative algebras by SimpAlg".
7

2.1. Peiffer Pairings in n-simplicial algebras

In this section, we define for multisimplicial algebras the functions C, g given for simplicial algebras in
[2]. Recall the following statements about Peiffer pairings in the Moore complex of a simplicial commutative
algebra, from [2, 3]. Define the set P(n) consisting of the pairs of elements in the form («, f) from S(n) with
anp=0andp <awherea = (i,...,i1), B = (js,..., j1) € S(n). The k-linear morphisms are,

{Ca,ﬁ : NEy—4a ®NEn—#ﬁ — NEn|(a/,B) € P(n)/ 0< Tl}

given by composing;:

Cap(Xa®yp) = pp(sa ®sp)(xa ® Yp)
= p(sa(xa)sp(xp))
= (1 =sp-1dn-1)... (1 = sodo)(Sa(xa)sp(xp))
where

Sa =i, -8y : NEy—sq = Ey, g =58j,...8j, : NEy—gp — Ey,

p: E, = NE, is given as composite projections p = p;_1 ... po with
p]‘ = 1—sjd]-f0rj=0,1,...,n—1

and y : E, ® E, — E, denotes multiplication.

Now, we will give this pairings for multisimplicial algebras. For 1, g € IN with g < n and for a € 5(n, g),
the target of a is called b(a) : g = b(a). Recall that the set S(n) is partially ordered by the following relation
a < Bif, for i € [n], one has a (i) > B (i) where [b(a)] and [b (B)] are considered as subsets of IN.

Givenn # 0,n € Nand n = (ki,k, ..., k,) € N?, let S(n) = S (k1) X S (k2) X ... X S (k,,) with the product
(partial) order.

Leta,fe€S(n)and a = (ay,az,...,a4) ;B = (B1,p2, ..., pn) where a; € S (k;) and ; € S(kj), 1<i,j<n

The n-dimensional case of the functions C, g can be given as follows. The pairings that we will need

{Cap : NEn 4o ® NEn4g — NEn ; a,p € S(n)}

are given as composites by the diagram

(Saq Sy -+-San 1S4 Sy -+-Spn ) p

Ex k... o ® Ek k... Ex k...

1%
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where s, @ 54,54,--5q,, for 1 <i < n; sy, :s;
by the composite projection

---s; for a; = (iy, ..., 11) € S(k;) and similarly sg, and p is defined

T

P = (Pr,-1---P0) (Pro-1--P0) --- (Pk,~1---P0)

where p; (x) = x — s;d; (x) in each simplicial directions, for any j, and y is given by the multiplication. Thus
the functor C, g is given by C, g(xs ® yg) = pusa ® sg(xa ® yp) where x,, yg € NE,.

2.2. Crossed n-cubes and n-simplicial algebras

Crossed n-cubes were defined by Ellis [8] for higher dimensional crossed modules of algebras. The
following definition is equivalent to that given in [8]. In this section using the functions C, g for n-simplicial
commutative algebras, we will construct a crossed n-cube structure from an n-dimensional simplicial
commutative algebra.

Definition 2.2. Let(n) = {1,2, ..., n}. Acrossed n-cube, K, is a family of commutative algebras, {K4 : A C (1)},
together with homomorphisms, 1; : K4 — Kaygy, fori € (n), A C (n), and functions, h : K4 X Kp — Kaus, for
all A,B C (n), fora, a’ € Ky, b, V' € Kg,c € K¢, k € k, where k is ring and i, j € (n), the following axioms
hold:

1. mm=aifi¢ A
2. ninja = njna
3. nih(a, b) = h(na, n;b)
4. h(a,b) = h(na,b) = h(a,nb)ifie ANB
5. h(a,a’) = ad’
6. h(a,b) = h(b,a)
7. h(a+a’,b) = h(a,b) + h(a’,b)
8. h(a,b+V') =h(a,b) +h(a,b)
9. h(h(a,b),c) = h(a, h(b,c))
10. k- h(a,b) = h(k - a,b) = h(a,k - b)

A morphism of crossed n-cubes
f:{Ka} — (K}

is a family of homomorphisms, {f4 : K4 — K/, | A C (n)}, which commute with the maps, 7,, and the h
maps.

Example 2.3. (a) For n = 1, a crossed 1-cube is the same as a crossed module K; — Kp .
(b) For n = 2, one has a crossed square defined by Ellis in [8]

m
Ky — Ky

'“J lql

Ky ——= Ky,

where each 7; is a crossed module. The h-maps give actions and a pairing

h:KixK, — K{l,z].
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(c) For n = 3, one has a crossed 3-cube

13

Kz Ky
n3
K123 : K12 M
v
m KB} ................ E ET ISP 7]3> K(D
n 7
2
K3 - Kpy

where each 7; is a crossed module for i = 1,2, 3. The h-maps give actions and the following pairings

h: Ky xK; — K{LZ} , h: Ki XKz — K{1,3}

h: Ky x K3 — K{z/g} , h: K{l,Z} X K3z — K{1/2/3}
h: K1 X K{2,3} — K{l/z,g} , h: K{1/3} X Kz — K{1,2,3}
h:Kpg X Ko = Ky, hi Koy X Kpzp = Ky
h: K{2,3} X K[1,3} e K{1,2,3}

We can give the main result of this section.

Theorem 2.4. Let E,,,..., be an n-simplicial algebra with Moore n-complex NE,, e,...e, , Stich that NE, e,..., = {1}
forany e; > 2, (1 < j < n). Then this Moore n-complex has a crossed n-cube structure over algebras.

Proof. We will use C, 4 functions in the proof. First, we define K4 for any subset A C (n) = {1,2,...,n} by

Ka = NE;
where 0 = (0i|1 <i < n) with o; = 1if i € A and 0 otherwise.
The map
ni: KA e KA_{,'}

is given by the face operator d{’ : NEy(g,=1) — NEy(0,=0), where 7; indicates the simplicial directions. For
the subsets B C A C< n >, the structure morphism 1 : Ky — Kp is given by the simplicial structure, namely
the operator [] di.
icA\B
ForA={ii+1,...jand B={,I+1,...m} where 1 <1, j,I,m < n, we have
K4 = NE,

where g = (0 : 1 <k <n)and fori <k < j, 0r = 1 and 0 otherwise and

Ks = NE,
where g = (0x : 1 £k <n)and for ! < k <m, o, =1 and 0 otherwise.
Let
(0=(ok:1<k<mn)), fori<k <m,or =1, otherwise0, if i<l j<m
) (c=(oxk:1<k<n)), fori <k<jor=1, otherwise0, if i</l jzm
= (c=(ok:1<k<n)), forl <k <m,or =1, otherwise 0, if i>1 j<m

(c=(ok:1<k<n)), forl <k<jor=1, otherwise0, if i>l j=m.
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The h maps h : K4 X Kg = Kaup are obtained from the commutative diagram

Cup
NE.(o,=1:i<k<j) ® NEg:(5,=1:1<k<m) NE,
(Sa,56) I

E, ®F, - E,

by composing of the maps p, , (sa, sg), for K4, Kp as follows:
Ca,ﬁ(x ® y)

p(Sa, sp)(x ® Y)
p(sa(®)s(y))
(1= sy'dy)(1 = sy ™) -+ (1 = 5" dg" ) (50 (%)s(v))

)" ()

where 7; and x; indicate the simplicial directions and

_ TigTisl |, . Q% T T,
= 5,8, 8y (%)sy's, 5

a = (090,...,0,0)0),...,0),0,0,...,0
(i—=1)—times (j—1)—times (n—j)—times
ﬁ =

©,0,...,0,(0),(0),...,(0),0,0,...,0).
——— — e — ——
(I-1)—times (m—I)—times (n—1)—times

For any subsets A, B C< n >={1,2,...,n} and K4 = N, where ¢ = (0;]1 <i < n)witho; =1ifi € Aand
o; = 0 otherwise, and Kz = N, where 0 = (0j|1 < j < n) withg; = 1if j € A and 0; = 0 otherwise.

The structure morphism h: Ky XKz — Kaup is induced by the multiplication on E4yp via the homomor-
phisms of algebras

SB\(ANB) := H sh i Ea = Eaup, Sa\ang) = H sy« Ep = Eaus.
i€B\(ANB) jeA\(ANB)

Thus for x € K4, y € Kp the h-map is induced by the multiplication

sB\(anB)(X)sa\(anB) (V) € Eaup.
Using the projection map p : E, — NE, given above, we obtain the 1-map as follows: for x € K4, vy € Kp

Tm

hx, y) = pgt ... py(sy - -5 )X, ...pgf(sgf ...5")(y) € Kau

where forany j,p,'(a) = as/d; (1) foralll <i <k <n;i,...,k € A\(ANB),1 < j <m <m; j,...,m € B\(ANB)
and where T7j,... T, Tj... X, indicate the simplicial directions.
The action of a € K4 and b € K for A € B < n >, can be given by

a-b=(sy...5)(a)b

where i, ..., k € A\B.
From the definition of 77 : K4 — Kp given by the operator [] d}, the axioms (1),(2) are immediate.
i€A\B
We show for this h-map the following equalities.
Ifi¢ A, a€Kythenn; =d's;. We obtain n;(a) = d's(a) = id(a) = a from the simplicial identities.
By the commutativity of the face and degeneracy maps in the simplicial directions, we obtain 1;n; = ;7.
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For K4 = NE; where ¢ := (0i|1 <i < n), 0; = 1if i € A and 0 otherwise, we obtain for the simplicial
directions 7;, and fora = (0,0,...,(0);,0,...,0)and = (0,0,...,(1);0,...,0)

Cap(x®y) = s5(®)sy'(y) — 57 (x)s)' () € NEg
where g := (0jl0; =2, for i # j, 0; = 1if j € A and 0 otherwise) and since NE,.,..., = {1} for j > 2, we obtain
4y (Cop(x®Y)) = sy'd}'(x)y —xy =0
and then
h(ni(x), y) = sydy (x)y = xy = h(x, y).
Leta=(0,0,...,0), B=(0,0,...,0) and for x,x" € K4, we have h(x,x") : Ky X Ky — Ky,
h(x,x") = xx'.

For x € K4, y € Kp, we have

h(x, ]/) — SS ST+l ., ](x)STISTM . ,S(T)m (]/)
T

SO ng . S(T)m (y)SSlSSH—l . SOZ(X)

h(y, x).

Furthermore we have forx, ¥’ € K4, y, ¥’ € Kp

h(x+x,y) = sysg* - sg/(x + x’)sglsg”1 . 'sT’”(y)
R b s i L
= 5,5, ’(x)s”sT’*1 5" (y) + 5 ST’*l e ](x )sg'sy " - 85" (1)
= h(x,y) +h(x',y)

oy +y) = sysg™ sy (sgsg™ sy (y + y)

— SS’SSM .. (x)[STlST’” co.gtm (y) + S ST’” . S(T)m(y/)]
— SS;‘SSM .. 0 (X)S(T)ISSM . Tm (]/) + S ST’” .. ](X)SSZSSM . ng (y/)
= h(x,y) +h(x,y').

The remaining axioms can be shown similarly. [J

3. Cubical simplicial algebras and applications

In this section, for dimension 3, using the functions C, g for a cubical simplicial algebras, we will give the
relations among cubical simplicial algebra, crossed modules, crossed squares, 2-crossed modules, crossed
3-cubes and 3-crossed modules of algebras.

A cubical simplicial algebra E.,,.,., is a collection of algebras {E;} with i, j k > 0, i, j, k € IN together the
face operators d!' : {E;i} — {Ei—1j}, d']? :{Eix} — {Eij-ue), 4} : {Eige} = {Eip—1} and 87 : {E;u} — {Eivajid, s7
{Eij} = {Eijskl, s} {Ei} — {Eij+1} satisfying the usual simplicial identities. A cubical simplicial algebra
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E.,.,., can be represented by the following diagram

W / W
-+ E112 =LCin = Eq10
W W
- Koo === Eon1 Eooo
W W
-+ Eo12 Eon Eo1o

The Moore 3-complex of a cubical simplicial algebra can be given by the following diagram

NE, NE

201 200
. -N}E'211 NEin . NE1g

-++NEj12 ——= NEi11 NEi10
- NEon2 NEon NEono

++NEg2 —— NEon1 NEo1o

In particular, for example, the Moore complex components given in this diagram can be explained as
NEogo = Eggo, NE1g9 = ker dgl,NE;)_m = ker dgl N ker d;l N ker d83

3.1. Crossed modules from cubical simplicial algebras

Let E.,.,, be a cubical simplicial algebra with Moore complex NE,,.,., such that NE,,
¢; > 2, (1 <j<3). Then this Moore 3-complex has twelve crossed modules as follows:

= {0} for any

203

di™ : NEyyg —» NEj,, di™ : NEijyg = NEoi
d1™ : NEi11 = NE1g,  di™ : NEigt = NEom
d1™ : NEygg = NEig, d1™ : NE119 — NEjgo
di™ : NE1jg = NEoio,  d1™ : NE1go — NEogo
d1™ : NEoi1 — NEgo1, d1™ : NEg11 — NEpo
d1™ : NEpio — NEgo, d1™ : NEgo1 — NEgoo
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For example NEp;; acts on NEjq; via 561. An action of x € NEy; ona € NEj; is given by
x-a=s; (x)a
From the Peiffer pairings we know that for x, y € NEj1;
So' (051 (y) — 57" (x)s7' (v) € NEona

Let us explain now how we are using the pairings within this structure.
Since NE, .., = {0} for ¢; > 2, the Moore 3-complex of the cubical simplicial algebra E,.,., is of length
1, we have NEj11 N D11 = {0} and then we obtain d>(NEs11 N Dyy1) = {0} and thus

dy' (sy' (0)sy' (y) — 87" ()1 () = s5'd}! ()y —xy = 0
and then we obtain d}'(x) - y = xy. Similarly we have for x € NEq1;
di'(x-a) = d}' (s (x)a) = xd}' (a).

Thus d;’ : NEq111 — NEy1 is a crossed module of algebras. Same method can be used for other homomor-
phisms, given above.

3.2. Crossed squares from cubical simplicial algebras

In this section, we will obtain six different crossed squares from a cubical simplicial algebra with
Moore 3-complex of length 1. We suppose that E,,.,., is a cubical simplicial algebra with Moore complex

NE,,.,., = {0} fore; > 2, (1 <j<3). Then we have following crossed squares

3

NEi11 S NE119

T T
dll L Ld11

NEpi1 = NEopio
1

3

d
NE111 — NEiy

T T
dlz L Ldlz

NEqo1 = NEjp
1

T

2
NEi;1 —— NEint

3

NEqo1 o NE1p

T T
dll L Ldll

NEo = NEop
1

3

d
NEg11 — NEg

T T
d12 l ldlz

NEo = NEgp
1

T

2
NE110 — NEigo

T T T T
dll L Ldll dll l ldlz

NEo1 = NEgo1 NEg1o 7 NEg
1 1

where h-maps are given by

h: NEHO X NE011 — NE111 h: NE100 X NE()()l — NE101
(xy) 55 @sy'(y) 7 (xy) s (@5 (y)
h: NEHO X NElOl e NE111 h: NEOl() X NEOOl —> NE011

xy) o s’sy(y) 7 (xy) s @)s)(y)
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h: NEjp1 x NEy;y — NEin h: NEjo X NEyjg — NEijo
(xy) s (y) (xy) s @s'(y) 7

For example we show that
3

NE111 — NEiy

T T
dll l ldll

NEon1 = NEg1o
1

is a crossed square. The h-map h : NE119 X NEg11 — NEj11 can be defined by

h(x,y) = 55 (0)s5' ()

forx € NEq10 and VAS NEo11.
In the following calculations, we will show that the conditions of a crossed square are satisfied
1.d}', di* and d]'d}® = d’d]' crossed modules.
2. The maps are d’, d;’ preserve the actions of NEpio.
3. kh(x, y) = k(s (055 (1) = 53" (0)si (y) = h(k, )
Kh(x, y) = k(s (D)0 (1) = 55 ()55 (ky) = hx, ky)
4. For x,x" € NEj1p and y, " € NEp11, we have

h(x +x',y)

sy>(x + x")s' (v)

= (55’ (x) +55°()sy ()

= 55’ (V)sy () + 55’ (¥)sg' ()
= h(x,y)+h(x',y)

hx,y+y) = sg@sy'(y+y)
= 55°(0(s5 () + 55" ()
= 55°(W)sy' (y) + 55’ (V)sy' (v)
= h(x/ y) + h(xr ]/)

5. For x € NEj10, ¥ € NEg11 and r € NEy0, we have

r-h(x,y) 7 (sy’(x + x)s5' ()
rspX(x +x)sp' ()
85> (1 - )55 (v)

h(r - x,y)

Similarly r - h(x, y) = h(x,r - y).
The other crossed squares can be proven by a similar way.

3.3. 2-crossed modules from cubical simplicial algebras

L
.
N

For a crossed square
M

Il:

—_
v
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using Loday’s mapping cone complex, Conduché in [7] proved that

7—1
L A" M= N (1) P

is a 2-crossed module. The commutative algebra version can be found in Arvasi in [1]. In the previous
section, we have obtained six different crossed squares. For each crossed square, we can say that there is a
corresponding 2-crossed module. For example from the following diagram

3

NE111 — NEii

d;l l/ l d;fl

NEo1 = NEop1o
1

we obtain a 2-crossed module.

NE111 o NE110 X NEo11 LI NEoio

where 6;(x,y) = d;'(x) + d;>(y) and 62(a) = (d,’(a), —d'(a)) for all x € NEy10, y € NEoi1 and a € NEy;;. The
Peiffer lifting map for this 2-crossed module can be given by

{= =} (NE110 X NEo11) X (NE110 X NEo11) = NE111

{(x,y), (a,c)} = h(xa, c) = s’ (xa)s;' (y).

Similarly, we can define other 2-crossed modules which are associated to the crossed squares given in
previous section, by

NEj91 — NEj0 X NEgos;y — NEgno

NE111 —— NE110 X NEjg1 — NEq
NEg11 — NEg19 X NEggt — NEqgo
NE111 — NEjg1 X NEgi1 — NEgo1

NEj10 — NEj0 X NEgio — NEgno

4. Crossed cubes from cubical simplicial algebras

A crossed 3-cube can be obtained from a 3-simplicial commutative algebra as follows:
For < n >={1,2,3} we have the following diagrams

s a?
K 3) Ky NEin NEqpo
y 1 4’ a2
dTS
: 13 : 1 T
K{1/2/3; - K{l,Z} m NEi; : NEHO d11
ol a4
v n . v ) dp
m K{S} ................ F T (R > Kp d;! NEgpq e A [ > NEgoo
mn 7 dlz‘,x‘"j
1 d;z
i NE NE
K3 n K 011 - 010



O. Giirmen Alansal / Filomat 38:9 (2024), 3121-3135 3132

we show the simplicial directions by

T2

/

e —— T3

|

71

The sets K4 can be given by
Ky = NEgoo = Eooo , Ky = NEjpo = Kerdy!
Kjp) = NEgyo = Kerd? , Kz = NEoo = Kerd?®

K[l,Z} =NEq g = Kerdél N Kerdgz , K[ng} =NEy1 = Kerdéz N Kerd?f
K{1,3} = NE101 = Ké’?’dsl N K67d83 , K{1/2,3} = NE111 = K(?ngl N K@T’daz N K67d63.

The maps 1; : K4 — Ka_y; are given in the above diagram.
The h-maps can be defined as follows:

h: NElOO X NE010 e NE110 h: NE100 X NEOOl —> NE101

(v, y) o s@sg'(y) (x,y) o sg()sg'(y)
h: NE010 X NEOOl —> NEOH h: NE110 X NEOOl —> NE111

(x,y) s @sg(y) (v, y) s (x)sg'sg’ () 7
h: NEjgxNEyg: — NEi; h: NEjg XNEgpo — NEi;

(v y) o spsy’ (s () 7 (x,y) sy (x)sg'sg’(y) 7
h: NEyp1 X NEygg — NEqj1q h: NEq{10 X NEig1 — NEi1

(v, y) s (Wsgi(y) 7 (x,y) s (®)sg(y) 7

h: NE110 X NE011 —_— NE111
(a,b) s (@)sy' (b)

We can prove the axioms of crossed 3-cubes as follows:
1. Let A ={2,3}. Thenif wehavei=1¢ A, n; : Kn — Kg is given by

Jp— — AT1cT
ni=m=d'sy.

From the simplicial identities, we have d|'s;' = id. Therefore, for i = 1 ¢ A = {2,3} we obtain 1;(a) = a.
3. For the h-map given by

h: NE110 X NE011 —> NElll
(@,b) > s (@)sg(b)

we can write,

12h(a, b)

T @sg (B)
s,’d,*(a)sy'd}*(b) (. commutativity of simplicial directions)
h(n2a, n2b)
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Similarly
nsh(a,b) = di’(sy(@)sy (b))
= sy’d}*(a)sy'd )’ (b) (- commutativity of simplicial directions)
= h(msa,nsb).

By using similar calculations, this result for the other 7; maps can be proven.
4. For example, for x, y € NEj10, we obtain
C00000)(Xx®Y) = 5" (x)s;' (y) — 57" (x)s;' (y) € NE11o
Since NE»19 = {0}, we obtain
dy' (Cap(x®y)) = 55'd;' (x)y — xy = 0 € NEpo.
Thus we obtain
h(m(x),y) = sy'd]' (x)y = xy € NEqo.
and for x, y € NEjq3,
C00,0)©0,0)(x ®Y) =557 (¥)51*(y) — 57°(0)s;°(¥) € NE12
Since NE11; = {0}, we obtain
d;(Ca,,g(x ®y)) = 5831{1[3 (x)y —xy =0 € NEq.
Thus we obtain
h(m(x),y) = sy’dy (¥)y = xy = h(x, y)
5. Leta=(0,0,0), B=(0,0,0) and fora,a’ € Ky, wehave hh : K4y X K4 — Ky,
ha,a’) = ad
6. For the map h: NE110 X NE011 = NE111, we have
h(a,b) = s’ (a)s,' (b) = s;' (b)s(a) = (b, a)
7. For the map h : NEj10 X NEp11 — NEj11, we obtain
ha+a',b) = sp(a+a’)sy (b)
=[5 (@) +sp@)lsg b)
= sp’(a)sy (b) +5,°(a')sy' (b)
= h(a,b) + h(d',b)
8. For the map h: NE110 X NE011 e NE111, we obtain
h(a,b+b') = sy(a)sy (b+1b)
= sy’ (@)lsy' (b) +s5' ()]
= s,°(a)sy (b) + 55’ (a)s,' (V')
= h(a,b)+h(a,b)
9. We must show that
h(h(a, b), c) = h(a, h(b, c))
We calculate that for a € NE1g, b € NE1g, ¢ € NEgos,
Wi, b),c) = hsT@sg b),0)

= 5.°5,’(@)s’sy! (D)sy'sy* ()

= 5,°5,°(@)sy'sy’ (b)sy'sy’ (c) (- commutativity of simplicial directions)

00

= h(a,s5(b)sg(c)
= h(a,h(b,c))

3133
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10. Finally, we show that
k-h(a,b) = h(k - a,b) = h(a, k- b)

k- h(a, b)

k- (sy’(@)sy (b))
k- s5*(a)sy' (b)
h(k - a, b).

4.1. 3-crossed modules from cubical simplicial algebras

As an algebraic model for homotopy (connected) 4-types, the notion of a 3-crossed module has been
introduced in [4]. The connection between simplicial groups with Moore complex of length 4 and 3-crossed
modules has been proven in [4], in terms of hypercrossed complex pairings in the Moore complex of a
simplicial group. The commutative algebra version this equivalence has been studied in [11]. In this
section, using the Loday’s mapping cone complex, we will give a 3-crossed module which is associated to
the crossed cube obtained from a cubical simplicial algebra in previous section.

Recall from [11] that a 3-crossed module of algebras is a complex of algebras

G % G e G o Co

together with d3, d, d1, which are Cy, C;—algebra morphisms, an action of Cy on C3, C,, Cy, an action of C;
on C3, Cy, and an action of C; on Cs further Cy, C;—bilinear maps satisfying the conditions 3CM1-3CM16
given in [11]

Now consider the crossed cube

g
NE1o1 NEq0o
T H T
a2 a2
dp? .
NEin ) NEmno d!
td)!
\:/ d;s
T T
i NEggp e K R > NEgoo
i 7
1
e a2
NE011 2 NEOlO

1

obtained from cubical simplicial algebra. Its mapping cone complex C is given by

2 p) P!
NE111 = NEig1 % NEgi1 % NE119 = (NE1gg % NEgo1) > (NEoo1 > NEg10) > (NEg1o > NE109) — NEgqo

together with the homomorphisms

ds(y) = (@7r()di' ()47 ()
2(f) = ((dP (), —d}'(x)), (@7 (y), —d7’ (), (@' (2), —d}*(2)))
di(@) = (dy'(@) +dP(@)) + (@7 (0) + di* (V) + (d}*(0) + 4} (")

fory € NE111, B = (x,y,2) € NE1g1 x NEg11 x NEjj9 and a = ((a,a"), (b, V'), (c,¢’)) € (NE1go = NEgo1) = (NEgg1 =
NEg10) > (NEg19 = NEjg).
dd3(y) = (@PdP(y),—dy'd)(p)), (@dPdy (v), —dpd] (), (@d'dy (y), —d7d? (7))
((0,0),(0,0),(0,0))
4P () — AP A7 (x) + A7 (y) — d2dP (y) + dd7 (2) - d7d™(2)
0

d192(B)
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Using the mapping cone complex and Conduché’s result for crossed squares and 2-crossed modules,

the bilinear maps for 3-crossed module can be obtained, similarly. Thus, we can say that this mapping cone
has a 3-crossed modules structure.
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