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Inequalities with parameters for twice-differentiable functions
involving Riemann–Liouville fractional integrals
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Abstract. In this paper, it is given an equality for twice-differentiable functions whose second derivatives
in absolute value are convex. By using this equality, it is established several left and right Hermite–
Hadamard type inequalities and Simpson type inequalities for the case of Riemann–Liouville fractional
integral. Namely, midpoint, trapezoid and also Simpson type inequalities are obtained for Riemann–
Liouville fractional integral by using special cases of main results.

1. Introduction

The theory of inequalities has an important place in nonlinear analysis. Over the last two decade, one
of the most famous inequalities for convex functions is Hermite–Hadamard inequality because of its rich
geometrical significance and applications (see Ref. [11] and p. 137 of Ref. [28]). Thus, remarkable number
of mathematicians have considered the Hermite–Hadamard-type inequalities and related these inequalities
such as trapezoid, midpoint, and Simpson type inequalities.

The Hermite–Hadamard-type inequalities are investigated firstly by C. Hermite and J. Hadamard for
convex functions. Let f : I → R be a convex function on the interval I of real numbers and a, b ∈ I with
a < b. Then, the following inequalities

f
(

a + b
2

)
≤

1
b − a

b∫
a

f (x)dx ≤
f (a) + f (b)

2
(1)

are valid for the case of all convex functions, is well-known in the literature as the Hermite–Hadamard
inequality. If f is concave, then both inequalities in (1) hold to the reverse direction.

In recent years, a great number of studies have been written about trapezoid and midpoint type
inequalities which give bounds for the right-hand side and left-hand side of the inequality (1), respectively.
Dragomir and Agarwal first obtained trapezoid inequalities for convex functions in [10] and Kirmacı
first established midpoint inequalities for convex functions in the paper [21]. In the paper [34], it was
generalized the inequalities (1) for fractional integrals and it was also presented some corresponding
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trapezoid type inequalities. In addition to this, some fractional midpoint type inequalities for the case of
convex functions were investigated in the paper [18]. On the other hand, Dragomir established the Hermite–
Hadamard inequalities for co–ordinated convex functions in the paper [12]. Moreover, the midpoint and
trapezoid type inequalities for co–ordinated convex functions were established in the papers [22] and [32],
respectively. Furthermore, Tunç et al. proved some fractional midpoint type inequalities for co–ordinated
convex functions in [40]. In [38], Sarikaya and Ertuğral first introduced new fractional integrals, are called
generalized fractional integrals. The authors also proved several midpoint and trapezoid type inequalities
for generalized fractional integrals. For results connected with these type of inequalities one can see Refs.
[6, 8, 9, 20, 25] and the references therein.

In the literature, considerable number of researchers have focused on twice differentiable functions to ob-
tain many important inequalities. For instance, Barani et al. established inequalities for twice-differentiable
convex functions, which are connected with the Hermite–Hadamard inequalities in [4, 5]. In the paper [26],
it was proved the Hermite-Hadamard type inequalities for functions whose second derivatives absolute
values are P−convex. Some new generalized fractional integral inequalities of midpoint and trapezoid
type for twice differentiable convex functions are obtained in [24]. Moreover, the authors established some
new inequalities of the Simpson and the Hermite–Hadamard-type for functions whose absolute values
of derivatives are convex in [30]. In addition, J. Park investigated new estimates on generalization of
Hadamard, Ostrowski and Simpson type inequalities for functions whose second derivatives in absolute
value at certain powers are convex and quasi–convex functions in [27]. In addition, it is proved some mid-
point and trapezoid type inequalities for functions whose second derivatives in absolute value are convex
in [7]. For more information about these type of inequalities involving twice-differentiable functions, we
refer to[2, 16, 31, 35, 41, 42].

We will present mathematical preliminaries of fractional calculus theory which are used further in the
following of this paper.

Definition 1.1. Let us consider f ∈ L1[a, b]. The Riemann–Liouville integrals Jαa+ f and Jαb− f of order α > 0 with
a ≥ 0 are described as

Jαa+ f (x) =
1
Γ(α)

∫ x

a
(x − t)α−1 f (t)dt, x > a

and

Jαb− f (x) =
1
Γ(α)

∫ b

x
(t − x)α−1 f (t)dt, x < b,

respectively. Here, Γ(α) is the Gamma function and its defined by

Γ(α) =
∫
∞

0
e−uuα−1du.

Let us note that J0
a+ f (x) = J0

b− f (x) = f (x).

Remark 1.2. For α = 1 in Definition 1.1, the fractional integral becomes to the classical integral.

The fractional integral inequalities and applications by using Riemann–Liouville fractional integral
have been investigated by many authors. For example, Sarıkaya and Yıldırım investigated the the
Hermite–Hadamard-type inequality for the Riemann–Liouville fractional integrals in [36]. In the paper
[29], some new integral inequalities of Hermite–Hadamard and Simpson type using s− (α,m)−convex
function by Riemann–Liouville fractional integrals in order to generalize Hermite–Hadamard-type in-
equalities. Furthermore, Tomar et al. proved for several new Hermite–Hadamard-type of inequalities
for Riemann–Liouville fractional integrals on twice-differentiable functions in [39]. The reader is referred
to [13, 14, 23, 33] and the references therein for more information and unexplained subjects about sev-
eral properties of Riemann–Liouville fractional integrals. While many mathematicians have studied the
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Hermite–Hadamard inequalities for Riemann–Liouville fractional integrals, some authors have also in-
vestigated the Hermite–Hadamard inequalities for other type of fractional integrals such as Hadamard
fractional integrals, Conformable fractional integrals, k–fractional integral, etc. There have been a great
number of research papers written on these subjects, (see, [1, 3, 19, 37]) and the references therein.

It is remarkable that Sarikaya et al. [34] first give the following interesting integral inequalities of the
Hermite–Hadamard-type involving Riemann–Liouville fractional integrals.

Theorem 1.3 (See [34]). Let f : [a, b] → R denote a positive function with 0 ≤ a < b and f ∈ L1 [a, b] . Let f be a
convex function on [a, b]. Then, the following inequalities for fractional integrals

f
(

a + b
2

)
≤
Γ(α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]
≤

f (a) + f (b)
2

(2)

are valid with α > 0.

Remark 1.4. If we choose α = 1, then inequality (2) reduces to inequality (1).

Iqbal et. al. [18] establish new upper bound for the left-hand side of (2) for convex functions is proposed
in the following theorem.

Theorem 1.5 (See [18]). Let us consider that f : [a, b] → R is differentiable function on (a, b) with a < b. If | f ′| is
convex on [a, b], then the following midpoint type inequality for Riemann–Liouville fractional integrals∣∣∣∣∣∣ f

(
a + b

2

)
−
Γ(α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣∣ ≤ b − a
2α+1(α + 1)

[∣∣∣ f ′ (a)
∣∣∣ + ∣∣∣ f ′ (b)

∣∣∣]
is valid with 0 < α ≤ 1.

Theorem 1.6 (See [34]). Let us note that f : [a, b] → R is differentiable function on (a, b) with a < b. If | f ′| is
convex on [a, b], then the following trapezoid type inequality for Riemann–Liouville fractional integrals holds:∣∣∣∣∣ f (a) + f (b)

2
−
Γ(α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣ ≤ b − a
2(α + 1)

(
1 −

1
2α

) [∣∣∣ f ′ (a)
∣∣∣ + ∣∣∣ f ′ (b)

∣∣∣] .
The main purpose of this paper is to establish left and right Hermite–Hadamard-type inequalities and

also Simpson type inequalities for Riemann–Liouville fractional integral. The entire structure of the study
takes the form of four sections including introduction. In Sect. 2, an identity for twice-differentiable
functions is investigated. By utilizing this equality, parameterized Hermite–Hadamard-types inequalities
and Simpson type inequalities for Riemann–Liouville fractional integral are proved. With the help of special
choices, midpoint, trapezoid and simpson type inequalities are given in subsections of Sect. 3, respectively.
Moreover, some remarks and corollaries are presented. Some conclusions and further directions of research
are discussed in Sect. 4.

2. Main results

Let’s start with the following lemma, which will form the basic structure of our article to obtain our
main results.

Lemma 2.1. Let us note that f : [a, b] → R is an absolutely continuous mapping (a, b) such that f ′′ ∈ L1 ([a, b]).
Then, the following equality holds:(

2α (α + 1) + β1 − λ1
)

2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)
(3)
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−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]

=
(b − a)2

2α+3 (α + 1)
[I2 + I3 − I1 − I4] ,

where

I1 =
1∫

0

(
(1 − t)α+1

− λ1t − λ2

)
f ′′

(
1+t

2 a + 1−t
2 b

)
dt,

I2 =
1∫

0

(
λ1t + λ2 − (1 − t)α+1

)
f ′′

(
1−t

2 a + 1+t
2 b

)
dt,

I3 =
1∫

0

(
β1t + β2 − (2 − t)α+1

)
f ′′

(
2−t

2 a + t
2 b

)
dt,

I4 =
1∫

0

(
(2 − t)α+1

− β1t − β2

)
f ′′

(
t
2 a + 2−t

2 b
)

dt

and λ1 + λ2 + β2 = 2α+1 with α > 0.

Proof. By using integration by parts, we obtain

(4)

I1 =

1∫
0

(
(1 − t)α+1

− λ1t − λ2

)
f ′′

(1 + t
2

a +
1 − t

2
b
)

dt

=
2 (λ1 + λ2)

b − a
f ′ (a) +

2 (1 − λ2)
b − a

f ′
(

a + b
2

)

−
2

(b − a)

1∫
0

(
λ1 + (α + 1) (1 − t)α

)
f ′

(1 + t
2

a +
1 − t

2
b
)

dt

=
2 (λ1 + λ2)

b − a
f ′ (a) +

2 (1 − λ2)
b − a

f ′
(

a + b
2

)
+

4λ1

(b − a)2 f (a)

−
4 (α + 1 + λ1)

(b − a)2 f
(

a + b
2

)
+

4α (α + 1)

(b − a)2

1∫
0

(1 − t)α−1 f
(1 + t

2
a +

1 − t
2

b
)

dt.

By using the equation (4) and with the help of the change of the variable x = 1+t
2 a + 1−t

2 b for t ∈ [0, 1] , it can
be rewritten as follows

(5)
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I1 =
2 (λ1 + λ2)

b − a
f ′ (a) +

2 (1 − λ2)
b − a

f ′
(

a + b
2

)
+

4λ1

(b − a)2 f (a)

−
4 (α + 1 + λ1)

(b − a)2 f
(

a + b
2

)
+

2α+2 (α + 1)Γ (α + 1)

(b − a)α+2

1
Γ (α)

a+b
2∫

a

(x − a)α−1 f (x) dx.

Similarly, we have

(6)

I2 =
2 (λ1 + λ2)

b − a
f ′ (b) +

2 (1 − λ2)
b − a

f ′
(

a + b
2

)
−

4λ1

(b − a)2 f (b)

+
4 (α + 1 + λ1)

(b − a)2 f
(

a + b
2

)
−

2α+2 (α + 1)Γ (α + 1)

(b − a)α+2

1
Γ (α)

b∫
a+b

2

(b − x)α−1 f (x) dx,

(7)

I3 =
2
(
β1 + β2 − 1

)
b − a

f ′
(

a + b
2

)
+

2
(
2α+1

− β2

)
b − a

f ′ (a) −
4
(
α + 1 + β1

)
(b − a)2 f

(
a + b

2

)

+
4
(
2α (α + 1) + β1

)
(b − a)2 f (a) −

2α+2 (α + 1)Γ (α + 1)

(b − a)α+2

1
Γ (α)

a+b
2∫

a

(b − x)α−1 f (x) dx,

and

(8)

I4 =
2
(
β1 + β2 − 1

)
b − a

f ′
(

a + b
2

)
+

2
(
2α+1

− β2

)
b − a

f ′ (b) +
4
(
α + 1 + β1

)
(b − a)2 f

(
a + b

2

)

−
4
(
2α (α + 1) + β1

)
(b − a)2 f (b) +

2α+2 (α + 1)Γ (α + 1)

(b − a)α+2

1
Γ (α)

b∫
a+b

2

(x − a)α−1 f (x) dx.

From equations (5) and (8), we get

I2 + I3 − I1 − I4 (9)

=
2
(
2α+1

− β2 − λ1 − λ2

)
b − a

(
f ′ (a) − f ′ (b)

)
+

4
(
2α (α + 1) + β1 − λ1

)
(b − a)2

(
f (a) + f (b)

)

+
8
(
λ1 − β1

)
(b − a)2 f

(
a + b

2

)
−

2α+2 (α + 1)Γ (α + 1)

(b − a)α+2

[
Jαa+ f (b) + Jαb− f (a)

]
.
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Choosing λ1 + λ2 + β2 = 2α+1 and multiplying the both sides of (9) by (b−a)2

(α+1)2α+3 , we obtain equation (3).
This completes the proof of Lemma 2.1.

Theorem 2.2. Let us consider that the assumptions of Lemma 2.1 hold. Let us also consider that the mapping
∣∣∣ f ′′∣∣∣

is convex on [a, b] with α > 0. Then, we have the following inequality∣∣∣∣∣∣
(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

[
Ω1 (α;λ1, λ2) +Ω2

(
α; β1, β2

)] [∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] .
Here, 

Ω1 (α;λ1, λ2) =
1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ dt,

Ω2
(
α; β1, β2

)
=

1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ dt.

(10)

Proof. By taking modulus in Lemma 2.1, we have∣∣∣∣∣∣
(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)
(11)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3


1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ ∣∣∣∣∣ f ′′ (1 + t
2

a +
1 − t

2
b
)∣∣∣∣∣ dt

+

1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ ∣∣∣∣∣ f ′′ (1 − t
2

a +
1 + t

2
b
)∣∣∣∣∣ dt

+

1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ ∣∣∣∣∣ f ′′ (2 − t
2

a +
t
2

b
)∣∣∣∣∣ dt

+

1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ ∣∣∣∣∣ f ′′ ( t
2

a +
2 − t

2
b
)∣∣∣∣∣ dt

 .
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By using convexity of
∣∣∣ f ′′∣∣∣, we obtain∣∣∣∣∣∣

(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3


1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ [1 + t
2

∣∣∣ f ′′ (a)
∣∣∣ + 1 − t

2

∣∣∣ f ′′ (b)
∣∣∣] dt

+

1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ [1 − t
2

∣∣∣ f ′′ (a)
∣∣∣ + 1 + t

2

∣∣∣ f ′′ (b)
∣∣∣] dt

+

1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ [2 − t
2

∣∣∣ f ′′ (a)
∣∣∣ + t

2

∣∣∣ f ′′ (b)
∣∣∣] dt

+

1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ [ t
2

∣∣∣ f ′′ (a)
∣∣∣ + 2 − t

2

∣∣∣ f ′′ (b)
∣∣∣] dt



=
(b − a)2

(α + 1) 2α+3


1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ dt +

1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ dt

 [∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] .
This ends the proof of Theorem 2.2.

Theorem 2.3. Assume that the assumptions of Lemma 2.1 is valid. Assume also that the function
∣∣∣ f ′′∣∣∣q, q > 1 is

convex on [a, b] with α > 0. Then, the following inequalities hold:∣∣∣∣∣∣
(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

(
φ1

(
α, p;λ1, λ2

)
+ φ2

(
α, p; β1, β2

))

×


3

∣∣∣ f ′′ (a)
∣∣∣q + ∣∣∣ f ′′ (b)

∣∣∣q
4


1
q

+


∣∣∣ f ′′ (a)

∣∣∣q + 3
∣∣∣ f ′′ (b)

∣∣∣q
4


1
q

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≤
(b − a)2

(α + 1) 2α+1+ 2
q

(
φ1

(
α, p;λ1, λ2

)
+ φ2

(
α, p; β1, β2

)) [∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] ,
where 1

p +
1
q = 1 and

φ1
(
α, p;λ1, λ2

)
=

 1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣p dt


1
p

,

φ2
(
α, p; β1, β2

)
=

 1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣p dt


1
p

.

Proof. By applying Hölder inequality in inequality (11), it follows∣∣∣∣∣∣
(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣

≤
(b − a)2

(α + 1) 2α+3


1∫

0

(∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣p dt
) 1

p


1∫

0

∣∣∣∣∣ f ′′ (1 + t
2

a +
1 − t

2
b
)∣∣∣∣∣q dt


1
q

+

1∫
0

(∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣p dt
) 1

p


1∫

0

∣∣∣∣∣ f ′′ (1 − t
2

a +
1 + t

2
b
)∣∣∣∣∣q dt


1
q

+


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣p dt


1
p


1∫
0

∣∣∣∣∣ f ′′ (2 − t
2

a +
t
2

b
)∣∣∣∣∣q dt


1
q

+


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣p dt


1
p


1∫
0

∣∣∣∣∣ f ′′ ( t
2

a +
2 − t

2
b
)∣∣∣∣∣q dt


1
q
 .

By using convexity of
∣∣∣ f ′′∣∣∣q, we obtain∣∣∣∣∣∣

(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣
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≤
(b − a)2

(α + 1) 2α+3




1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣p dt


1
p

×




1∫
0

[1 + t
2

∣∣∣ f ′′ (a)
∣∣∣q + 1 − t

2

∣∣∣ f ′′ (b)
∣∣∣q] dt


1
q

+


1∫

0

[1 − t
2

∣∣∣ f ′′ (a)
∣∣∣q + 1 + t

2

∣∣∣ f ′′ (b)
∣∣∣q] dt


1
q


+


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣p dt


1
p

×




1∫
0

[2 − t
2

∣∣∣ f ′′ (a)
∣∣∣q + t

2

∣∣∣ f ′′ (b)
∣∣∣q] dt


1
q

+


1∫

0

[ t
2

∣∣∣ f ′′ (a)
∣∣∣q + 2 − t

2

∣∣∣ f ′′ (b)
∣∣∣q] dt


1
q



=
(b − a)2

(α + 1) 2α+3




1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣p dt


1
p

+


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣p dt


1
p


×


3

∣∣∣ f ′′ (a)
∣∣∣q + ∣∣∣ f ′′ (b)

∣∣∣q
4


1
q

+


∣∣∣ f ′′ (a)

∣∣∣q + 3
∣∣∣ f ′′ (b)

∣∣∣q
4


1
q
 .

Let us consider a1 = 3
∣∣∣ f ′′ (a)

∣∣∣q , b1 =
∣∣∣ f ′′ (b)

∣∣∣q , a2 =
∣∣∣ f ′′ (a)

∣∣∣q and b2 = 3
∣∣∣ f ′′ (b)

∣∣∣q . Using the facts that,

n∑
k=1

(ak + bk)s
≤

n∑
k=1

as
k +

n∑
k=1

bs
k, 0 ≤ s < 1

and 1 + 3
1
q ≤ 4. The desired result can be obtained straightforwardly. This finishes the proof of Theorem

2.3.

Theorem 2.4. Suppose that the assumptions of Lemma 2.1 hold. Suppose also that the function
∣∣∣ f ′′∣∣∣q, q ≥ 1 is convex

on [a, b] with α > 0. Then, we have the following inequality∣∣∣∣∣∣
(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

[
(Ω1 (α;λ1, λ2))1− 1

q
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×

(Ω1 (α;λ1, λ2) +Ω3 (α, λ1, λ2)
2

∣∣∣ f ′′ (a)
∣∣∣q + Ω1 (α;λ1, λ2) −Ω3 (α, λ1, λ2)

2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

(
Ω1 (α;λ1, λ2) −Ω3 (α, λ1, λ2)

2

∣∣∣ f ′′ (a)
∣∣∣q + Ω1 (α;λ1, λ2) +Ω3 (α, λ1, λ2)

2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q


+
(
Ω2

(
α; β1, β2

))1− 1
q

(2Ω2
(
α; β1, β2

)
−Ω4

(
α; β1, β2

)
2

∣∣∣ f ′′ (a)
∣∣∣q + Ω4

(
α; β1, β2

)
2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

(
Ω4

(
α; β1, β2

)
2

∣∣∣ f ′′ (a)
∣∣∣q + 2Ω2

(
α; β1, β2

)
−Ω4

(
α; β1, β2

)
2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

 .

Here, Ω1 (α;λ1, λ2) and Ω2
(
α; β1, β2

)
are defined in (10) and

Ω3 (α, λ1, λ2) =
1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ t dt,

Ω4
(
α; β1, β2

)
=

1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ t dt.

(12)

Proof. By applying power-mean inequality in inequality (11), we have∣∣∣∣∣∣
(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣

≤
(b − a)2

(α + 1) 2α+3




1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ dt


1− 1

q

×


1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ ∣∣∣∣∣ f ′′ (1 + t
2

a +
1 − t

2
b
)∣∣∣∣∣q dt


1
q

+


1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ dt


1− 1

q

×


1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ ∣∣∣∣∣ f ′′ (1 − t
2

a +
1 + t

2
b
)∣∣∣∣∣q dt


1
q
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+


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ dt


1− 1

q

×


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ ∣∣∣∣∣ f ′′ (2 − t
2

a +
t
2

b
)∣∣∣∣∣q dt


1
q

+


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ dt


1− 1

q

×


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ ∣∣∣∣∣ f ′′ ( t
2

a +
2 − t

2
b
)∣∣∣∣∣q dt


1
q
 .

Since
∣∣∣ f ′′∣∣∣q is convex, we obtain∣∣∣∣∣∣
(
2α (α + 1) + β1 − λ1

)
2α (α + 1)

(
f (a) + f (b)

2

)
+

λ1 − β1

2α (α + 1)
f
(

a + b
2

)

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣

≤
(b − a)2

(α + 1) 2α+3




1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ dt


1− 1

q

×




1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ [1 + t
2

∣∣∣ f ′′ (a)
∣∣∣q + 1 − t

2

∣∣∣ f ′′ (b)
∣∣∣q] dt


1
q

+


1∫

0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ [1 − t
2

∣∣∣ f ′′ (a)
∣∣∣q + 1 + t

2

∣∣∣ f ′′ (b)
∣∣∣q] dt


1
q


+


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ dt


1− 1

q



F. Hezenci / Filomat 38:9 (2024), 3275–3294 3286

×




1∫
0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ [2 − t
2

∣∣∣ f ′′ (a)
∣∣∣q + t

2

∣∣∣ f ′′ (b)
∣∣∣q] dt


1
q

+


1∫

0

∣∣∣(2 − t)α+1
− β1t − β2

∣∣∣ [ t
2

∣∣∣ f ′′ (a)
∣∣∣q + 2 − t

2

∣∣∣ f ′′ (b)
∣∣∣q] dt


1
q



=
(b − a)2

(α + 1) 2α+3

[
(Ω1 (α;λ1, λ2))1− 1

q

×

(Ω1 (α;λ1, λ2) +Ω3 (α, λ1, λ2)
2

∣∣∣ f ′′ (a)
∣∣∣q + Ω1 (α;λ1, λ2) −Ω3 (α, λ1, λ2)

2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

(
Ω1 (α;λ1, λ2) −Ω3 (α, λ1, λ2)

2

∣∣∣ f ′′ (a)
∣∣∣q + Ω1 (α;λ1, λ2) +Ω3 (α, λ1, λ2)

2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q


+
(
Ω2

(
α; β1, β2

))1− 1
q

(2Ω2
(
α; β1, β2

)
−Ω4

(
α; β1, β2

)
2

∣∣∣ f ′′ (a)
∣∣∣q + Ω4

(
α; β1, β2

)
2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

(
Ω4

(
α; β1, β2

)
2

∣∣∣ f ′′ (a)
∣∣∣q + 2Ω2

(
α; β1, β2

)
−Ω4

(
α; β1, β2

)
2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

 .

Then, we obtain the desired result of Theorem 2.4.

3. Special cases

3.1. Special choices of main results to obtain fractional midpoint type inequalities

In this subsection, let us consider λ1 = λ2 = 0, β1 = − (α + 1) 2α and β2 = 2α+1. Then, main results will be
reduced midpoint type inequalities for the case of Riemann–Liouville fractional integral forms.

Remark 3.1. Assume that the assumptions of Theorem 2.2 hold. Then, the following midpoint type inequality for
Riemann–Liouville fractional integral holds:∣∣∣∣∣∣ f

(
a + b

2

)
−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣∣
≤

(b − a)2

2 (α + 1)

[ 1
α + 2

+
α − 3

8

] [∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] ,
which is proved by [17].
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Remark 3.2. Let us consider α = 1 in Remark 3.1. Then, the following midpoint type inequality holds:∣∣∣∣∣∣∣∣ f
(

a + b
2

)
−

1
(b − a)

b∫
a

f (t) dt

∣∣∣∣∣∣∣∣ ≤ (b − a)2

48

[∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] ,
which is given by [31, Theorem 5].

Corollary 3.3. Suppose that the assumptions of Theorem 2.3 hold. Then, the following inequality∣∣∣∣∣∣ f
(

a + b
2

)
−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

(
φ1

(
α, p; 0, 0

)
+ φ2

(
α, p;− (α + 1) 2α, 2α+1

))

×


3

∣∣∣ f ′′ (a)
∣∣∣q + ∣∣∣ f ′′ (b)

∣∣∣q
4


1
q

+


∣∣∣ f ′′ (a)

∣∣∣q + 3
∣∣∣ f ′′ (b)

∣∣∣q
4


1
q


≤
(b − a)2

(α + 1) 21+α+ 2
q

(
φ1

(
α, p; 0, 0

)
+ φ2

(
α, p;− (α + 1) 2α, 2α+1

)) [∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣]
is valid. Here, 1

p +
1
q = 1 and φ1

(
α, p; 0, 0

)
=

(
1

(α+1)p+1

) 1
p .

Remark 3.4. In Corollary 3.3, let us note that α = 1. Then, the following inequalities hold:∣∣∣∣∣∣∣∣ f
(

a + b
2

)
−

1
(b − a)

b∫
a

f (t) dt

∣∣∣∣∣∣∣∣ ≤ (b − a)2

16

(
1

2p + 1

) 1
p

×


3

∣∣∣ f ′′ (b)
∣∣∣q + ∣∣∣ f ′′ (a)

∣∣∣q
4


1
q

+

3
∣∣∣ f ′′ (a)

∣∣∣q + ∣∣∣ f ′′ (b)
∣∣∣q

4


1
q


≤
(b − a)2

16

(
4

2p + 1

) 1
p [∣∣∣ f ′′ (a)

∣∣∣ + ∣∣∣ f ′′ (b)
∣∣∣] ,

which are established in the paper [7, Corollary 4.8].

Corollary 3.5. If the assumptions of Theorem 2.4 hold, then the following inequality∣∣∣∣∣∣ f
(

a + b
2

)
−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

 1
α + 2


 (α + 4)

∣∣∣ f ′′ (a)
∣∣∣q + (α + 2)

∣∣∣ f ′′ (b)
∣∣∣q

2 (α + 3)


1
q
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+

 (α + 2)
∣∣∣ f ′′ (a)

∣∣∣q + (α + 4)
∣∣∣ f ′′ (b)

∣∣∣q
2 (α + 3)


1
q
 +

(
2α+2

− 1
α + 2

+ 2α−1 (α − 3)
)1− 1

q

×

(( 2α+3
− 1

2 (α + 3)
+ 2α−1

(2α − 7
3

)) ∣∣∣ f ′′ (a)
∣∣∣q + (

2α+3
− (α + 4)

2 (α + 2) (α + 3)
+

2α−1 (α − 2)
3

) ∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

((
2α+3

− (α + 4)
2 (α + 2) (α + 3)

+
2α−1 (α − 2)

3

) ∣∣∣ f ′′ (a)
∣∣∣q + (

2α+3
− 1

2 (α + 3)
+ 2α−1

(2α − 7
3

)) ∣∣∣ f ′′ (b)
∣∣∣q) 1

q



is valid.

Proof. Let us consider the following notations

Ω1 (α; 0, 0) =
1∫

0

∣∣∣(1 − t)α+1
∣∣∣ dt = 1

α+2 ,

Ω2

(
α;− (α + 1) 2α, 2α+1

)
=

1∫
0

∣∣∣(2 − t)α+1 + (α + 1) 2αt − 2α+1
∣∣∣ dt = 2α+2

−1
α+2 + 2α−1 (α − 3) ,

Ω3 (α; 0, 0) =
1∫

0

∣∣∣(1 − t)α+1
∣∣∣ t dt = 1

(α+2)(α+3) ,

Ω4

(
α;− (α + 1) 2α, 2α+1

)
=

1∫
0

∣∣∣(2 − t)α+1 + (α + 1) 2αt − 2α+1
∣∣∣ t dt = 2α+3

−(α+4)
(α+2)(α+3) +

2α(α−2)
3 .

(13)

If we substitute equalities (13) in Theorem 2.4, then the desired result of Corollary 3.5 is obtained.

Remark 3.6. If we choose α = 1 in Corollary 3.5, then the following midpoint type inequality holds:∣∣∣∣∣∣∣∣ f
(

a + b
2

)
−

1
(b − a)

b∫
a

f (t) dt

∣∣∣∣∣∣∣∣
≤

(b − a)2

48


3

∣∣∣ f ′′ (b)
∣∣∣q + 5

∣∣∣ f ′′ (a)
∣∣∣q

8


1
q

+

3
∣∣∣ f ′′ (a)

∣∣∣q + 5
∣∣∣ f ′′ (b)

∣∣∣q
8


1
q
 ,

which is presented in [30, Proposition 5].

3.2. Special cases of main results to obtain fractional trapezoid type inequalities
In this subsection, let us consider λ1 = β1 = −2α, λ2 = 2α and β2 = 2α+1. Then, main results will be

reduced trapezoid type inequalities for Riemann–Liouville fractional integral forms.

Corollary 3.7. Suppose that the assumptions of Theorem 2.2 hold. Then, the following trapezoid type inequality for
Riemann–Liouville fractional integral holds:∣∣∣∣∣ f (a) + f (b)

2
−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣



F. Hezenci / Filomat 38:9 (2024), 3275–3294 3289

≤
(b − a)2 α

4 (α + 1) (α + 2)

[∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] .
Remark 3.8. Let us now note that for α = 1 in Corollary 3.7, then the following trapezoid type inequality holds:∣∣∣∣∣∣∣∣ f (a) + f (b)

2
−

1
(b − a)

b∫
a

f (t) dt

∣∣∣∣∣∣∣∣ ≤ (b − a)2

24

[∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] ,
which is given in [30, Proposition 2].

Corollary 3.9. Assume that the assumptions of Theorem 2.3 hold. Then, the following trapezoid type inequality∣∣∣∣∣ f (a) + f (b)
2

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

(
φ1

(
α, p;−2α, 2α

)
+ φ2

(
α, p;−2α, 2α+1

))

×


3

∣∣∣ f ′′ (a)
∣∣∣q + ∣∣∣ f ′′ (b)

∣∣∣q
4


1
q

+


∣∣∣ f ′′ (a)

∣∣∣q + 3
∣∣∣ f ′′ (b)

∣∣∣q
4


1
q


≤
(b − a)2

(α + 1) 2α+1+ 2
q

(
φ1

(
α, p;−2α, 2α

)
+ φ2

(
α, p;−2α, 2α+1

)) [∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣]
is valid. Here, 1

p +
1
q = 1.

Corollary 3.10. If the assumptions of Theorem 2.4 hold, then the following inequality holds:∣∣∣∣∣ f (a) + f (b)
2

−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

(2α−1
−

1
α + 2

)1− 1
q

×

((2α

3
−

α + 4
2 (α + 2) (α + 3)

) ∣∣∣ f ′′ (a)
∣∣∣q + (

2α−1

3
−

1
2 (α + 3)

) ∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

((
2α−1

3
−

1
2 (α + 3)

) ∣∣∣ f ′′ (a)
∣∣∣q + (

2α

3
−

α + 4
2 (α + 2) (α + 3)

) ∣∣∣ f ′′ (b)
∣∣∣q) 1

q


+

(
1 − 2α+2

α + 2
+ 3 · 2α−1

)1− 1
q



F. Hezenci / Filomat 38:9 (2024), 3275–3294 3290

×

((72α−1

3
+

1 − 2α+3

2 (α + 3)

) ∣∣∣ f ′′ (a)
∣∣∣q + (

2α

3
+

α + 4 − 2α+3

2 (α + 2) (α + 3)

) ∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

((
2α

3
+

α + 4 − 2α+3

2 (α + 2) (α + 3)

) ∣∣∣ f ′′ (a)
∣∣∣q + (

7
2α−1

3
+

1 − 2α+3

2 (α + 3)

) ∣∣∣ f ′′ (b)
∣∣∣q) 1

q

 .

Proof. Consider the following notations

Ω1 (α;−2α, 2α) =
1∫

0

∣∣∣(1 − t)α+1
− 2α (1 − t)

∣∣∣ dt = 2α−1
−

1
α+2 ,

Ω2

(
α;−2α, 2α+1

)
=

1∫
0

∣∣∣(2 − t)α+1
− 2α (2 − t)

∣∣∣ dt = 1−2α+2

α+2 + 3 · 2α−1,

Ω3 (α;−2α, 2α) =
1∫

0

∣∣∣(1 − t)α+1
− 2α (1 − t)

∣∣∣ t dt = 2α−1

3 −
1

(α+2)(α+3) ,

Ω4

(
α;−2α, 2α+1

)
=

1∫
0

∣∣∣(2 − t)α+1
− 2α (2 − t)

∣∣∣ t dt = 2α+1

3 +
α+4−2α+3

(α+2)(α+3) .

(14)

If we substitute equalities (14) in Theorem 2.4, then the desired result of Corollary 3.10 is obtained.

Remark 3.11. Let us now note that for α = 1 in Corollary 3.10, the following trapezoid type inequality holds:∣∣∣∣∣∣∣∣ f (a) + f (b)
2

−
1

(b − a)

b∫
a

f (t) dt

∣∣∣∣∣∣∣∣
≤

(b − a)2

24


11

∣∣∣ f ′′ (a)
∣∣∣q + 5

∣∣∣ f ′′ (b)
∣∣∣q

16


1
q

+

5
∣∣∣ f ′′ (a)

∣∣∣q + 11
∣∣∣ f ′′ (b)

∣∣∣q
16


1
q
 ,

which is established by [30, Proposition 6].

3.3. Special choices of main results to obtain fractional Simpson type inequalities

In this subsection, let us consider λ1 = −
2α−1(α+1)

3 , λ2 =
2α−1(α+1)

3 , β1 = −
5(α+1)2α−1

3 and β2 = 2α+1. Then,
main results will be reduced Simpson type inequalities for the case of Riemann–Liouville fractional integral
forms.

Remark 3.12. Assume that the assumptions of Theorem 2.2 hold. Then, the following midpoint type inequality for
Riemann–Liouville fractional integral holds:∣∣∣∣∣∣16

[
f (a) + 4 f

(
a + b

2

)
+ f (b)

]
−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

[
Ω1

(
α;−

2α−1 (α + 1)
3

,
2α−1 (α + 1)

3

)
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+Ω2

(
α;−

2α−1 (α + 1)
3

,
2α−1 (α + 1)

3

)] [∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] ,
which is proved by [15]. Here,

Ω1

(
α;− 2α−1(α+1)

3 , 2α−1(α+1)
3

)
=

1∫
0

∣∣∣(1 − t)α+1
− λ1t − λ2

∣∣∣ dt

= 1
α+2

(
1 + α

(
2α−1(α+1)

3

)1+ 2
α

)
−

2α−1(α+1)
6 ,

Ω2

(
α;− 2α−1(α+1)

3 , 2α−1(α+1)
3

)
=

1∫
0

∣∣∣∣(2 − t)α+1 + 5(α+1)2α−1

3 t − 2α+1
∣∣∣∣ dt.

Remark 3.13. Let us consider α = 1 in Remark 3.1. Then, the following Simpson type inequality holds:∣∣∣∣∣∣∣∣16
[

f (a) + 4 f
(

a + b
2

)
+ f (b)

]
−

1
(b − a)

b∫
a

f (t) dt

∣∣∣∣∣∣∣∣ ≤ (b − a)2

162

[∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] ,
which is given in [30, Proposition 3].

Remark 3.14. Suppose that the assumptions of Theorem 2.3 hold. Then, the following inequality∣∣∣∣∣∣16
[

f (a) + 4 f
(

a + b
2

)
+ f (b)

]
−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣∣
≤

(b − a)2

(α + 1) 2α+3

(
φ1

(
α, p;−

2α−1 (α + 1)
3

,
2α−1 (α + 1)

3

)

+φ2

(
α, p;−

5 (α + 1) 2α−1

3
, 2α+1

))

×


3

∣∣∣ f ′′ (a)
∣∣∣q + ∣∣∣ f ′′ (b)

∣∣∣q
4


1
q

+


∣∣∣ f ′′ (a)

∣∣∣q + 3
∣∣∣ f ′′ (b)

∣∣∣q
4


1
q


≤
(b − a)2

(α + 1) 21+α+ 2
q

(
φ1

(
α, p;−

2α−1 (α + 1)
3

,
2α−1 (α + 1)

3

)

+φ2

(
α, p;−

5 (α + 1) 2α−1

3
, 2α+1

)) [∣∣∣ f ′′ (a)
∣∣∣ + ∣∣∣ f ′′ (b)

∣∣∣] ,
which are established by [15, Theorem 3].

Corollary 3.15. If the assumptions of Theorem 2.4 hold, then the following inequality∣∣∣∣∣∣16
[

f (a) + 4 f
(

a + b
2

)
+ f (b)

]
−
Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb− f (a)

]∣∣∣∣∣∣
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≤
(b − a)2

(α + 1) 2α+3

[(
ψ1 (α)

)1− 1
q

×

(ψ1 (α) + ψ3 (α)
2

∣∣∣ f ′′ (a)
∣∣∣q + ψ1 (α) − ψ3 (α)

2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

(
ψ1 (α) − x3 (α)

2

∣∣∣ f ′′ (a)
∣∣∣q + ψ1 (α) + ψ3 (α)

2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q


+
(
ψ2 (α)

)1− 1
q

(2ψ2 (α) − ψ4 (α)
2

∣∣∣ f ′′ (a)
∣∣∣q + ψ4 (α)

2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

+

(
ψ4 (α)

2

∣∣∣ f ′′ (a)
∣∣∣q + 2ψ2 (α) − ψ4 (α)

2

∣∣∣ f ′′ (b)
∣∣∣q) 1

q

 ,

is valid. Here, ψ1 (α) = Ω1

(
α;− 2α−1(α+1)

3 , 2α−1(α+1)
3

)
and ψ2 (α) = Ω2

(
α;− 5(α+1)2α−1

3 , 2α+1
)

are defined in (10) and

ψ3 (α) = Ω3

(
α;− 2α−1(α+1)

3 , 2α−1(α+1)
3

)
and ψ4 (α) = Ω4

(
α;− 5(α+1)2α−1

3 , 2α+1
)

are given in (12).

Remark 3.16. If we choose α = 1 in Corollary 3.15, then the following midpoint type inequality holds:∣∣∣∣∣∣∣∣16
[

f (a) + 4 f
(

a + b
2

)
+ f (b)

]
−

1
b − a

b∫
a

f (t) dt

∣∣∣∣∣∣∣∣
≤

(b − a)2

162


59

∣∣∣ f ′′ (a)
∣∣∣q + 133

∣∣∣ f ′′ (b)
∣∣∣q

3 × 26


1
q

+

133
∣∣∣ f ′′ (a)

∣∣∣q + 59
∣∣∣ f ′′ (b)

∣∣∣q
3 × 26


1
q
 ,

which is given in [30, Proposition 7].

4. Conclusion

In this paper, an identity is presented for the case of twice-differentiable functions whose second
derivatives are convex. With the help of this equality, it is given midpoint, trapezoid and simpson type
inequalities for Riemann–Liouville fractional integral. Furthermore, it is provided the our results by using
special cases of obtained theorems.

In future studies of the mathematicians, improvement or generalization of our results can be investigated
by using different kind of convex function classes or other type fractional integral operators. Moreover,
the field of mathematical inequalities remains ripe for exploration and innovation. Future researchers may
continue to explore new inequalities with diverse fractional types, building upon the foundation we have
laid with these type of inequalities.
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