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Abstract. In this study, our aim is to establish and generalize a g-analogue for the bi-periodic Fibonacci and
Lucas polynomials. We introduce two types of g-analogue for the bi-periodic Lucas polynomials, namely
the g-bi-periodic Lucas polynomials of the first and second kinds. We extend and unify various aspects
including explicit forms, recurrence relations, generating functions, and other combinatorial properties.

Moreover, we give a g-analogue of the relationship between bi-periodic Fibonacci sequence and bi-periodic
second-order recurrences.

1. Introduction
The bi-periodic Fibonacci and Lucas sequences are defined recursively, for n > 2, by

; at,_1 + t,_», ifniseven, q bl,_1+ 1,5, ifniseven,
" \btyoy + ten, ifmisodd, " lal,y + 1,5, ifnisodd,

with initial values t) = 0, t; = 1, [y = 2, and l; = a, where a and b are nonzero real numbers (see [7, 13, 18]).
Note thatif 2 = b = 1, then t, and [, correspond to the n-th Fibonacci and Lucas numbers, respectively.
Let g € C be an indeterminate. The g-integer and g-factorial of the number n are defined by

1-q" if 1 _ _ . .
[n]q _ )1 itg#1, and [n]q! _ [n]q[n 1]1][7’1 2]q [Hq/ lf n#0,
n, ifg= 1, ifn=0.

The Gaussian or g-binomial coefficient is given by

I ) U 1)
[kL - [k],![n — k]! - @ @ Dot (0<k<n),
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with [Z] = 0 for n < k, where (x; q),, is the g-shifted factorial, defined as (x; ) = 1 and (x; g), = H;’z_ol 1- xqf ).
The g-difference operator D, is defined as follows

fl) - f)

Dy f(x) = TE

There exist several different g-analogues of the Fibonacci and Lucas polynomials, as well as extensive
research on the subject; see, for example, [1, 4, 6, 8-12, 15]. In particular, Cigler [12] proposed a unified
approach for the g-Fibonacci and g-Lucas polynomials as follows

1,y m, ) = Lf: O [ H] w2y, nz0 0
n+ 7 g = Yy
Ln/2] [1] K
(m+1)(3 L L n—2k  k
An(x,y,m,q) = Zq ()n_ ]q[ Lx y, nxz1l 2)

When m = 1, these expressions lead to the well-known Carlitz-type g-Fibonacci and g-Lucas polynomials
(see [8, 12]), which are given by

Ln/2]

F,,+1(x, ]/, Z q [1’1 k] n—2k k n>0,

_ /2] e [n]q S
Ln(x,y,q)—Zq T [ . Lx v, n>1
q

k=0

For m = 0, we recover Cigler-type g-Fibonacci and g-Lucas polynomials (see [9-12]), expressed as

ln/2]

F,(, y’ Z q(m) [n k] n—2k k: n>0,

Ln/2] (k [n]q n—k| ok &
Lucn(x,y,q)=2q2m[k]x y, n>1
k=0 q q

Recently, in [14] Ramirez and Sirvent defined a Carlitz-type g-analogue of the bi-periodic Fibonacci se-
quence, namely g-bi-periodic Fibonacci sequence, for any integer n > 2, as follows

. aF")(y,q) + g 2yF"(y,q), if niseven,
Fi(y,q) =

bFff b)(y, )+q" zyF(” h)(y, gq), ifnisodd,
with ng'b)(y, q)=0and Fg”’b)(y, q) = 1. They also obtained the explicit formula for the g-bi-periodic Fibonacci
sequence
b Ln/2] 2T —k S
Fwa = ) g ") @,

where £(n) =n —2|n/2],i.e., £&n) = 0 when n is even and &(n) = 1 when 1 is odd. Motivated by the results
in [14], Tan in [16] introduced a Carlitz-type g-analogue of the bi-periodic Lucas sequence as

(a,b) &( )Ln/2J k?— [n]q n—-k n/2]-k k
Iy, q) = a*" E : [ ] b nx>1,
(y ‘7) pa q Tl k]q ( )
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with lg”h)(y, q) = 2. Additionally, she provided a matrix representation of the g-bi-periodic Fibonacci
sequence, which can be expressed as follows

yF) @y, 9) (f)é(m F(y,q)
C (") C (1" 2y) - Clay =+ N |
E G (2" E Dy, g
0 1 O EC)
where C(x,, y) = Yy x and y;, := asHpetn),
The authors in [3], defined a Cigler-type g-analogue of the bi-periodic Fibonacci and Lucas polynomials as
(1-Dy
ab

g-1
5 YPay)L

Fx,y,q) = U [x + D, y|1 and Luc™(x,vy,q) = VO [x +
n y.q Y y.q

where 1 = 1(x,y) = 1 is a constant polynomial, and u®d(x, y) and VOl (x, y) represent the bivariate bi-
periodic Fibonacci and Lucas polynomials defined in [17] and [2], respectively, as follows

axU") 1Ly +y U(u ?) ,(x,y), ifniseven,
U y) =0, UV () =1, and U y) =1 " ) (n1>2),
bxU™ (x, y) + yU™)(x,y), if nis odd,

bxV® b)(x y) +yv b)(x y), ifniseven,

V(()a,b)(xl y)=2, Viﬂ'b)(xr y) =ax, and V;”’b)(x, y) = ) ki (n>2)
”XVﬁﬂ_’f(x, y)+ yV” )(x y), ifnisodd,

They satisfy the following recurrence relations for n > 2,

I3 - ]- a,
F(x,y,4) = a0 Db (x+ —yp, ) Fy ), 9) + yE D (x, v, 9), 3)

Luct (x, y, q) = a*+VpE0) (x +122yD, )L”C(u (x, y,9) + yLuc)(x, v, q), @)

with the initial values F*?(x,y,q) = 0, F*(x,y,q) = 1 and Luc"?(x,y,q) = 2, Luc™?(x,y,q) = ax. The
0 Y.q 1 Y.q 0 Y.q 1 Y.q

recurrence in which the operator (g — 1)yD, appears is called a D-recurrence. We also provided the

following explicit formulas

/2]
F(x,y,q) = a*® Z (%) [n ‘ k] (ab)" Ak 2k > 0, (5)
- q
uc@?) &( )W2J ¢ [y -k ln/2]-k n—2k,
— n n n > 1.
xy,0) =0 Zq - k]q[ ](b) v on>1 (6)
The Cigler-type g-bi-periodic Fibonacci polynomials satisfy the following recurrence relations for n > 2,
B0y, ) = OBy ) + 4 YE ) )
Fy(x,y,q) = a6 F ) (x, qy, ) + qyFD (x, gy, 9)- (8)

Furthermore, in [3], two types of g-bi-periodic Lucas polynomials were introduced: the g-bi-periodic Lucas
polynomials of the first kind and the second kind. These polynomials are defined for n > 1 as follows

Ln/2]

. . k . (k] .
Ly, y,q) = a*" Z g0 [n ] (ab)t"" k( + —[n_;’(]q)x %y,
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Ln/2]

ab)(x y,q) = a*® Z q(m [n k] (ab)t"2~ k(l +q" 2k[ Ui]’;c] )xn—Zkyk,
q

with LY(x,y,9) = LY (x, y,9) =

In this paper, we present a unified and generalized approach that combines Carlitz’s and Cigler’s
approaches for the g-analogue of the bi-periodic Fibonacci and Lucas polynomials. We introduce two types
of g-analogue for the bi-periodic Lucas polynomials, namely the g-bi-periodic Lucas polynomials of the first
and second kinds. We extend and unify explicit forms, recurrence relations, generating functions, and other
combinatorial properties. In addition, we expand the results in [6] to the generalized g-bi-periodic Fibonacci
polynomials. We establish the g-analogue of the relationship between bi-periodic Fibonacci sequence and
bi-periodic second-order recurrences.

2. Generalized g-bi-periodic Fibonacci and Lucas polynomials
In this section, we will begin by defining the generalized g-bi-periodic Fibonacci and Lucas polynomials.
Definition 2.1. The generalized q-bi-periodic Fibonacci and Lucas polynomials are defined, respectively, as
Fulx, y,m,q) =10, ( Fo(x, y, q)) and  Ly(x,y,m,q) = U (Luc(”b (x,y, q)),
where W,,, be the linear operator on the polynomials in y defined by
W,k = @)y
This definition leads to the following theorem.

Theorem 2.2. Forall m € Z, we have

[n/2]
7:n+1(x/ y,m, q) — aé(ﬂ) Z q(k;l).;.m(’;) [ﬂ ; k] (ab)Ln/ZJ—k xn—Zkyk, n>0, (9)
k=0 q
[n/2] o [n ] _k
L(x,y,m,q) = a*™ Z g(remG) 1 " [“ i ] (ab)" A xRk, > 1. (10)
q q

Proof. We apply the operator U,, to (5) and (6), yielding the results. [
Remark 2.3. It is clear that Uy (Fff’b)(x, Y, q)) = FOb(y, ¥, q) and 4 (Lucff’b)(x, Y, q)) = [y, Y,q) provides the
Carlitz approach for the g-bi-periodic Fibonacci and Lucas polynomials.

Lemma 2.4. Foralli, j € Z, we have

W (VE (0, q'y, ) = " Oy Fulx, 4"y, m, q), (11)
W, (y/Luc @, q'y, ) = 4"Oy/ Lo(x, 4"y, m, q). (12)
Proof. From Definition 2.1, we obtain
L(n-1)/2]
2, (yfFﬁ,”’b)(x, qiy’ q)) =10, [aé(n—l) Z q(kgl) [Tl —7;— 1] (ab)t(nfl)/ZJ—k qikxn—zk—1yk+j
k=0 q
L(n-1)/2]
— g0 Z q(m) [n k- 1] (ab)L0~ D21k gikyn=2k=1 m( /)yk+j
k=0 q
Ln=1)/2] _
) Z (k+1)+m()[ 1] (ab)L = D/21K Q) stimyn-2k-1, et
k=0 q

= qm(é) y]?-n (x, qi+’njy, m, q) .
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In a similar way, we find (12). O
The polynomials 7, (x, y, m, q) and .L,(x, y, m, q) satisfy the following D-recurrence relations.
Theorem 2.5. Forn > 2, we have

— 1 n
q—quT,f_’f) (x,q"y,m,q) + yFno(x,q"y,m,q),

Fulx, y,m,q) = a*" V6O F, i (x, y,m, q) + o

Lu(x,y,m,q) = a* OO L, (x,y,m, q) + %quL’n—l(x, q"y,m,q) + yLu-o(x,q"y,m,q),
with the initial values Fo(x, y,m,q) =0, F1(x, y,m,q) =1, Lo(x, y,m,q) = 2, and L1(x, y, m,q) = ax.
Proof. Applying U,, to (3) and (4) and using Lemma 2.4, we obtain results. [
The polynomials F,(x, v, m, q) satisfy further recurrence relations, as shown by the following theorem.
Theorem 2.6. Forn > 2, we have
Fulx, y,m, q) = a*" Vb OxF 1 (x,y,m,q) + 4"y Fua(x, 4"y, m, q), (13)
Fulx, y,m,q) = a* Db OxF . (x, gy, m, q) + qyFaalx, 4"y, m, q). (14)
Proof. Applying U, to equation (7), and using (11), we obtain

u,, (Ff,,a'b)(x/ Y, q)) =, (ai(n—l)bf.(n)xl;;gl,bl) (X, v, q) + qn_Z}/FE,uL};)(xl %/ q))

= a*DpEIXF 1 (x,y,m, ) + 42y Fua(x, 4"y, m, q).

Applying U,, to equation (8), and using (11), we obtain
W, (B, y,9)) = W (a5 DB x, gy, ) + qyF e (x, 3y, 9))
= a* O IF 1 (x, qy,m, q) + qyFua(x, g™y, m, q).
O

In the following proposition, we express the generalized g-bi-periodic Lucas polynomials in terms of the
generalized g-bi-periodic Fibonacci polynomials.

Proposition 2.7. Forn > 1, we have
Ln(x/ y,m, Q) = 7:‘rl+l(xr y,m, Q) + ]/7:71—1(95/ qm]// m, Q)/ (15)
La(x,qy,m,q) = Fura(x, y,m,q) + 4" yFu1(x, "y, m, q). (16)

Proof. Using the explicit formulas for the generalized g-bi-periodic Fibonacci and Lucas polynomials, we
obtain

[n/2]
L(x,y,m,q) = a*™ Z q(1+m)(§) (qk [n ; k] N [n ;I_c I 1] )(ab)Ln/ZJ—k Y
k=0 q q

Ln/2]
k1 ®[n—k _ _
— & z‘ e )+m(2)[ p L (ab)\ /2K 2k
k=0

[n/2]

kel KW[n-k-2 2]-k-1 _n-2k-2 _mk k+1

+ g&m E q( SD+m(3) [ k ]q (ab)tn/ 1 x" q™y +
k=0

=T (X, y,m,q) + yFua(x, 4"y, m,q).

In similar ways, we prove the second relation. [
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3. Generalized g-bi-periodic Lucas polynomials of the first and second kinds

The polynomials L,(x,y,m,q) do not follow simple recurrences like those in (13) and (14). Therefore,
we introduce new types of g-analogues of bi-periodic Lucas polynomials, known as the generalized g-bi-
periodic Lucas polynomials of the first kind and the generalized g-bi-periodic Lucas polynomials of the
second kind.

Definition 3.1. The generalized g-bi-periodic Lucas polynomials of the first kind, denoted as P,(x,y, m, q), and the
second kind, denoted as P,(x,y, m, q), are defined by

P,(x, y,m,q) = Wy (LT (x, v, 9)), (17)
Pu(x, y,m, q) = Uy, (]Lff’b)(x, Y, q)). (18)

This definition leads to the following theorem.

Theorem 3.2. Forn > 1 and m € Z, we have

Ve [k [kl
P,(x,y,m,q) =a E(n) Z q(m+1)( ) [ ' ] (1 + ﬁ) (ub)Ln/ZJkaanykl
/2] o i,
P, (x, y,m,q) = a*® kz;‘ q( )+m(2)[ L (1 +qn—2k[ ) )(ab)Ln/ZJ =2k

with Py(x, y,m,q) = Po(x, y,m,q) =

Note that for m = 0, we obtain the Cigler-type g-bi-periodic Lucas sequence of the first and second kinds
as defined in [3], and for m = 1, we obtain the Carlitz-type g-bi-periodic Lucas sequence of the first and
second kinds, defined forn > 1, as

— 44 )Ln/ZJ k 1k [k] [n/2]-k 2k k
P.(x,y,1,q9) =a" E qz [ ](1+ )ab” X"

[n/2]
. 2 [n—k weor L] P
IPn(x,y, 1,q) = gt® E qk [nk ] (1+q ka) (ab)L 121=k, Zkykr
k=0 q

Wlth Po(x, y, 1, q) = 1P()(x/ ]// 1/ ‘7) =
In the following result, we state the generalized g-bi-periodic Lucas polynomials of both kinds in terms
of the generalized g-bi-periodic Fibonacci polynomials.

Theorem 3.3. For n > 1, we have
P.(x,y,m,q) = Furr(x, y/q,m,q) + yFoa(x,q"y,m,q), (19)
P, (x, y,m,4) = Fus1 (X, y,m,q) + 4" yFua (e, 4"y, m, q). (20)
Proof. From Theorem 3.2, we have

n/2] [n/2]
P.(x, y,m, q = gé0m) Z q(m+1)(2) [” k] (ab)tn/Zan Zkyk + 25m Z q(m+1 )(5) [” k— 1] (ab)L"/ZJ —k - Zkyk

k=0
ln/2]

_ a(’(n) Z q(k+1)+m(2 [ﬂ k] (ab)l'n/2JXn Zk(y/q)k
k=0

[n/2]-1 K-
gy Z (51)+m(%) [n 2] (ab) L/ 21k =22 g
k=0
= Funi(x, y/q,m,q) + yFua(x, 4"y, m,q).

In a similar way, we obtain the second identity. [
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The recurrence relations satisfied by the g-bi-periodic Lucas polynomials of the first and second kinds are
as follows.

Theorem 3.4. For n > 2, we have
Pu(x, y,m,q) = a*Mb*" VNP, i (x, y,m,q) + ¢ 2yPua(x, 4" 1y, m,q), (21)

P,(x, y,m,q) = a*"b " VxP,_y (x, gy, m, q) + qyPu(x, 7"y, m, q), (22)
with the initial values Po(x, y,m,q) = Po(x, y, m,q) = 2 and P1(x, y, m,q) = P1(x,y,m, q) = ax.

Proof. Using the recurrence relations (13) and (14), along with the relations (19) and (20), we obtain the
results. O

The Carlitz-type g-bi-periodic Lucas polynomials of the first and second kinds satisfy the following recur-
rence relations.

Corollary 3.5. For n > 2, we obtain
P.(x,y,1,9) = a*Pb* " VxP,_1(x,y,1,9) + " *yP,a(x, v, 1,9),

1[)l/l(x/ ]// 1/ Q) = aé(”)bé(n_l)X]Pn—l (x/ qy/ 1/ 17) + qy]Pn—Z(x/ qz]// 1/ Q)/
with the initial values Po(x,y,1,q) = Po(x,y,1,9) = 2and P1(x,y,1,9) = P1(x, y,1,9) = ax.

Proposition 3.6. For n > 1, we obtain

P.(x,y,m,q) = 2Fn1(x, % m,q) — a*Mp Dy F (x, y,m, q),

P, (x, y,m,q) = 2Fp1(x, y,m, q) — atMpt-N g (x,y,m,q).
Proof. Using the recurrence relations (13), (14), (19), and (20), we arrive at the results obtained. [
Remark 3.7. For n > 1, we deduce the following identities

Pu(x, y,m, q) = Fulx, y,m,q) + 2yFu-1(x, 4"y, m, q),

Py (x, y,m,q) = Fulx, y,m,q) + 24" yFoa(x, 4"y, m, q).
The generalized g-bi-periodic Fibonacci and Lucas polynomials satisfy the following properties.

Proposition 3.8. For n > 0and m € Z, we have

1
Ly(x,y,m,q) = 5 (Pu(x, y,m,q) + Pu(x, y,m,q)) (23)

and for y # 0, we obtain

m n+1
ne1 4 2

Fonlx, y,m,q) = (=1) T‘Fn(x, g™y, m,q), (24)

L (x,y,m,q) = (-1)" 1 " Lu(x, 7"y, m,q), (25)
i qm(nﬂ .

P—n (x/ yr m, ‘7) = (_1) yn ]Pn (x/ q " Y, m, 5])/ (26)
L0 o

]P—n (x/ }// m, q) = (_l) yn Pn (x/ ‘1 ]/, m, Q) (27)

Remark 3.9. From (24), (25), (26), and (27), the identities (13), (14), (15), (16), (21), and (22) holds for all n € Z.
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4. Generating Function

In this section, we derive the generating functions for the generalized g-bi-periodic Fibonacci and
Lucas polynomials. We begin by stating the relationship between the generalized g-bi-periodic Fibonacci
polynomials 7, (x, v, m, ) and the classical g-Fibonacci polynomials ®@,(x, y, m, q).

Lemma 4.1. Forn > 0, we have
Falx,y,m,q) = Z0u(Vabx, y,m,q) - (<1 @(V—xy,mtn
wheret =1+ \[EandT=1- L.

Proof. According to (1) and (9), we obtain
L(n=1)/2]

Folx, gy, q) = at0+D Z g(3)m) [" —]1 - k] (ab) "1 2K o1k
k=0 q
E(n+1) | (n-1)/2]
_ E) (k+1)+m(k) [n k — 1] (\/—x)n 1-2k k
Vi) L

a) _(—1) (1 = /%) L=D)/2]
(1+ \/;) (-1 (1 ‘/;) Z g1 ) [n—llz—l] (\/Ex)n_Zk_lyk

2 k=0 1
:%(1+ \/7)(13(\/_3( y,m,q) — - )( \/%)q)n(%x/]//m#)-

Lemma 4.2. The generating function for the classical q-Fibonacci polynomials ®,(x, y,m, q) is given by

m(x ylz) Zq(kﬂ)ﬂﬂ(z) y Z

XZ
>0 q )k+1

O

2k+1

Proof. Let W,,(x,y,z) be the generating function of the polynomials ®,(x, y,m,q), according to the well-
known formula

I RRER=T
k q (k1

n>0

we obtain

\Ijm (x/ ]// Z) = Z (Dn (x/ ]// ml ‘7)271

n>0

= Z Z" Z q(kﬁl)ﬂ”(lé) [” - ]]i - 1] xn—Zk—lyk
q

n>0 n—-1-k>0

) pm (X -k-1 n—2k-1_n
DI EACID M i FTe®
q

k=0 n—T=k
k+1 +m k —k _I+k+
_Zq() ¢) kz[] pR
k>0 120
_ Z (3 2k Z [l J};k] o
k>0 120 q
-~ . k 2k+1
Zq( 2)+m ()(xz
>0 Q)k+1
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Theorem 4.3. The generating function of the polynomials F,(x, y, m, q) is given by

Gor(2) = Z ] +1)+m(k) L T(= Vabxz; q)k+21 2+ T2 \/_xz 9k+1 21 28)
L 265572 P

Proof. From Lemma 4.1 and Lemma 4.2, we get

Gm (Z) = Z ﬂ(xr y,m, q)zn

n>0
22(13 \/_xy,qu ——ZQD bxy,mq)(—z)”
n>0 n=0

W, ( \/Ex, v, z) - E‘I’m ( \/a_bx, Y, —z)
_ Z (k+1)+m(k) kT( \/_bxz q)k+1 + 7( \/_XZ q k+1 2k

2(abx?2%; )41

k=0
|

Corollary 4.4. The generating functions for the Carlitz-type and Cigler-type g-analogues of the bi-periodic Fibonacci
polynomials are provided below, respectively, as

2 b
Ci(z) = ZFE’?’b)(xl y,9)z" = qu (7= Vabxz; g)ian + T(Vabxz; ) 21

2~2. 42
k>0 k>0 2(abx zs; )k+1

Go) = Y w2 = Y g (= Vabxz; )i + TVAbXZ Pt 0

2.2. 72
k>0 k>0 2(abx2%; 4 sy

Theorem 4.5. The generating function of the polynomials L, (x, y, m, q) is given by

Su(2) = Y g 20 Vabxz; e+ T(Vabaz; g ( %

mk 2k+1
. 29
2(abx?z2; k41 * yz) z 29)

k>0
Proof. From (15), we have
Su@ =Y Lulx,y,m, 2"

n>0

= Z (Fusa(x, y,m,q) + yFua(x, g™y, m,q)) 2"

n>0

1 n m n
= Ezﬂ(x,y,m,q)z +yzz7’n(x,q y,m, q)z

n=0 n>0

= 21—2 (T\Ifm( \/Ex, Y,2) = TW,u( \/Ex, Y, —z))

+ yEZ (T\I’m( Vabx, q"y, z) — TW,,( Vabx, g™y, —z)).

According to the Lemma 4.2, we have

2k+1

(x q v, Z) Z q(m+1)(k+1)L

) (30)
>0 (02} P

Thus, we find the result. O
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Corollary 4.6. The generating functions of the Carlitz-type and Cigler-type for the q-bi-periodic Lucas polynomials
are given, respectively, by

»  7(~Vab
510 = Y 199y et = ¥ gy DV Qs + T(VabxZ; (Z . qkyz)z2k+1,

2,2 2
= = 2(abx*2%; 4 Jer1

S0(2) = Z Luca(x, y,0)2" = Z (), L T(= Vabxz; @)1 + T(Vabxz; )i ( yz) 21

2.2. 2
n>0 k>0 2(abx?2%; 41

Theorem 4.7. The generating functions of the polynomials P,(x,y, m,q) and P,(x, y, m, q) are given by:

_ (m+1)(k) 1 T(= Vabxz; @)1 + T(Vabxz; )i ( (m+1)k ) 2%+1

Lu(2) ;0 q 2@ e S Tqm yz) 2, (1)
_ (m+1)(k) i T(= Vabxz; q)xe1 + T(Vabxz; )k (1 k_ (m+1)k ) 2k+1

Ly (2) Zq 2abx22 Py 29" =1 +gq yz |z (32)

k>0

Proof. From (19), we have

n o_ 1. n m n
ZPn(x,y,m,q)z = ZZﬂ(x,y/q,m,q)z +yZZﬂ(x,q y,m,q)z

n=>0 n=>0 n=0
= 21—2 (T‘I’m( \/Ex, y/9,2z) = TWu( \/a_bx, v/q, —z))
+ y?z (T‘I’m( Vabx, q"y, z) — TV,( Vabx, g™y, —z)) :

According to the Lemma 4.2, we have

2k+1

W, (x, y/q,2) = Z q(m"'l)(z

o g

Using the above identity and (30), we find the result.
The generating function of the polynomials IP,(x, y, m, q) is obtained by using the relations (23), (29), and
B1). O

Corollary 4.8. The generating functions of the Carlitz-type and Cigler-type for the q-bi-periodic Lucas polynomials
of the first and second kinds are given, respectively, by

L) = Z Lo (x, y,1,0)2" = Z 7ty (= Vabxz; Q) + T(Vabxz; q)et ( ‘g yz) %41

2.2. 2
>0 k=0 2(abx2%; 41

2 b
Li(z) = Z]L(u D(x,y,1,q)2" = qu e T Vabxz; @ + T(Vabxz; )i (Z(qu —1)+ qzkyz)zzml

252. 42
L £ 2602 P

and

K — Vabxz; T( Vabxz;
Lo(z) = Zqua,b)(x/ 1,0,0)2" = Z N T(— Vabxz; q)s1 + T(Vabxz; q)ea (% . qkyz) 2

252042
e = 2(abx?z?; 4% )k

— Vabxz; T bxz;
Lo(z) = Z L (x,y,0,0)2" = Z 7O (= Vabxz; Q)a1 + T(Vabxz; Qe (%(qu 1 qkyz) 2k

2~2. 2
n>0 k>0 Z(be Z /q )k+l
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5. Sum of the terms of the generalized g-bi-periodic Fibonacci and Lucas polynomials

In the following results, we provide identities concerning the sum of the terms of the generalized
g-bi-periodic Fibonacci and Lucas polynomials.

Theorem 5.1. For any integers n > 0 and | € Z, we have

n

Z (=1)F gE0-DEDPEDER) (gp)Lk/2] q(’;) [Z] otk Y, m, ) = qnl+(m+1)(;)yn7:](xl 7"y m, q),
k=0 q

Z (_1)k 2EDER pE+DER) (ab)Lk/ZJ q(g) [Z] ka2n+l—k(x/ y,m,q) = qnl+(m+1)(;)ynPl(xl qn(m—l)y, m,q),
k=0 q

- _1 k n+ n
Z %aané(mbauné(k) (ab)1%! [ZL FPori (05, 1, q) = U Oy Py, Dy, m, ),

n
Z (=1)F gE-DERREDE® (p)1k/2] q(g) [Z] o ngzi)l_k_l(x, y,m, q) = qnl+(m+1)(’2’) VFE 7Dy, )
k=0 q

n qn(m+l—2)+(m+1)(g) YF L (x, VY, m, ).

Proof. The first formula can be proved by induction on #n. It is trivially true when n = 0 for all | € Z. For
n = 1, the result reduces to

?jl+2(x/ ]/, m, ‘7) - ug(l_l)bé(l)xﬁ+l(xr y/ m, Q) = quﬁ(xr qm_ly/ m, ‘1),

which also holds for | € Z by (14) and Remark 3.9. Assume that the identity holds fori < n and all ] € Z.
Then, we get

N (1) aE DO () lk2L ) [Z] FF oy m )
k q

2n+l-k

- Z (=1)f aS0-DERBEDER) () /21 i (2) [”;1] HFED (e, y,m, q)
k q

2n+1-k
k _1\¢ c k Kn[n-1 b
Y 0 a0 @2 O [E ] B 5y,
q

k
k=1 E(-1)Ek-1),EDER-1 k=172 (5) |1 =1 k-1g@b
=Z(_1) S DEGD EDEGR=1) (g >/Jq(2)[k_1]qx FOD (%, y,m,q)
k

+ Z (=1 aE-DEOREDR) (gp)lk/2] 56) [Z - ﬂ HFD (e, y,m, )
k q

_ k=1 EI-DER-D) 1 EDER=D) (mlk=D2] () [ = 1] k1
_Zk“( 1)1 EE-DERD REDERD (g1 q(z)[k_l]qx

(a,b) E(I+k) 1,E(I+k—1 (a,b)
X (Foil (e y,m,q) = a OB Ly, m, )

_ Z (=1)F aEU-DEOPEDER) (gp)LK/2) q(*’;l) [” ; 1] s qzn+z-k—zy7_~(a,b) &, q" "y, m, q)
q

2n+l-k-2

k
= 2y ¥ (1) aE D0 (gp) 121 4C) [nzl] FFOD g
k 9

2n+l-k-2

) q2n+l—2yq(ﬂ—l)”(’””)(”;l) (qm_l y)n—l(]:l(a,b) (x, qn(m—l)y, m,q)
_ qnz+(m+1)(g) ynyrl(a,b) (x, q”(m—l)y, m,q).
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In the same way, we use the recurrences (21) and (22) to prove the second and third identities. Moreover,
by using (15), we obtain the last identity. [

Note that if we take m = 0, we get the results given in [3] and for m = 1, we get the following results.

Corollary 5.2. For any integers n > 0 and | € Z, we have

n

Z( 1) g5 -DERREDER) (gpy)lk/2] q(';)[ ] HED (x,,q) = qnl+2(;)ynF§ﬂrb)(x’ Y, ),
k=0

n

Z (—1)k l)g(k)bg(“—l <) (ﬂb |_k/2J (k) [ ] X PZVH—I—k(x/ Y, 1/ Q) = qnl+2(g)]/nPl(x/ v, 1/ 17),
k=0

S|

(k—l(k)ﬂ) EDERE+DER ( b)Lk/zj[ ] FPoer(x, 05, 1,q) = q( )+(2)y”lPl(x 2y, 1,q),
q" q

=~
|
(=}

(_1)k 2S-DEW pEDE®R) (ab)Lk/ZJ q(g)[ ] kl(a wh @, y,q) = np,z(;) y”Fgﬂ’b)(x, y,q) + qz(;)ym F(ab x, 4y, 9).
k=0

Theorem 5.3. Foralln > 0and | € Z, we have

n N . EMEm)
Z(_l)J gli=r+mG) ’;] P 0i(x, /"Dy, m, q) = a*®) (E) (@) P (e, y, m, ),
= -q

n o N T ) . b E(NE(n)
Y 1igie® [ i| Y Praj(e, g Dy, m, ) = ¥ (5) (@) 2P x, "y, m, g),
=0 1q

i N ) E(DEm)
Z (-1y q] +m(}) [7; }/]7:1+n—2]‘(x, q](m+1)y, m, q) = pEm (%) (ab)Ln/ZJ xny:l(a,b)(x’ qny, m, q)
j=0 o

Proof. We prove the first identity by induction on #n. For fixed I, the formula holds for n = 1. We assume
that it is true for i < n. Then, using &(n + ) = &(n) + E(I) — 2E(m)E(I) and 2|n/2] = n — E(n), we get

Z( 1)l g~ J+M(2)[ ] YPronaj(x, "Dy, m, )

j20

_ Z( 1)/ gli- J+m()([ ] [111:11],7) Y/ P2, "Dy, m, )

j20

- 2( 1)/ ¢~ ]+m()[ ] (Pl+n—2]’(x/ qj(mfl)y,q)_ql+n72f2j+j(m—1)yPHn_z_zj(x,q(j+1)(m71)y,m,q))

j20

_Z( 1)/q' J+"1()[” 1] atrmptten=1) y]Pﬁ”{zj,l(x,qf(’”‘”y,m,q)
j20

EDém-1)
= & peen=1), -&(n-1) (E) (ab)L(ﬂ—l)/ZJ x”flPEa’h)(x, y,m,q)

EDE(n)
= g (a) (b)) "By, y, m, q).

In the same way, we prove the remaining formulas. [

Note that if we take m = 0, we get the results given in [3].
In particular, if we take [ = 0 in the previous theorem, we get the following result.
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Corollary 5.4. Forn > 0, we get

Z( 1)] —J +n’(z) [ ] y]Pn 2](x q](m 1)}/, m, q) — 2a£(n) (le)Ln/ZJ x”,
Z (1) qu+m(£) ’]’] Py, @Dy, m, q) = 2050 (ab)"/ 1,
= - g

Z (—1)j q’”(é) [7 ]/]l:n—zj‘(x, q’"jy, m,q) = 205 (ab)Lﬂ/ZJ X",
j=0 -

Y g O 1]y Dy mg) =0

- - g
Note that if we take m = 1 in Corollary 5.4, respectively, we get the new identities for the Carlitz-type
g-bi-periodic Fibonacci and lucas polynomials.
Corollary 5.5. For n > 0, we have

PCIIREY 7] P61y, 1, ) = 2450 (ab)"/?) i,
-lq

=0

Y D g 0 7] Y Puaj(x, 477y, 1,4) = 2a° (ab)""2 57,
=0 o

Z ( 1)] q(z) [ y]l’(f bz](x q]y q) zaé(n) (ab)l_n/ZJ xn/
j=0

Z(—l)f g0 ] YE 06,7y, 4) =
j=0

6. Connection between g-bi-periodic Fibonacci sequence and bi-periodic second-order recurrences

&(n+1) 5

n+l
&(n) . . &(n) &(n+1)

( ) tfH—l’ ton = tpaty + tpfy-1 givenin [18], and lpy41 = Ity + Lys1tysr and by, = (%) Luty-1 + (S) lns1tn
given in [7].

Let C (%, y) = 0 1 and x,, = a0 VpEMyx. Then
Yy A

Now, we provide the g-analogue of bi-periodic Fibonacci and Lucas identities fp,.1 = (;—’ +

E(n+1)
yEA oy ) () FY (xy9)

C(%n g""y) C(%n1,4"y) - C Ot y) = »
E (qy,0) (8 E (x,y,9)

and

&En )
(57 yF (vqy,9)  FSY (x,v,9)

C (%m, 71y C (%m qn—Zy) C(xa,y) = ) .
(& Y ) Fo ()
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Thus

( )é(n)é;(k) (é)é(n+1)5(k+1)
a a

F(x,qy,9) F(x, y,q)

(a8 9) € (et 20) - Clora) = | "
(g)é( +1)é(k) ]/Fff’h)(X,qy,q) (g)é( )E(K+1) Fﬁ,afl)( ©1,0)

Theorem 6.1. If the sequence (G,(x,y,q)), satisfies the recurrence relation
G (%,Y,) = #0Gu1 (4, 4,9) + 4" *YGua (%, 9,9) ,
then we have
&(n) a, a, P
(S) Gy (x,q‘ky, ) Fab) (x qY,9) + Gis1 (x q- y, )F( h)(x .9, if k is even,

Ge (%, a7 v,0) yE2 gy, ) + ()" Guon (%079, 0) F¥0x, v, ), i Kiis odd.

Proof. Let(Gu(x,y,9)), be a sequence satisfying the recurrence G, (x, ¥, q) = %,Gu-1(x, ¥, 9) +q">yGu-a(x, y, q).
Then

GrH—k(xr q_ky/ ‘1) =

Gkt (%,07Y,9) = 21 Gk (4,07, 9) + 0" YGorakn (v, 97, 9).
Consequently,
[ Guet (%77, 9)

Guekr (%47, q)]
Guekan (%,075,9) .

Gk (x,97v,9)

] =C (%n+k+1/ q"_ly){

By induction, we get

[ Guek (x,7%y,9)
Gueke (%075, 4)

Gr (% a7y, q) ]

]:C@mwf4wqmﬁwﬂw“C“M”{qﬂ@qwm

Since
E)E(k+1) EmDE®)
. . (%) yE gy, () Fi(x, y,q)
C (st ") C (s 0" 2y) - C (ko y) = NEEHDERD P\EOER () -3
(4) yF O qy,q) () O, y,g)

we obtain the result. [

Consider G,(x,y,q) = FoP(x, ¥,q) in Theorem 6.1. First, we replace k with n; secondly, we replace k with n

and n with n + 1. Thus, we arrive at the following results.

Corollary 6.2.
F —,q) Fu(x, —,q)yF @ qy, @) + B, qln,q)Fff’b)(x, v,4), (34)
b p\+D p\E™
infl(x =) = ( ) E, ,q)yF(" 7 x,qy,9) +( ) Fi, ,q)F,,“ﬁ(x, v, 9). (35)
Remark 6.3. By substituting y with q"*y in Corollary 6.2, we obtain thefollowmg results:
) (y,0) = 4"E (o y, )yE ) 00 4" ) + B (0 y, R (0", ),

&E(n+1) &(n)
a, n(a, a, n b a, a, n
(e, q) = (;) 9'E oy yE (e, gy, ) + (5) iy F (. q"y, ).
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E(n+1
By considering G,(x,y,q) = (%) o )P,,(x, y,1,9) in Theorem 6.1, we first replace k with #; secondly, we
replace k with n and n with n + 1. Thus, we arrive at the following results.

Corollary 6.4.
b &(n) » E(n+1) ,
Pou(x, 47"y, 1,q) = (5) P, (x,97"y,1,9) yF) (x, 9y, 9) +( ) P (6, q7"y,1,9) FP%,y,9),  (36)
P21 (%, 07"y, 1,9) = P (x,47"y,1,9) yES (%, 4y, 9) + Prst (4, 47"y, 1,9) Fff;bf(x, v, 9). (37)
Theorem 6.5. If the sequence (G,(x,y,q)), satisfies the recurrence relation
Gn(xl y/ 0]) = %nGn—l(x/ qy/ 5]) + qun—Z(xr qzyr Q)/
then we have

&(n) a, n— a, H ;
(&) 4G (e gy, D YES ey, @) + Git (0", 0) F PGy, ), if ks even,

Gk, y,4) = £(n+1) @h) o
7 G (x, 4"y, ) yF)(x, y,q)+( ) G (x,q”‘ly,q)Fn’ (v y,q), ifkisodd.

Proof. Let(Gu(x,v,9)), be asequence satisfying the recurrence G, (x, y,q) = #,Gu-1(x, 9y, ) +qyGu-2(x, ¢*Y, q).
Then

Gusker (407"Y,9) = Xnekr1 ook (%,07"Y,9) + 4" "y Gorokn (%, 4"y, 9)

Consequently,

[ Guek (%9, 9)

Gk (%, 477y, q)
Gk (4,97, q)

Gk (,9' "y, q)

] =C (%n+k+1/ ql_”y) {

By induction, we get

[ Gue (%, "y, 9)

Gr (x,qy,q) ]
Gkl (x/ q"”]// ‘7)

=C (%n+k+1/ qliny) C (%n+k/ q27ny) - C (%k+2/ y) [ :
Gr+1 (%, ,9)
Using (33), we obtain

[Gn+k (xq "y, q)]

&E(n)é(k+1) E(n+1)E(k) _
(2) yF (g g7) (Y FP,y,97) {Gk(x,qy,q)]
Guiks1 (X, 97"y, 9) ¢

(Z) (n+1)&(k+1) yF ab) (x . ]// 0 ) (g)é(n); k) Fi(i_bl) ( © 1, qfl) Grot (X, v, q) ’

therefore
&(n) ir s
(%) ! Gi(x, qy, q)nyl bl)(x 7'y,q ) + G (x, y, q)F( ) (x, v, q‘l) , if k is even,

Gusk (x,4' "y, q) = "
. Gele, qy, VE™) (x,07y,07) + (&) Gea,y, ) (x,y,471), i kis odd.

To achieve the desired result, simply use F:’erl) (x, v.q ) Ffibl) (x,g7"y,q). O

By considering G,(x,y,q) = F ,(f’b) (x,y,9) in Theorem 6.5, if we replace k with n, and n with n + 1, respectively,
we arrive at the following results.
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Corollary 6.6.
Fo0 e, y,q) = 7 EY (0, gy, yES (y, q) + Botd e, gy, )F T (x, y,4), (38)
(@b) b\ b D\ o) "
Fon(4,4) =(5) g (x4, q) yE (x,y,q)+(;) Pt (64", ) F/ (0 y,4). (39)

By considering G,(x,y,q) = ( )(’( )]Pn (x,y,1,9) in Theorem 6.5, if we replace k with n, and n with n + 1,
respectively, we arrive at the following results.

Corollary 6.7.
(n) &(n+1) )
IPZn(x/]//LQ):(E) 9" 7Py (x, "y, 1,9) yFO) (x, y,q)+( ) Pyt (x,0" 1y, 1,q)FyP(x,v,9),  (40)
Poyi1 (x,y,1,9) = 4", (x, 7y, q) yES (x, 1, 9) + P (x, 4"y, 1,9) F“")(x, y, 9). (41)

To achieve a generalization of the corollaries mentioned above, it is necessary to employ new polynomial
products.

Definition 6.8. For P (x,y) and (Q, (x,V)),, in ]R[x, x Ly, y‘l] with P(x,y) = YL, a; (x) y' where a; (x) €
R [x, x‘1] and c,d € Z, we note

d d
PG y)+Qu(xy) =) ai@y'Qu(x,q"y) and P(x,y)AQu(x,y) = Y i () y'q"Qu(x,4" y).

i=c i=c

Lemma 6.9. We have

w1 (Wi, v, FSY(x,y,9)) = Wod (Wi, 1, ) * Wora (F (6, ), (42)
where W, € {Fz @h)(x, v.9),Pi(x,y,1, q)}.
o (Wit gy, OF Y (v, 9) = Wt (Wilx, y,9) Al (3, 1,9)), (43)

where W € {F;”’b)(x, v,9),Pi(x,y,1, q)}.

Proof. Let us first consider Wi(x, y,q) = F(”’h) (x,y,9). Then we have

L0=1)/2
. ., k1), (K -k Bl j—1— a
F (x,y,q) F¥P(x, y, q) = a**D z‘ e )+()[ p ] (ab)L 3 k=12 @D ()
q

Therefore
L Dy2 1y [1—1 -k =1
Wy g (F;ﬂ’b)(x, v, )F(x, vy, q)) =, {a‘g(l”) Z g(2)+G) [ L ] (ab)L 7 1y d=1-2k kp @l oy ey |
k=0 1
According Relation (11), we get
W (B, y, FS (. 9))
L2 1y, [1—1 -k =1 K
=g+ Z g(2)+C) [ v ] (ab)L 7 Ikl =12k gn=DG) o, (x, qmDky, q)
k=0 q
LDyl k+1 n[l-1-k =
_ 50+ Z g($)wm ) [ p ] @)L 2 k=2 kg (Fff’b) (x, gy, q))
k=0 1

= um—l (Pl(ﬂlb) (X, Y Q)) * um—l (F;a/b)(xl Y, ‘1)) .
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Using the same approach, we achieve the desired result for the polynomial P;(x, v, 1, ).
Next, consider

Wy (F(”’b)(x q”y, DF(x,y,9)

= 50+ Z (k+1)+(")[ 1= k] (ab)L'5* Iky-1-2k g D) 7T ( =1k, q)

+ & ) (4 [I=1 -k Bl |-k, 1-1- n a, m—
= 450+ Z g() (z)[ p L (ab)L 5 k12 gegiyg (F; b) (x,q< 1)ky,q)),
k=0

=1, (F;“’b) (v, q)) AW, (Pff’b) (v, q)) .

Using the same approach, we obtain the desired result for the polynomial P;(x,y,1,9). O

Theorem 6.10.
Fan(, ql m,q) = Fulx, ql 1, 0) * YFu1 (6, 4"y, 1, ) + Frt (%, qi m, q)+ Fulx, v,m,q), (44)
Fon(x, y,m,q) = Fulx, qy, m, AG" " yFoa(x, 4"y, m, q) + Fraa (x, %, m, AF(x, y,m,q), (45)
y b &(n+1) y &(n) y
7:211+1(x/ q_n/m/Q) = (5) 7:i’l(x/ q_n/m/Q)*]/ﬂ(x/qm]//m/Q) + (2) 7:71+1(x/ q_n/mlq)*ﬂ+1(x/y/m/q)/

(46)

b &(n+1) b &(n)
Fone1(X, Y, q) = (5) q"Fu(x, qy, m, AYFy (x,4" "y, m,q)+(5) Fr1 (x, %,m,q) AFna (x,y,m,q),

(47)
P\ y En+1) v
P, (x, Pl ,q)=(;) Pn(x,q—n,m,q)*yﬂ-1(x,q’"y,q)+(E) Py (x il q)*ﬂ(x v.q9), (48)
Y _ Yy m Yy
sz(x,q—”,m,q) =P, x,q—n,m,q Yy Fu(x,q"y, m,q) + Ppi1 | x, q—n,m,q + P (x, y,m,q), (49)

&(n+1)

]P‘rl+1 (xr gr m, Q) Afﬂ:n (x/ ]// m, Q) s
(50)

&(n)
IPZn (x’ y’ m, Q) = (E) ]Pn (x, qy/ m, Q)Aqn_l yﬂfl (x/ qm_l% m/ Q) + (a)

Payer (%, y,m,9) = Pu(x, gy, m, ATy T (x, 4"y, m,q) + Posa (x, g,m, q) AF i1 (x, y,m, q). (51)
Proof. We applied the operator U,,_; to (34) and (38), and using Lemma 6.9, we get
lIm_1( F&(x, n,q)) W, 1(yP5f'b)( %, 2, Fx, qy,q)) + 2, 1(Ffff’1)(x,l,,,q)f?5f’b)(x, y,q))

=, (yFﬁf'b’(x,q—n,w)*um_l (F“Yx, qy,9)) + um_1( w0z, T ,q>) w1 (FS e, y, )
and
W (FED 0, y,9) = Wt (0" yES G 0"y, FD) e, v, 0)) + W (FSD 0, 07y, ) FE (v, v, )

= 11m—l (qn_lyFizalb)(x/ y/ Q)) Aum—l ( @ b)(x y/ 07)) + um 1 ( :_,_bl)(x Y 4)) Aum—l (nga,b)(x/ y/ Q)) .
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Since 7, (x, y,m,q) = U, (Fff P (x,y, q)) =Wy (Fff’b) (v, y, q)), we get (44) and (45).

Similarly, we applied the operator ,,_; to equations (35) and (39), and using Lemma 6.9, we obtain (46)
and (47).

Using the same method, we applied the operator U,,_; to (36) and (37). Consequently, using (42), we
obtain (48) and (49).

Finally, we applied the operator ,,_; to (40) and (41),which enables us to obtain (50) and (51) using
(43). O
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