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Resistance distance and Kirchhoff index of the splitting-joins of two
graphs

Yanan Li?, Xiaoling Ma**, Shian Deng?, Dandan Chen?

?College of Mathematics and System Sciences, Xinjiang University, Xinjiang 830017, P.R.China

Abstract. Let G be a graph. The splitting graph SP(G) of G is the graph received from G by putting a new
vertex w’ for each w € V¢ and joining w’ to all vertices of G adjacent to w. Let Sg be the set of such new
vertices of the splitting graph SP(G). Let G; and G, be two simple connected graphs, the splitting V-vertex
join graph is obtained by taking one copy of SP(G;) and joining each vertex in Vg, to each vertex in Vg,,
denoted by G; ¥ G,. The splitting S-vertex join of G; and G,, denoted by G; A Gy, is a graph obtained from
SP(G1) and G, by joining each vertex in Sg, to each vertex in Vi, . In this paper, we calculate the resistance
distance and Kirchhoff index of G; ¥ G, and G; A G, for regular graphs G; and G, respectively.

1. Introduction

We deal with finite, simple and undirected graphs, and follow [3] for undefined terms and notations.
Let G = (Vg, Eg) be a graph with vertex set Vg = {v1,vy,...,v,} and edge set Eg, where n = |V is the order
of G. The adjacency matrix of G, denoted by Ag, is the n x n matrix whose (i, j)-entry is 1 if v; and v; are
adjacent in G and 0 otherwise. The degree of v; in G is denoted by d; = d¢(v;). The Laplacian matrix of G is
the matrix Lg = Dg — Ag, where Dg is the diagonal matrix with diagonal entries dy, dy, ..., d,

For a square matrix M of order #, the characteristic polynomial det(tl, — M) of M is denoted by fum(t),
where [, is the identity matrix with order n. Particularly, for a graph G, fa.(f) and f;.(t) are the adjacency
and Laplacian characteristic polynomial of G, respectively. And their roots are the adjacency and Laplacian
eigenvalues of G, separately. The collection of eigenvalues of A and L¢ together with their multiplicities
referred to the A-spectrum and L-spectrum of G, respectively. Denote the A-spectrum (respectively, L-
spectrum) as Speca(G) = {A1(G), A2(G), ..., Au(G)} (respectively, Specr(G) = {u1(G), p2(G), ..., ux(G)}). Note
that if G is r-regular graph, then each eigenvalue y; of L; corresponds to an eigenvalue A; of Ag via the
relation p;(G) = r — Ai(G).

In 1993, Klein and Randi¢ [8] presented the resistance distance between vertices v; and v; in graph G,
denoted by 7,;(G), defined as the effective resistance between v; and v; calculated according to Ohm’s law
when the unit resistance is distributed on each edge of G. The resistance distance of graph is equal to the
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equivalent resistance of electrical network, which is a new metric of graph and has a broad development
prospect in chemistry, network analysis, physics and other fields. The Kirchhoff index Kf(G) of G is the
sum of the resistance distances between all pairs of vertices of G, i.e., Kf(G) = L.; 7.

The splitting graph SP(G) of a graph G is the graph obtained from G by taking a new vertex w’ for each
w € Vi and joining w’ to all vertices of G adjacent to w. Let S¢ be the set of such new vertices of the splitting
graph SP(G), i.e., S¢ = Vspg)\Vs. Lu et al. [12] introduced two types of graph operations based on the
splitting graph as follows.

Definition 1.1. [12] Let G; be an n;-vertex connected graph for i = 1,2. The splitting V-vertex join of Gy and G,
is obtained by taking one copy of SP(G1) and joining each vertex in Vg, to each vertex in V,, denoted by G1 Y G,.
The splitting S-vertex join of G1 and Gy is a graph obtained from SP(G1) and G, by joining each vertex in Sg, to each
vertex in Vg,, denoted by G1 A Gg.

Let P, be a path of order n and K,, be complete graph of order n. Figure 1 depicts the splitting V-vertex
join and the splitting S-vertex join of P5 and K.

;. S G .—.—,—'—.‘g} X > VG1

Ps A Kj

Figure 1: The splitting V-vertex join of Ps ¥ K3 and the splitting S-vertex join of P5 A K3.

It is well known that the eigenvalues and eigenvectors of the Laplacian matrix are used to represent
the resistance distance of the graph [11]. But this method only works for certain graph classes. According
to the components of the generalized inverse of the Laplacian matrix, Babapt [1] introduced the formula
for expressing resistance distance and Kirchhoff index. Subsequently, reseachers [6, 7, 9, 16] considered the
problems of resistance distance and Kirchhoff index of many graph classes and graph operations, such as
the Q-vertex and Q-edge join graphs[13], R-vertex and R-edge join graphs[10], the subdivision-vertex and
subdivision-edge join graphs [5], the Q-double join graphs[15] and so on.

Motivated by the above works, in this paper, we utilize the group inverse of matrix to calculate the
resistance distances and Kirchhoff indices of the splitting V-vertex join G ¥ G, and the splitting S-vertex
join G1 A G; for regular graphs G; and G, respectively.

2. Preliminaries

Firstly, we give some definitions and lemmas which are very useful in the proof of the main results.

Let Q be a square matrix. The {1}-inverse of Q is a matrix, denoted by Q, such that QQWQ = Q.
Particularly, if Q is singular, then Q has infinitely many 1-inverses [2]. The group inverse of Q is the unique
matrix, denoted by Q*, satisfying QQ*Q = Q, Q*QQ* = Q*, and QQ* = Q*Q. Ben-Israel et al. [2] and Bu
et al. [4], independently, proved that Q" exists if and only if rank(Q) = rank(Q?). Specifically, if Q is real
symmetric matrix, then Q" exists and Q" is a symmetric {1}-inverse of Q.

Let Q;; denote the entry of Q in the i-th row and j-th column and e be a column vector whose entries are
all ones. Let I, be the identity matrix of size n, and J,x», denote the n X m matrix whose all entries are 1.

Let G be a graph. Here we state some lemmas, which indicated that the {1}-inverse and group inverse
of L can expresses the resistance distance and Kirchhoff index of a graph G. These results play a vital role
in demonstrating the main conclusions of this paper.
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Lemma 2.1. [1, 4] Suppose G is a connected graph. If vertices v; and v in Vg, then the resistance distance r;;(G)
between them is given as follows:

rii(G) = (L i + (L) = (LG )i = (LG
= (L) + (LE)jj — 2(LE)ij-
Lemma 2.2. [14] Let G be a connected graph on n vertices. Then
— ) Tr (@)
Kf(G)=ntr(L;) —e L:’e,
My ; )
where tr(L¢’) is the trace of L.

Definition 2.3. [17] For a n X n matrix A, which can be partitioned as

An An
A= ,
[A21 Azz]

where A1 and Ay are square matrices. If A1 and Ay are nonsingular, then the matrix Agp — A21AI11A12 and
Al — A12A521A21 are called the Schur complements of A11 and Ay, respectively.
S T. . ) . .
Lemma 2.4. [17] Suppose W = p Q|Ba nonsingular matrix. Let S be nonsingular matrix. Then
Wl = S+ S ITF1ps! —s-ITF!
—F1pst F1 )
where F = Q — PS™'T is the Schur complement of S.

Ly L,

LT L

L;l
0

Lemma 2.5. [5] Let L¢ = ( ) be the Laplacian matrix of a connected graph G. If each column vector of L]

is —e or a zero vector, then H = ( 19# ) is a symmetric {1}-inverse of Lg, where F = L3 — LZT LIle is a Schur

complement of L.

Lemma 2.6. [5] Suppose G is a graph of order n. Then
(Lo +aly — L) = (Lo +aly) ™ — ]
G n n nxn) — \LG n an nxmns

where a is any positive real number.

Lemma 2.7. [5] Let Q be a real symmetric matrix. If Qe = 0, then we have Qe = 0 and eT Q* = 0.

3. Resistance distance and Kirchhoff index of splitting V-vertex join graphs

Now, we calculate the resistance distance and Kirchhoff index of the splitting V-vertex join graph G; ¥ G,.

Theorem 3.1. Fori = 1,2, let G; be an ri-regular graph of n; vertices. Assume that wy(v;,v;) = [(A(;1 + %Aél )k]ij

and Ng, (v;) = {vj € Vg, | vjvj € Eg,vg,}. Then we have the following conclusions:

@ For any v;,v; € Vg,, we get

1 v 1
7i(Gr Y. Go) = - ; i 2 (W ) + (o, 07) = 2oy, 0)
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@ For any v;,v; € Vg,, we have
T’i]'(Gl \4 Gz) = [(LGZ + 1111,12)_1]” + [(LGZ + 1’111,,,2)_1] ; - 2[(LG2 + nlIﬂz)_l]ij;

ii j

@ For any v;, v;. € Sg,, we know

GYG) =2 st (Y Y Ly

" 7'%(7’12 + 2r1) o.eNg (o) k=0 (1’12 + 21’1)k
NG, (©))
(o) 1 00
Y ) e, -2 )Y ———w(o, ),
k k
0.eNG, (@) k=0 (12 +211) 0,eNg, (v7) k=0 (n2 +2m1)
01€Ng, (v)) 0:€NG, (v))
@ Forv; € Vg,,v; € Vg,, we see
(G Y Ga) = i( W05, 0)) + (L, + mb) My~ ——;
LA My +2ry &= Ny +2r)F 2 L piny

® For v € Sg,, v € Vg,, we obtain

(o)

1 1 1
1ij(G1 ¥ G) =— + E;

YRS wi(vs,v1)) + [(Lg, + m1l,,) i —
T (05, 01)) + [(Le, + mL)

k
vseNG-] (’D;) k=0 (n 2 )

vEN, G (vlf)

® For v, € S,,vj € Vg,, we get

(o) (o)

1

1 1 1 1
1ij(G1 ¥ Gp) =——— ————wi(vs, 0¢) ) + — + wi(v},v;
iG1 % G2) 12 (ny + 2r1) v‘e§(v')k§0<(n2 +2r)F (s t)> i np+2n kZ;((nz +2r)F Ky ]))
vaNcll(vjf)

(o8]

2

- a1 (1’12 + 27’1) ka(Us, U]))

( 1
0,eNG, (@) k=0 (n2 +2n)

Proof. We mark the vertices of G; ¥ G, as shown in Figure 1, then the Laplacian matrix of G; ¥ G, can be
expressed as

5(31 Vg, Ve,
SG rlln _AG ‘ On Xn
\V] — 1 1 1 [ 1Xn3
e A I R IR R
VGz Onzxnl _]nzxnl j nllnz + LGZ
M ; On1Xn2
= o \Tha) |,

. . . 1y -Ac
h he a X b mat f all ent 1t dM = ! ! .
where O,y is the a X b matrix of all entries equal to zero an ( _AcT;l (1 + o)l + Lo, )
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By Definition 2.3, we know that the Schur complement of 711, in M is
Sm = (r1 + m)ly, + Lg, — AL (nl,) ' Ag,

1
= (1’1 + nz)Inl + LG1 - ZAglAcl

1
= (2r1 + my)l,, — Ag, — EAglAcl.

N1 N,

-1 _
By Lemma 2.4, we have M~ = ( Ny ;)

), where

1 1 —1 /T
Nl = Zlnl + EAGlSMAGl’

1 -1
Ny = —Ag, Sy,

r

_ l —1AT

N3 = =S5, G-

"

Let F be the Schur complement of M in L(G1 ¥ G). Then by Definition 2.3, we have
Ol’l1 Xny

_]111 Xny

F=ml,, +Lg, - (Onzxnl _]nzxm)M_l [

-1
:nllnz + LGZ - ]nzxnlsM ]nlxnz-
Since
-1
nl]nz)(nz = ]nzxnlsMSM ]VI1XHZ

1 _
= Jupan |1+ 1)y + L, = —AG Ac, |Su™ o

1
-1 -1
= (rl + ”2)]n2><m Sm ]nlxnz - E]nzxnlAaAGl Sm ]nlxnz
-1 -1
=(r+ ”Z)Inzxm Sm ]n1><n2 - Tl]nzxnlsM ]nlxnz
-1
= n2]nz><n1 SM ]1’!1an/

we get
-1 ny
]VlzXVllsM ]n1><nz = _]nz><”z'
ny
Hence, from (5), we know
n
F= LGz + nllnz - n_]nzxnz-
2

From Lemma 2.6, we derive that
1

_]‘flzx‘flz'
2

F* = (Lg, + ml,) " - o

Therefore, according to Lemma 2.5, we get the expression of LY as follows

G1¥G2
Ny N 0
(1) -
LG1¥G2 7N3 SMl ) RE

3219
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@ For v;,vj € Vi, combining Lemma 2.1 with (7), we have
1ii(G1 Y. G2) = (Sy))ii + (Sp1)jj — 2(Sip)ij-
In view of (1), we get

1 1
M = (”2 + 271)[1711 - M(AC” + ZAglAcl )]

The spectral radius of ;—5-(Ac, + 3-A{ Ag,) is

2
1

1 1 o+ 2r1
Ac, + —AL Ac) = ==
ny + 211 (Aa, el @) = ny +2r1 Ny +2n

p(

7

which implies that the power series of [Inl - m +2ﬁ

-1 _

1
M~ ny + 21"1 ;}‘ [(7’12 + 21’1)k( + A2 )k]

Suppose that wi(v;, v;) = [(AG1 + %Aél )k]i],. Then due to (8) and (9), we have

\%
7’1](G1 G2) ny + 21"1 Z (ny + 21’1)k(

@ For v;,v; € Vg,, by Lemma 2.1 and (7), we have
1ii(G1 ¥ Gy) = (F);i + (F")j; — 2(F");j.

Based on (6), we obtain

1i(Gr Y Ga) = [(Lg, +mlLy) ] + [(La, +mln)” ] - 2[(Le, +mly,) ]1,],.

® For v/, v;. € Sg,, according to Lemma 2.1 and (7), we have

rj(G1 Y. Ga) = (N1)ii + (N1)j; = 2(N1)yj-

Recall that Ng, (v;) = {v; € Vg, | vivj € Eg,vg,}. According to (2) and (9), we can get

1 1
(N1)ii = el (A, Sy AL i

1 1 _ _ _
"t Y, GDa Y, Sias Y, Siben |AL

Vs GNG1 (v:) Vs ENG1 (vxf) Vs ENG1 (ZJ;)

1 1 1
= Z‘*’E Z (SM)st

vs€Ng, (v])
v:€Ng, (¢v))

1 1
e iD) M e LORRE VSR

0;€NG, (v)) k=0
DtGNcl (@)

wi(v;, v;) + wi (v}, v)) — Zwk(vi,vj))-

-1
(Ag, + %AaAGl )] is convergent. Thus, we obtain

i

3220

(10)

(11)
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By using a similar analysis as above, we can deduce that

/) P — +s A2 k
(N = 2(n2+2r1 Z n2+2r )k( “ )]

0;€NG, (v)) k=0
z;fel\l(;1 (ZI )

(12)

Let wi(vs, vy) = [(AG1 + %Azcl )kLt. Then substituting (11) and (12) into (10), we obtain

1ij(G1 Y G») -z + ; Z Z

2
rn (g +2n) 0,eNG, (¢7) k=0

[ ENG1 (@)

(7’12 107 )kwk(vw Ut)

00 0o

Y Z%wms,vo—z Y Z;wk@s'vt))-

k
v,eNe, (v) k=0 (2 +2r1) 0,eNG, (0)) k=0 (2 +2r1)

oG, () NG, (v)
@ For v; € Vg,,v; € Vg,, by Lemma 2.1 and (7), we have
rii(G1 Y. Ga) = (Sy))i + (F1)jj.

Combining (9) with (6), we receive

o)

1

1 1
L 00)) + [(Lg, + nilyy) i — ——.
n2+2ﬁkz_;‘((m+2mkwk<vz o)) + [0, +mbu) =

1ii(G1 Y. Gy) =

® For v € S¢,, v € V,, together Lemma 2.1 with (7), we have
1ij(G1 ¥ G2) = (N1)i + (F")j.

Due to (11) and (6), we have

1 - 1
(

1
H(GIVG) =~ 1
rij(Gr £ G2) 1 r(ny +2r) (np + 2r7)

wi(vs,01)) + [(Le, +mlLy) ' ]j = —.
niny
USENcl (v,f) k=0

0€NG, (v])
® For v} € S¢,,v; € Vg,, by using Lemma 2.1 and
1ii(G1 Y. Gy) = (N1)ii + (S3])jj — 2(Na)yj. (13)

From (3), we know N, = %AG1 SX/}. Furthermore, using (9), (N2);; can be expressed as

1 _
(N2)ij = E(Aclle)ij

=% Y, Gbas Y Ga Y, Sibe

USENcl (vlf) Us GN(;1 (vl'.) Us GNG1 (vl'.)

=rl IEEHY

v;€NG, (v))
(o8]

1 1
-1 S ———) 14
71(112+27’1)ve§(v,)§((ﬂ2+2ﬁ)k s ])) (14)
s 1\%i/ =
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Hence, plugging (9), (11) and (14) into (13), we get

e8] 00

1 1 1 1 1
ri(G1 ¥ G _— ———wi(vs,v1) ) + — + i,V
1]( 1 2) 72 1’12 +2r , Z <(7’12 + 21’1)k k( s t)) 141 np + 2rq Z ((7’12 + 21’1)k Wk(v] U]))
vs€NG, (v]) k=0 k=0
0,€NG, ()
2 - 1
- ————wi(vs, 07)).
1’1(1’[2 + 21’1) ((1’12 + 27’1)k k( : ]))

v;€NG, (v)) k=0
|

Theorem 3.2. Suppose G; is an ri-regular graph of n; vertices. If A1(G;), A2(Gy), ..., Au(Gi) are the eigenvalues of
Ag, fori=1,2, then

3 1% AXGr) + 17
Kf(G1 ¥ Gy) =(2n1 + ﬂz)[a ;‘ 1102 + 2 — A1) — )\?(Gl) + ; )= /\i(Gz)]

203 +mny —ny And + 2miny + 3

n nin;
Proof. By Lemma 2.2, we have

TL(l)

Kf(Gl V GZ) = (27’11 + nZ)tr(LG VG, ) G1VYG,

e.

Since LY

G.vc, can be shown from the proof of Theorem 3.1 as in (7), we have

tr(LngGZ) = tr(Ny) + tr(Syp) + tr(F*).

From (1), we obtain

tr(Sw) = Z [@r1 +m2) = 24(G1) - —A2<Gl>]
i=1
and so

11

1
-1\ _
tT(SM) = ; (211 + 12) — Ai(Gy) — %)\?(Gl).

Recall that Ny = %Im + %AG1 1AT from (2). Then we get
1

1 1
tr(Ny) =Ztr(ln1) + r—ztr(Acl SMAE)
1

—E + l i Az(Gl)
noor = (2r +mp) — Ai(Gy) - 122Gy)

1 1

On the other hand, by (6), we gain

tl’(F# —tr[ LG2 + nllnz) ] - i’?’( ]nzxnz)

_ 1 _ l
= (ry+m) = Ai(G2)  m
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Therefore, taking the above results together, we have

1y A (Gr) +77 3 1 1
pr® y="T 2 i 1 + -—. 15
o) = o * 2 L ooy o aGy ~ TGy T o T —AG) (1

1 i=1 o1

Moreover, from (7), it is easy to see that

1 _
eTL(G)VG e= elTN1e1 + elTNzez + ezTN3e1 + eZTSMl62 + E3TF#E3,
1¥Go

where ey, e, and e; are the column vectors of size 111, 11 and n,, respectively, whose all entries are 1.
Notice that

ny = ezTSMS;Al €

1 _
= ezT((rl + nz)I,,l + LGl - _Ag;lAGl)SM 182
"

_ 1 _
= (r1 + m2)e2" Sy le, — ZEZTA&AQ Sm ez
= (11 +m)es Sy 'er —r1€2" Sy ey
=me,’ Sy ey,
which implies that e,”S;le; = iL. Since Ny = %Inl + :—%AQSX/}A(E, N, = %AQSX/} and N3 = %SX,}A& from
(2), (3) and (4), we get

ni 1 _ n1 _ ny m
elTNlel = — + —291TAG18M 1A£1e1 = — + elTSM 191 = — 4+ —.
1 }’1 151 1 ny

By a similar analysis as above, we can obtain that

1 _ n
elTNzez = ezTNg,el = r—7’192TsM 192 = Tl_
1 2

In addition, since F = Lg, + n1l,, — %]nzxnz, by simple calculation, we have F is a real symmetric matrix
and Fe; = 0. Hence, from Lemma 2.7, we can obtain e3 Ffe; = 0.
Finally, Putting the above results together, we get

n n
e’Love, Ve =+ +4=. (16)
" np

Therefore, combining (15) with (16), we have

~ 1 & A2(Gr) + 13 2 1
KAGY G =Cm +mly ) G =Gt G G

i=1
2 +mny —ny 4n? +2 + n?
1 1h2 1 ny ning + n;

" niny
O

Now, we provide an example.

Example 3.3 Suppose P, denotes a path on 2 vertices. It is easy to get that Speca(P;) = {-1,1}. The
splitting V-vertex join graph P, ¥ P, of P, and P, is shown in Figure 2.

Now, applying Theorem 3.1, we have the following conclusions.
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01

e

vy ¢

U5
Figure 2: P, ¥ P,.

@ For v;,v4 € Vi, we have

P V P i, 0;) + i) — 2 i, 0i1)) ==
(P Y Py) = o Zrl Z o 2rl)k (i@, ) + Wil 0)) = 2wi(v;, v)))
@ For vs, v € Vi, we see

156 (P2 ¥ P) = [(Le, + mI) ™| + (Lo, + ml) ™| = 2[(Le, + mln) 7] =

® For v1,v3 € Si,, we obtain

2 1 -
r3(Py ¥ Py) =— + 5——— —————w(vs, v¢)
rno ri(ng+ Zrl)(vseNG o i (n2 + 2r )k
v,eNci(vlf
5
Z wk(vsrvt) - 2 Z Z wk(vsr vt)) =3
k k
v;€Ng, (v) k=0 (n2 +2r ) v;€NG, (©7) (nz +2r ) 2
v€NG, (v;) DIENcl (U)
@ Ifv; € Vg,,v; € Vg,, taking v4 and v5 as an example, then
1 © 1 1 1
P,V Py) = L 0)) + [(Le, + mly,) ] — —— = =.
Py ¥ Po) = oo kZO (Gorz aryr @) * (e +mle) ™y = o = 2
® Letv; € Sg,, v € Vg,, taking v; and vs as an example. Then
1 1 =
rs(Po Y P))=— + ————— —————wi(vs,v)) + [(Le, + m1L,) 1] — — = =.
PP = w o Y Y (G e ) e+l = = 5

v;€NG, (v)) k=0
v:€Ng, (v;)

® Suppose v; € Sg,,v; € V,, taking v; and v, as an example. Then
1 - 1

1 1
B \V/ — - L.
rij(G1 Y. G2) Wi, 0) + -+ k§:0 (G o)

1
S (—
ri(ng +2r1) 0.eNg, (¢/) k=0 (n2 +2r1)
vt€Ng, (Zzlf)

(o)

2

1
N RN s, 01)) =1
1 (1’12 + 27’1) ((7’[2 + 27’1 )k Wk(U Uj))

0;€NG, (v)) k=0
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In addition, by Theorem 3.2, we obtain Kirchhoff index of P, ¥ P, as follows:

1y A} (Gr) + 17 - 1

Kf(Py ¥ Py) =(2n1 + np)[—

R L9 Ve ey vies I e RO M e e
2m2 +mnp —ny 4n? +2mmp +n3 33

+ - = —.
1 niny 2

]

On the other hand, by using Mathematica, we find the resistance distance matrix of P, ¥ P, as shown
below:

5 3 3 3
L -
10 5 35 53 3
3 3 o9 1 3 3
— 2 2 2 2
2 2 2 2
31 319 1
2 2 2 2 2
310311
2 2 2 2 2

This implies that the Theorem 3.1 and Theorem 3.2 are effective ways to compute the resistance distance
and the Kirchhoff index.
4. Resistance distance and Kirchhoff index of splitting S-vertex join graphs

In this section, we calculate the resistance distance and Kirchhoff index of the splitting S-vertex join
graph G; A G.

Theorem 4.1. Suppose G; is an ri-regular graph on n; vertices for i = 1,2. Let wi(v;, v}) = [(AGl +

2 \k
n AGl) ]Z]

and Ng,(v;) = {vj € Vg, | vivj € Eg,zc,}. Then we can conclude the following results.

@ For any v;,v; € Vg,, we have
1ij(G1 A Gy) = % i %(wk(vi, ;) + Wi (v}, v}) — Zwk(virvj))}
14 (2r1)
@ For any v;,v; € Vg,, we get

Ti]' (G1 A Gz) = [(LGZ + I’lllnz)_l ]ii + [(LGZ + 7’11[,,,2)_1 ]” — 2[ (LGZ + Tlllnz)_l ]ij;

@ For any v/, v;, € Sg,, we obtain

o]

— 2
1ij(G1 A G2) v Z 2 or )kwk(US/vt)+ Z Z Y wi(vs, Vt)

2ri(r1+n
1V 2) vs€NG, USENG] ZJ

Ot ENG1 (v ) v€Ng, (v])

-2 Z 2(2 )kwk(vs,vt)]

ngNcl (v) k=0
v€NG, (v;)

@ For v; € Vg,, vj € Vg,, we see

rij (G1 A Gy) = : Z [(21 ) i@, 0)] + | (Lo, +ml) ™" ]1'1' - ﬁ;
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® For v € Sg,, vj € Vg,, we know

_ 1 1 =
rij (G1 A Go) T+ * 2r1(r1 + nz)2 Z Z‘ 2r )kwk(vs'vt)] [(LGZ tmln) ] E

(07) k=0
vtENG1 (v )
® For v, € Sg,, v € Vg,, we have
1ij(G1 A Gy) = Z Z Us,vt)] +5— L i [ ! kwk(U],U])]
27’1 r1+ 712) 0. eNo (v) k=0 (27 2r (27" )
U,ENG1 (v )
1
_— [ wi(vs, v-)] + .
k ]
2r1(r1 + 117) eg(m; (2r1) r1+ 1y
Proof. Marking the vertices of G; A G, as shown in Figure 1, we have the Laplacian matrix of Gi A G, below
Se, Ve, | Ve,
L~ = Scl (1’1 + n2)In1 _A61 | _]nlxnz
R Ve | SAG nlntle i Own
VGz _]nzxnl Onzxm j nllnz + LGZ
M \ _] 11 X1y
= 4 Oy )|,
( ]nzxn1 Onzxnl) ‘ nllnz + LGZ
+ny)I -A
where M = (1 —;Ti) m i, +GlLG1 ) and O,y is the a X b matrix with all entries equal to zero.
By Definition 2.3, we have the Schur complement of (r1 + n)l,, in M is
1 T
Sy = rily, + Lg, — P (AclAcl). (17)

By Lemma 2.4, we have

_ M; M

M =( My ] ) (18)

M
where

M= —1, + LI SEAL (19)
= r1 + 1y m (7"1 +le)2 C1oM Gy

My = ——Aq,S;) (20)
2 = o +n2 Gy M7

1

M; = SHAL . 21

S Ay MG (21)

Suppose F is the Schur complement of M in L(G1 A G,). Then from Definition 2.3 and (18), we get

F = nllnz + LGZ - ( _]nzxm Onzxnl )M_l ( _]nlxnz )
N1 Xny

(22)

nm 712
]nzxnz

=ml, +Lg, — ——— -
" Por+n (11 +n2)?

-1
]712)(711 SM ]nlxnz .
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Since

nl]nzxnz = ]nzxm SMSX/} ]m X1y

= Tnpan [ty + La, = 5= (4G Ac) St e
2
- ( 1= 1+ 1y )]nzxm M]Vll)(}’lzl
we get
]nzxru SK/I ]nlxnz = %]ﬂzxnz' (23)

Substituting (23) into (22), we obtain

ni
F = 7’111,12 + LGZ — n—]nZan.
2

Furthermore, according to Lemma 2.6, we get the expression

1

Ff = (LGZ + 1’11[”2)_1 - E]Hzxnz' (24)
Therefore, we get the expression of L(G) %G, from Lemma 2.5 as follows
T et
Loze, =| . Ms Syt 0 1. (25)
0 0 'F

@ For v;,vj € Vi, combining Lemma 2.1 with (25), we have
1ii (G A Ga) = (Spp)ii + (SM);jl - 2(Si1)ij-

In view of (17), we get

1 1,
Spm = 21’1[1,11 — 2—71(AG1 + _— nzAcl)].

1 1
The spectral radius of —(Ag, + —— A2 ) is
2r1 G

T +np
1 1 ) 2r1 +ny

—_ - =12 -7,

p(27’1 (AG1 * 1+ leAGl)) 2r1 + 2n, <
. . . . 1 1 2 -1, .
which implies that the power series of [In1 - —(Ag, + Az )] is convergent. Thus, we gain
2r1 r1 + 1o 1
1 vy 1

M= A ¢ 26

Sm 2r1;[(2r1)k( S Gl)] (26)

Let wi(v;, vj) = [(AG] + )k]Z Then we have

1ij(G1 A Gp) = L Z [(23 ¥ (wk(vi, i) + wi(vj, vj) — 2wk(Ui/Uj))]-
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@ For v;,v € Vg,, according to Lemma 2.1 and (25), we have
1 (G1 A Ga) = (F*)ii + (F*)j; — 2(F%);;.
Based on (24), we obtain
1 (GiAG) = [ (L, + mly) " | + [ (Lo, + ml)™ ]jj -2 (Lg, + mly,)™! ]ij.
® For v/, v;. € S¢,, according to Lemma 2.1 and (25), we have
1ij(G1 A Go) = (Ma);; + (M) j; — 2 (M) (27)

Note that Ng, (v;) = {v; € Vg, | v;jv; € Eg,7g,}- According to (19), we can get

1 1
i = Ac, Sy AL
(M) 1 +np * (r1 + ny)? ( G1S Gl)u

1 1 _ _ -
- 71+ 1y * (r1 + np)? { Z ) (SMl)sl' Z ’ (CREVY Z / (SMI)SM]Agl]
v;ENGl (v ) v;eNGl (v) stNcl (vi) ;
1 1
- r1+ny 21’1(71 + 712)2 Z Z (27’ )k wk(vs,vt)) (28)
vseNG Ev; k=0
v,eNG v

By using a similar method as above, we obtain

(M);; = 2r1(r1+n2 Z Z o )ka(US,vt)> (29)

0:€Ng, (v)) k=0
‘0¢ENGI( /)

Therefore, substituting (28) and (29) into (27), we have

@A) sl ¥ Y e+ Z Zar e (e )

0:€Ng, (v]) k=0 vﬁeNG1 v
v:€NG, (v ) v€NG, (v])
2
-2 Z Z o )kwk(vs,vt)] PR
v:€Ng, (v)) k=0
7'”ENC;l( /)

@ For v; € Vg,, vj € Vg,, combining Lemma 2.1 with (25), we have
11 (G1 A Go) = (Syp)ii + ().
Further, according to (26) and (24), we know

1

1 v .
rij (G1 A Go) = Z—Z, o )kwk(vl,z;)) O e

® For v € S¢,, v € Vg,, combining Lemma 2.1 with (25), we get

1 (G A Ga) = (M) + (F*).
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Similarly, due to (24) and (28), we have

1 1 -1 1
A L I - —
1 (G A GY) = e+ s NZ( )kZO‘ G e 00) + [(Lo, + mbe) = o
Us€. Gl
vt(—:Nc1 (v )
® For v} € Sg,, vj € Vg, based on Lemma 2.1 and (25), we have
1ij (G1 A Go) = (My);i + (SM);jl = 2(Ma)sj. (30)
Since M = — +n2A615 ! from (20), according to (26), we see
(M) = ——(Ag, i)
21]_1’1+112 G19M Jij
_ 1 -1 -1 -1
= r1+n2( Z (SM)sl’ Z (SM)SZI"'/ Z (SM)snl)j
vs€NG, (vi') vs€NG, (vi’) €N, (v))
1 Z 1 (31)
= (SM )sj
it v;€NG, (vi')
Hence, plugging (26), (28) and (31) into (30), we get
_ 1 vy 1
Tij (Gl A G2) US/ 'Ut) + wk(v ir0j )
i 21 (71 + 1p)? GNZ:(U ) IZ& (Zr ] 2rq Z [(Zr ) % ]
v,GNG1 (v )
1
P EE—— ZUk(US,U‘) + .
27’1(1’1 + 7’12 e%(v)kz‘o [ 2 )k I ] r+n

O

Theorem 4.2. Assume G; is an ri-regular graph with n; vertices. If A(G;), A2(Gy), . .., Au(G;) are the eigenvalues of
Ag, fori=1,2, then

- (r1 + n2)* + AX(Gy) - 1
Kf(G1 A Gy) =(2n + nz)[ T Z 2r1 = MG + 1) = /\?(G1) + ; — Ai(Gz)]

213 + niny (471 + mp)ng + 2ryniny + rin;

Ny +1 r1n1ny
Proof. By Lemma 2.2, we have

TL(l)

Kf(Gi AGo) = (2ny + ”Z)tr(Lc e GIRG, €

Since the expression of Lgl)x G from (25) is shown as follows

My M| 0
W= | M S;li0 |,

e o o e
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we have

tr(LE) ) = tr(Vh) + tr(Sy) + tr(FY).

According to (17) , we obtain

11

tr(Sm) = Y (2r1 = Ai(Gr) -

i=1

2
T AG),

which implies that

]

1
-1y _
tr(sM)‘erl—Mcl)— LA2(Gy)

i=1 ri+ny i

Meanwhile, from (19), we get

B 1 14T
(M) = tr(o——T,) + tr( e Su AL)
_m 1 i A(Gy)
r1 + 1y 11+ 1y (21’1 - /\i(Gl))(ﬁ + 1’12) - A?(Gl) ’

i=1

On the other hand, by (24), we obtain

1
tr(F) = tr((Lg, + miL,) ") - Etr(]nzxnz)

. 1 1
a ;‘ mo+r—-AGy) m

Therefore, taking the above results together, we have
1 | (11 +m2)* + A2(Gy) n
() ) = Z i 1

tr(L. +
(Léyr6: 1+ np e (2r = Ai(G))(n +1m2) —AXGy) i+

i=1
12

1 1
+y -
Z m+1r—Ai(Gy) m

i=1
Moreover, from (25), it is easy to verify that

1 _
eTL(G)KG e= e1TM181 + elTMzez + ezTMgel + ezTSMlez + e3TF#e3,
1AG2

where ey, e; and e; are the column vectors of size n, 11 and ny, respectively, whose all entries are 1.

With a proof similar to Theorem 3.2, we have
n = ezTSMS;Alez

1
_ T 1 -1
=ey (11l +Lg, P (Ag,Ac)))Sy ez
2
£
r1 + 1y

= (1’1 - )ezTSX/Ilez.

3230

(32)
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ny(r1+n2)
r11p

Thus, we can obtain e, S}l es

3231
. Further, according to (19), we get
1
elTM1e1 = elT(

1
L, +
r1 + 1o

-1 AT
. STA )e1
(i tm)? MG

2
_om "

Teo-1
e; Sy e
(1 +mp2 | M

+
r1+ 1y
m

n3
By using a similar method as above, we get

e1"Mae; = e, Mse; =

_ ni
ezTSMlez =
r1+np

na

LW e

GiAG, S = 3

Moreover, since F = n1,,, + L, — Z—; Juoxn,» We have F is a real symmetric matrix and Fez = 0. So, according
to Lemma 2.7, we have e’ F* = 0 and e’ F*e = 0. Hence, we obtain
n

ni(rn +n
N 1(r1 2)'
rnz

Finally, combining (32) with (33), we have

np

(33)
_ 1 (1 + m2)* + A3(Gy) e 1
Kf(GiAGy) =(2m +n . +
JGn G =Cm+ml Z;‘ (2r1 = A(G)(r1 + m2) = AX(Gy) ; nr -G
2n% +nyny  (4ry + n)nd + 2rinang + rinj
+
Ny +1rq Y1111y
[

At last, we get an example as follows.

Example 4.3

U1

(%]
Vg,

Sq,

| Ve
\
|

2

Figure 3: P, A Cy.

Note that Speca(P,) = {1, -1} and Speca(Cs) = {2, 0%2,-2). The splitting S-vertex join P, A C4 of P, and
C4 is shown in Figure 3. According to Theorem 4.1, for any two vertices in P, A C4, we first calculate the
resistance distance.
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O For any v1,v; € V,, we have

(wk(vi, ;i) + wi(vj, vj) — 2w (vi, Uj)) =5

_ 1 «
Py ACy) = —
7’12( 2 4) 271 é (21’1)k

@ Let v, vj € V,, taking vs and vg as an example. Then
— -1 -1 -1
rss (P2 A Co) = [ (Lg, +mlLy) ' | + [ (Le, +ml,) ]jj - 2[(Le, + mly,) ]ij ==

@ For v3,v4 € Sg,, we obtain

134 (P2 A Cy) = ——wi(vs, vt) + ——wi(vs, Vy)
27’1 (1’1 + 1’12)2 [v ENZU ) ; (2 )k ’ vﬁ]\% ; 2r )k ’
oreNG, (1) vteNcl( )
2 3
-2 Z 2 o )kwk(vsrvt)] 1 =7
Us ENG
UtENcl( )

@ Suppose v; € Vg, v; € Vg, taking v; and vs as an example. Then
pp 1 ] 2 g p

B 1 & 1 1 1 163
= — —— wi(vi, v; Le, In)) | == :
715 (Pz A Cy) o kzz(; [(Zrl)ka(U 0 )] + [( G, T M1 ) ]]] 11, 168

® Letv; € Sg,, vj € Vg,, taking v3 and v5 as an example. Then
17 Y] 2 g p

1
Py A ,
rss (P2 A Cy) = r1+n 2r1(r1+n2)2 Z Z (2r @)k wil(o svt)]
v (1) k20
’GNG1(U)
1 67

-1 _ o/
+[(LG2+7’11L12) ]]]—m = 168

® Assume v; € S, v; € V¢, taking v; and vs as an example. Then
1 ] 2 g p

r13 (P2 A Cy) = 2 (11 + m)? +n2) ENZI(v)kZOI @r )kwk(US,vt)] 7 Z[ o )kwk(U],U])]
U’ENcl(v/')
1 5
m g.(v)kz;,[(z )kwk(Us,Uj)] Lt S

Meanwhile, using Theorem 4.2, we can compute Kirchhoff index of P, A Cy as follows:

_ 1 (r +m)? + A3(G1) Y 1
Kf(P2 A Cq) =21 + 712)[ I, Z @2r1 — M(G1))(r1 + 1) — /\2(G1) Z n1 + 12 — Ai(Gz)

212 + nyny (4r1 +m)n? + 2rimny + 1k 376

]

i=1

Ny + 11 r1nyny 21

3232
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Similarly, by using Mathematica, we obtain the resistance distance matrix of P, A C4 as shown below:

0 3 3 6 163 163 163 163
5 0 & 5 1B 18 18 I8
O T S A A A
_ O A A A
RP2ACH=| 1l 16 & & ¢ & T 8
R A
le3 163 67 6 5 o S 1
168 168 168 168 12 12 2
o5 165 o/ 6/ 1 3 0 2
B,y e 2 F s 3§
168 168 168 168 12 2 12

Since our results coincides with the true value of the resistance distance and the Kirchhoff index which

could be measured, the Theorem 4.1 and Theorem 4.2 are very useful.
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