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On invariant submanifolds of normal paracontact metric manifolds on
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Abstract. In this article, pseudoparallel submanifolds for normal paracontact metric manifolds are stud-
ied. B-curvature tensor in a normal paracontact metric manifold has been considered. For an invariant
submanifold of a paracontact metric manifold, 8—pseudoparallel, 8 2-pseudoparallel, B-Ricci generalized
pseudoparallel, and 8 2— Ricci generalized pseudoparallel has been searched. Also, characterizations of
invariant submanifold types are given by means of quasi-conformal, Weyl-conformal, concircular, conhar-
monic curvature tensors for special cases of generalized B—curvature tensor.

1. Introduction

The study of paracontact geometry was initiated by Kenayuki and Williams [1]. Zamkovoy studied
paracontact metric manifolds and their subclasses [2]. Recently Welyczko studied curvature and torsion of
Frenet Legendre curves in 3-dimensional nnormal paracontact metric manifolds [3],[4]. In the recent years,
contact metric manifolds and their curvature properties have been studied by many authors in [5],[6],[7].

In this article, invariant pseudoparallel submanifolds for a normal paracontact metric manifold are in-
vestigated. The normal paracontact metric manifold is considered on the generalized B—curvature tensor.
Submanifolds of these manifolds with properties such as 8—pseudoparallel, 8 2—pseudoparallel, B—Ricci
generalized pseudoparallel, and B 2—Ricci generalized pseudoparallel has been studied. Also, charac-
terizations of invariant submanifold are given by means of quasi-conformal, Weyl-conformal, concircular,
conharmonic curvature tensors for special cases of generalized B—curvature tensor.

For simplicity’s sake, the normal paracontact metric manifold expression will be expressed as NPM-
manifold after this part of the article.

Let’s take an n—dimensional differentiable W manifold. If it admits a tensor field ¢ of type (1,1), a
contravariant vector field £ and a 1-form 1) satisfying the following conditions;

¢%er =e1—n(e) &, p& =0, n(¢per) =0,n() =1, (1)

and

g(per, pe2) = =g (er,€2) +n(en) n(e2), 91,8 = n(er),
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for all €1,6,,& € x (W), (q), ¢, 17) is called almost paracontact structure and (W, Q. &, 1]) is called almost
paracontact metric manifold. If the covariant derivative of ¢ satisfies

(V61¢) €2 = —g(e1,€)E—n(e)er +2n(e1)n(e)é, (3)
then, W is called a NPM—-manifold, where V is Levi-Civita connection, From (3), we can easily to see that

Pper = Ve, &, 4)
for any €1 € x (W) [1].

Moreover, if such a manifold has constant sectional curvature equal to ¢, then its the Riemannian
curvature tensor is R given by

R(er, )€ = 2 [g(er,€3) €1 — gler, €3) 2] + F [n(e1) n(e3) ez
—1)(e2) 11 (€3) €1+ g (€1,€3) N (€2) & — g (€2,€3) N (€1) & + g (e, €3) pen (5)

—7 (<P€1, €3) Pex —2g (9551, €2) ¢€3] /

for any vector fields €1, €, €3 € x (W) [5].
In a normal paracontact metric space form, by direct calculations, we can easily to see that

cn=5)+3n+1
4

c-1)G-n

S(e1, €)= 1

gle, )+ nenn(e), (6)

which implies that

cn=5+4n+1 c-1)5B-n
= €+

Qe 1 1 1

n(e1)é, 7)
for any €1, €2 € x (W), where Q is the Ricci operator and S is the Ricci tensor of W.

Lemma 1.1. Let W be a n-dimensional NPM—manifold. In this case, the following equations hold.

R, e1)er =gl(er,€) & —n(e)er, (8)
R(e, &) er = —gler,€)E+n(er)er, )
R(e,e2) & =n(e2)er —n(er) e, (10)
N(R(e1,e2)e3) = g(n(e1)e2 —n(e) e, €3), (11)
S(e1, &) =m—-1)n(er), (12)
QE=m-1)¢, (13)

where R, S and Q are Riemann curvature tensor, Ricci curvature tensor and Ricci operator, respectively.

In 2014, Shaik and Kundu in [8], defined and studied a type of tensor field, called generalized
B-curvature tensor on a Riemannian manifold. It is a generalization of the quasi-conformal, Weyl-
conformal, conharmonic and concircular curvature tensors and is given as

B(e1,€2) €3 = poR(€1,€2) €3 + p1 [S (2, €3) €1 — S (€1, €3) €2 + g (€2, €3) Qeq
(14)
—g(€1,€3) Qez] + 2par [g (€2,€3) €1 — g (€1, €3) €2] .
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From (14), for n-dimensional NPM—manifold, we easily to see that

B, e)e = -Po + % [c(n=5)+7n-1]+ ZPZV— [9(e1,€2) & —n(ex)en], (15)
Ber, &) e = -po + % [c(n-=5)+7n—-1]+ Zer- [-g(e1,€2)E+n(e)en], (16)
Blene)é = [po+ Bicn-5)+7n =11+ 2| n(e)er - n(eveal. 17)

In particular, the B—curvature tensor is reduced to
i. The Quasi-conformal curvature tensor if

1
Po=4a,pi =bandp2=—% (% +2b). (18)

ii. The Weyl-conformal curvature tensor if

1 1
=1,p =- dpyy=—-——"-——. 1
Pos e T P T T T ) (- 2) (19)
iii. The Concircular curvature tensor if
=1,pp=0and p, = 1 (20)
pPo=1,p1= p2 = n(n—l)‘
iv. The Conharmonic curvature tensor if
=1,p1 =- L dp, =0 (21)
pPo=1,p1 = n—lan p2 = U.

Let W be the immersed submanifold of a NPM—-manifold W(gb, &, g). Let the tangent and normal

subspaces of W in W (qi), &, g) beT (TW) and I' (Tl VV), respectively. Gauss and Weingarten formulas are,
respectively, given

Ve, €2 = Ve €2 +0(€1,€2), (22)
v€1€5 = _A€5€1 + ﬁé_leﬁ_)/ (23)

foralle;, e; €T (TW) andes €T (Tl W) ,where ¥ and ¥ are the connections on Wand T (Tl W), respectively,
o and A are the second fundamental form and the shape operator of W. There is a relation

g (A€5€1r€2) =9 (G (61162) 165)

between second basic form and shape operator. The covariant derivative of the second fundamental form
o is defined as

(Ve 0) (€2, €3) = V0 (€2, €3) = 0 (Ve €2, €3) — 0 (€2, Ve €3) - (24)

Specifically, if Vo = 0, second fundamental form is called parallel.
Let R be the Riemann curvature tensor of W. In this case, the Gauss equation can be expressed as

R(e1,€2) €3 = R(€1,€2) €3 + Av(er €2 — Avieren€l + (Ve 0) (€2,€3) — (Ve,0) (€1, €3),
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forallej, ey, e3 €T (TW) , where if

(Ve,0) (€2,€3) = (Ve,0) (€1,€3) = 0,

then submanifold is called curvature-invariant submanifold.
Let W be a Riemannian manifold, T is (0, k) —type tensor field and A is (0,2) —type tensor field. In this
case, Tachibana tensor field Q (A, T) is defined as

QAT (Xq,...,Xx;€1,€2) = =T ((€1 Na €2) X1, o0y Xi) — . = T (X4, ..., Xi—1, (€1 A4 €2) X)), (25)
where,
(€1 A4 €2) €3 = A€z, €3) €1 — Aler, €3) €2, (26)
k>1,X1, Xy, ..., Xi 1,6 € T (TW).

Definition 1.2. A submanifold of a semi-Riemannian manifold (W, g) is said to be pseudoparallel, 2-pseudoparallel,
Ricci-generalized pseudoparallel and 2-Ricci generalized pseudoparallel if

R-cand Q(yg,0)
R-Voand Q(g, Vo)
R-cand Q(S,0)
R-Voand Q(S,Vo)
are linearly dependent, respectively.

For brevity, after this part of the article, 2 pseudoparallel expressions will be shown as 2P, Ricci general-
ized pseudoparallel as RG—pseudoparallel, and 2-Ricci generalized pseudoparallel as 2—RG pseudoparallel.

2. Invariant Pseudoparalel Submanifolds of Normal PAracontact Metric Manifolds

Let W be the immersed submanifold of an #n—dimensional NPM—-manifold W((j), &, g). If ¢ (T.W) C

T.W in every x point, the W manifold is called an invariant submanifold. We note that all of properties of
an invariant submanifold inherit the ambient manifold. In the rest of this article, we will assume that W is
the invariant submanifold of the NPM—manifold W (gb, &n, g) . So, it is clear that

o (Pe1, €2) = 0 (€1, pe2) = o (€1, €2) (27)
g (€1, =0, (28)
foralle, e, €T (TVV) )

Lemma 2.1. Let W be an invariant submanifold of the n—dimensional normal paracontact manifold W (qb, &n, g) .
The second fundamental form o of W is parallel if and only if W is the total geodesic submanifold.

Let us now consider a invariant submanifolds of the NPM—-manifold for the generalized B—curvature
tensor.

Definition 2.2. Let W be an invariant submanifold of the n—dimensional NPM—manifold W((p, &n, g). IfB-0
and Q (g, 0) are linearly dependent, W is called generalized B—pseudoparallel submanifold.
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In the same sense, it can be said that there is a function 7 on the set M; = { €] € W| oler) #yg (el)} such
that

B-o= ﬁQ(g/G)
If 71 = 0 specifically, W is called a generalized 8- semiparallel submanifold.

Theorem 2.3. Let W be an invariant submanifold of the n—dimensional NPM—manifold W(qb, &n, g). IfWisa
generalized B— pseudoparallel submanifold, then W is either a total geodesic or

Fi1= —[p0+Z—l[c(n—5)+7n—1]+2p2r].
Proof. Let’s assume that W is a generalized 8- pseudoparallel submanifold. So, we can write
(B(e,€2) - 0) (€4, €5) = F1Q(g,0) (€4, €55 €1, €2), (29)
forall €1,6),€4,65 €T (TW) . From (29), it is clear that
R* (e1,€2) 0 (€4,€5) — 0 (B€1,€2) €1, €5) — 0 (€4, B (€1, €2) €5)
=-% {o ((61 Ny ez) €4, 65) +0 (64, (61 Ny ez) €5)} .
This implies that
R* (€1,€2) 0 (€4,€5) — 0 (Be1,€2) €4,€5) — 0 (€4, B (€1, €2) €5) = =1 {g (€2, €4) 0 (€1, €5)

(30)
—g(e1,€4) 0 (€2,€5) + g (€2, €5) 0 (€4,€1) —g (€1,€5) 0 (€4, €2)} -

If we choose €1 = €5 = £ in (30) and making use of (15),(17), (28), we get
{7—“1 + [po + % [c(n=5)+7n—-1]+ 2p2r]}o(e4,e2) =0.
This completes proof of the theorem. [
Thus we have the following corollaries.

Corollary 2.4. Let W be an invariant submanifold of the n—dimensional NPM—manifold W((j), &, g). fWisa
quasi-conformal pseudoparallel submanifold, then W is either a total geodesic or

F1= 1( 2 +2b)r— a+é[c(n—5)+7n—1] .
n\n-1 4

Corollary 2.5. Let W be an invariant submanifold of the n—dimensional NPM—manifold W((p, &, g). If Wisa

Weyl-conformal pseudoparallel submanifold, then W is either a total geodesic or

r

1
Sl v vy o Y P

[cm=5)+7n—-1]-1.

Corollary 2.6. Let W be an invariant submanifold of the n—dimensional NPM—manifold W((p, &, g). IfWisa
concircular pseudoparallel submanifold, then W is either a total geodesic or

2r

7’~1=m—1.
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Corollary 2.7. Let W be the invariant submanifold of the n—dimensional NPM-manifold W(qb, &, g). IfWisa
conharmonic pseudoparallel submanifold, then W is either a total geodesic or

Fi =

[cn=5)+7n-1]-1.
n-1

Definition 2.8. Let W be an invariant submanifold of the n—dimensional NPM-manifold W (qb, &n, g). If8-Vo
and Q (g, Vo) are linearly dependent, then W is called generalized B — 2P submanifold.

In this case, it can be said that there is a function %5 on the set
M, = {61 € VV| Vo (e1) # g(el)} such that

B-Vo =%2Q(g, Vo).
If 7, = 0 specifically, W is called a generalized B 2-semiparallel submanifold.

Theorem 2.9. Let W be an invariant submanifold of the n—dimensional NPM~—manifold W(qb, &n, g). IfWisa
generalized B— 2P submanifold, then W is either a total geodesic or

F2=po+ %[c(n—5)+7n—1]+2p27.
Proof. Let’s assume that W is a generalized 8—2P submanifold. So, we can write
(B(e1,€) - Vo) (e4,€5,€3) = F2Q(g, Vo) (€4, €5,€3; €1, €2), (31)
forall ey, ep,€4,65,63 €T (TW) . If we choose €1 = €3 = £in (31), we can write
R (&,€2) (Ve,0) (€5, &) = (Vi ne,0) (€5, )

= (Ve,0) (B(&,€2)€5,E) = (Ve,0) (€5, B (&, €2) &)
(32)
2 () 9+ (5,

+(Ve,0) (65, (5 Ay ez) E)} .

Let’s calculate all the expressions in (32). So, we can write

R (£,€) (Ve,0) (€5, &) = R* (&,€) {740 (€5, &) —0 (Vey65,E) = 0 (€5, 7, E))
(33)

= —R* (&, €2) po(e5,€4),

(Vi(eene) (€5,E) = Ve e, (€5,E)

0 (Vs(ecnes €) = 0 (€5, Tnicenesd) (34)
=-0 (65,(1)8(5, €2) 64)

= —An(es) Qo (€5, €2),
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for the sake of brevity , we put A = pg + 5 [c (n = 5) + 7n — 1] + 2por.

(Ve,0) (B(E,€2) €5,8) = V20 (B (& €2) €5, &)
-0 (Ve,B(&, €2)€5,E) — 0 (B(E, €)€s5,V¢,E) (35)
=-0 (A [9 (€2, €5) & —n(es) €], ¢€4)

= An(es) po (€2,€4),

(Ve,0) (€5, B(&,€2) &) = (Ve,0) (65, AN (€2) & — €2])

=—A(V,0)(e5,€2) + A(Ve,0) (e5,1(e2) &) (36)

= A[~(Ve,0) (e5,€2) = n(€2) po (es,€4)],

(V(é/\gez)&}a) (€5’ 6) = ﬁz_g/\yez)qo (65/ é)

0 (6(5/\962)9465/ 5) -0 (65, 6(%62)545) (37)

=1(€4) Po (€5, €2),

(V€4O) ((cf /\y 62) €5, 5) = 62;0' <(5 /\g €2) €5, é)
-0 (654 (5 /\g 62) €5, é) —G((é /\y 62)65, §645) (38)
=-0 (f] (€2,€5)E— g (&, €5) €2, ¢€4)

=1(es5) Ppo (€2, €4),

(V€4G) (65/ (5 /\g 62) 5) = (V€4G) (65/ n (62) 5 - 62)

= (Vo) (€5,1(€2) &) — (Ver0) (e5,€2) )

=-1 (62) (PG (65/ 64) - (v€4a) (65/ 62) .
Hence, we substitute (33),(34),(35),(36),(37),(38),(39) in (32), we obtain

—R* (£,€2) 0 (€5, €1) — A1 (€) ¢0 (€5, €2)
—An (e5) 0 (€2, €1) + An (€2) o (€5, €1)

+A (Ve,0) (5,€2) = =F2 {1 (€5) ¢0 (4, €2) (40)
+1(€) b0 (€, €5) = 17 (€2) 0 (€5, €4)

—(Ve,0) (65,€2)}.
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If we choose €5 = £ in (40) and use,
(Ve,0) (&, €2) = =0 (€4, €2),
we get
[F2 — Al ¢po (€2,€4) = 0.
This completes proof of the theorem. [

Taking account of (14) and Theorem 2, the following corollaries can be given.

Corollary 2.10. Let W be an invariant submanifold of the n—dimensional NPM—manifold W (qb, &, g). IfWisa
quasi-conformal 2P submanifold, then W is either a total geodesic or

a
n—1

?;=a+9[dn—5)+7n—1y-f( +2b).

4 n

Corollary 2.11. Let W be an invariant submanifold of the n—dimensional NPM—manifold W (c;), &n, g). IfWisa
Weyl-conformal 2P submanifold, then W is either a total geodesic or

r

1
ﬁzl——[c(n—5)+7n—l]—m.

4(n—-1)
Corollary 2.12. Let W be an invariant submanifold of the n—dimensional NPM—manifold W (¢>, &n, g). IfWisa

concircular 2P submanifold, then W is either a total geodesic or

3 2r
nn-1)

Fr=1

Corollary 2.13. Let W be an invariant submanifold of the n—dimensional NPM—manifold W ((j), &n, g). IfWisa
conharmonic 2P submanifold, then W is either a total geodesic or

%zl—ﬁ[c(n—5)+7n—l].

Definition 2.14. Let W be an invariant submanifold of the n—dimensional NPM—manifold W (¢, &n, g). IfB-o
and Q (S, o) are linearly dependent, W is called generalized B— RG—pseudoparallel submanifold.

In this case, there is a function 3 on the set M3 = {61 € W| o(e1)#S (61)} such that
B-o=F3Q(S,0).

If specifically 3 = 0, W is called a 8—Ricci generalized semiparallel submanifold.

Theorem 2.15. Let W be an invariant submanifold of the n—dimensional NPM~—manifold W(qb, &, g). IfWis
B-RG—pseudoparallel submanifold, then W is either a total geodesic or

2por
(n-1)

Po p1

%z_m—n_4m—n

[cmn=5)+7n—-1] -
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Proof. Let’s assume that W is a generalized 8—RG—pseudoparallel submanifold. So, we can write
(B(e1,€2) - 0) (€4, €5) = F3Q (S, 0) (€4, €55 €1, €2),,
that is,

R* (€1,€2) 0 (€4, €5) — 0 (By (€1, €2) €4, €5)
—0 (s, B(e1,€2) €5) = =F3 {0 (€1 As €2) €4, €5) (41)
+0 (€4, (€1 As €2) €5)} .
forall€1,€3,€4,65 €T (TW). If we choose €1 = €5 = ¢ in (41) and in view of (15),(17), (28), we get
[(n—1)F3+ Alo(es,€2) =0,
where A = [po +8[cm-5+7n-1]+ 2p2r] . This completes proof of the theorem. [

Corollary 2.16. Let W be an invariant submanifold of the n—dimensional NPM—manifold W(qb, &, g). If Wis
quasi-conformal RG—pseudoparallel submanifold, then W is either a total geodesic or

Ty =

a b 1 a
D T 9 T s [m+2b].

Corollary 2.17. Let W be an invariant submanifold of the n—dimensional NPM-manifold W((j), &, g). IfWis
Weyl-conformal RG—pseudoparallel submanifold, then W is either a total geodesic or

1 b r
_(n—l) _4(11—1)2 [c(n—5)+7n—1]——(n_l)z(n_z).

Fy =

Corollary 2.18. Let W be an invariant submanifold of the n—dimensional NPM-manifold W(qb, &, g). IfWis
concircular RG—pseudoparallel submanifold, then W is either a total geodesic or
1 2r

7:3:_("—1) +n(n—1)2'

Corollary 2.19. Let W be an invariant submanifold of the n—dimensional NPM—manifold W(qb, &, g). IfWis
conharmonic RG—pseudoparallel submanifold, then W is either a total geodesic or

1 P1
R TS

F3 = [c(n=5)+7n-1].

Definition 2.20. Let W be an invariant pseudoparallel submanifold of the n—dimensional NPM—manifold W (¢, &En, g) .
If B- Vo and Q (S, Vo) are linearly dependent, W is called B— 2 RG—pseudoparallel submanifold.

Then, there is a function 4 on the set My = {61 € W‘ Vo(e1) #8 (61)} such that
B-Vo =F4Q(S, Vo).
If ¥4 = 0 specifically, W is called a 8 2—Ricci generalized semiparallel submanifold.

Theorem 2.21. Let W bean invariant pseudoparallel submanifold of the n—dimensional NPM—manifold W (gb, &, g) .
If W is a generalized B—2 RG—pseudoparallel submanifold, then W is either a total geodesic or

2por
(n-1)

Po p

1
e s Yo

[cn-5)+7n—-1]+
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Proof. Let’s assume that W is a generalized B 2 — RG—pseudoparallel submanifold. So, we can write

(B(e1,€2) - Vo) (€4, €5,€3) = F1Q (S, Vo) (€4, €5, €35 €1, €2), (42)

forallej,ep,€4,65,63 €T (TW) . If we choose €1 = €5 = £ in (42), we can write

R (&,€2) (Ve,0) (€, €3) = (Vizne,0) (€, €3)
—(Ve,0) (B(&,€2) &, €3) = (Ve,0) (&, B (£, €2) €3)
(43)
= ~F1{(Viersenes0) (€,€3) + (Ve,0) (€ As €2) &, €3)
+(Ve,0) (& (E As €2) €3)} .

Let’s calculate all the expressions in (43). Firstly, we will calculate

R (£,€) (Ve,0) (&, €3) = R (&,€) {7240 (£, €5)
—0 (66463/ 5) -0 (63/ 664 é)} (44)

= —R* (&, €2) po (€3, €4),

(VB(tf,Ez)&; G) (51 63) = V§(§/€2)€40 (ér 63)

0 (V8 eneit €3) = 0 (& Vs ereies) )

= —AT] (€4) (PO' (€2,€3),

(Ve,0) (B(&,€2) &, €3) = (Ve,0) (AN (€2) & — €2] , €3) (46)

=-A [(Ve40) (€2,€3) + 11 (€2) PO (€4, €3)] ,

(Ve,0) (&, B (&, €2) €3) = V0 (£, B (&, €2) €3)

(908 BE @) es) — 0 (&, 0 B(E e2)es) (47)

= An(e3) ¢o (€4, €2)

(V(gAsez)eﬂ) (£,€3) = Vignsepe,0 (£, €3)

0 (Venseness€3) = 0 (& ensencses) (48)

= (n—1)1n(es) ¢o (e2,€3),
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(Ve,0) (€ As€) & €3) = (Ve,0) (S(e2,E) E =S (&, E) €2, €3)

=(Ve,0)(n=1)n(e2)E—(n—-1) ez, €3)

= (- Do (1(€) & e5) — 0 (T (€ & €5) 49)

-0 (n(€2) &, Ve,€3) + 21 (Ve,0) (€2, €3)}

= = (1= 1)[(Ve,0) (e2,€3) + N (€2) po (e, €3)],

(Ve,0) (&, (E As €2) €3) = (V,0) (€, S (€2,€3) £ — S (&, €3) €2)

= (Vei) (& S (62,69) &) = (1= 1) (T0,0) (&1 (€5) €2) 0)

= (n—1)n(e3) po(es, €2).
If we substitute (44), (45),(46),(47),(48),(49),(50) in (43) , we obtain
—R* (&, €2) o (€3, €4) + An (€1) Po (€2, €3)

+An (€2) o (€4, €3) — An(€3) Po (€4, €2)
+A (Ve,0) (€2, €5) = =Fa {(n = 1) 17 (€2) o (€2, €3) (51)
—(n—=1)n(e2) po (€4, €3) + (n — 1) n(€3) Po (€4, €2)

—(n=1)(Ve,0) (e2,€3)} -
If we choose €3 = £ in (51), and one can easily to see
(Ve,0) (€2,8) = =0 (€4, €2) .
Thus we have
[A—(n—-1)Fslo(es,€2) =0,
where A = pg + & [c(n = 5) + 7n — 1] + 2p,r. This completes the proof of the theorem. []

Corollary 2.22. Let W be an invariant pseudoparallel submanifold of the n—dimensional NPM—manifold W (qb, &n, g) .
If W is a quasi-conformal 2 RG—pseudoparallel submanifold, then W is either a total geodesic or

a b r a
F = (n_l)+4(n_1)[c(n—5)+7n—1]——n(n_1)(m+2b).

Corollary 2.23. Let W be an invariant pseudoparallel submanifold of the n—dimensional NPM—manifold W (qb, &n, g) .
If W is a weyl-conformal 2 RG—pseudoparallel submanifold, then W is either a total geodesic or

1 1 r

Fa= oDt I e T

Corollary 2.24. Let W be an invariant pseudoparallel submanifold of the n—dimensional NPM—manifold W (qb, &, g) .
If W is a concircular 2 RG—pseudoparallel submanifold, then W is either a total geodesic or
1 2r

Fa= (”—1)_11(11—1)2'
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Corollary 2.25. Let W be an invariant pseudoparallel submanifold of the n—dimensional NPM—manifold W (qb, &, g) .
If W is a conharmonic 2 RG—pseudoparallel submanifold, then W is either a total geodesic or

1 1

Ta= (n-1) 4(n-1)>

[c(n—=5)+7n-1].

Example 2.26. Let us the 5-dimensional manifold

W = {(x1, X2, X3, %1, X5) : x; €R, }

where (x;) denote the cartesian coordinate in R® for 1 < i < 5. Then the vector fields

d d d d d d d d

5,6 = 5,63 =2Xy5— 5 = —2X4=— + —
8x1 ! 8x2' &Xl 83(4

er = + —,e4 =2x3—+ —,¢
8x1 &x:z,’ o7x1 8x4'

are linearly independent at each point of W°. By g, we denote the semi-Riemannian metric tensor such that

1, i=j=1,34
-1, i=j=2,5

glei,ej) = 0 %]

Let 1 be the 1-form defined by n(X) = g(X, e1) for all X € I'(TW). Now, we definite the paracontact metric structure
@ such that

pe1 =0, per = —e3, pes =—ex, Pes=—es5, Pes = —ey.
Then we can easily see that

ne) =1 ¢’X=X-nX)E, e1=¢
and

9@X, Y) = =g(X,Y) + n(X)n(Y)

for all X,Y € T(W). Thus W°(p,n,¢&,q) defines an almost paracontact metric manifold. By V, we denote the
Levi-Civita connection on W°. Then by direct calculations, we have non-zero the components

[e2, e3] = 2e1, [e3, es] =261, [es,e5] = —2e5.

Let V be the Levi-Civita connection on W°. Using the properties of paracontact metric structure and Kozsul formulae,
we can observe the non-zero components

Veyer = —e3 = ey, Vesep = —ep = pes, Veger = —e5 = ey, Veser = —eq = @es

Thus one can easily verified

lei‘l = (pX,

for all X € T(TW) This tells us that W>(@, 1, &, g) is a normal paracontact metric manifold with paracontact metric
structure (@, 1, &, g). By straightforward calculations, we can easily see that non-zero components of the Riemannian
curvature tensor R,

R(ej, er)er = —ej, 2<i<5.
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This tell us that

RX,Y)Z = g(X, 2)Y - g(Y, 2)X,

forall X,Y,Z e T(TW), that is, W5((p, 1, &, g) is real space form with constant sectional curvature 1.
Now, we define a submanifold of a normal paracontact metric manifold W°(p, 1, €, g) by

= 9
El - (9]{1’

= 2 49 4 d
E2 - 2x3 8x1 + 93{2 + (92(4/

_ 2 a 2
E3—2(X3—X4)%+&—x§+9—x4.

Ome can easily to see that
@E1 =0,pE; = —E3,pE3 = —E»,

that is, distribution which is spanned by {E1, E, E3} is an invariant. By direct calculations, we observe
Vi,E3 =0,Vg,E1 = —E3 and Vg, E1 = —E;.

Thus, the distribution defined by {E1, Es, Es} is integrallenebility and its inegral manifold invariant and totally
geodesic submanifold of W>(p, 1, &, g). Consequently, Our example shows that our works are clearly valid.
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