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Abstract. In this paper we give a characterization of two-weighted inequalities for singular operators and
their commutators in generalized weighted Morrey spaces on spaces of homogeneous type M.,"(X). We

prove the boundedness of the Calderén-Zygmund singular operators T and their commutators [b, T] from
the spaces MZZ’] (X) to the spaces Mi;ffz (X), where 1 <p < 00,0 < 6 < 1and (w1, w,) € Ay(X). Finally we
1 2

give some examples for singular integral operators on M!,”(X) as applications of our results.

1. Introduction

As a generalization of Lebesgue spaces, the classical Morrey spaces were introduced by Charles Morrey
[33] in 1938 to study the local behavior of solutions to second-order elliptic partial differential equations.
Moreover, various Morrey spaces are defined in the process of study. Guliyev, Mizuhara and Nakai
[17, 32, 35] introduced generalized Morrey spaces MP?(IR") (see, also [18, 19, 40]).

Recently, Komori and Shirai [29] defined the weighted Morrey spaces LI (R") and studied the bounded-
ness of some classical operators such as the Hardy- Littlewood maximal operator, the Calderén-Zygmund
operator on these spaces. Also, Guliyev in [20] first introduced the generalized weighted Morrey spaces
M!P(R") and studied the boundedness of the sublinear operators and their higher order commutators
generated by Calderén-Zygmund operators and Riesz potentials in these spaces (see, also [23], [27]). Note
that, Guliyev [20] gave the concept of generalized weighted Morrey space which could be viewed as an
extension of both M!,”(R") and L!;"(R").

R. Coifman and G. Weiss introduced certain topological measure spaces which are equipped with a
metric which is compatible with the given measure in a sense in the 1970s. These spaces are called spaces
of homogeneous type. In this work, we consider M!,”(X) generalized weighted Morrey spaces on spaces
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of homogeneous type and give a characterization of two-weighted inequalities for singular operators and
their commutators in these spaces. Moreover, we give some examples for singular integral operators on

MP(X).

2. Preliminaries

We say that X = (X,d, ) is a space of homogeneous type in the sense of Coifman and Weiss [9] if d is
a quasi-metric on X and u is a positive measure satisfying the doubling condition, i.e. X is a topological
space endowed with a quasi-metric d and a positive measure u such that

d(x,y) = d(y,x)>0forallx,yeX,
d(x,y) = Oifandonlyifx=1y,
dx,y) < Cild(x,2)+d(z,y)]forallx,y,z€X,

the balls B(x,r) = {y € X :d(x,y) <r}, r > 0, form a basis of neighborhoods of point x, u is defined on a
o-algebra of subsets of X which contains the balls, and

0 < u(B(x,2r)) < Cy u(B(x,1)) < oo, @)

where Cy, C, > 1are constants independent of x, y,z € Xand r > 0. As usual, the dilation of a ball B = B(x, r)
will be denoted by AB = B(x, Ar) for every A > 0.

Note that, we say (X, d, i) satisfies a reverse doubling condition if there exist C}, > 1, M > 1 such that for
allxe X, r>ry =sup{r>0:B(x,r) = {x}},

u (B(x, Mr)) > C:l u(B(x,1). ()

Let (X, d, 1) be a homogeneous space, 1 < p < oo, ¢ be a positive measurable function on (0, ) and w be
a non-negative measurable function on X. We denote by M!;” the generalized weighted Morrey space on

spaces of homogeneous type, the space of all functions f € L;,”;,(X) with finite norm

Ifllppe = sup —————IIfllL,,.Bccr).
fllae, i 8 P, Nllwlle, ) fllL,,.. B¢y

where the supremum is taken over all balls B(x, r) in X and L, ,(B(x, r)) denotes the weighted L,-space of
measurable functions f for which

AL, 0B = W fisen o0 = f IfWFw(y)du (y)

(1)

Moreover, by WM.,” we denote the weak generalized weighted Morrey space on spaces of homogeneous

type of all functions f € WLL‘?‘;(X) with finite norm

fllwppe = sup —————IfllwL,.B0xr)
P coxo 906 DL ey flvt e

where WLp,m(B(x, 1)) denotes the weak weighted L,-space of measurable functions f for which
‘lj

WL, Ber) = I fxnenlIWe,.(x) = supt f If (WP w(y)du (y)
t>0
yeBCe N f (It
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Note that if w(x) = xps), then MP(X) = MP#(X) is the generalized Morrey space and if g(x,r) =

(#;/r)))” , then MP(X) = L,,1(X) is the classic Morrey space.

We now recall the definition of Hardy-Littlewood and Calderén-Zygmund operators on space of homo-
geneous type.

Let f be a locally integrable function on X. The so-called of Hardy-Littlewood maximal function is
defined by the formula

1
Mf(x):supm f lf()ldu (y),

>0
B(x,r)

where p (B (x, 1)) is measure of the ball B(x, r).

The study of maximal operators is one of the most important topics in harmonic analysis. These
significant non-linear operators, whose behavior are very informative in particular in differentiation theory,
provided the understanding and the inspiration for the development of the general class of singular and
potential operators.

Calderén-Zygmund type singular operator is defined as

770 = [ Ko S ) for ae.x € sups,

X

where K(x, y) is a “standard singular kernel”, that is, a continuous function defined on {(x, y) € XXX : x # y}
and satisfying the estimates: for all x # y,

C

IK(x, y)| < , 3)
M= LB G20 )
and forall M > 1,7 > 0,x9 € X, x € B(xo,7), y & B (xo, Mr)
C d (xo, x)P
IK(x0, y) — K(x, y) < (xo, x) B> 0. ()

Let

T f(x) = sup |T. f(x)]

>0

be the maximal singular operator, where T, f(x) is the usual truncation

Tof() = f K, ) f)dp ().

{yeX:d(x,y)Zs}

Itis well known that T" f exists almost everywhere whenever f is a step function. The almost everywhere
existence of the limit (of certain integral averages) was known for dense subset of L; and the result was
extended to all of L; by establishing control over the corresponding maximal operator.

Theorem 2.1. [4, 31] Let d be a quasi-metric on a set X. Then there exists a quasi-metric 3 on X such that:
1) d and S are equivalent, that is there exist constants Cy, Cy such that for every x,y € X

Cid(xy) <d(x,y) < Cd(x,y),

2) S is "locally Holder continous”, more precisely there exist « € (0, 1] and C3 > 0 such that for every x,y,z € X

[9(6,2) = 8 (,2)] < Co9 (6, ) [3 (6, 2) + 8 (3,2)]' "



A. Aydogdu et al. / Filomat 39:1 (2025), 213-228 216

By Theorem 2.1, we can endow X with a quasi-metric ¥ equivalent to d and locally Holder of exponent
a. Consider the functions W; : [0, 00) — [0,1] (j = 1,2) defined by

0 , t<1
Vi(t)={t-1 , 1<t<?2

1 , t=>2.

1 , t<2
W, t)={ 3-t , 2<t<3

0 , t=3.

Forany e € (0,1) set

Wi (L) , 0<t<2
We(t) =
\yz(é’t) , t>2

Ke(x/ ]/) = K(xr y)\PE (‘9 (x/ ]/)) .

Theorem 2.2. [4] Let (X, d, u) be a homogeneous space, 1 is a regular measure. Let K : X X X\ {x # y} — Ra
kernel satisfying the following conditions:

1) The condition (3).

2) The condition (4).

3) There exists C, > 0 such that for every r,R,0 <r <R < o0, a.e. x

f K(x, y)du (y)| < C,. ®)

<d(x,y)<R

Theorem 2.3. [4] Let (X, d, 1) be a homogeneous space such that u is a reqular measure and, if X is unbounded,
the reverse doubling condition (2) holds. Let K be a kernel satisfying all the assumptions of Theorem 2.2. Moreover
assume that for a.e. x € X there exists

lim Ke(x, y)du (y) = b (). (6)

d(xy)<1

Throughout this paper we always assume that p(X) = oo, the space of compactly supported continuous
function is dense in L1 (X, u) and that X is N-homogeneous
(N >0),i.e.

Cﬂ’N < y(B(x, r) < Cz?’N, (7)

where C; > 1 (i = 1,2) are constants independent of x and r.
Now, conditions 3 and 4 can be rewritten respectively as: for all x # y

IK(x, )l <

7

W
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and forall M > 1, xp € X, x € B(xo,7) and y & B (xo, Mr)

d (x, %)’
K(xo, y) — K(x, )| £ C—————=, 0. 8
IK(x0, y) = K(x, y)| < P p> (8)

In this paper we aim to give a characterization of two-weighted inequalities for singular operators and
their commutators in generalized weighted Morrey spaces on spaces of homogeneous type. Two-weight
norm inequalities for fractional maximal operators and singular integrals on Lebesgue spaces were widely
studied (see, for example [10-12, 28, 30]). The weighted norm inequalities with different types of weights
on Morrey spaces were also studied (see, for example [24, 36, 39]). The two-weight norm inequality for the
Hardy-Littlewood maximal function on Morrey spaces was obtained in [42]. Two-weight norm inequalities
on weighted Morrey spaces for fractional maximal operators and fractional integral operators were obtained
in [38]. Also, two-weighted inequalities for maximal operator and its commutators in generalized weighted
Morrey spaces on spaces of homogeneous type were studied in [2] and [3], respectively.

In the sequel we use the letter C for a positive constant, independent of appropriate parameters and not
necessary the same at each occurrence. For every p € [1, 0], we denote p’ the conjugate of p, i.e., % + ’% =1
MR,), MH(R,) and MHR ;1)
stand for the set of Lebesgue-measurable functions on IR, and its subspaces of nonnegative and nonnegative
non-decreasing functions, respectively.

Let (X, d, 1) be space of N-homogeneous type as mentioned in Section 1. We now recall the definition of
A, weight functions.

Definition 2.4. The weight function w belongs to the class A,(X) for 1 < p < oo, if

1
7

r

sup |1 (B ) f Fdu )| | B0 f o (i ()

xeX,r>0
B(x,r) B(x,r)

<

is finite and w belongs to A1(X), if there exists a positive constant C such that for any x € X and r > 0

p B! f w(y)du (y) < Cess sup L
Bur) yeB(x,r) a)(y)

The weight function (w1, wy) belongs to the class KP(X) forl<p<oo,if

1
I

sup | (B (x, 1) f A )| 1B f o7 (i ()

xeX,r>0
B(x,r) B(x,r)

is finite.
The following theorem was proved in [34].

Theorem 2.5. Let1 < p < co.
1) Then the operator M is bounded in L, ,(X) if and only if w € Ap(X).
2) Then the operator M is bounded from Ly ,(X) to WLy (X) if and only if v € A1(X).

Lemma 2.6. [37] Let 1 < p < co and (w1, w2) € Ay(X), then (05", ;") € Ay (X), with Lel=1

Lemma2.7. [37] Let 1 < p < 00,0 < & < 1 and (w1, w2) € AX). If I = 6, then (w1,@2) € Ay(X), with

1 1
i+d=1
pty =1
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Corollary 2.8. [37] Let 1 <p < 0,0 <0 <1and (w1, wy) € Z,,(X), then the operator M is bounded from L
toL, +(X).

p,wy

pat (X)

Let M* be the sharp maximal function defined by

M) = sup (5.5, f 1) Ftenldpe (4),

B(x,r)

where fon(¥) = (B, )" [ fy)du(y).
)

B(x,r

Lemma 2.9. Let 1 <p < coand w € Ap(X). Then

Ifwll, < ClloM*fll;,
with a constant C > 0 not depending on f.

Proposition A. [1] Let T be a Calderon-Zygmund operator. Then for arbitrary s; 0 < s < 1, there exists a
constant Cs > 0 such that

[ITA)* () < CMF(x)
forall f € C3(X); x € X.
Theorem 2.10. Let 1 < p < 00,0 < 6 < 1and (w1, w2) € ZP(X). Then the operators T and T* are bounded from
Lp (X)) to Lp w8 (X).
1 2
Proof. By the Proposition A, Lemma 2.9 and Theorem 2.5, we derive the operator T is bounded from
Lp,wcls(X) toL, s(X).

P,
The boundedness of the operator T* follows from the known estimate

T"f(x) < c[M(Tf)(x) + Mf(x)],
from Theorem 2.5 and Theorem 2.10.
Corollary 2.11. Let 1 <p < oo and w € Ay(X), then the singular integral operator T is bounded in Ly, (X).
Definition 2.12. We define the BMO(X) space as the set of all locally integrable functions f such that

Ifllsvo = sup (B (x,r)™ f ) = fotunldp (y) < oo

xeX, r>0
B(x,r)

or

Ifllio = inf sup (B e)™ [ 170) - Cld () < .
xeX, r>0
B(x,r)

Definition 2.13. We define the BMO,,,(X) (1 < p < o0) space as the set of all locally integrable functions f such
that

ICFC) = feem)XBanllL, o)

lfllsmo,,, = sup

xeX, >0 lwllz, B, )
or
1 1
lfllsmo,,, = ) :)l(lgo m”(f () = fm)XBan L, . collw™ ML, Ben) < oo
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Theorem 2.14. [26] Let 1 < p < oo and w be a Lebesgue measurable function. If w € A,(X), then the norms
Il - llsmo,,, and || - llsmo are mutually equivalent.

We will need the following lemma while proving our main theorems.

Lemma 2.15. [25] Let b € BMO(X). Then there is a constant C > 0 such that
t
|bBer) — beees| < Clibllismo In- for 0<2r<t,
where C is independent of b, x, r, and t.
Let Lo, (IR} ) be the weighted Lo.-space with the norm

gl R,y = essbsoup w®)g(t).
We denote
A={p e ® ) lim o) =0}.
Let u be a continuous and non-negative function on R,. We define the supremal operator S, by

Sug)() = lu gl t € (0,00).
The following theorem was proved in [5].
Theorem 2.16. [5] Suppose that vi and v, are nonnegative measurable functions such that 0 < |[v1llL 0, < oo for

every t > 0. Let u be a continuous nonnegative function on R. Then the operator S, is bounded from Le, ,, (R.) to
Loo,n,(R+) om the cone A if and only if

< 00.

||z;2§u (Ilvllliim) ‘L (R.)

We will use the following statement on the boundedness of the weighted Hardy operator

t )
Hyg(t) := fg(s)w(s)ds, Hg(t) := fg(s)w(s)ds, 0<t<oo,
0 t

where w is a weight.
The following theorem was proved in [21].

Theorem 2.17. [21] Let vy, v, and w be weights on (0, 00) and vy (t) be bounded outside a neighborhood of the origin.
The inequality

sup vy (t)H,,g(t) < Csup v1(t)g(t)
t>0

>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, o) if and only if

[

. w(s)ds
B:= StL:(I)) o2(t) ess sup v1(7)
t 5<T<00
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Theorem 2.18. [21, 22] Let vy, v, and w be weights on (0, o0) and v1(t) be bounded outside a neighborhood of the
origin. The inequality

sup v2(t)Hwg(t) < Csup v1(H)g(t) ©)
t>0

t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, o) if and only if

B := sup vy (t) M
t>0 0 SupO<7,'<s 01 (T)

Moreover, the value C = B is the best constant for (9).

3. Two-weighted inequalities for singular integral operators and their commutators in MZ; ?(X)

Let T be a Calderén-Zygmund singular integral operator and b € BMO(X). A well known result of
Coifman, Rochberg and Weiss [8] states that the commutator operator [b, T]f = T(bf) — bTf is bounded on
L,(X) for 1 < p < co. The commutator of Calderén-Zygmund operators plays an important role in studying
the regularity of solutions of elliptic partial differential equations of second order (see, for example, [6], [7],
[14], [15], [16]).

In this section we prove two-weighted inequalities for singular integral operators and their commutators
in generalized weighted Morrey spaces on spaces of homogeneous type. We start with the following lemma.

Lemma 3.1. [14] Let 1 < s < oo, b € BMO(X), then there exists C > 0 such that for all x € X, the following
inequality holds

I[b, T1f1(x) < M(I[b, T1f1(x)) < ClIbllsmo ((MITfIS)’l’ () + (MIf)* (X))~
Theorem 3.2. Let 1 <p < 00,0 < 6 <1and (w1, w,) € ZP(X). Then

~f ||LW? Beh) g

ITAlle,»Becry < CllaSlIL, B) (10)
2

J lwdll, eyt

forevery f € L 2 (X), where C does not depend on f,x and r.

pw

Proof. We represent f as

f=ha+f AW =fWxseanW),  2y) = fWxxEsn(Y), T>0, (11)

where k is the constant from the quasi-triangle inequality and have

ITf ||Lplm(2>(B(x,r)) < ”Tfl”Lp'wg(B(x,r)) + ||Tf2||Lp,(Hg(B(x,r))'
From Theorem 2.10 we obtain

ITAlL, s@e < ITAllL, 400 < CllAlL, 00 = ClIf Iz, Bes20r) (12)
where C does not depend on f. From (12) we get

5 Sf ”LWL;)(B(x,t)) dt
ITAIL ,Ben < Cloyll,een | w5 - (13)
P2 J llw3llr, B0
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which is easily obtained from the fact that || f|| L, o (B 2k7) isnon-decreasing in r, therefore || || L, . (B(x2k) O the
1(171 ,m.l
right-hand side of (12) is dominated by the right-hand side of (13). To estimate ||T fZHLp 5 (B(x,r)), We observe
:(172
that

If (@)l
d(y,2)"

IThyl<C
X\B(x,2kr)

du(z),

where y € B(x, r) and the inequalities d (x, y) <, d (y,z) > 2kr imply

1 1
f{d(y,z) <d(x,z) < (k+ E)d(y'z)/
finally we get

If(2)]
d(x,z)N

TRyl <C
X\B(x,2kr)

du(z).

To estimate T f>(y), for y € B(x, 1)

If(2)l
du(z
d(x,z)N )
X\B(x,2kr)
=-N f [f(2)| ft_N_ldtdy(z)
X\B(x,2kr) d(x,z)
sc [ [ e
2kr 2kr<d(x,z)<t
<C f N f |f 2)ldu (z) dt
2r B(x,t)

<C f t_N_lnwl_é)(B(x,t)”Lp/ llf ||LW, BxH)at.
1
r
We prove the following inequality

00

If(z)l _N—1n. 6
f <Ay (2) < Cft N 1||0)1b”Lp,(B(x,t))||f||Lpl“€(B(x,t))dt- (14)
T

d(x,z)

X\B(x,2kr)

Hence by inequality (14), we get

ITfalle, 5 @en < Cllxenll,, 00 f ENwp e men | f||Lle,(B(x,t))dt

7

\ ~If e, .o By g
< Clwylle, ey | w5 T (15)
) llws Iz, B0

From (13) and (15) we arrive at (10).
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Theorem 3.3. Let 1 <p < 00,0 <0 <1, (w1, ) € Z,,(X) and let the functions @1(x,r) and @a(x, r) satisfy the
condition

™ ess inf @1 (x, s)|wdlIL, (Bx,s)
[== < ot (16)

w3 llr, Bexs)

where C does not depend on x € X and r.
Then the operator T is bounded from the space M"Y" (X) to the space MP'¥*(X).
@ @y

Proof. Let f € M’Z)?(X) By (16), Theorems 2.17 and 3.2 with v, = m, g = ||f||Lp,“€(B(x,t)), w =

FHjwd|| 2 andv; = —L — we get
I 2||Lp(B(X/f)) 1 <{J1(X,t)llw‘lsl\Lp(B(x,r)) &

N3l o) WAk, e gy

ITfllppo2x) < C sup
@ X xeX, r>0 P2(%, NIz, B J NSl eyt

1
<C sup WA o Bec)
rex, 120 P13, Dl gry et

= CllAllyer o0
%
which completes the proof.

Theorem 3.4. Let 1 <p <o00,0<0 <1, beBMO(X) and (w1, wz) € KP(X), w1 € Ay(X). Then the operator [b, T]
is bounded from Lp,wi(X) toL, +(X).

pw5y

Proof. Let f € Lplw?(X), b € BMO(X) and (w1, ws) € A;,(X), w1 € Ap(X). From Lemma 3.1, Corollary 2.8
and Corollary 2.11 we have

1
s

. TIAL, o < IMABTIAN, | < Clbllawo MITF)? + )

Lp,mg (X)

< Cllblanio [||(M|Tf|s>3||L o ] m]
Py e

< Clbllswo [||(|Tf|5)1

1
+ s ’” <(||b .
” (023 LM(X)] el |1,

We can easily get the following.

Theorem 3.5. Let 1 <p < 00,0 <0 <1, be BMO(X) and (w1, wy) € KP(X), w1, wz € Ap(X). Then

. ; ||f||Lp,w‘l>(B(x,t)) dt
I, TIf e, B < Cliblizmollwsllr, ey f (1 *In ') 5 t i
pod ") w3l Bery)

7

forevery f € L, (X), where C does not depend on f,x and r.

Proof. We represent function f as in (11) and have

I[b, T1f ”ng B < I[b, T1f 1||ng B + b, T] leleg (Bx,1)-
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By Theorem 3.4 we obtain

1B Tfll,, ey < Wb, Tl 00
< Clbllsmollfille, ) = CllbllsmolI flle, w2575 (18)
1 !

where C does not depend on f. From (18) we obtain

(e8]

gt a 1

I, T1fill, s 3 < Clibllsaolleodll <B<'>>f (1““' 't
o (BEET 2Bt ) @Sl @yt

p

which is easily obtained from the fact that ||f “Lp 5 (B(x2kr)) 15 non-decreasing in 7, therefore || f “L,, 5 (B(x2kr)) OTL
:(171 ,(Ul

the right-hand side of (18) is dominated by the right-hand side of (19). To estimate ||[b, T] lele 5(B(x,), We
w0y

observe that

b(y) - b(2)|

ChEv e s NG,

X\B(x,2kr)

where y € B(x, r) and the inequalities d (x, y) < r, d (y,z) > 2kr imply

1 1
ﬁcd(y,z) <d(x,z) < (k+ E)d(y,z),

and therefore

b(y) - b(2)|

b, T1 ()] < C f el ).

X\B(x,2kr)

To estimate [b, T]f,, we first prove the following auxiliary inequality

o)

|b(y) — b(z)| N t _
f %—Z)NWZ)W# (2) < ClIbllsmo ff N-1 (1 +1In ;) ”a)l6||Lp/(B(x,t))”f”LV,m?(B(x,t))dt- (20)
X\B(x,2kr) ! r

To estimate [b, T]f2(y), we observe that for y € B(x, r) we have

b(y)-b
[ L),(f)llf(Z)ldu )

d(x,z
X\B(x,2kr)
|b(Z) - bB(x r)| |b(y) - bB(x r)l
———f@ldu(2) + e VA
d(x,2)V feldy d(x,2)"
X\B(x,2kr) X\B(x,2kr)

lf@ldu () =J1+ 2.
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By Lemma 2.15 ,we obtain

|b(Z) - bB(x,r)|

h= d(x,z)N

X\B(x,2kr)

If (@)l du (z)

=-N f |b(Z)_bB(x,r)”f(Z)|d[J(z)ftNldt

X\B(x,2kr) d(x,z)
sc[r [ b - bl @M
2kr<d(x,z)<t
2kr
SCft_N_lnb(')_bB(x,t)||Lp,,ml,)(B(x,t))||f||Lp,w‘1;(B(x,t))dt+Cft_N_1|bB(x,r)—bB(x,t)| f If 2)ldu (z) dt
2r 2r B(x,t)
N1/ -5 _N- t s
< C”b”BMOft N 1”601b”LPI(B(x,t))||f||LM5(B(x,t))dt+ CHb”BMOft N 1ln;”wlb”LPI(B(x,t))||f||LM5(B(x,t))dt-
1 1
r r

To estimate J,, we have

|f(2)]
o =Ib(3) ~ oo SOt
d(x,z)
X\B(x,2kr)
< Cu(B(x, 7)™ f [b(y) — b(z)ldu (z) f t_N_l”CUl_b”Lp»(B(x,t))”f ”Lp,m%(B(x,t))dt
B(x,r) 2r

< CMpxBxn(Y) f N1 ”CUIOHLP/ Bellf ”LP s (Beedt,
1
r

where C does not depend on x, .
Hence by inequality (20), we get

(9]

N t _
I[b, T]fZ”LMO(B(x,r)) < C”)(B(x,r)||pro(X)||b||BMO ff N-1 (1 +1In ;) IIa)1bIILP,(B(x,t))llfllemb(B(x,t))dt
2 il 1

r
(o)

Nl f ”Lp'm?(B(x,t)) dt

< Clibllsmoll L, e ) f(l +1In -)

p (21)

) oz, By ¢ .

From (19) and (21) we arrive at (17).
Theorem 3.6. Let1 < p < 0,0 <5 <1, b € BMO(X) and (w1, w2) € Ay(X), w1,z € Ay(X). Let the functions
@1(x, r) and @ (x, r) satisfy the condition

(o8]

- 5
; ets<§;<1£f P10, )l llL, B sy gt
1+In-

5 — < C(PZ(x/ 7’), (22)
J llw3 Iz, B, 1) t
where C does not depend on x € X and r.
Then the operator [b, T] is bounded from the space M"?'(X) to the space M"*(X).
(Ul (1)2
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Proof. Let f € MZZ)I (X). By (22), Theorems 2.17 and 3.5 we obtain
1

“[b/ T]f”MZg’Z (X)
2

3l s, r Al s ey gy
< Cllbllsvo sup 20 L, (Bsr) f (1+1 ;)*_1_

xex, r>0 P2(%, NIL, B

J wdllr, eyt

< ClIbllsgmo  sup

WAL, @@ = Clblismoll fll e x),
xex, 150 P16 NNl B~ M ®

which completes the proof.

. . 1284
4. Some examples for singular integral operators on M’ (X)

In this section we give some applications of our main results. We apply the theorems of Section 3 to the
operators which are estimated from above by singular integral operators. Now we give some examples.

Example 1. [4, 13]

Let X = RV, u is the Lebesgue measure, d the distance defined as follows. Let a1, a3, ...,any be N € R,
withl <a; <ap < ... < ay, forallx € RN\ {0} a unique positive solution p (x) , the following equation holds

N xi )
mek -1,

k=1

Set p (0) = 0 and define d (x, y) = p (x — y) . Introducing the polar type change of variables

X1 = p* COS 1... COS PN_2 COS PN_1
X2 = p* cos @q...SIn N1

XN = p™N singq

N

we find dx = p“‘ldpda, with @ = Y, ay and do the surface measure on Y, = {|x| = 1}. Hence for all » > 0, we
k=1 N-1

can estimate

p(B(x,r) =Cnrt (23)

Particularly (7) is satisfied and (]RN ,4, dx) is a homogeneous space. The unit ball related to d is the
Euclidean unit ball. Let

Qx-y)
K(x,y) = ———=5, (24)
px=y)
where the function Q has the following mixed homogeneity of degree zero, for all t > 0, x € RN
Q(1x1, 123, ..., 1™ xy) = Q (1, X2, ... XN) (25)
and the Holder condition holds i.e. there exist C > 0, § € (0,1] such that forall x,y € .
N-1
3
Q@ -Q@|<Cl-yf. (26)

It is easy to check that the following condition (8) is fullfilled:
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If o, B are as above, there exists a constant C such that for all x, € RN, x € B(x, 1), y € B(xo,2r)

d (x0/ x)ﬁ
d (xo, y)F**

The condition (3) follows the definition of K and from (23). Furthermore, if we suppose that ) holds
the vanishing property

[K(xo, y) = K(x, y)l < C (27)

f Q(x)do (x) =0, (28)
)y

then conditions (5) and (6) are trivial. Furthermore, by Theorem 2.2, 2.3, for all p € (1, o) it is well defined

T @) = lim [ Ko )f W),

where the limit exists in L, sense and T is continuous.
Kernels of the above kind arise for instance considering parabolic operators with constants coefficients

n

— 2
L=) ayd, -0

jk=1

where aj; is a positive and symmetric matrix. Here x= (&, f) € R™! = RN (we set N = n +1). Let I' be the
fundamental solution for L, with pole at the origin, and let

K(x,y) = (a%{ FO)(x _y), forany jk=1,2,..,n. (29)
e

Then K is a kernel as in (24)- (25), with a; = ap = ... = @, = 1, @41 = 2. For any test function u we can write

um=fﬂw—WMWMy

Rn+1

and, differentiating twice the above formula with respect to & we find

.

&k

> u(x)=PV. f 8?jék1"0 (x—y)Lu(y)dy + CLu(x).
Rn+1

Furthermore, the L,-continuity of the singular integral implies L, -estimates for the second derivatives of
u, in terms of Lu and u.

Corollary 4.1. Let 1 <p < 00,0 < 0 < 1, (w1, w3) € gp(X), w1, w2 € Ap(X) and the functions p1(x, 1), @2(x,7)
satisfy the condition (16) . Then the singular integral operator T given with the kernel K (x, y) given with equation
(29) is bounded from the space M"Y (X) to the space MP"¥*(X).

C().l w,

Example 2. [4, 41]

Let0 <y <n X =R", du = |x|””dx and d the eucledean distance. It is well known that for —-n < a <
n(p-1),x* € A,(R"), hence for 1 <p < 00,0 <y <n, x| €A, (R"). Particularly du is doubling, so that
X is a homogeneous space, one can prove that dy satisfies also a reverse doubling condition. Note that du
is not translation invariant. Now, let

K@@=9§l@wV%W) (30)

-y
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where Q is a homogeneous function of degree zero satisfying (26) - (27). In this case (7) does not hold, but
the following inequalities can be easily verified

C|x—y|n|xl_7 , 'x—y( < '12‘
1 (B(x,24 (x, ) < (1)

n-y

C|x—y| , |x—y|>%.

By (30) and (31), we can see that K satisfies condition (3). Moreover, one can prove that K satisfies condition
(4) with exponent ' = min (B,7) (B is the same number appearing in (27)). Finally, also (5) and (6) can be
proved, the last one following from analogous result for classical Calderén-Zygmund integrals on R". So
also in this case, by Theorems 2.2, 2.3 the kernel K defines a unique Calderén-Zygmund operator, for which
the commutator estimate holds.

Corollary 4.2. Let 1 <p < 00,0 < 0 < 1, (w1, w3) € gp(X), w1, w2 € Ap(X) and the functions 1(x, 1), @2(x,7)
satisfy the condition (16) . Then the singular integral operator T given with the kernel K (x, y) given with equation
(30) is bounded from the space M"Y (X) to the space MP"*(X).

C().l (A)2
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