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Harnack inequality for porous medium equations with a blow-up term
along the Finsler-geometric flow

Shahroud Azami?

*Department of Pure Mathematics, Faculty of Science, Imam Khomeini International University, Qazvin, Iran

Abstract. We prove global gradient estimates for positive bounded solutions of porous medium equations
with a blow-up term

o = AP + cuf

on a compact n-dimensional Finsler manifold (M", F(t), m) evolving under the Finsler-geometric flow. Then,
we obtain Harnack-type inequalities.

1. Introduction

Gradient estimates for solutions to the equations are very important tools in geometric analysis [27, 28].
Li and Yau [28] proved the classical parabolic type gradient estimate for the heat equation by use of
the maximal principle, then they derived Harnack inequalities. Recently, Li-Yau type gradient estimates
of nonlinear PDEs on manifolds have been extensively investigated. These methods are also used to
geometric flows; for example, Hamilton [22] used them for the Riemannian-Ricci flow. Aronson and
Bénilan [1] considered positive solutions to the porous medium equation (PME)

v = AP

on R" with p > (1 — 2), and obtained some inequalities for them. These inequalities are called Aronson-
Bénilan inequalities. Later, Vazquez [36] and Lu et al. [30] derived Aronson-Bénilan and Li-Yau type
estimates for positive solutions to PME on complete manifolds with a fixed metric and some conditions on
Ricci curvature. Huang et al. [23] generalized the results of [30] and obtained the Li-Xu type gradient and
Li-Yau-Hamilton type estimates for positive solutions of PMEs on Riemannian manifolds.

In 2011, Mizoguchi et al. [32] studied the equation
uy = AuP +uf

with p,g > 1 on R" X (0, o) and in 2014, Duan et al. [19] investigated the solutions of

ur = AuP + f(u)
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with p > 1 and smooth function f on R” X (0, o). Also, Y. Z. Wang and X. Wang [37] obtained the gradient
estimates for equations

vp = A" + bo”
on compact Riemannian manifolds with nonnegative Ricci curvature wherea > 0, p > 1, b and c are con-
stants.

In recent years, many authors have used similar methods to find gradient estimates and Harnack in-
equalities for solutions of parabolic equations along the geometric flows, see for instance [2, 8, 13, 16, 20,
21,24, 26, 29, 41] and the references therein. B. Ma and J. Li [31] proved Li-Yau type gradient estimates for
PME along the Ricci flow. Cao and Zhu [17] and Wang et al. [38] derived Aronson-Bénilan estimates for
solution to PME along the Ricci flow.

On the other hand on Finsler manifolds, Ohta and Sturm [34] proved a Li-Yau gradient estimate on
compact Finsler manifolds. Then, Lakzian [25] obtained differential Harnack estimates for positive global
solutions to dyv = A,v along Finsler-Ricci flow and later Zeng and He [40] generalized Lakzian’s results.
Zeng [39] extended their results with considered Finsler-geometric flow. Then, Cheng [18] proved gradient
estimates for positive solutions of d,v = A, v along Finsler-Ricci flow regardless of the condition on S-
curvature. Author [3] obtained gradient estimates for positive solutions of the parabolic equation

owu(x, t) = Aju(x, t) — A(x, Hu(x, ) — Bu(x, t))

under Finsler-geometric flow where A is a function on M X [0, T] of C? in x-variables and C! in t-variable
and B(u) is a function of C? in u. Also, author in [4-7] studied gradient estimates for positive solutions to
some equations under Finsler-geometric flow.

Let (M",F(t),m), t € [0, T], be a compact Finsler manifold and its metric evolves by the Finsler-geometric
flow

%g(x, t) = 2h(x,t), (x,t) e M X [0,T] (1)

where g(t) is the symmetric metric tensor associated with F, h(t) is a general time-dependent symmetric
(0,2)-tensor, and T is taken to be the maximum time of existence for the flow (1). When h;j(t) = —Ric;j,
then the flow (1) is called the Finsler-Ricci flow [9, 11, 14]. Also, if h;j(t) = —%Hgi]- then flow (1) is called
the Finsler-Yamabe flow [10, 15] where H = g"/Ric;; is the scalar curvature. Also, let A, be the Finslerian-
Laplacian.

In the present paper, we prove various gradient estimates for positive solutions of PME with a blow-up
term

div = A, 0P + ¢, )

along the flow (1), where p, g, c are constants such thatp > 1,4 > 1, and ¢ > 0. A function v on M X [0, T] is
said to be a global solution to (2) if

o(x, t) € L*([0, T], H' (M) ﬂ H'([0, T], H(M))

and it satisfies

f Pdrvdm = —pf " DP(Vo)dm + cf ovldm, 3)
M M M

for any ¢ € C*(M) and for all t € [0, T]. Let v be a solution to (2) and u = p%lvp‘l. By direct computation,
we have

ot = (p — VuAyu + FA(Vu) + au’?, 4)
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1 prg=2 g1 . . cpe . .
where b = ZTl and a = c(p — 1) ¥* p 7. Since we assume v is positive on compact Finsler manifold M,

we can set D; < v(x,t) < D, for some positive constants D1, D;. Then %Dﬁ'_l < u(x,t) < %Dg_l. For

simplicity, let
b-i b-i
N p p—1 p p—1
o mm{(P— i ) ’(P— i ) }

b—i b—i
- p -1 p -1
Di :1’1’18_X{(;7T1[)'z17 ) ,(pTng ) }

In this paper, we follow the works done on Finsler manifolds [7, 39] and obtain some gradients estimates
for positive solutions of PME with a blow-up term under the Finsler-geometric flow. We now obtain the
global space-time gradient estimates for PMEs with a blow-up term (4) along the Finsler-geometric flow

).

Theorem 1.1. Let (M", F(t)) be a complete solution to (1) in some time interval [0, T]. Assume that there exist some
positive constants ki, ky, ks and ky such that R > —kig, —kog < V) < kag, |Vb| < k4 for all t € [0, T], and S-curvature
vanishes. Suppose that v is any smooth positive global solution (2) such that D1 < v < D, for some positive constants
D1, D,. Assume that p > 1 and u = p%lvp’l. Foranya >1,¢2>0,9>10on MX|[0,T], and arbitrary constant

€ € (0,1) the following estimate holds

and

fori=0,1,2,3.

F2(Vu)  du b n(p — 1)a? 1
20 _ o < Ki+ Ko+ =
u a Tam s n(p—1)+2(1—6){ 1t 2+t}' ©
where
1 _ _ 1 _ _ _ _
K, = m(k3(a 1)+ gDQ e+ pD} k1 + 5abla — 1)Do +abDs) + aDy + abD,
and

1
np-1+2(1-¢) ) 1o NG
K, = k5, k3) + 2k .
5 { - (max{ 5 kst + 4)
As an application of global gradient estimates obtained in Theorem 1.1, we have:

Corollary 1.2. With the assumptions of Theorem 1.1, for (x1,t1) € M" X (0, T) and (x3, t2) € M" X (0, T) such that
t1 < tp, the have

n(p-1)a 1 _ F ), 2
u(xy, t1) < u(x, tZ)(%)g,,(A’inlfa exp { f 4(;? 1)D§ il t(zyisr)fi] ds
0

n(p — Da(ty —t1)
np—-1)+2(1-¢)

{Kl + KQ} + O(Clbo(tz - tl)} .

where y is a smooth curve connecting points x1 and x, in M with y(1) = x1 and y(0) = x2, and F(y(s)))l«) is the
length of the vector y(t) at time t(s) = (1 — s)t, + sty.

Remark 1.3. If in Theorem 1.1 and Corollary 1.2, we let the metric be Riemannian and the geometric flow be Ricci
flow then the results of [31] are obtained for ¢ = 0.
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Remark 1.4. We use Zeng’s method in [39] to prove our results. Zeng has used the auxiliary function G =
FX(Vf) — ad:f to obtain the gradient estimates of the positive global solution v = ef of the heat equation dyv = A,v.
In the sense of distribution, he computed Azf G — 0:G + 2DG(V f) and by used it obtained gradient estimates of the
positive global solutions to the heat equation. In this paper, we use the auxiliary function P = B0 _ g2ty b
to obtain the gradient estimates of the positive global solution of (2). In the sense of distribution, we calculate
(p — DuAYIP — 0P + 2pDP(Vu) and by use it we drive gradient estimates of the positive global solutions to (2). The
calculations and results of this paper are new and completly different from [39].

2. Preliminaries

We will briefly review the basic concepts of Finsler geometry that are required for the paper (see [12, 35]).
Suppose that M is an n-dimensional connected, smooth manifold and 7 : TM — M is the natural projection.
Let U C M be an open set, we denote the local coordinates on U and the fiber-wise linear coordinates on
TUby ('), and (x', y/)]_,, respectively, where y = Y.}, y/ LheTl xel.

A function F : TM — [0, 0) is called a Finsler structure on M whenever it satisfies the following
properties:

(i) Regularity: F € C*(TM \ {0});

(ii) Positive homogeneity: F(x, 8y) = OF(x, y) for any (x,y) € TM and 0 > 0;

(iii) Strong convexity: for any (x, y) € TM \ {0}, gij(vy) := %#{;WPZ (x, y) is positive definite.

The pair (M, F) is said to be a Finsler manifold. A Finsler measure space is a triple (M", F, m) such that M is
a smooth, connected manifold, F is a Finsler structure on M, and m is a measure on M. Let V be a non-zero
vector field, then a Riemannian structure gy defined by

(X Y) =) gi(VXY, X,YeTM

ij=1
and a linear connection defined by
d d
V. =Tk —
Da% oxJ T oxk’

where
szl il %.}.%_%
72 oxi - Sxk Ox
are the Chern connection coefficients. Here

o J j J j 9GI j 1 il 12 k 2
- = — — N — | = - == F —[F
50 o i dyl’ N; dy'’ =y {[ by — 1 ]xl}’
5 9
oxi’ Jyi

oy =dy' + N;dxj . The torsion freeness of Chern connection implies that

} is a frame for TTM. Let {dx/, (Syi } denotes the local frame dual to {%, %}, where

and the pair { m

D{Y-DyX =[X,Y],
and almost g-compatibility of Chern connection yields
Xgv(Y,Z) = gv(DxY, Z) + gv(Y, DxZ) + 2Cy(DxV, Y, Z),

for Ve T\M\{0}, X, Y, Z € T,M where Cy denotes the Cartan tensor. The covariant derivative of any smooth
local section S = S ® -2 of 'TM ® ' T*M is given by

ij Oy°

(VS)i = s"lfs' dx’ + 5=,
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where Slli and Sl]s are the horizontal and vertical covariant derivatives, respectively and are defined by

- kiJ kjyi
S = o + ST + ST,
and )
; ij
5 = F(?S ,
P &ys
respectively.

The Legendre transform L : TM — T*"M is given by

gv(V,.) VeT:M\{0},

Vv
L) = { V=0.
Forany V € TM, F(V) = F*(L(V)), where F* is the dual norm of F on T*M, and presented by

F(x,&) = sup &(V)

Fx,V)<1

for any & € T*M. Gradient vector of a smooth function # : M — R, is defined by

el
Vu(x) := L7 (du(x)) = {9 (x, Vi gt & du(x) #0,
du(x) =

Let M, := {x € M|du(x) # 0}. For x € M,,, we define the Hessian of u as follows
V2u(X,Y) = gvu(Dy*Vu, X).

The divergence of V = V'2 € TM with respect to measure dm = ¢®dx'dx...dx" is given by

8V1
div, V7 = Z ( oxt 8x1)

Then, given a function u € W'?(M) the Finsler-Laplacian of u is given by A,u := div,,(Vu), where W2(M)
denotes the completion of C*(M). For any vector field V, the weighted Laplacian on the weighted Rieman-
nian manifold (M, gy, m) is defined by AV u := div,,(VVu) where

li(x, V)2 2 du(x) # 0,
VV = g oxJ Ixi
u(x) {O du(x) =0

We note that AV u = A,,u.
For any two linearly independent vectors X, Y € T,M \ {0}, the flag curvature is given by

gv(RV(X, Y)Y, X)

KY(X,Y) = ,
&) gv(X, X)gv(Y,Y) — gv(X, Y)?
where
RY(X,Y)Z := DyDyZ — DYDYZ - D} \/Z.

Letey, ..., e4-1, % be an orthonormal basis of T,M with respect to gy, the Ricci curvature is determined

by L
Ric(V) = Z KY(V,e).

i=1
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For a vector field V € T,M \ {0}, (V) :=In 'dit(g;] il is called the distortion of (M, F, m), where or(x) is the
volume ratio

Vol(Br:(1))
Vol (@) € RYF(Z i) < 1)’

or(x) =
and
G
S(y) := (x Y-y ;(IHOF(X))

is said to be a S-curvature. From [33] we have:

Definition 2.1. Suppose that (M, F, m) is a Finsler measure space, for any V € T,M\ {0}, let y : (—€,€) — M be the
geodesic such that y(0) = x, y(0) = V. Define

S(V) = F2(V) 5/, 7 Oleo

where S(V) is the S-curvature. Then weighted Ricci curvature of (M, F,m) is defined by

Ric(V) + (V) S(V) =
RioV) = {_g 30 S=0
Ricn(V) —ch(V)+S(V)+% VN € (1, ),

Ricoo(V) = Ric(V) + $(V).

Also Akbarzadeh’s Ricci tensor Ric;; is given by

2% (F?Ri
Ricij ( zc)

&y@yl 2

The second order contravariant tensor of Akbarzadeh'’s Ricci tensor is determined by R := R’/ % ® % where

Ric'l = g*gi'Ricy. Similarly we denote the second order contravariant tensor of i by Iy := kil % ® % where
Wi = _l]ik}]ﬂhkl-

3. Proof of our results

In this section, we prove our main results. We use the Bochner-Weitzenbock formula, proved by
Ohta-Sturm [34] to prove Theorem 1.1 and it is as follows.

Theorem 3.1. [34][Bochner-Weitzenbick formula] Suppose that (M", F, m) is a Finsler manifold with volume form
dm. Then for any v € C*(M), we get

1 .
EAZf(FZ(w)) = D(An0)(V0) + Ricoo(V0) + [Vl g v (6)
point-wise on M,,. Also, for a given v € WIZO’CZ(M) N CHM) with Ao € Wllo’f(M), we have
—% f Dy (VV*(FX(V0))) dm = f P(D(AnD)(V0) + Rice(V0) + V20l g g0y ), )
M M

for all nonnegative functions € W(M) N L® (M), where [V?v[2
gvo-

sV is the Hilbert-Schmidt norm with respect to



S. Azami / Filomat 39:1 (2025), 155-171 161

We also require the following lemma from [39] for establish our results.

Lemma 3.2. Suppose that h(t) is a symmetric (0, 2)-tensor field on (M", F(t), m). Thus, we have
(Vo)) = Wlo; + I} ](Vzv) 8)

where h‘ll] and hl]k are the horizontal and vertical covariant derivatives of h'l, respectively.
From [39], we have:
Lemma 3.3. Suppose that (M", F(t)) is a complete solution to (1). Then, we have
9(FA (Vo)) = =21 (Vo)v;v; + 2D(940) (Vo). 9)
To prove Theorem 1.1, we state and prove the following lemma.

Lemma 3.4. Suppose that the function u satisfies in (4), « > 1 is a constant, and

P(x, t) =

F2(Vu) &t b
" (x,t)—«a ” —(x,t) + aau’.

In the sense of distribution and under flow (1), we have

0P = 2(“u Y i iy 1) = 2(p = Dk (Vs - 2(p - Dah!lu;

—2(p - 1)ah’f (Vzu)k+2(p DRic(Vit) +2(p = DIVZuliig, g, (10)

+((p = 1)Apu)* + (a — 1)(7 —au®)? + a(p — 1)abu’ Ayu

+a(p - 1)ab?u’'F2(Vu) + alp + Dabu? " F2(Vo) + 2au? " F2(Vu)
—2abu"2F2(Vu) — aubP,

where OP = (p — 1)uA'P — 9P + 2pDP(Vu).
Proof. Firstly, we assume that 7(x,t) = %(x, t) — au®(x, t) and we compute
(p — DYuAV'T — 0,1 + 2pDI(Vu).

The function Z(x,t) € H'(M) is Holder continuous in both space and time. For every non-negative test
function ¢ € Hj(M X [0, T]) such that its support is included in the domain of the local coordinate, we get

3 gl 5 B
9 (D(@)(Vu)) (g (Vu)piuj + aiyk(atuk)ﬁpz’”j + g1 (Vu) (@i p))iuj + " (V) pi(dpu).
Using equation d;g" = —2h'/ and Cy(V, X, Y) = 0, we deduce
9 (D(@)(Vu))

Multiplying (p — 1)uAZIf I — 041 +2pDI(Vu) by ¢ and integrating, we infer

—2h1(Vu)(@)iv; + D@u(®))(Vat) + D(¢) (VV" () . (11)

T
f f ¢ ((p —DuAV'T — o, T + ZpDI(Vu)) dmdt.
0 M

Integration by part to part yields

! T
A = f(; f]\; (—(p - 1)uD¢(vVu]) -(p- 1)¢Du(VV”[) + I&@) dmdt + j(; f]\;[ (ZCZ)PDI(VLI)) dmdt.
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Inserting 7 (x, t) = %(x, ) — au® in the last equation, we obtain
T 5 ;5
= f f (—(P - 1)uD(¢)(vV”(%)) -(p- 1)d)D(u)(VV”(7u))) dmdt
0 M
T 5 5
i fo fM (‘M‘P)(ﬁu) + ZPfPD(%)(Vu) dmt

! b b b-112
+[) L ((p - 1auD(¢)Vu’ — au’dip — (p + 1)apbu’""F (Vu)) dmdt.
By direct computation, we conclude that
T
= f f ( — 1)D(P)(VV" () + (p = 1) D(cp)(vw(u))) dmat

((p DL D @) + (- )

an
+ fo f ( qb)(a*—”) 2¢D(—)(Vu))dmdt
[

F*(Vu )) dmdt

((p 1)auD(p)Vul — aut oy — (p + 1)adpbu’~ 11—"2(Vu))dmdt‘

0
Applying (11) and

f ' f 9 (D(@)(Vu)) dmdt =
0 M

2(p - DII(Vu) ()i + (p — 1)D(9sp)(Vur) ) dmdlt

we infer

- [ [
.
[

( p- 1) D(gb)(VV”(u))) dmdt
¢>

s ((p DL DV @) + (p - 1) 2

——F(Vu ))dmdt
T
_ b-112
+ fo fM (p - DauD()Vui® = (p + Dagbu’ ' FA(Vu) ) dmdt

T
gt b i
+ fo fM (&t ¢>)( au’) + 2p¢D( )(Vu))dmdt

Substituting =~ du =(p-1DAu+—— 2 (V ) + au’ in the above equation, we arrive at

= f(; f[\; (—Z(P - 1)h1](Vu)((p),u] + (p — 1)%D(¢)(VVu(u))) dmdt

T
_ b_ b-1p2
+ fo fM ((P 1DauD(p)Vu’ — (p + 1)agbu’'F (Vu))dmdt

T
+ fo fM (FZ(ZM)&¢(¢)+(P+1)¢D(&7u)(vu))dmdt'

Formula (8) of Lemma 3.2 leads to

T ..
= f f & (200 = DI + 200 = DI Z (V200 + 200 = DA (V)
0 M

162
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! _ at_u Vu )
« [ [ o= v Deorne ) mas

T
— b _ b—1r2
" fo fM ((p = DauD@)Vuu* = (p + Dagbu"~'F*(Vu) ) dmalt

T FZ(VZ/[) 8tu
+ fo fM ( ” &(@)+(p+1)¢D(7)(W))dmdt_

Using (9) in last equation, we obtain

f f & (260~ DiTu; +2(p - 1)h’jkﬂ(v2u)§f 12— 1)h”(Vu)uij)dmdt
i a 2
h](Vu Juitt — —F (Vu)—(p— 1)—Amu dmdt
- f f 0 (((p —1)b+ (p + 1))abu’ F2(Vu) + (p — 1)abubAmu) dmdt. (12)
0 JIm
Now for compute (p — DuAJ*P — ;P + 2pDP(Vu), multiplying it by ¢ and integrating, we have
T
f f ¢ ((p —DuAP -9, + 2pDP(Vu)) dmdt.
0 JIM
Integration by parts to parts implies that

T
f f (—(p = DuDG(VV'P) = (p = )Du(VV'P) = GNP + 2ppDP(Vu) ) dmt.
0 JIm
Using definition of A, we get

B = —aﬂ+f f( (P—l)qub(VV“FZ(Vu))_(p 1)$Du (VVuFZ(VM)

B F?(Vu) F?(Vu) )
+ fo fM ( POH(—2) + 2ppD(—2)(Vu) | dmd.

From Lemma 3.3, we conclude

T
B = —aA+ f f (—(p—l)ung(VV”I@))dmdt
0 M
T
+ f f ((p+1)¢Du(VW@))dﬂzdt
atu

f f (2 W (Vi) u]—2¢D(8tu) Vu)+¢—F2(V ))dmdt

)) dmdt

Substituting ‘% =({p-1DAuu+ e (V") + au? in last equation, we derive

B = —aA+ f f (~(p = VDOV FA(Vu))) dmdt
0 M

T
-2
+f f( 2(p-1) D(uAmu)(Vu))dmdt

T
. f (2 DEV)(Va) + (- 1)

D¢y (Vir) )dmdt
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T 2
+ fo ((p+1 quu(VV"F (uv )))d dt

1.
+f0TfM( [(p DA, u + 2(VM)+11 ]Fz(uVu))d dt
1.

T
+ f (2 W (Vu)uu; — —(PD(aub)Vu) dmdt.
0

Using th formula (7) and S = 0, we have Ric., (V) = Ric(V) and

B = —aA+ f f (2(p = DRic(Vur) + 2(p = DIV?ullgy,)) dmdt

N fo fM ¢ —2(p—1)aAmuF2(Vu))dmdt
. fOT FZ(Zu)
I

—Z%D(FZ(Vu))(Vu) +(p-1) D¢(Vu)) dmadt
M

T 2
N F (Vu)
0

I
I
[
I

T : 2q> ;
+f 2;h’/(Vu)uiuj - 7D(au Wu |dmdt.
0

)) dmdt

Fz(Vu) ] F?(Vu)

+

u

((p +1)pDu(VV"

[(P AU+ —— )d dt

Integration by part to part leads to

T
B = —aA+ f f ¢(2(p—1)Ric(Vu)+2(p—1)|v2u|§5(w))dmdt
0 M

T
+ f f (P(—Z(p—l)lAmqu(Vu)+21hi7(Vu)u,-u]-)dmdt
0 M u 0

T
- f f (q)%ﬁ(w)—a¢ub—1F2(Vu)+2ab¢ub-2p2(vu))dmdt,
0 M

Replacing A from (12) into (13), we deduce

(p — DuAY'P — 0P + 2pDP(Vu)
. U
= —2(p—Vahu;—2(p - 1)0zh’;]kf](V2u)f

~2(p — V) (Vuryu; - @

W (Vuyuiu;
+a%F2(Vu) +(p - 1)a(9t—uAm“

+2(p — D)Ric(Vu) + 2(p — 1)|VZM|H5(\7u)
—2(p - 1);AmuF2(Vu) - ;F‘l(Vu)

+a((p — 1)b + (p + 1)abu’ "' F2(Vu) + a(p — Dabu’ A,u
au’ Y FA(Vu) — 2abu’~2F?(Vu).

164

(13)

(14)
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Noticing

UL Fz(Vu)+(p 1)a—Amu— 2(p - 1) A uFZ(w)—%#(Vu)

B 8tu F2(Vu) F?(Vu)
=a— T+(p—1)Amu)—( "

u

2
+(p-DAuu] +((p- l)Amu)2

=(a— 1)(%” —au’)? + ((p — ) Anu)* + aaub(%” —aub).
Using (14) and (15), we get (10). O

Proof. [Proof of Theorem 1.1] We consider W = tP, u = 2 (W , and

= (p — DuA* W — oW + 2pDW(Vu).

Applying (10) and a(p — D)Au = =P - (a — 1)@, we have

tH(AV'P = 9P + 2DP(Vu)) - w

t
= —@hﬁ(vmuiw — 26(p = Dk (Vuyus; = 24(p — D)

ow

~2t(p - 1)ak’) ](Vzu)k+2t(p DRic(Vu) + 2tp = DIV2ulg g,
Fz(Vu)

+((p — DAwu)* + Ha - 1)(% — au®)? — abu"W — tabu®(a — 1)
+ta(p — Dab?u’ ' F>(Vu) + ta(p + Dabu " F2(Vu) + 2tau®~ 1Fz(Vu)
—2tabu’ 2 F2(Vu) — (au® + %)’VV.

For any € € (0,1) Young’s inequality implies that

2

2ahij(Vu)u,] < eu + —hlz] < eu + % max{k% kg}.

Notice also that

y a? a2
2ah?£u]~ < eF>(Vu) + ?(hlllf)2 < eF2(Vu) + ?kz,
i %ok 2 @ iU, 2 2 @
2a h (V u); < euy + ?(h;kf) <e€u (h ) <eu; + ?k4,
and
2(a = DRI (Vuuu; < 2(a — 1)k F*(Vu).
Also, we have

2
[—ab(a —Dub + alp - Dab*u’2 + alp + Dabub=? + 2au’~2 - Zabub_a] m

Vu)

> - [ab(a 1)Dy — a(p — 1)ab*D, — a(p + 1)abD; — 2aD, + 2abD3]

> - [(0( - 1)€lbD0 + ZﬂbD3] Z(VM) .

165

(15)

(16)

(17)

(18)

(19)

(20)
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Inserting (16)-(20) into (16) gives

oW

— 2
_2t(“u D vy - 1 - Ve — tp - 1)% max{i2, K2}

2
—Hp - 1)eF2(Vu) — Hp — 1)“?19& — Hp - Derl2

—tp - 1)%2184 - 2H(p — 1)k F*(Vu) + 2t(p — 1)u§j
—t[ab(a — 1)Dg + 2abD3] @
+H((p — DAuu)* - ¥ — (1 + b)aDyW.

. -1 .
Since u < %D’; , we derive

F2(Vu)
u

oW > —tC; —Hp —1)a’Cy — 2t(p — 1)(e - 1)u§’j
+H((p = 1)Apu)? - ¥ — (1 +b)aDyW,

where
Cr =2(ks(a = 1) + Pporie s pk DY+ 1ab(a —1)Dy + abDs)
272 2 T2

and . )
Cy=- k2,12 + 2k,
> €max{z, 3}+€4

Applying the Cauchy inequality

into last inequality, we conclude

oW > -G FZ(Z 9 _ip-vec,
np-1)+2(1-e) , W )
t n(P — 1) ((P - DA u)” - T -1+ b)aDOW. (21)

Thus, since

(r —DAyu = —% ((%/ F(a— 1)F2(Vu))

u

the equation (21) becomes

n(p—1)+2(1—€) (W P\ W -
ow > (=2 " +(a-1) " n (1 + b)aDyW
2
i, E (Z”) — Hp - 1)a2Ca. (22)
Using u = sz;“) in (23), we have
np—-1)+2(1-e) 2000 W _
ow > (= a2 T+ @-Du)yw ; (1 + b)aDyW

~CipW — Hp — 1)a*Co. (23)
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If u < 0 then the theorem holds, then we have 1 > 0 and

np—-1)+2(1-e)

oW tn(p — 1)a?

> (1+ (@ - D2 W? - [Cly ; % L+ b)aDo] W~ t(p - 1)a°Cy. (24)
For a fixed t € (0, T], we assume ‘W achieves its maximum at the point (xo, tp) € M x (0, T]. For the case
Wi(xo, to) < 0, the proof is trivial. Thus, we can consider ‘W (xo, ty) > 0. We prove that OW(x, tp) < 0.
Assume that OW(xo, t)) > 0. Hence, on a neighborhood of (xo, ty) we have O'W > 0 and the function ‘W
would be a strict sub-solution. Therefore, on the boundary of any small parabolic cylinder [ty — 0, o] X {z €
Mld(x,z) < 6} the value of W (xy, fy) is strictly less than the supremum of ‘W. In particular, ‘W could not be
maximum at (X, tp), which is a contradiction. Thus, OW(x, tg) < 0, that is at (xg, ty) we have
np—-1)+2(1-¢)

_ 242 1 = ] _ a2
0 2 S (L - [C1y+ -+ (1 DaDo| W — bop - 1a’Cy. (25)

Solving the last inequality of W in (25), we derive

t - 1)a? _
< onlp ~ La {c1 u tl +(1 + b)aDy
0

2(n(p — 1) +2(1 - €)) (1 + (& = 1p)’

{[Cly ML b)aDo] 44"~ ; 2079 (1 4+ (@ = 1P CZ}Z}.

Using inequality VA + B < VA + VB for A, B > 0, we have

ton(p — 1)a? 1 )
Cip+ — + (1 + byaD
< (”(P—1)+2(1—€))(1+(a—1)y)2{ 1H+t0+( + b)aDy

At the point (xo, tp), we have < 1. Therefore (26) yields

u 1 1
(1+(a71)[,l)2 < 4a-1) and (1+(a'71)‘u)2
- ton(p — 1)a? 1
T onp-1)+2(1-¢) |4a-1)
Since t > ty, we conclude

W, t) < Wilx,to)
tn(p — 1)a? { 1

w

C+ 1+(1+b)aD { .

n(p - 1) +2(1 —e)Q}%}'

Ci+ - ! +(1+b)aD +{n(P_1)+2(1_6)C2}2}.

np-1+21-¢) |4a-1) n
Therefore,
n(p — 1)a? 1 1 nlp-1)+2(1-e¢) 2
Plx,t) < n(p_1)+2(1_€){4(a 1)C1+ + (1 + b)aDy +{ " Cz} }

Since t € [0, T] is arbitrary, we get (5). This completes the proof of theorem. [
Proof. [Proof of Corollary 1.2] Let f = Inu. Inequality (5) yields

np - 1a
np-1)+2(1-¢)

-1
af=? = =D} "FX(Vf) + aaDy - {K1 + Ko + %} 27)
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For a curve nin M" X (0, 00), 1 : [t1, £,] = M" X (0, 00) by 1(t) = (y(t), 1), we get
1
d
fln = font) = [ {700, 7o)
1 .
f (t2 — 1) Df (V(S)) ~ dy0)ds

< f (tr - Ft(lvf ) — dif )ds.
Using (27), we have
1 . _
F ) - fa b)) < j; (tz—tl)(P(Vt(zs)E(lvf )_’”apl DYPFA(V) + aaDo)ds

1 n(p — o 1
+f (tz—tl)(n(p_1)+2(1_€) {K1 + Ky + ;})ds

Applying inequality —Ax? + Bx < fA, we derive

1 [F(y 2
fla,b) - fGa, b)) < fo 4(:@ S 21[3552]

n(p — Da(t, — )
np—-1)+2(1-¢)

n(p — Na ln(t—z
np-1)+2(1-€ 'H

ds

{Ki + Ko} + aaDy(t2 — t1)

)-
By exponentiation, we conclude

ap Dp 1[ (7/(5) ]

ds
0o 4pp-1) th—t

ty __npDa 1
o(x,t) < v(xa, tz)(t—)nw—mzu—f) exp
1

n(p — Da(ty — t1)
np-1+2(1-¢)

{K1 + Kz} + aaD()(tz - i’l)} .

This completes the proof of corollary. [

4. Applications to Finsler-Ricci flow and Finsler-Yamabe flow

In this section, we use our results to the Finsler-Ricci flow and the Finsler-Yamabe flow.

4.1. The Finsler-Ricci flow

When h = —Ric, the flow (1) is the Finsler-Ricci flow. In this situation we have
(Ric(Vu))uj = ch u] + ch] i (Vzu)k
and
I(FA(Vu)) = 2Ric" (Vu)uju; + 2D(9u)(Vu).
Hence, similar to Lemma 3.4 along the Finsler-Ricci flow we have

20a-1) . . s o
of = ( ” )Rlc’](Vu)uiuj +2(p — DaRic’!(Vu)u;j + 2(p - 1)ach|’l.Ju]-
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U
+2(p — 1)aRic';]kf](V2u)’f +2(p = DRic(Vu) +2(p = DIV?ultig v,

+((p — DALu)? + (a — 1)(&7” —au®)? + alp - abub A

+a(p — Dab*u ' FA(Vu) + a(p + 1)abu’ ' FA(Vu) + 2aub F2(Vu)
—2abu’~2F2(Vu) — auP.

Therefore, similar to Theorem 1.1, we can state the following theorem, whose proof is similar to the proof
of Theorem 1.1.

Theorem 4.1. Suppose that (M", F(t)) is a complete solution to the Finsler-Ricci flow in some time interval [0, T].
Suppose that there exist some positive constants ks, ke and ky such that —ksg <R < keg, [VR| < k7 for all t € [0, T,
and S-curvature vanishes. Let v be any smooth positive global solution (2) such that D1 < v < D, for some positive
constants Dy, D,. Assume that p > 1 and u = E_yr-1, Then for any a > 1,c > 0and g > 1 on M x [0, T], the

Pt
following estimate holds
b n(p — 1)a?

F2(Vu)  du 1
— —a7+aau < n(p—l)+2(1—e){K3+K4+?}' (28)

where € € (0,1) is an arbitrary constant,

1 Py a1 LN
Ky = m(ks(a —1)+ EDZ e +pDy ks + 5abla =1)Do + abDs) + aDy + abDy,
and

1

K - {n(p -D+2(1-¢) (max{ké,ké} + 2k§)}2 .

ne

4.2. The Finsler-Yamabe flow

When = —1Hg, the flow (1) is the Finsler-Yamabe flow where H = g'/Ric;; is scalar curvature. In this
case we get

T % v V1)) —
(H(Vo)w; = Hjuj+ Hyp (Vu)y, - (97 (Vi))iuj =0,
and
:(F>(Vu)) = HF*(Vu) + 2D(3,u)(Vu).

Hence, similar to Lemma 3.4, in the sense of distributions, P(x, t) satisfies the differential equality

(@—-1)
u

_ Ui o2 vk _1\pi _ 2,12
+(p — DaH i T vV u)j +2(p — DRic(Vu) + 2(p — DIV=uly

of = HF?(Vu) + (p- 1)aHgij(Vu)uij +(p — DaH)ju;

%))
+((p = 1)Apu)* + (a — 1)(%” —au®)? + a(p — 1)abu’ Ay u

+a(p - 1)ab?u’'F2(Vu) + alp + abu " F2(Vo) + 2au? " F2(Vu)
—2abu"2F2(Vu) — au’P.

Therefore we can rewrite Theorem 1.1 as follows:
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Theorem 4.2. Suppose that (M", E(t)) is a complete solution to the Finsler-Yamabe flow (1) in some time interval
[0, T]. Suppose that there exist some positive constants kg, ko, k1o and ki1 such that R > —kgg, —kog < H < kyog,
[VH| < k11 for all t € [0, T], and S-curvature vanishes. Let v be any smooth positive global solution (2) such that

D1 < v < D, for some positive constants Dy, Dy. Assume that p > 1 and u = p%lv’"l. Then forany o > 1,¢ > 0

and q > 1 on M x [0, T}, the following estimate holds

F2(Vu)  du b n(p — 1)a? 1
_ < -
" ozu +aau’ < n(p—1)+2(1—e){K5+K6+t}' (29)

where € € (0,1) is an arbitrary constant,

Ks = #(1@(& -1)+ Pprte s pD" ks + 1ab(oz —1)Dg + abD3) +aDy + abDy

2(a—1)\2 22 2 2 !
and
n(p—1)+2(1—¢) 1,\?

K¢ = { — (max{kg, )+ Ekfl)
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