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Abstract. Let H be a connected labeled graph. In this article, we characterize all the total dominating sets
and the minimal total dominating sets of H—join graphs. Consequently, we compute the (multivariate) total
domination polynomial and the (multivariate) minimal total domination polynomial of H—join graphs. We
also compute the total domination number of H—join graphs. Finally, as an illustration, we calculate the total
domination polynomial and the minimal total domination polynomial of the join of graphs, multipartite

1. Introduction

A dominating set D of a graph G (may be disconnected) is a vertex subset D of G such that for every
v € V(G)\ D there exists u € D such that v is adjacent to u. The domination number y(G) of G is the cardinality
of a smallest dominating set of G. A subset D C V(G) is said to be a total dominating set if for every v € V(G)
there exists u € D such that v is adjacent to u. The total domination number y¢(G) of G is the cardinality of a
smallest total dominating set of G. A subset D C V(G) is said to be a minimal total dominating set if it is a
total dominating set and none of its proper subset is a total dominating set. For an overview and in-depth
analysis of the literature on dominating sets of graphs, refer [13, 14] and on total dominating sets of graphs
refer [15, 16].

In graph theory, various types of polynomials are associated with graphs, such as characteristic polyno-
mials, clique polynomials, chromatic polynomials, Tutte polynomials, etc. We study two specific polynomi-
als related to total dominating sets in graphs: total domination and minimal total domination polynomials
of graphs. In recent decades, various authors extensively studied (total) domination polynomials. For
instance, investigations on domination polynomials of graphs, refer [1, 6-9, 17, 21] and on total domina-
tion polynomials of graphs, refer [2-5, 11, 12]. In particular, for insights into the domination and total
polynomial of certain products of graphs, refer [9, 12,17, 18, 21].
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Let H be a connected graph with at least two vertices and let G = {G, : v € V(H)} be a family of pairwise
disjoint graphs. The H—join operation of the family of graphs G, denoted by \/y G, is obtained by replacing
each vertex v of H by the graph G, and every vertex of G, is made adjacent with every vertex of Gy,
whenever v is adjacent to w in H. Precisely, \/; G is the graph with the vertex set V(\ i G) = Uyev ) V(Go)
and the edge set E(\/ i G) = Uev(ry E(Go) U Upweran{xy : x € V(Gy), y € V(Gw)}. A H—join graph G is a graph
obtained by H—join operation of a family of graphs G = (G, : v € V(H)}. Given a H—join graph G := \/3 G,
there is a canonical projection 7 : V(G) — V(H) defined by n(x,) = v, where v € V(H) and x, € V(G,).

It is a fact that given a graph G, there exists a graph H and a family of graphs G = {G, : v € V(H)} such
that G = \/y G, refer [[22], Lemma 3.1]. A generalization of H—join operation, known as H—generalized
join operation of family of graphs G = {G, : v € V(H)} constrained by family of vertex subsets S = {S, C
V(G,) : v € V(H)}, denoted by \/y s G, has been introduced in [10]. Recently, we studied graph invariants
such as the (maximal) clique polynomials, the (maximal) independent polynomials of \/j; ¢ G in [19] and
the (minimal) domination polynomial of \/ s G in [21].

In [20], the authors described all (1,2)-dominating sets of H—join graphs. For k > 1, a vertex subset S
of a graph G is said to be (1, k)—dominating set if for every vertex v € V(G) there exist two distinct vertices
u,w € S such that uv € E(G) and the distance between v and w in G is at most k.

In this article, we provide a formula for computing the (multivariate) total domination polynomial and
the (multivariate) minimal total domination polynomial of a H—join graph by identifying all (minimal) total
dominating sets of H—join graphs in terms of certain vertex subsets of H and G,.

Now, let us recall some terminologies that are needed for the article. Let H be a labeled graph. For each
vertex v of H, we associate a variable x,. Define X; := ], ] Xy for a vertex subset | of H. If | = () then assume
that Xp := 1. Let 8 be a collection of some special vertex subsets of H. (Some examples are the collection of
cliques of H, the collection of dominating sets of H, the collection of total dominating sets of H, etc). Then,
the multivariate polynomial for 8 of H is defined as

MVsH;X) = Y 111X,

JcV(H)

where [J1=1if J € Band [J]] = 0if | ¢ B. In other words,

MVg(H; X) = Y X).
JeB

The polynomial for B of H is defined as

[V{H)

Ps(H; x) = Z cexk,

k=0

where ;. is the number of elements of 8 of cardinality k.

Let 7D = 7 Dom(H) be the set of all total dominating sets of H. Then, the polynomial P+ (H; x) (resp.,
the multivariate polynomial MYVsp(H; X)) for 7D of H is called the total domination polynomial (resp. the
multivariate total domination polynomial) of H. Similarly, let M7 be the set of all minimal total dominating
sets of H. Then the polynomial P y7-(H; x) (resp. the multivariate polynomial MV y7-(H; X)) for M7 of H
is called the minimal total domination polynomial (resp. multivariate minimal total domination polynomial) of H.

We associate multivariables X, X° and Z = (X?).ev(n) to the vertex sets V(H), V(G,) and V(G) respectively
for the purpose of writing their multivariate polynomials in subsequent sections.

2. Total Dominating sets of H—join graphs

In this section, we provide a formula for the total domination polynomial of a H—join graph by charac-
terizing total dominating sets of H—join graphs.
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Let M be a vertex subset of a graph H. We denote the degree of a vertex v € M in the induced subgraph
H[M] of H by deg™(v). Let M' = {v € M : degM(v) = i} and M = {v € M : deg™(v) > 1}. A vertex v in
M c V(H) is said to be M—isolated if v is isolated in H[M)], i.e., v € M°. For a vertex v € V(G), the open
neighborhood of v in G is the set N(v) consists of all vertices u € V(G) such that u is adjacent to v. For a set
D c V(G), the open neighborhood of D is the set N(D) = U,epN(v).

Now, we characterize all total dominating sets of H—join graphs.

Proposition 2.1. Let G = \/y G be a H—join graph. Let D be a vertex subset of G. Then, D is a total dominating set
in G if and only if M := 1(D) is a dominating set in H and there exists a family of nonempty sets {D, C V(Gy)}vem
such that D = UyemD,, and D, is a total dominating set in G, whenever v is M—isolated vertex in H, i.e., v € M.

Proof. For a total dominating set D of G, we first show that M := 7(D) is a dominating set in H. If M = V(H),
then nothing to prove. Assume that M # V(H). Let v € V(H) \ M. Since D is a total dominating set in G, for
x € V(Gy) there exists y € D such that x is adjacent to i in G. Hence by the definition of H—join, v = 7(x) is
adjacent to n(y) € M in H. Thus, M is a dominating set in H.

For v € M, define D, = V(G,) N D. We show that for each M—isolated vertex v, the set D, is a total
dominating set in G,. Suppose not, there exists a M—isolated vertex v such that D, is not a total dominating
set in G,. Then, there exists a vertex x € V(G,) such that x is adjacent to no element of D,. Since D is a total
dominating set in G, there exists y € D \ D, such that y is adjacent to x. This implies that, by the definition
of H—join, v is adjacent to u = nt(y) € M \ {v} in H. Hence, degM(v) > 0, which is a contradiction. Thus, D, is
a total dominating set in G, for all v € MO,

Conversely, suppose that M is a dominating set in H and {D, C V(Gy)}vem is a family of nonempty sets
such that D, is a total dominating set in G, whenever v is M—isolated in H. We show that D = U,emDy is a
total dominating setin G. Let x € V(G). If w := n(x) ¢ M then w is adjacent to some vertex u in M, as M is a
dominating set in H. Hence, x is adjacent to a vertex in D,,. If w € MO, then V(G,) c N(D,,) as D,, is a total
dominating set in G,,. If w € M*, then there exists a vertex u € M such that w is adjacent to u. It follows that
x is adjacent to a vertex in D,,. Hence, D is a total dominating setin G. [J

As a consequence of the above proposition, we have the following theorem.

Theorem 2.2. Let G = \/y G be a H—join graph. The number of total dominating sets of size k in G is given by

dk(G)=Zk" y Z(Hd“v(G”)H (IVEZ(EM)I)),

s=1 MeDom(H) ay=k  veMO° ueM+*
[Ml|=s

where Dom(H) denotes the set of all dominating sets of H, the third sum is over all possible sums k = ay = Y ep 4o
of positive integers, and d, (G,) denotes the number of total dominating sets in G, of size a,.

Proof. By Proposition 2.1, D is a total dominating set in G of size k if and only if M := 7(D) is a dominating
setin H and {D, = DNV(G,) : v € M} is a partition of D such that D, is a total dominating set in G, whenever
veM®and Y ven(p)| Dol = k. Hence, the number of total dominating sets D of size k in G such that (D) = M
and |D N V(Gy)| = a, for each v € M is equal to the product [ eppo da,(Go) [T uenr ('Vf“)l). Hence, the result
follows. O

For a subset M of a set N, we consider the characteristic function x»; : N — {0, 1} defined as yp(v) = 1 if
and only if v € M.

Theorem 2.3. Let G = \/y G be a H—join graph. Let MV p(H; X) = Y. pcyan[MI1Xm be the multivariate domina-
tion polynomial of H, where O = Dom(H). Then,

1. the total domination polynomial of G is given by

ProGix) = ) [MJ[H(xMow)Pm(Gv;xH(l—xMo<v)>(<1+x>V<Gv>'—1))].

McV(H) veM
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2. the multivariate total domination polynomial of G is given by

MV7o(G; Z) = Z [M][ H (XMO OMV7p(Go; X°) + (1 = xap (U))M(VD(KW(GU)UXD))],

MCcCV(H) veM
where MYV p(Kyy(c,); X°) is the multivariate domination polynomial of the complete graph Ky g, of order |V(Gy)|.

Proof. Observe that the coefficient dy(G) of x* in the domination polynomial of G is equal to the sum over
all dominating sets M of H of all products [[,eno da,(Go) [Toerm- (‘Vf")l) of coefficients d,,(G,) and ('V(Lgv)l) of
x% of polynomials P7p(Gy; x) (if v € M®) and (1 + x)V(€)l — 1 (if v € M*) respectively such that Y.\, a5 = k.
Hence, the first result immediately follows from Theorem 2.2. The proof of the statement (2) is also similar
tothatof (1). O

2.1. The total domination number of a H—join graph

Now, we discuss the total domination number of H—join graphs.

Theorem 2.4. If G = \/y G is a H—join graph, then, the total domination number y¢(G) of G is given by

y(G) = min{|M]| - |M°| + Z 74(Gy) : M € Dom(H)).

veMO

Proof. The proof follows from Theorem 2.2 and Theorem 2.3. [J

Theorem 2.5. Let G = \/y G be a H—join graph. Then, y(H) < y(G) < y«(H). Moreover, if y/(H) = y(H), then
y(H) = v«(G) = y(H). The equality y(G) = y(H) holds only when y(H) = y(H).

Proof. The proof follows from Theorem 2.4 and the following facts:
o If M is a total dominating set of a graph G’ then |[M| > 2.

e A dominating set M of a graph G’ is a total dominating set in G’ if and only if M has no M-isolated
vertex, i.e., M® = 0.
0

3. Minimal Total Dominating sets of H—join graphs

In this section, we describe all minimal total dominating sets of H—join graphs. Consequently, we
compute the minimal total domination polynomial of H—join graphs.

Let H be a graph. Consider a vertex subset S of H. For v € S, the S—private neighborhood pn(v, S) of vin H
is defined by pn(v,S) = {u € V(H) : N(u) N S = {v}}. A vertex in pn(v, S) is called a S—private neighbor of v. A
vertex v € S is said to be S—private if the S—private neighborhood pn(v, S) of v € S is nonempty. A vertex
subset S of H is said to be completely irredundant if for each vertex v € S either v is S—private or S—isolated.

Now, we describe the minimal total dominating sets of H—join graphs.

Proposition 3.1. Let G = \/y G be a H—join graph. Let D be a vertex subset of G. Then, D is a minimal total
dominating set in G if and only if M := n(D) is a completely irredundant dominating set in H and there exists a
family of nonempty sets {D, C V(Gy)}lvem such that D = UyepmD,, and satisfies the following properties:

1. Ifv € M° then D, is a minimal total dominating set in G,.
2. Ifv € M* then D, is a singleton set in V(Gy).
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Proof. For a minimal dominating set D of G, let M := n(D). Set D, = D N V(G,), for all v € V(H). First, we
show that M is a completely irredundant dominating set in H. It follows from Proposition 2.1 that M is a
dominating set in H. It is enough to show that v is a M—private vertex if v € M*. Suppose that v € M* is
not a M—private vertex, i.e., the M—private neighborhood pn(v, M) of v is empty. Then, every element of
N(v) is adjacent to an element of M \ {v}. Hence, M \ {v} is a dominating set in H as M is a dominating set
in H. Now, to get a contradiction, we claim that D \ V(G,) is a total dominating set in G. By Proposition 2.1,
it is enough to prove that for all u € (M \ {0})?, the set D, is a total dominating set in G,,. Since v € M*, we
see that (M \ {o})’ = M® U (N(v) N MY). But pn(v, S) = 0 implies that N(v) N M! = 0. Hence, (M \ {0})° = M°.
Then, the claim follows from Proposition 2.1. This is a contradiction to the minimality of D in G. Hence, M
is a completely irredundant dominating set in H.

Now, we show that for each v € MY, the set D,, is a minimal total dominating set in G,. It follows from
Proposition 2.1 that for each v € MY, the set D, is a total dominating set in G,. Suppose that D, \ {x} is a total
dominating set in G, for some x € D,,. Then by Proposition 2.1, we see that D \ {x} = (D, \ {x}) Uyem (o} Dw) is
a total dominating set in G as each Dy, is a total dominating set in G, for w € M? \ {v}. This is a contradiction
to the minimality of D in G. Hence, D, is a minimal total dominating set in G,.

Finally, the set D, is singleton, for each u € M*. Because if {x, y} C D, for some u € M*, then by a similar
argument using Proposition 2.1, one can show that D \ {y} is a total dominating set of G.

Conversely, suppose that M is a completely irredundant dominating set in H and there exists a family
of vertex subsets {D, C Gy}sepm that satisfies (1) and (2). We show that D = U,epD, is a minimal total
dominating set in G. It follows from Proposition 2.1 that D is a total dominating set in G. Suppose that
D is not a minimal total dominating set in G. Then, there exists a vertex x in D such that D \ {x} is a total
dominating set in G. Let u := 7t(x). Suppose that u is M—isolated, i.e., u € M°. Then by hypothesis (1), D, is
a minimal total dominating set in G,,. Hence, D, \ {x} = (D \ {x}) N V(G,) is not a total dominating set in G,,.
But by Proposition 2.1, D \ {x} is a total dominating set in G implies that the set D,, \ {x} is a total dominating
set of G, if Dy, \ {x} # 0, or (D \ {x}) = M\ {u} is a dominating set of H if D, \ {x} = 0. This is a contradiction.
Hence, deg™(u) > 0.

If u € M*, then by hypothesis u is a M—private vertex and D, = {x}. If there is a M—private neighbor w
of u that is not in M, then (D \ {x}) = M\ {u} is not a dominating set in H. If there is a M—private neighbor
w of u that belongs to M, then w € (M \ {u})? and D,, is not a total domination set in G, as it is a singleton
set. In both cases, we get a contradiction to the hypothesis. Hence, D is a minimal total dominating set in
G O

As a consequence of Proposition 3.1, we have the following theorem.

Theorem 3.2. Let G = \/; G be a H—join graph. Then, the number of minimal total dominating sets of size k in G
is given by

mi(G) =

Y, L ( [T m.Go ] |V<Gv)|),

k
s=1 MeDom*(H) apy=k  veM° veM*
[M]|=s

where Dom*(H) is the set of all completely irredundant dominating sets in H, the third sum is over all possible sums

k=ay =M+ Z a, of positive integers and m, (G,) denotes the number of minimal total dominating sets in G,
veMO

of size ay.

Proof. The proof follows from Proposition 3.1 and by a similar approach of the proof of Theorem 2.2. [

Now, we have an immediate theorem.

Theorem 3.3. Let G = \/y G be a H—join graph. Let MVp-(H;X) = Yycvun[MIXm be the multivariate
polynomial of H for D" := Dom*(H). Then,
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1. the minimal total domination polynomial of G is given by

Prr(Gix)= ) [M][H(XM(»(v)PW(Gv;xH(l—xMo(v)>|V(Gv>|x)].

MCcV(H) veM

2. the multivariate minimal total domination polynomial of G is given by

MYy (GiZ) = ) [M][H(xMo(v)vamcv;X”)+<1—xMo<v>> Y X)]

McV(H) veM weV(Gy)

4. Illustration of results using examples

Now, we illustrate our theorems using some examples. The (minimal) total domination polynomials of
some of the following examples may be well-known in the literature. For example, the total domination
polynomial of the join of graphs (Subsection 4.1) can be found in [3] and the total domination polynomial
of Corona product (Subsection 4.5) of a certain class of graphs have been discussed in [4]. But, here we
obtain the polynomials of the examples using our theorems.

4.1. Join of graphs

The join G1 + G, of two graphs G; and G; is a K>—join of graphs G; and G, i.e., G1 + G2 = V,{G1, Ga}.
Let|Gi| =n;fori=1,2.

By Theorem 2.2, we get

az

Ak(G1 + G2) = di(Gy) + di(Go) + Z (Zi)(nz)

u1+a2=k
a;>1

Hence, the total domination polynomial of G; + G, is given by
Pro(Gi + G2;x) = Pro(Giix) + Pro(Gex) + (1 +x)" = 1((A +x)"™ - 1).

Similarly by Theorem 3.3, the minimal total domination polynomial of G; + G, is given by
Patr(G1 + G2;X) = Prir(G1; %) + P (Go; x) + manax’.

4.2. K,,—join graphs

Suppose that H is a complete graph. Let G := \/ G be a K;;,—join graph with a family G = (G; : i =

KWI

1,2,..,m}, where V(K,,) = {v1,v2, ..., v} and |V(G;)| = n;, for some integers m, ny, ..., 1. One can see that
every vertex subset of K, is a dominating set. Hence by Theorem 2.3, the total domination polynomial of
G is given by

Prop(G;x) = E Pro(Gi; x) + z | |((1 +x)" = 1).
i=1 JeV(Ki) ‘Uj€]
[J1=2

Now, we calculate the minimal total domination polynomial of G = \/¢ G. Note that the set Dom*(K,)
of all completely irredundant dominating sets M in K, is given by {M c V(K,,) : 0 < |[M]| < 2}. Hence by
Theorem 3.3, the minimal total domination polynomial of G is

Prr(Gx) =Y PrurGix)+ Y, IVGIV(GI

i=1 {U,‘,‘U]']CV(KW,)

:iPMT(Gi;x)+ Z ninjx.
i=1

{ZJ,‘,U/'}CV(KV”)
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4.3. Complete multipartite graphs

Let G be a complete multipartite graph. We can write G as a K,,—join graph of empty graphs K,’s, i.e.,
G = Vg, G, where G = {K_”,. 2i1=1,2,...,m}and V(K,,) = {v1,v2, ..., 0y} for some integers m, ny, ..., n,. Note
that no vertex subset of K,, is a total dominating set. Hence by the above example, the total domination
polynomial of G is

ProG= ), [[(@+v7-1,
JeV(Kin) U/E]
[J122

and the minimal total domination polynomial of G is

Pmr(G; x) = Z ninjx’.
{vi,vi}cV(K)

4.4. Ky, n,—join graphs

.....

Suppose that H is a complete multipartite graph K, ., withn; <n, < ... <n,. Let G = \/ Gbea
Knl

..........

where p(A) is the power set of a set A.
The set of all dominating sets of H is given by

Dom(H) =V :i=1,..,m|_]pv,,.v,(H).

By Theorem 2.3, the total domination polynomial of G is

Pro(G;x) = Zm: H Prp(Gy; x) + Z H ((1 + VGl _ 1)‘
i=1 veV; Mepvl,..A,Vm(H) veM

Let us calculate the minimal total domination polynomial of G. One can see that a vertex subset M of H is
a completely irredundant dominating set if and only if either M = V; forsomei =1,...,mor M € py,, v, (H)
with |[M| = 2.

Hence by Theorem 3.3, the minimal total domination polynomial of G is

m

PrrGx) =Y [[PrrGun)+ Y, IVGIV(Gy).

i=1 veV; {vivjtepy,,..v (H)

4.5. Corona Product of graphs

Let H’ be a connected graph with vertex set {vy, ..., v,} and G’ be a graph. The corona product H o G" of
H’ and G’ is obtained by taking a disjoint union of a copy of H” with n = |[V(H’)| copies of G’ and joining
the vertex v; of H' to all the vertices of the i copy of G’, for each i. We can view the corona product H' o G’
of graphs H’ and G’ as a H—join graph \/; G’, where H = H' o Kj and G’ = {G,, = Ky = {u}}, ..., G, = Ky =
{u}, Gy, =G, ...,G,, = G’}, where u; is the vertex of the ith copy of Ky. Let w: V(H o G') = V(H' o K;) be
the canonical map.
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The total domination polynomial of H' o G’:

Let us describe dominating sets of H = H’ o K;. We write V(H’ o Ky) = {vy, ..., Uy, U1, ..., 1}, where the
vertex set of it copy of Kj is {u;} and v; is adjacent to u; for each i = 1, ..., n. Note that any dominating set
of H' o K; contains at least one of u; or v; for alli = 1,..,n. Let n < m < 2n and let M be a dominating set
of H' o K of size m. Then, M must contains a subset M, which consists of m — n pair of vertices u;, v; and
contains a subset M; which consists of 2n — m vertices either u jorov; but not both such that M = M, U M.

One can easily see that the graph G,, = n~!(v;) = {u]} has no total dominating set. Hence, if v; is a
M-—isolated vertex of a dominating set M in H, by Proposition 2.1, there is no vertex subset D of H' o G’ such
that M = (D) and D is a total dominating set of H' o G’. Thus, if D is a total dominating set of H o G’, then
M = n(D) is a dominating set of H such that no vertex v; of H’ (in H) is an element of M’ ¢ M;. Given a
such M, let L = M N V(H’). Then, the set L° of degree zero vertices of H'[L] should contained in M, and for
eachv; €L = V(H") \ L, the vertex u; € M;.

On the other hand, for a vertex subset L of H’, we construct a dominating set M of H with the above
property as follows: Let L be the set of degree zero vertices of H'[L] and let M, be a subset of L that contains
L°. Then, define M to be the union of the following three subsets of V(H)

M={Mi,UiZUiEML}U{uiZUi€E=V(H’)\L}U{U,‘ZUZ'EL\ML}.

Thus, we get a dominating set M of H with the property that no vertex v; of H’ is an element of M° and
M, = {u;,v; : v; € Mr}. In fact, any such M can be uniquely obtained in this way.

Now, let D be a total dominating set of H' o G’ and M = (D). Note that if a vertex u; € M; then it is an
isolated vertex of H[M] and if u; € M), then it is a non-isolated vertex of H[M]. Then, by using Proposition
2.1, we have the following:

1. Dy, = DN V(Gy,) = {u}} and D,, is a nonempty vertex subset of G’ if {u;, v;} C M.

2. Dy, = {u;} = Gy, if v; € M (as v} is not M—isolated).

3. Dy isa total dominating set of G if u j € M.

Now by Theorem 2.3, the total domination polynomial of Corona product H o G’ is given by

Prop(H o G';x) = i Z [ 1_[ ((1 + x)‘V(Gyi)l _ 1)((1 + x)IV(G,,i)I _ 1)

s=0 LClL\T(H’) v;el?
=s
X Z (H ((1 + x)V Gl — 1)((1 + %)Vl — 1) H x) X H PTD(Gul.;x)}
JcL+ \ vie] V€] viel

Pro(H o G';x) = Z Z [(p(x)w) Z p(x)lllxlﬁl—])pTD(GI;x)n—ILI]
)

s=0 LCV(H' JeLt
Ll=s

=Y [P(x)'LO'(P(x) + x)'L-'L°'¢>m(c';x)"-'L'], where P(x) = x((1 + x)VE 1),
LCV(H’)

The minimal total domination polynomial of H' o G’:

Now, we describe the completely irredundant dominating sets of H = H’ o K;. Recall that a vertex subset
M of H is completely irredundant if each element of M is either M—isolated or M—private. By the above
case and by Proposition 3.1, if D is a minimal total dominating set of H o G’, then M = 7t(D) is a completely
irredundant dominating set of H such that no vertex v; of H’ (in H) is an element of M°.

Let M be a completely irredundant dominating set of H such that no vertex v; of H' (in H) is an element
of M®. Note that each vertex v; € M of H is M-—private, because u; is adjacent to the only vertex v; in H. Also,
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each u; € M; is M—isolated as v; ¢ M. Now, one can see that u; € M), is M—private if and only if v; € M is
not adjacent with any other vertex v; € M, i.e., v; € (M N V(H))’. Hence, if D is a minimal total dominating
set of H o G’, then M = (D) is a dominating set of H such that no vertex v; of H’ (in H) is an element of M"
and no vertex v; with deg(v;) > 1 of H’ (in H) is an element of M,.

It follows thatif L = MNV(H’) then M), = LOU{u; : v; € L% and My = L* U{u; : v; € V(H’)\ L}. Conversely,
for a vertex subset L of H’, we construct such a unique set M by defining M to be the union of the following
subsets of V(H)

M = {u;,vi:v;€ LY Ulu; :vi e L=V(H)\ LU {v;: v; € L*}.

Hence by Theorem 3.3, the minimal total domination polynomial of Corona product H’ o G’ is given by

Pyr(H 0 G'x) = 2 Y [H (@@ +0)VCI —1)(@ + 0V C - 1) HxHPW(Gw;m]

5=0 LclL\T(H’) v;eL0 veL* gl
=S
0 _|70 —
- Z [p(x)m L= o (G %) |L|]_
LcV(H)

4.6. The windmill graph Wd(m, n)

The (m, n)—windmill graph Wd(m, n) is the graph constructed by taking m copies of the complete graph
K, of n vertices all sharing a single common vertex. Note that the (m,3)—windmill graph is called a
friendship graph. The total domination polynomial of the friendship graph is already studied in [4].

Note that the windmill graph Wd(m, n1) is the H—join of the family {G, : u € V(H)}, where

e Hisa star graph St,, with vertex set V(St,,) = {v,v1, - , v} and edge set E(St,,) = {vv; : i € [m]}, where
[m] =11,2,...,m}.

e G, is a single vertex graph K;.

e Gy, is the complete graphs K,,_; of n — 1 vertices, for each v; € V(St,).

Total domination polynomial of Wd(m, n):
One can see that the dominating sets of St,, are {0}, {v1, - , v}, and {v,v;,, -+, v;}, for some i; € [m].
For each dominating set M of St,,, let us analyze the set M°.

1. If M = {v} then M° = {v}. Since the cardinality of V(G,) is 1, there is no total dominating set in G,.
Hence, there is no total dominating set D of Wd(m, n) such that i(D) = {v}.

2. Ifv e M and M # {v} then M° = 0 as H[M] is connected.

3. Ifv¢ M, thatisM = {vq,--- ,v,,) then M = M.

Now, by Theorem 2.3, the total domination polynomial of Wd(m, n) is given by

me(m,n);x):f( Y, H((1+x)'V<G">'—1>)+ [l #roGuix.
M

s=1 ={v,vi; ,..,vis} UEM

Since each G, = K,,_1, we have Prp(G,;x) = (1 +x)" 1 =1 - (n - Dx.
Hence,

Py (Wd(m, n); x) = Zm: (’:)x((l + 1)+ (A =1 (- 1)

s=1
=x(1+20)" D" 1)+ (A +x)""=1—-m—1)x)".
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Minimal total domination polynomial of Wd(m, n):

Now, we find the completely irredundant dominating sets of St,,. Since we already found the dominating

sets of St,,, we have to describe which of them are completely irredundant.

1. If M = {v} then v is M—isolated. But |[V(G,)| = 1, there is no total dominating set in G,. Hence, there is

no total dominating set D of Wd(m, n) such that (D) = {v}.

2. Assume thatv € M and M # {v}.

e Suppose that {v,v;,v;} C M, for some i,j € [m]. Note that H[M] is connected and pn(v;, M) =
pn(v;, M) = 0. Hence, v; and v; are not M—private in H. Thus, the set M is not completely
redundant.

e Suppose that M = {v,v;}, for some i € [m]. Note that v and v; are M—privates as pn(v;, M) = {v}
and pn(v, M) = {v;}. Hence, {v, v;} is completely irredundant dominating set of St,,.

3. Ifv¢ M, thatis M = {vq,--- , v}, then M° = M. Hence, the set M is completely irredundant.

Now, by Theorem 3.3, the minimal domination polynomial of Wd(m, n) is given by

PrrWdim,m;x) =Y [ WG+ []  Prr(Gui)
i=1 uelv,v;} u€{vy, Uy}

ﬁ;(n — 1%+ ﬁ[ (n ; 1)x2

m—nm—mfy.

:m(n—l)x2+( >
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