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Existence results for nonlinear hybrid fractional differential equations
with generalized [V, ®]- Caputo-Fabrizio derivative

Lekbir Monsif®* Jalila E1 Ghordaf?, Mohamed Oukessou?®

Laboratory of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, P.O.Box 532, Beni Mellal, 23000, Morocco

Abstract. The aim of this paper is to develop a theory of fractional hybrid differential equations with
perturbations of second type involving [V, ®] Caputo-Fabrizio fractional derivative of an arbitrary order
v € (0,1). We demonstrate the existence and uniqueness of solutions for a particular class of nonlinear frac-
tional hybrid differential equations with initial conditions by applying Banach’s fixed point theorem and
some fundamental concepts on fractional analysis. As an example, a significant case is given to illustrate

the utility of our theoretical findings. We also, give a simulation of the solution by applying the Adams
Bashford with three steps method .

1. Introduction

The fractional calculus has been used in many fields, including finance, physics, and engineering,
to model non-local and non-linear phenomena that are not adequately described by classical calculus. The
major concepts and definitions of fractional calculus are introduced by Diethelm and Ford [8], Dalir and
Bashour [10] and Osler [6].

Inrecent decades, many classes of fractional differential equations (FDEs) have been thoroughly investigated
and studied. Intensive research has been done on the existence and uniqueness by using Riemann-Liouville
[11], Caputo [12],and Hilfer [4]. Generalized fractional deferentials and integrals are investigated by sevral
authors. For example W-Riemann-Liouville introduced by Kilbas [13], TheW-Caputo has been defined by
Almedia [18].

There is a singular kernel in the aforementioned derivatives. Therefore, recently, some authors presented
some new types of (FDs) in which they replaced a singular kernel with a non singular kernel [7, 19]. These
types of (FDEs) have shown its major usefulness in modeling real problems in several fields of science.
Regarding this, Al-Refai and Jarrah [14] introduced the notion of [V, ®]-Caputo- Fabrizio fractional deriva-
tive, where W(x) is a monotone function and @ is a weight function.
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Motiveted by studies [1, 5, 14, 16, 22], we consider the flowing wheithed Hybrid fractional deferential model:

CFDZ;$(z(t) - ftt, z(t))) =g(t,z(t), teQ=[0,T], )
1

2(0) - £(0,2(0)) = 0

Where T > 0, “F IDV(D is the [W, ®] Caputo-Fabrizio derivative and f, 7 in C(Q X R, R).

The topic of the mnovatlve weighted operators with another function is something we pay close attention
to, as far as we are aware, no studies addressing the qualitative aspects of the aforementioned problems
using the [, ®]Caputo-Fabrizio Fractional derivative have been published. As a result, we develop and
expand the existence and uniqueness of solution for problem (1).

Our manuscript is organized as follows. In Section 2, we give some basic definitions and properties of
[V, Dlfractional integral and [¥, ®]Caputo-fractional derivative which will be used in the rest of our paper.
In Section 3, we establish the existence and uniquness of solution of the [V, ®]Caputo-Fabrizio fractional
with initial value problem (1) by using Banach fixed point theorem. As application, an illustrative example
is presented in Section 4, in section 5, we will simulate the solution of this example with different fractional
order followed by conclusion.

2. Preliminaries

In this section, we begin by introducing some notations and fundamental vocabulary.
Let Q := [ty,tg + 0], 0 > 0, and R be the set of real numbers. C(_Q, R) and AC(Q), R) denote the set of

continuous and absolutely continuous functions, respectively on () equipped with the usual supremum
norm

Iz lI= sup [z(1)]

teQ)
Let W(x) and ®(x) be the monotone and weight function, respectively, with ¥, @’ € Cl(ﬁ) and WV, V', @ >0

on Q. The weighted Caputo-Fabrizio fractional derivative is defined as:

Definition 2.1. ([14]) Let 0 < v < 1, and p € AC[Q,R]. The left [W,®] Caputo-Fabrizio Fractional Derivitave is
defined as:

N(v) 1 (", wmwen d

CFpY® , 6P (H)-V(s)

D, Dp)(s)ds. 2
Where °F ]DV(D is a Caputo-Fabrizio Fractional Derivitave, £, = , and R(v) is a normalization function satis-

fying N(0) = N(l) =1
We can write the preceding operator as:

N(V) ~6P(0) mf@)
—v D)

“D,yp(t) = 3 (@P)(s)ds. ®)

Definition 2.2. ( [14]). Let 0 < v < 1, and f € AC[Q,R]. The left [¥, ®] Caputo-Fabrizio Fractional integral is
defined as:

chva(x) N( )f( X) + N(v) (D(x)f W' (s)D(s)p(s)ds. 4)

Remark 2.3. For W(t) = 1 and O(t) = 1, the left [V, @] Caputo-Fabrizio Fractional integral coincides with Caputo-
fabrizio fractional integral defined in [15]
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Proposition 2.4. [14] Let p € AC[Q, R], then we have

@ X _ D(a)p(a)etr¥@
1) POV II)p() = p(t) — =gm—.

2) FLEDp0 = plt) - pla).
3) F1 :$ is linear and bounded from AC[Q,R] to AC[Q, R].

Remark 2.5. for p € AC[Q, R] such as p(a) = 0 we have:

DT Lp) = p(t)

and

T (TDyg)p() = p(t)
Theorem 2.6. ([17]) Let X be a non-empty, closed convex subset of a Banach space and Let My : X — X be an
operator such that:

M is a contraction, then the equation Myx = x admits a unique solution in X.

Theorem 2.7. ([3]).(Gronwall) Let z, ¢ and ® be real continuous functions defined in [a, b], D(t) > 0 for t € [a, b].
If we have the inequality:

2(t) < p(t) + f t D(s)z(s)ds.
for all t € [a,b], Then a
2(t) < (t) + f t D(s)p(s) exp [ f t d)(u)du] ds
forall t € [a,b].

Lemma 2.8. ([3]). If @ is constant, then from

¢
z(t) <+ f D(u)z(u)du
a
it follows that

t
z(t) < pexp (f (D(u)du).

We assume the following assumptions throughout the rest of our paper.

(S1) The functions f,g: Q x R — R are absolutely continuous.
(S2) 9(0,2(0)) = 0.

(S3) There exists a constant 0 < ¢; < 1 such that:
|f(t,u) —f(t,v)) < fl(u - v) for all teQ and u,velR.

(S4) There exists a constant 0 < £, < 1 such that L
llg(t,u) — gt, 0| < Gaollu —o||  for all t€Q and u,veR



L. Monsif et al. / Filomat 39:1 (2025), 229-238 232
3. Main results

In this section, we begin by establishing what we signify by solution of the problem (1), after we will
show the existence and the unicity of the solution of this problem using Banach’s fixed point theorem.

Definition 3.1. The function z € AC[Q,R] is said to be a solution of the problem (1) if z(t) verifies the equation
D (=0 - £t,20)) = g(t,2(), teT=[0,T],

and  z(0) — f(0,z(0)) = 0 on Q

Before we can confirm the existence and uniqueness of solution of the fractional problem (1), we must first
establish the following basic lemma.

Proposition 3.2. Consider that hypothesis (S1) — (S) is true, then the function z(t) € AC(Q, R) is a solution of the
fractional problem (1) if and only if z verifies the following fractional hybrid integral equation

t
z(t) = f(t,z(t)) + ayg(t, z(1)) + bV(t)L W' (s)D(s)g(s, z(s))ds. 5)

Where a, = ﬁ =cte, and b,(t) = %%

Proof. Let z be a solution of the problem (1), then we apply the [W, @] fractional integral “F T 8'13 on both
sides of (1) we have

I D=0 - £620)) = TTyna0 20,
from Proposition 2.4 we obtain
2t) = f(t,2(8) = FIYg(2(0),
which implies
2t) = f(t,2(0) + FIYg(2(0),
thus

1-v

v 1 ! ,
2(6) = fb,20) + 55579620 * 55 5 fo W(5)D(5)g(s, 2(5))ds.

Involves .
2() = £t 2(8) + a,9(t, 2() + b,() fo W (5)B(s)g (s, 2(s))ds.
Hence equation (5) holds.

Conversely, if z(t) satisfies the equation (5), then we have:

¢
z(t) — f(t,z(t)) = ayg(t, z(t)) + bV(t)L W' (s)D(s)g(s, z(s))ds, (6)

CF DV’(D

we employ the [, @] Caputo-Fabrizio fractional derivative o

to both sides of equation (6), we obtain

t
Dy (2(0) = £t 2(t)) = FDLY (avg(t,z<t)>+bv<t> fo W' (s)D(s)g(s, 2(s))ds |,

DY (2() - f(t,2(1)) = DS (FII)g(t, 2(1)),
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and we practice Proposition 2.4,we find
FDy (2(0) = £t 2(#) = g(t, 2(1) = ve" ' OD(0)4(0, 2(0)).
Since z(0) = £(0,z(0)) and g(0,z(0)) = 0 then we have
FDIY (2(1) - f(t,2(D)) = g(t, 2(D)).

Finally, we need to make sure that z(0) = f(0,z(0)) in the equation (1) is likewise true. To accomplish this,
we substitute ¢ = 0 in (5), we obtain:

1-v v 1

z(0) = £(0,z(0)) + < —9(0,2(0)) + R@) 2(0)

0
N) j; W (s)D(s)g(s, z(s))ds,

and from (8,), it follows that
2(0) = £(0,2(0)),

Hence, z is a solution to the problem (1). This completes the proof. O

Theorem 3.3. Assume that hypotheses (S1) — (S4) hold, and
b+ (ay + (BT =WO) O 11 by 11 )62 < 1
then fractional initial value problem (1) has a unique solution defined on Q.

Proof. By using Proposition 3.2, the fractional hybrid differential equation (1) is equivalent to the following
nonlinear fractional hybrid integral equation

t
z(t) = f(t,z() + ayg(t, (1) + by (£) f W' (s)D(s)g(s, z(s))ds. (7)
Let M; : X — X be an operator defined by

Maz(t) = f(t,z(t) + ayg(t, z(£) + by (t) fat W’ (s)D(s)g(s, z(s))ds.
where X=AC[Q, R].

We can transforme the fractional integral equation (7) into the operator equation as follows
Maz(t) = z(t), teQ. (8)

Now, we will verify that the operator M; satisfies the conditions of theorem 2.6.
Let us show that the operator M; is a contraction on AC[(Q, R].

t
alx(t) — y(@)| + a, b)) - y(t)| + &|pu (k) f W' (5)(s)(x(t) - y(t))ds]

|M1x(t)—M1y(t)) <
t
| Mix - My || < fl||x—y||+avfz||x—y||+fz||bv||.||c1>||.||x—y||fws)ds
| Mix= Myl < {6+ (o + (2T = WO @1 115, 1)) 13-y

Since  + (av + (\W(T) =) || D |Il by | )52 <1, the operator M; is a contraction on X.
From Theorem 2.6 we conclude that the problem (1) admits a unique solution. [
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Lemma 3.4. .
The solution of fractional model with initial value (1) is defined in

Mo =1{y € ACIQR] : || y lI< xe®T},
for hypothesis (S1) — (Ss), and €1+ (1 — ), <1 where

K_f0+(av+”bv||‘“\p/ ||-||‘1>||)90 REARYANEIRA
) 1= (6 +a,6) CYT T -Gt

and
fo=sup f(£,0), go=supy(t0).

teQ teQ
Proof. From equality (8) we have
[2(6)] = IMaz(t)

which means

t
()] = |ftz(t) + @)g(t, z(t) + by (1) fo W' (s)D(s)g(s, 2(s))ds|,
O ‘f(t,z(t)) — f(£,0) + £(£,0) + (a,)(g(t, z(t)) — g(t, 0))
b @at,0)+0,0) [ W EOOO(o20) - a5 0 +0.0) [ W D006, 01
0 0
()] < |ftz(t) - £, 0)| + |f(t,0)| + asg(t, 0)] + a,|(g(t, z(1)) - g2, 0))|
+ || f |9(5,2(5)) — g(s, 0)|ds + |b, (O] 1| W' II . || D | f |9(s, 0)|ds
0 0

By using the assymtions (S1) — (Ss) ,we find

t
2(8)| < Glz(O| + fo+avgo + alalz®|+ 110, L N NN D 6 f |z)|ds+ 115, 11 11'Y" |1 . | @ Il Tgo,
0

t
(1=t —alo) lz(B) < fo+aygo+ 1 by | N L@ Tgo+ 11Dy 112 [ | @l &2 f |z(s)|ds,
0

From lemma 2.8, and the fact that ({1 +a,6) <1, We have [z(t)| < xe®T

where )
K_f0+ang+ 1oy 1AL Nl @Il Tygo
B 1—51—&1/52
[ (T R A %
1—51—01\,52

As aresult y € Cy, This completes the proof of Lemma 3.4. [

4. An illustrative example

In this section, we provide a nontrivial example to illustrate the main results obtained above.
For this purpose, we consider the fractional with initial value problem below :

DY (2(t) - f(t,2(0) = glt,2(t),  teQ=[0,T]
9)
z(0) — f(0,z(0)) =0
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Where v = % N(v) =1, W)=, Ot =t+1, T=1, f(tz(t)= f—;sin(z(t))

and g(t,z(t)) = = \/zz(t)+

It is clear that the assumptlons (871) and (8;) are satisfied . Indeed, let t € Qand z 7z € R, then we have

|f(t,2) - f(t,2)|

A

< | ||szn(z)

By using the mean value theorem, we have

|f(t,2) - f(t,2)|
thus, the hypothesis (S3) in holds true with £ = 3=

It remains to verify the supposition (Sy). Lett € Qand z,z' € R, then we have

e 29— g2 )] = [EVED - L

|2(t) +2'(t)|
V2O +3+ 22 +3

A

o200 - 9.2 @) < 5220

920 - g6 2O < -2 ),

IA

thus, the assumption (Sy) in holds true with £, = %
Moreover,{; + (av + (VM -wO) D1 .1l bl ){2 =2+4 =2%2<1Wherea, =% | b II=3
(W(T)-W¥(0)=1 and | @ ||=2. Thus,all of the conditions of theorem 3.3 are satisfied.

Finally, the [W, ®] Caputo-Fabrizio fractional hybrid problem (9) has a unique solution defined on Q.

5. Numerical simulations

Several numerical methods for obtaining approximate solutions to fractional differential equations have
been proposed. These methods are primarily based on discretization of the independent variable and
include adaptations of the integerorder methods such as the adams bashforth moulton type predictor
corrector methods [9], finite difference methods [21], and finite element methods [20].In this paper,to ap-
proximate the solution of the wheithed Hybrid fractional deferential model (9),we will use a three-step
fractional adams bashforth scheme.

We will first describe the three-step fractional adams bashforth model and then apply it to obtain numerical
solutions for the [V, @] Caputo-fabrizio fractional model (9).

5.1. Numerical scheme of solution
Consider the following fractional differential equation:

D () — £t 2(1) = g(t, 2(1) (10)

where ¢F ]Dv q’z(t) isthe [V, ®]Caputo-Fabrizio fractional differential equation defined in (2). By integrating
Equation (10) using the [W, @] Caputo-Fabrizio fractional integral, we obtain:

I (TDleE® - fLy) = TIrety)
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¢
z(t) = f(t, y) + a,g(t, y) + by (t) L W' (s)D(s)g(s, z(s))ds (11)
Where a, and b, (t) are defined above in (5).

The time interval was discretized into steps with an interval of 7i; we thus have ty = 0. iy = t; +7....i =
0:n - 1. Now, Equation (11) can be rewritten as

tis

z(tis1) = f (8,2 () + 3g(fz,2(t i) +b (t) W' ()D(s)g(s, z(s))ds (12)

Also, we have

ti
z(t) = f(tic, z (ki) + g!](ti—llz(ti—l)) +Dy(ti) fo W' (5)D(s)g(s, z(s))ds (13)

Subtracting Equation (13) from Equation (12) gives

fis1

Y(tisa) = 2(t) =f(ti, 2(t) = f(tir, y(tia) + (g(tz, z(t) = g(tie1, y(ti-1)) + by(t) W ()D(s)g(s, z(s))ds  (14)

ti

In order to calculate Equation (14), we approximated the integral ftt”l f(s,2(s))ds by ft‘t”l P,(s)ds, where
P(s)is a Lagrange interpolating polynomial of degree two that can be calculated using the following formula:

2
Py(t) = Z flteg 2 (b )LiCE)
j=0

Where the Lj(t) terms are the Lagrange basis polynomials on the three points (t;-», t;-1, t;).Using the change

of variable s = %

Substituting for the Lagrange basis polynomials and integrating (for more details see ([2])), we obtain

t[+1

VD)6, 2 = B[ DT (212) = 5F (1,2 () + 7 (2 62)| (15)
t;
Where f(t, 2(t)) = W' () D(B)g(t, 2(t)).
Hence
fivl _ _
s, 2(6)ds = B[ 22t 2) — 5 Fh1,200) + 3 Fi272)] (16)

t

Where zZi=2Z (ti) ,Zi-1 =2 (ti—l) and Zip =2 (ti_2).
Inserting (15) in eqs (14) ,we obtain the iterative formula as follows

Z(tia) — 2(8) =f(ti 23) f(ti_l,zi_n + 2(g(t,2) = (61, 20)

- ;‘:f(tl 1,Zi-1) + j_f(fi—zlzi—z)]

(17)
+Hxby(t) f(tl,zl

5.2. The truncation error

The approximation by lagrange interpolating polynomial induces an error that we want to esti-
mate,namely,

F(t,2(D) = Pa(b) + Ea(t)

7(3) (Ci,z(C)

Ex(t) = 3

(t=t)(E—ti)(t—tin), G €(tioty)
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One may calculate the truncation error for the three-step formula as follow.

tiv1 tiv1 i . )
[ Ewa= [T - nar
t; t; *

and by using the change of variable 7 = t"*{t to approximite the integral, we obtain

o _ 7 (G2 (@) [ 3 -0
f Ex(tyit = ~L—2) fo (t -1 =D~ 3)t = =T (6,20, (18)

Where (; € (fi—2, t;). Denoting the entire right-hand side of Eq. (17) by Z;, then we have

= —)
Zi+1 = Zi+ bv(t)%h3f (Ci/z (Cl))
Therefore, the local truncation error of the use of formula (17) is determined by

s 3577 (G, 2(C)
Zi+1 — Zj 16 ir i
L o - -

This implies

Ziet =Zi 3 07® o
L I (R OB X0 (19)

5.3. Simulations

The numerical simulation, which are based on a formula (17), are designed to simulate the behavior of
the solutions z(t) for different values of v.

0.35
0sl v=1/3
0.25 - v=2i3 //
S
>
o2k v=TI8 o~
= 7
N /.//.
0.15 —
01 e
0.05 -
0 L
0 01 02 03 04 05 08 07 08 09 1

Figure 1: the time plots of the variable in model (10) when v:%, v= %, and vzg

For the fractional orders v = %, V= %, and v = g, figure (1) shows a time plot for the variable z(t) in
model (9). We can see that when is increased, the curves of each state follow the same pattern. However,

their values are somewhat different.

6. Conclusion

Using the [V, @] Caputo-Fabrizio fractional derivative of order v € (0, 1), we defined solutions for
the fractional hybrid with initial value problem in the current paper. Furthermore, the Banach fixed point
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theorem is used to demonstrate the existence and uniqueness of a solution to this problem. In addition, a
nontrivial example is presented as an application to demonstrate our theoretical results.Finally, to obtain
numerical solutions to the fractional equation of the exemple, the Three-step adams—bashforth techniques
have been devised and implemented.
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