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Abstract. The aim of this research is to examine various statistical approximation properties of Kantorovich
d-Baskakov operators using wavelets. We discuss and investigate the weighted statistical approximation
employing a Bohman-Korovkin type theorem as well as a statistical rate of convergence applying a weighted
modulus of smoothness w,, correlated with the space B, (IR,) and Lipschitz type maximal functions.

1. Preliminaries and introduction

In 1995, Agratini [1] introduced a class of Szdsz-type operators by means of compactly supported
wavelets of Daubechies. Later onin 1997, Gonska and Zhou [20] used the Daubechies’ compactly-supported
wavelets to establish a new class of Baskakov-type operators. This technique of employing wavelets in
modifying the classical operators is very useful which provides a tool to achieve the local information of
approximation by such operators. In [28], Nasiruzzaman et al. further modified the operators of Gonska
and Zhou [20] by defining their d-analog to get a better rate of convergence. In this article, our focus is to
study various approximation properties exhibited by the operators described in [28]. Our proposed study
aims to further enhance our understanding of these operators and their potential applications.

Note that that the Bernstein polynomials [14] converge uniformly to the value g(x) for every continuous
function g, where x is any real value between 0 and 1. The following defines the Bernstein polynomials:

r
* _ r S _ s §
( fg)(x)‘;(s)x (1-x) g(r), (1)
where () refers to the binomial coefficients.

The Szész [34] as well as Baskakov [13] operators were formed in approximating the continuous

functions which were defined for the unbounded interval [0, o). Here, the Baskakov operators are written
as
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Bernstein operators were modified by Kantorovich [23] and were called Bernstein-Kantorovich operators.
These operators are utilized in approximating the functions of broader classes as opposed to continuous
functions. Moreover, the following are the operators that define Bernstein-Kantorovich operators:

s+1

(7<r g) () =(r+ 1)2 (i)xs(l —x) f 1 g(t)dt, )
s=0 T+

T+1

for functions g € L,[0,1] (1 < p < o).
To determine the L,-approximation, Ditzian and Totik [17] provided the Kantorovich modification of
Baskakov operators, which is called the Baskakov-Kantorovich operators written as

1+

- -1\
(Ko ) (x) = m (’” " )— g () dt. 3
;4 1 (1 + x)ym+l f

There are various modifications and generalizations of these operators which have been studied by
several authors to get better and better approximation, e.g. [4, 6, 7, 9-12, 29, 31, 33]. The d-calculus
application appeared as a relatively new research field in the approximation theory. Here, the first d-
analogue of the famous Bernstein polynomials was established by Lupas [24] by employing the concept of
d-integers. On the other hand, in 1997, Phillips [30] took into consideration a different d-analogue of the
classical Bernstein polynomials. Subsequently, numerous researchers investigated the -generalizations
with regard to a variety of operators by examining their approximation properties, e.g. [8, 12, 26, 27]. For
instance, the d-variant of Baskakov operators [5] is defined as

= ¢
((Vm, q g) (x) = é Bm,l,cf(x) g ((fl_l [m]q) ’ 4)
where
B, _[m+1-1 ] xl =y
, Cf(x) [ 1 ¢ (1 + x)ncirﬂ

while the ¢-Baskakov-Kantorovich operators [21] are defined by

[l+1]q

(Ton, ¢ 8) (¥) = cfZ q¥" Byl )ﬁu g (<"1 t) dat- (5)

[mle

Lemma 1.1. With respect to the test functions given by e; = t/, j = 0,1,2, it follows that
M (Vi qge)® = 1,
@ (Vi qer)®
x

X
@) (Vmqe)® = x2+%(1+&).

X,
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1.1. Basics of d-Calculus

The d-integer [m]q, the d-factorial [m]4! as well as the d-binomial coefficient are given as below (see
[22]):

m, ifq=1,
[m]q! = { gt”]‘f[m —g---[g m=1,

g .
[l = { ¢ HTERIAN ¢ e Nand 01, = 0,

m =0,

[ m } _ [m]g!
U g™ [UgtDm =g

accordingly. Here, the d-analogue of (1 + x)™ is given by the polynomial

A +)0 +dx)--- (1 +d" ) m=1,2,3,-
m ._
(1+x)q.—{1 n=0.
The Gauss binomial formula is written as
(x+a)t = Z[ ”f ] FD2glemL,
1=0 q

On the other hand, the d-derivative D g of a function g is as follows

D) = ED—EL, 20

as well as (D4g)(0) = g'(0), provided that g'(0) exists. If g is differentiable, then

g(x) —g(dx) _ dg(x)
1-d)x  dx

lim D = li
o 48(x) lim

Form > 1,

Dg(1 + 01 = [mlg(1 + o), Dq( ! )— Ll

Q+x5) A+ xymet!

. ( u(x) ) _ o(dqx)Dgu(x) — u(dx)Dygo(x)
No()) ~ o(x)v(dx) '

The d-Jackson definite integral is given by

o0 /A

s =00 Y f(5)5 @er-op

1.2. d-Statistical convergence

The definition of d-analog of Cesaro matrix C; is not unique (see [2], [3]). Here, we may take into
consideration the d-Cesaro matrix, C1(d) = (cik(qk)) expressed by

(o8]
n,k=0

¢
Cik(qk) = { In+llg

ifk<mn,

0 otherwise.
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which is regular for ¢ > 1.

Suppose K C IN (the set of natural numbers). Then, 6(K) = lim, %#{k <r : k € K}is known as
the asymptotic density of K, in which # denotes the cardinality of the enclosed set. Moreover, a sequence
1 = (1) is known as statistically convergent to the number s provided that 6(K;) = 0 for every ¢ > 0, in
which K, = {k <1 : |nx — 8| > ¢} (vefer to [19]).

In the recent past, Aktuglu and Bekar [3] defined d-density as well as (-statistical convergence. The
d-density is defined as

-1
S Y — T ¢ e ¢! .
8¢(K) = dea(K) = lim inf (C{xs)s = lim inf ; EREEE

A sequence 1 = (1) is known to be (-statistically convergent to L provided that 64(K;) = 0, in which
K =1k <n:|n— Ll > ¢} for every ¢ > 0. In other words, for each ¢ > 0,.

lim [,17]#”‘ <n:d n - L= e} =0.
In this case we write Sty — limn, = L.

Note that if 6(K) = 0 = 04(K) = 0. Therefore, statistical convergence [19, Example 15] implies
d-statistical convergence but not conversely (refer to [Example 15 ][3]).

2. Wavelets aided d-Baskakov-Kantorovich operators

We now recall some basic properties of wavelets [15, 25]. Here, the wavelets denotes the set of functions
of the form

W, (x) = y-%\y("%) u>0veR,
which are formed by translations and dilations of a single function ¥, which is called the mother wavelet
or basic wavelet. Moreover, following the Franklin-Stromberg theory, the constant ; may be substituted by

2 while v may be substituted by 2/ having i and | to be the integers. For an arbitrary function g € L(R),
the wavelets have a crucial part in the orthonormal basis, in which the g function is given as:

g(x) = i i Y@ D¥i (),

in which
Y1) = 28 W (x) fR FRW(2x - )dx.

Daubechies [16] constructed an orthonormal basis for L,(IR) of the form
250 (x)(2/x - ),

where s refers to the non-negative integer, 7, | denote the integers as well as the support of W is [0,2s + 1].
For a positive constant &, if W, has & order of continuous derivatives, then forany 0 < | < s, s € IN, we have

f W, (x)dx = 0. (6)
R

Evidently, when s = 0, the system is reduced to the Haar system. Here, with regard to any W € Lo(RR),
we now have the conditions given by: (i) a finite positive &£ having the property sup W C [0, &], while (ii)
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its first s moment vanishes. Furthermore, for1 < | <s, s € IN, we have f]R t\W(t)dt = 0 and f]R Y(t)dt = 1.
Therefore, by employing the Haar basis, the Baskakov type operators are expressed as [1]:

o (m+] -1 xl
= —_— W (mt — |) dt, 7
(Ln8) @ m;“( | )(Hx)mﬂme (i~ Dd )
in which the operators L, refer to the extensions of Baskakov-Kantorovich operators. By considering the
sup V¥ c [0, &], the operators Ly, are given as [1]:

o (m+]—1) A ©ot+l
) () = (U ) wpar. 8
(L)) LXO( i [ () o ®

Now, we recall the d-Baskakov type operators by employing compactly-supported wavelets of
Daubechies constructed in [28].
Let f]RxS‘I’k(x)dqx =0when0 <s <kforkelNaswellasd> 0.

With regard to W € Lo(IR), we assume the conditions given below in terms of wavelets: (i) a finite
positive & having the property sup W C [0, £]; and (ii) its first k moment vanishes. For 1 <s < kand k € IN,
we now obtain flRts‘I’(t)dqt = 0 as well as j;R\I’(t)dqt = 1. Therefore, forall 1 < s <k, k € IN as well as
0 < ¢ < 1, Nasiruzzaman et al. [28] constructed the d-analogue of Baskakov-Kantorovich type wavelets
operators given by:

(St g) @) =[rlg Y & Brog(x) fR g P (" [rlqt - [s]g) dat. 9)
s=0

Thus, these operators S;, 4(g; x) extend the ¢-Baskakov-Kantorovich operators given by (5). For the
choices of k = 0 as well as W Haar basis, we obtain the d-Baskakov-Kantorovich operators 77, 4(g; x) by
(5). Additionally, for the choices k = 0, d = 1 as well as W Haar basis, we get the Baskakov-Kantorovich
operators K, 4(g; x) by (3). Considering the sup W c [0, ], the operators S; (g; x) we get the following
operators:

s &
t+slg
Sue) 0= Y Busato) [ o5 v @it 10
(Sra) qu o N\
It is evident that by choosing ' = 1, we obtain classical Baskakov-Kantorovich wavelets operators £,
by (7) as well as (8).

We need the following result of [28]:

Theorem 2.1. Suppose ¢; = t/ when 0 < j < k and k € N. Then, we obtain
(Sr,cf e]’) (x) = ((Vr,cf ei) (x),

in which x € [0, 00) as well as the operators (V4 g) (x) are defined as above.
P rd

3. Weighted d-Statistical approximation

This section presents the statistical approximation of wavelets Kantorovich ¢-Baskakov operators S; 4
defined by (9) employing a Bohman-Korovkin type theorem [18].
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Suppose Nj is the constant depending on the function g and B,(IR) represents the weighted space of a

real valued function g with the property that |g(x)| < Ngp(x) for all x € IR. Now, we take into consideration
the weighted subspace C,(RR) of B,(IR) which is defined as

Co(R) = {g € By(R) : g continuous in R}.

with the norm || g [|,= sup lg(x)l
xeR P (x)
convergence, Duman and Orhan [18] proved the theorem given below, which is useful in proving our main

result.

and both C,(R) and B,(IR) are Banach spaces. By the use of A-statistical

Theorem 3.1. (Duman and Orhan [18]). If A = (a;;);, is a positive regular summability matrix, and let (L), denote

a sequence of positive linear operators from C,, (R) to B,,(IR), in which py as well as p, satisfies |l‘im % =0. Then
x| =00 02

StA - h%n ” qul_ Cf ”pzz 0/ Vq € Cp1 (R)
if and only if

sta —lim || L,H, — Hy |l,,= 0 forv =0,1,2,
T

xp1(x)

in which H, = .
in which H, T+ .2

By examining this result, it is clear that if IR is substituted by IR,, then the theorem holds true. Also,
by analyzing Lemma 1.1, we see that the sequence of operators (S;); fails to satisfy the properties of
Bohman-Korovkin theorem. Now, let us take into consideration the weight functions po(x) = 1 + x*> and
pa(x) =1+ x2* for x € R, and a > 0 together with the remark below.

Remark 3.2. It is true that for { € (0,1), lim [r]¢ = 0 or . Now, we consider the sequence ( d); for d; € (0,1)
I‘—)OO

1-q
with the property that st — lim ' = 1 and st — lim d} = 1. Based on these facts, we have lim[ r]q = co. This will

lead to check the convergence of the operators (9). Thus, we now obtain the theorem stated as:

Theorem 3.3. Suppose that the sequence (d;) satisfies Remark 3.2 above and S be a positive linear operator.
Then, we have:

Stg— li{n I (Spq(g) — g llp,= 0, Vg € Cpy(R4).

Proof. Based on Lemma 1.1(i) and Theorem 2.1, we have:

(S, e0)(x) — o)

I (Sr,tf(g) -8 ”po = sup

<R 1+ 2 !
=su -1
B x€£1+x2'
=0.

In other words,

Stq - li%'n (S r,cf(g) -8 ”po: 0.
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Again, based on Lemma 1.1 (ii) and Theorem 2.1, we have:

I(Spq,e1)(x) — e1(x)]

| (Sr,cf(g) -8 ”po = sup

2 7
<R 1+x
|x — x|
=sup —,
2
R 1+x
=0.

Using Lemma 1.1 and Theorem 2.1, we have:

|(Spq.02)(x) — e2(x)|

I (Sr,tf(g) -8 ”pg = sup

<R 1+ x2 !
) ( 1 ) )
x> +x— |1+ —x||—x
_ [r](fl q}
o § 1+22 ’
(1 — 1) X%+ xL
. Cfr [I‘]q‘n [Il]q‘1
I S —
<su ! X2 +x L
e g P TP T

<sup (x2| L +|Jc|L ,
x€R Cfr [I‘]q‘r [I"]qr

1 1
= (” e2 |lp, m‘ir Il e [l E],

B
B q; [T]ql. [T]ql. ‘
From Remark 3.2, we have st — lim (| = 1. Furthermore, we also obtain lim[r] ; = c0. Consequently
r—o0 r—o0
Stq —lim [| (Sp.q(8) — 8 llpy= 0-

By employing Lemma 1.1 and also selecting A = C;, known as the Cesdro matrix of order one, po(x) = 1+x2,
pa(x) =1+ x*** for x € R, and a > 0, the proof is immediate from Theorem 3.1. [

4. The Rate of Convergence

In this section, we present the rate of statistical convergence of the operators S; 4 (9) by means
of weighted modulus of smoothness and Lipschitz type maximal functions. The weighted modulus of
smoothness w,, correlated to the space B,,(IR+) of a function g is defined as:

lg(x + 1) — g(x)|
;0) = -, 0>0,a20. 11
Op(B0)= SUp A e a0 00 b

It satisfies the following three axioms.
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(@) wp,(g;p0) < (B+ 1w, (g;0)foro>0andf>0.
(b) wp,(g10) < 1wWy,(g;0) for 6 >0and 1 € N.
(c) gim wp,(g;0) = 0.

The following theorem gives an error estimate of an operator S; 4 for the unbounded function k by
means of weighted modulus of smoothness correlated to the space B,a(IR+).

Theorem 4.1. Suppose that { € (0,1) and a > 0. Then, for any g € Bpa(IRy), we have
1
(S1t 80— 0] < JSua20i0) (1 + 5 S1a@i) (&0,

2+a
where pya(y) =1+ (x + |y - x|) as well as ¢ (y) = |y - x| fory >0.
Proof. Suppose that 1 € IN and g € By (IR+). Using equality (11) and axiom (a) above, we can write that
1
5 — 8] < (14 G+ [y = )1+ 5y = o o (&50),
1
= a1+ 56:) Jop, (50).

Next, using the Cauchy inequality of the positive linear operators yields

) -1
(S )@ — @] < [rlg ) ¢ ol @) fR |g<y>—g<x>|\P([r1qqu —[Sh)dqyr
s=0

1
< (Sr,slff(/*‘x,a;x) + SSr,slff(.’*‘x,a(Px;x))a)pa (0),

1
< Susilihai D) (14 5 Sesal@h )0 6:0)

Now, we introduce the lemma given below, which may facilitate in proving the primary findings for
this research, since it is one of the facts which ensure that (S 4g)(x) € B,a(R+) .

Lemma 4.2. Suppose that 0 < d <1, then for i,1 € N and x € R, we obtain

1 2i—1

((Vr,cr e;)(x) < mx + F}C

(Viriq eic1)(x). (12)

Proof. Fors € N as well as 0 < < 1, we have the inequality given below:

1< [s+ 1]g < 2[5y (13)



M. Ayman-Mursaleen et al. / Filomat 38:9 (2024), 3261-3274

Now, let i € IN. Using Equation (4), we have:

o [s]
((Vr,q‘ei)(x) = ; Ugs x)ei (qSTli‘]q] s
sly )
= Z U?s(x)( =] E] ]

(o]

S
(o]
(o]
(&)

= Z vq‘S( [S]if 7
T,

S

[s]5"
:vails 1( q(s 1)(i— 1)[]11

S

[s + 1]
= SZ 3('1)?_'_1 S(X)W

=0
=0
=1
=0

(e8]

[s+ 1]
G 1(1 w0 Z i g

=1
Using Inequality (13), we have,
. 2[s]e™"
((Vr,cf ei)(x) = [ ]1 1(1 le r+1, s( )qs(z 1)[ ]l 17
AR [s];;"

) [1"]:;;1(1+x)r 1 — Vp1,5) W

S
Based on Equation (4), we have that:
o0 [S]i 1
q q
(Vinygei)(x) = ) v/ q(sl)(l—
Consequently,
i-1

1
(Vyqei)(x) < mx + F

xX(Vip1,qei-1)(x).

O

3269

Remark 4.3. Any positive and linear operator is monotone. Theorem 2.1 and Lemma 12 ensure that (S;qg)(x) €

Bpa(Ry) for any g € Bpa(Ry) and a € Ny, where Ng = {0} UIN.

We may state the major outcome of this section as follows:

Theorem 4.4. Let (d;); be the sequence satisfying Remark 3.2 above and a € INo. Then, for every g € B,a(R+), we

have

tim [| (S, 8)(x) = 8(x) llp, < 3Cawp, (8; &),

1

where C, > 0 is a constant and 6, = T
T I Cf[
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Proof. From Lemma 1.1, we have the following:

SR FRME I | e
rCf(qi)x,x) (x +x[r](fr (1+qrx)] x°,

T gy g

Consequently, we have the inequality:

3

2

2;x) < + —x. 14
Let a > 0 be a constant and g € B,,( R ). Using Theorem 4.1 as well as the inequality in (14) above, we get
the following:

|(Sq2)(0) — ()|

1 + x2+0(

IS0 1 [Suatozn
SN [VE T |00 ®0

lim [| (S,qg)(x) = () llp, =

S, (12 i x
r,q(yxz,a AP e ERS-E N
1+ x#*a o \l|d; [I"]ql. [T]qr
pra(g;é)r
Sultsw D1 1 L1y, 42 e
1+ 2 S\ dillg o Il
X wp,(g;0).

Furthermore,

2
1+ x2*a dq; Irlg

2 /
<” Sr tf(/‘lxarx) ”Da [1 + < q.r[ ]cf ]wpa(g; 6)

1
Let C, =|| Sr,(f(‘uia ; X) llsa and choose 6 = , [———, we have:

q} [r](fl

2 .
li§n Il (8¢, 8)(x) = g(x) llp, < Sralts ) (1 + g % ]wpz.(g; 0),

1i?1 I (Sr,(frg)(x) g(x) “pa< 3Cawpa(g/' Op)-

O

Remark 4.5. Since (d;); satisfies Remark 3.2, the sequence (6 ), is statistically null, that is st — lim w) (g; 6;) = 0.
I

Therefore, Theorem 4.4 above gives the statistical rate of convergence of S 14 (x) to g .
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5. Graphical analysis

Using computer software, we will demonstrate some numerical examples with illustrative graphics.

Example 5.1. Let g(x) = (x — %)(x - %), d = 0.95and n € {10, 30, 80}. The convergence of the operator towards the
function g(x) is shown in Figure 1.

30 T T T T T T T T T
For n=10
For n=30

25 For n=80

s fynction

_5 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 35 4 4.5 5
x (for q=0.95)

Figure 1: convergence of the operator towards the function g(x) = (x — é)(x - ‘9‘)

Example 5.2. Let g(x) = x> =1, ¢ = 1 and n € {10,30,60}. The convergence of the operator towards the function
g(x) is shown in Figure 2.
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7 T T
For n=10

6L For n=30
For n=60

o fynction

x (forg=1)

Figure 2: convergence of the operator towards the function g(x) = x? — 1

Example 5.3. Let f(x) = x? — 4x + 3. For n = 50 and different values of d, the convergence of the operator towards
the function f(x) is shown in Figure 3.
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40 T T T T T T T T T
For g=0.5
35 For g=0.85
For g=1
30 s fynction -

25

20

15

10

0 0.5 1 1.5 2 25 3 35 4 4.5 5
x (for n=50)

Figure 3: Convergence of the operator for different values of

6. Conclusion

With the facilitation of Bohman Korovkin-type theorem, the investigation on weighted statistical ap-
proximation behavior of wavelets Kantorovich d-Baskakov operators S, 4 is discussed under this study.
Moreover, the statistical rate of the operators S, 4 is provided in this research with regard to the weighted
modulus of smoothness correlated to the space B,,(IR+). The statistical approximation properties discussed
in this study are the same as those of classical d-Baskakov operators defined by (4) since they share the
same moments.
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