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Abstract. Rough set (RS) theory is a valuable mathematical tool to address incomplete knowledge. In
contrast, BS sets (BSSs) can handle the vagueness and the bipolarity of the data in a variety of scenarios.
The main goal of the current article is to analyze the concept of rough BS (BS) ideals in semigroup (S,) by
combining RS theory and BSSs. To this end, the ideas of BS left ideals (BS-LIs), BS right ideals (BS-RIs), BS
two-sided ideals (BS-2SIs), BS interior ideals (BS-IIs) and BS bi-ideals (BS-BIs) over the S, © are developed.
Some significant properties associated with these notions are highlighted with several concrete illustrations.
Furthermore, it has been noted that the congruence relation (C;) and complete congruence relation (CC,)

are found to be essential for creating rough approximations of BS ideals. As a result, their affiliated features
are evaluated through C, and CC..

1. Introduction

By expanding on conventional set theory, Zadeh'’s concept of FSs [50] transforms science, technology,
logic, and mathematics. The fuzzy membership function (My) is a key component of FS theory, which
enables us to figure out the membership degree (M;) of an item of a set. FS theory not only copes with
uncertainty but also can interpret human linguistic terms statistically. The introduction of FSs provided
mathematicians with a fresh outlook on handling ambiguity in uncertain dilemmas. In recent decades,
research on FSs has been extremely active and making tremendous progress. Zhang et al. [4] constructed
a discrete switched scheme and fuzzy robust control of a dynamic supply chain network. Al-shami [7]
manifested the paradigm of (2,1)-FSs and their applications to decision analysis. Zhang et al. [26] projected
a fuzzy control technique and simulation for a nonlinear supply chain system with lead times.
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Pawlak put forward the foundational concept of RS philosophy [36] as an effective framework for
addressing uncertainty in data processing. The lower and upper approximations that built the root of this
theory permit the extraction of prospective information from the analyzed data. The RS theory relies on
an equivalence relation (&;) that reflects the indiscernibility among items. The computational approach
in RS philosophy has attracted significant interest in recent years, leading to its application in critical
fields. Despite the fruitful use of RS theory in numerous fields, some restrictions may limit its application
spectrum. The association between the items cannot be exactly reflected by an &, in many real situations
across different realms. As a result, weaker versions of binary relations have a weakened &, requirement,
which has yields in several other generic RS variants. Zhu [52] predicted the prospect of generalized RSs
based on relations. The fuzzy RS (FRS) variant was manifested by Dubois and Prade [53] by swapping the
crisp relation with the fuzzy relation. Yao [48] described relational interpretations of neighborhood and RS
approximations. Wang et al. [45] devised an attribute reduction for covering-based RSs. Qurashi et al. [25]
manifested rough substructures via overlaps of successors in quantales using serial fuzzy relations. Bashir
et al. [27] framed a conflict resolution scheme via game-theoretic RSs.

Soft set (SS) theory [34] was created by Molodtsov in 1999 as an innovative mathematical approach
to deal with ambiguity. When assessing data, the attributes information is crucial. The SS hypothesis
shows promise as an effective parameterization mechanism. Thus, this technique effectively surmounts
several challenges associated with conventional theories. The number of study SSs has significantly
increased over the past ten years. Maji et al. [33] delineated various operations of SSs. The authors of
[5] introduced a variety of innovative operations pertaining to SSs. Furthermore, Ali et al. [6] invented
algebraic frameworks of SSs associated with innovative operators. In [9], the authors recommended a
platform for the hybridization of SSs, RSs, and FSs. Ayub et al. [54] studied modules of fractions in the
framework of FSs and SSs.

Rosenfeld [38] was the first to develop fuzzy groups. The paradigm of fuzzy S, was examined by Kuroki
[22]. The soft group was initially established by Aktas and Cagman [3]. The authors of [39] identified soft
and normalistic soft groups. The framework of a fuzzy soft group was manifested by the authors in [8].
The development of soft-ordered S; was accomplished by Jun et al. [16].

The significance of bipolarity in data is evident across numerous real-life scenarios. Bipolarity refers to
the dual nature of certain situations, encompassing both positive and negative aspects. Zhang [51] proposed
the concept of bipolar FSs (BFSs) to simultaneously address bipolarity and fuzziness in these circumstances.
In BFSs, each item is allocated a positive M within the interval [0, 1] and a negative M within the interval
[-1,0]. Numerous scholars have demonstrated significant interest in BFSs since the development of BFS
theory, and they have examined various potential applications across multiple realms. The authors of [31]
framed a decision analytic mechanism via BFSs. Han et al. [14] postulated a YinYang bipolar fuzzy cognitive
TOPSIS scheme for bipolar disorder diagnosis. Lee [24] worked on the basic operations of BESs. Riaz and
Tehrim [37] came up with the VIKOR approach for BFSs via connection numbers of SPA theory-based
metric spaces. Gul [58] framed an extension of the VIKOR approach for multi-criteria decision making
using bipolar fuzzy preference 6-covering based bipolar fuzzy RS model.

A multitude of research on FSs and BFSs have been undertaken. Malik et al. [57] described rough
bipolar fuzzy ideals in Sys. Additionally, Shabir et al. [43] described interval-valued fuzzy ideals within
hemirings. The authors in [32] presented bipolar fuzzy subgroups. In [49], Yiarayong investigated various
algebraic structures on Sys employing BFSs. The authors in [11] analyzed S,s via cubic bipolar fuzzy ideals.
Yaqoob [47] established bipolar fuzzy ideals in LA-S;s.

An S8 may or may not include an element of the universe in the image set corresponding to the attribute.
In some cases, a universe item is not part of an image set, and the image set complement is associated with
an attribute. To capture such instances, Shabir and Naz [44] launched the idea of a BSS. Karaaslan and
Karatas [18] reformulated a form of BSSs. Mahmood [55] defined an innovative version of BSSs, which
is entitled T-BSSs and discusses their applications in decision analysis. In [35], the scholars developed
algebraic features of fuzzy BSSs. Multiple endeavors have been undertaken to integrate RS paradigm and
BESs [46]. The authors of [28] invented a consensus scheme using rough bipolar fuzzy approximations.
Malik et al. [30] revealed a medical decision making technique based on BS information. Malik and Shabir
[29] put forward rough fuzzy BSSs. Karaaslan and Cagman [20] initiated the paradigm of BS rough sets
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(BSRSs) and their applications. Shabir and Gul [41] postulated the notion of modified rough BSSs. Gul et al.
[12] projected multigranulation modified rough BSSs with decision making applications. Besides, Gul et al.
[13] planned a novel technique roughness of BSSs and their applications. Malik et al. [57] recommended a
novel decision analytic technique based on T-rough BFSs.

The study of ideals is fundamental in Sys, which make up a substantial portion of algebra. Numerous
researchers have integrated ideals within Sgs into the FSs in diverse ways. The authors of [2] discovered
the fuzzy quasi-ideals in Sgs. Fuzzy interior ideals in Sys were analyzed by Hong et al. [15]. In [40], the
authors explored soft and generalized fuzzy ideals in S,s. Karaaslan et al. [19] introduced BS groups. The
authors in [42] explored Sgs defined by (7, 71 V gk)-fuzzy ideals. Rough ideals in Sys were devised by Kuroki
[23]. Kim et al. [21] examined bipolar fuzzy ideals in Sys. Yiarayong [49] examined a method to address
the algebraic features of Sys via BFSs. Feng et al. [10] examined the utilization of soft relations (SRs) in Sgs.
In [17], the authors focused on the approximation in Sys through SRs. Authors of [1] introduced bipolar
fuzzy soft I'-ideals within a I'-S,.

According to the literature review, many researchers have looked at the approximation of different
algebraic structures within the frameworks of FSs, RSs, and SSs. To our understanding, no previous
literature has examined ideals in the context of rough BSSs. As a result, in this article, we try to bridge the
knowledge gap by introducing the notion of rough BS ideals in Sgs. In this regard, we have proposed the
notions of BSSs and BS ideals (BS ideals) in a S,. Additionally, we assessed the roughness in the BSSs via a
C; characterized on the S; and analyzed many of their associated features. Moreover, this script elucidates
and explores the concepts of rough BS ideals (RBS ideals), rough BS interior ideals (RBS — 7 Is), and rough
BS bi-ideals (RBS-BIs) within the context of Sgs.

This article is organized as follows:

. briefly reviews the core literature utilized in this work.

. Section 3 presents the conception of BSSs in Sgs.

. Section 4 explains the idea of BS Ideals in Ss.

. In Section 5, we analyzed the framework of rough BSSs in Sgs.

. Section 6 delineates paradigm of the rough BS leftideal (RBS — LT, rough BSrightideal (R8BS — RT),
rough BS two-sided ideal (R8BS — 287), rough BS interior ideal (R8BS — 71) and rough BS bi-ideal
(RBS-BI) in Sgs.

. Section 7 presents a comparative analysis of the proposed work with certain prevalent schemes.

7. The article is finally concluded in Section 8.

Ul = W N =

o))

2. Preliminaries
This segment recaps some key terminology related to the current work.

Definition 2.1. [36] An approximation space is expressed as the pair (Q, ¢), where Q be a non-finite set and ¢ is an
fi, over Q). Utilizing ¢, the lower and upper approximations of © C Q) are articulated as:

. ={peq:pl.cg} @.1)
E=peq:pLnc=o0l 2.2)

The pair (gg,ég) is titled an RS of S in Q.

Let ¢ be a non-empty assembling of parameters and 20 signify the family of all subsets of Q. Then, we
characterize an SS using a set-valued mapping, as shown beneath.

* - * * -
Definition 2.2. An structure (£,T1) is entitled an SS on Q, where I1 C g and £ : TT — 2%,
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*
Definition 2.3. [44] The NOT set of parameters I1 is postulated as:

* *

1= {~i : fi € T1), where ~fi = not fi for fi € I1.

o * * - * -
Definition 2.4. [44] A BSS over Q is an object having the form d = (£, T; T1), where £ : TT — 2% and T : =11 — 29
*

such that Y fi € T1, £() N T'(=h) = @.

We specify the set of all BSSs over Q by 8&S(Q).

. X .. .
Definition 2.5. [44] A BSS @, = (P, Q,;11) € BEGS(O) is called the relative null BSS over O, if ®,(h) = @ and
- - *
Q,(-h)=QVhell
~ - * .. . -
Definition 2.6. [44] A BSS Q) = (Qy, Py I1) € BSS(O) is the relative whole BSS over O, if ), (h) = € and
Dy(~) = @V 1 € TL.
* * ~
Definition 2.7. [44] Let 61 = (£1, 1"1; Hl), 61 = (Ez, 1"2; HZ) S %66(0), then 61 c 62 Zf
* *
1. I} C Iy,
*
2. £1(ﬁ) - £2(h) and Fl(—uh) 2 1"2(—|h) Vhell

* * ~
Definition 2.8. [4-4] Let 61 = (£1, 1"1; H1), 62 = (Ez, 1"2; Hz) S %66(0) Then,
1. The extended union of &1 and d; is a BSS

—_— —_— —_ * *
01U:0p = (£1U£p, I'1NIo; T UTD)
~ —_ * * ~
over Q, where £,U,£, : TT; U TL, — 29 is described as:

£, (7) ifh € Iy - I1,
(E1Ue£2)() = ¢ £,(h) iftie ﬁz -1,
£1(h) U £,(h) lfh € 11([1 N ﬁZ

—_ * * ~
and T10Ty : =(TT; UTLp) — 2 is expressed as:

Iy(=h) if = € (=IT;) - (~ITy)
(T10:L2)(~H) = { Ty (=h) if =i € (~ITy) — (-ITy)
T)(=h) NTa(=h) if = € ~(TTy NTTy)
2. The extended intersection of &1 and &; is a BSS

—_— —_ —_ * *
01M:02 = (E1Ne£r, [1UI2; 1) U TI,)
~ P * * ~
over Q, where £1N£5 : T1; UTT, — 29 s given as:

£ () iffi e T, - T
ENL)) =1 £,(1) iffi e T, - TT,
£ N &) iffieTh NI
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and T1U,T, : -(A UA,)) — 29 js defined as:

. * *
I'1(=h) if ~h € (-IT) — (=I1y)

—~ * *
U I2)(=h) = 1 Tp(=h) if =i € (-ITy) — (-ITy)

* *
[(=h) UTa(=h) if =h € =TTy NT1y)
3. The restricted union of 81 and 0, is a BSS

—_— —_— —_ * *
01U,02 = (£1U £, I'1N, I, T N IL)

. — * * - — * *
over Q, where £1U,£5 : TI; NI, — 29 s expressed as (£1U £2)(h) = £1(h) U £2() VY K € TT) NIy, and
—_ * * ~ —_ * *
1N, 0 =T N TL) — 29 is given as (T1N,T2)(=h) = T1(=h) N Ta(=h) ¥ =k € =(I1y N ITp), provided
*

*
I NIl # @.
4. The restricted intersection of 01 and 0, is a BSS

—_— —_— —_— * *
01M,02 = (E1N £, I'1U I, T N T)

- —_ * * ~ — * *
over Q, where £1N,£, : T1} N TI, — 29 is described as (£1N,£)(H) = £.(A) N £2(H) ¥ i € TI; N Ty, and
pu— * * ~ —_ * *
T1U, Ty 0 =(TT; N TTp) — 2% is expressed as (T1U,T2)(=H) = T1(=h) U To(=h) ¥ =h € ~(T1; N T1y), provided
* *
I NIl # @.

Malik et al. [30] originated the concept of RBSSs and investigated their basic properties, which are given
as follows:

. * .
Theorem 2.9. [30] Take an approximation space (CQ, R) and let & = (£,T;11) € BSES(QY). Then,

~ ~—=%R
1. 04, COCO ;
—%
2. _mR:ch:ch;
- - —RX
3. %%=Qw=ﬂw ;
R
4 mezg}{:@‘x) ;

R c
6.5 =(3y);
_R\C
7. 5% =(5).
~ * *
Theorem 2.10. [30] Let (Q, R). Then, the subsequent assertions are true ¥ 81 = (£1,11;111),8; = (£, T2, T,) €
BSS(Q).
- — —R ——R
01 C 0, implies that @3{ - @‘R and 0, C 0, ,
61[:'762% = Q%Fﬁr@%r
010,05, 2 01, 1,05,

w N

b

——R __R_—R
01M,0, C0O1 Moy ,

—R _R__—R
5. 04,00 =07 L,0p .
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2.1. Idealsin S,
An S, © is a non-empty set having an associative binary operation (80). For @ # ‘W C ©, we have

1. ‘W is titled a subsemigroup (SS,) of O,ifVp,qge W,pqge W (e, WW CW).

2. Wisaleftideal of ©,if tp € W (ie, OW C W)V pe WandreO.

3. W is the right ideal of O,if pre W (ie, WOCW)VpeWandreO.

4. W is named an ideal of © when it left and right ideal of ©.

5. ‘W is an interior ideal of ®, if tps € WV p € Wand1,s € © (ie, OWO C W).

6. ‘W is a bi-ideal of ©, if Wisa SS,; of ® and prg € WV p,g€ Wandr € © (e, OW C W).

Definition 2.11. A C, Jona S, © is an &, on © which is right and left compatible. That is, if (v,s) € I then
(pr,ps), (tp, sp) € 2V p, 1,5 € O. Presume that [v]z be the I-congruence class (3-cng-cl) ofre ©. ForaC,Jon ©,
it follows [r]z[s]5 C [vs]g V1,5 € ©. AC, JonT isnamed, CC,, if[v]a[sla=[rs]la Vr, s € 0.

Example 2.12. Presume that © = {s,7,0,v} be a S, with BO displayed in Table 1.

. s T 0 D
s s T 0 v
T T T 0 D
0 0 C) C) v
v v v D u

Table 1: BO of S

Consider Cys 31 and Zp on © as:
3 = {59,(4,71),6,6),0,0),6,0),,0),
i} {(s,9),(1,7),(6,0), (v,0),(6,7), (1, 0)}.

Then, 3y describes the cng-cls {s},{t} and {Q,D}, while 2, chamctgrizing the cng-cls {s}, {t, 6} and {v}. It can be
confirmed that, [v]5,[s]5, = [¥0]7, YV 1,5 € ©, i.e, 3y is a CC, on ©. Further, [v]a,[v]5, S [ov]5, ¥V v € O, since
[v]5, = {v}, thus, [v]5,[v]5, = {vo} = {6} and [vv], = [O]z, = {7, B}. This reveals that, 3 is not a CC,.

Definition 2.13. [23] Presume that © be a Sy and I be a C, on ©. The lower and upper approximations of W C ©
are postulated as:

W, ={red: ]z cw)| 2.3)
W =fre®:h=nW o), (2.4)

W is titled a RS of the S, ©, if W # ’W ; otherwise, W is exact in ©. Additionally,

(1) W is named a lower (an upper) rough SS; of ©, if W (W-) isa SS, of ©.
(2) ‘W is a lower rough left (right, two-sided, interior, bi-) ideal of © when W is a left (right, two- sided, interior,

bi-) ideal of © and W is an upper rough left (right, two-sided, interior, bi-) ideal of O if W is a left (right,
two-sided, interior, bi-) ideal of ©.

(3) W is called a rough left (right, two-sided, interior, bi-) ideal of ® when it is both lower and upper left (right,
two-sided, interior, bi-) ideal of ©.
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Theorem 2.14. [23] Suppose that Jbea C; ona S, ©. Then,

1. Every SS, of © is an upper rough SS, of ©.

2. Every left (right, bi-) ideal of © is an upper rough left (right, bi-) ideal of ©.
Theorem 2.15. [23] Assume that be a CC, ona S, O. Then,

1. Every SS; W of © is a lower rough SS; of ©, if W~ # @.
2. Every left (right, bi-) ideal ‘W of © is a lower rough left (right, bi-) ideal of ©, if W~ # @.

3. Bipolar Soft Sets over Semigroups
The BSSs in Sys are formulated by integrating the RBS approximations of the BSSs with Sgs. Throughout

this section, @ is a S, and g is the collection of attributes for ©.

* . . * ..

Definition 3.1. [35] A triplet & = (£,T;T1) is termed a BSS on a Sy ©, where A C g, £ : T1 — 2° and
* . *
I': =TT — 29 such that £h) NT(-h) = @ ¥ h e TL.

Definition 3.2. Let &1 = (£, T1;T1h), 8, = (£2,T2; 1) € BSS®) for a S, ©. The product of &, and 6, is a BSS
61’*\62 = (£1 x £y, 11 %1; ﬁl N ﬁz) over @, where
(£1 = £2)(h) £1(h)Ex (1),
([ +To)(=h) = (T (-mTh(-h))

*
Vhell
Here, I} (=) denotes the crisp compliment © — Ty (=h) of I'1(=h).
Definition 3.3. A BSS 3 over a S, © is a BS subsemigroup (BS-SS,) over © if and only if 35 C 8.

* . . ..
Theorem 3.4. A BSS 0 = (£,I';11) € BSS(O) over a Sy O is a BS-SS, over © if and only if £(f) and I"(=h) are
5SGs of © ¥ 1 € T1

* " —_—
Proof. Letd = (£,T;I1) be a BS-SS, over ©. Then, %8 C d. That is,
*x *
(£+£,T+T;11) C (£ T; D).

This gives (£ * £)() € £(f) and (I' = I')(=h) 2 T'(-h) V i € ﬁ Which yields £(f)£(f) C £(f) and
(F’(ﬂh)l”’(—'ﬁ)), 2 [(—h), that is, I"(-A)["(-h) C T'(-h) YV hi € ﬁ Hence, £(fi) and I"(—#) are SS,s of ® V

hell
Converse follows by reversing the above steps. [

Theorem 3.5. Let 01 and &, be any two BS-SSgs over a S, O. Then, 8;M,:0, and 8,1,0, are also BS-88,s on o.

* * ..
Proof. Let 01 = (£1,T1;111) and 0, = (£2,[2;I12) be BS-SSys on ©. From Theorem 3.4, £1(f1), £2(f2), '} (=F11)
and I')(—72) are SS;s of OV #; € Ay and hy € A,. The extended intersection of 8; and 3, is

—_— —_— —_— * *
01M:0p = (E1Ne£p, I'1U I, T UTD).
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* * * * * *
The case is obvious whe;p helly -II, or i € I, —I1;. Take #i € TI; NII,. Then, £;(f) N £,(f) and
I (=) N T, (=) are SS;s of ©. But,

Ty (=h) N Ty(=h) = (Ta(=H) U Ta(~h))

’ .. * * —_ ..
Thus, £1(%) N £2(f) and (1"1(—|h) U Fz(ﬂh)) are SSys of ® V fi € Iy N IT,. Hence, 81107 is a BS-SS, over ©.
Similar is the proof of the restricted intersection 8:M,0,. O

* * . * *
Remark 3.6. Note that, if 01 = (£1,T1;T1) and &y = (£2,T2;I1p) are BS-SS,s over © and IT; NI, =0, then
01U1:0; is surely a BS-SS, over ©. But generally, the restricted (or extended) union of two BS-SSgs over © may not
be a BS-SS, over ©. This is established in the subsequent example.

Example 3.7. Let O ={1,a,b,c)bea S, with BO is listed in Table 2.

a S Q Y-
O ST ==
ST R N
\NSTNRN S
SR ol

Table 2: Multiplication table of S

* * .
Let 9 = {fi1,, Hi3, Hig}). We consider two BS-SS,s 01 = (£1,T1;T1h) and 8y = (£2,T2; 1) over © with ﬁl =
*
{fi1, Bio} and Ty = {fiy, fip, iz}, defined as:

[ {Ld ifh=h (o if-h=-h
£1(h)‘{ @ =t rl(ﬁh)‘{ (e if—h =

{b) ifl =ty la,c) if == —hy
£0) =1 (b} ifi=hy To(=h)=1{ {c} if~h=-h
{1,a,b) ifh=hs [} if=h = —h

—_ —_ —_ * * * *
The restricted union 81,0, = (£1Ur£2, [10,I'2; T11 N I1p) is calculated for ITy NIy = {fy, hiz}, as:

<£107£2><h>={ ! %22 <F15rfz><ﬂ€>={ o ﬁ;:Z:Z;

We find that b, c € (£1U,£2)(h1). But,cb=a ¢ (£1Gr£2)(h1). So, 81,8, (and similarly, 811.8,) is not a BS-SS,
over ©.

4. Bipolar Soft Ideals over Semigroups

In the present section, we define the BS left ideals (BS-LIs), BS right ideals (BS-RIs), BS two-sided ideals
(BS-2SIs), BS interior ideals (BS-1Is) and BS bi-ideals (BS-Bls) over the S, ©. Some characterizations of these
ideals with concrete illustrations are also discussed in this section.

* .. .. . e~
Definition 4.1. A BSS 0 = (£,I’;I1) over a SG © is a BS-LI (resp. BS-RI) over © if and only ifQﬁ +0 C O (resp. O
*Q. Co).
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A BSS 8 € BSS(0) is a BS-2SI over © when it is both, BS-LI and BS-RI over ©.

. . * . s N
Definition 4.2. A BSS Qﬁ = (Q, O, IT) € BSS(O) is the relative whole BSS over O, if ()(h) = © and O(—h) = @

*
Vhell

* .o .
Theorem 4.3. ABSS 08 = (£,I;I) ona S, © is a BS-LI (resp. BS-RI, BS-2S1) on © if and only if £(#) and I (=)
. *
are left (resp. right, two-sided) ideals of © V¥ fi € IL

* .. ~ — - * *
Proof. Presume that 0 = (£,I’;I1) be a BS-LI over ©. Then, Qﬁ?é C 0. Thatis, (Q = £,® = T;I1) C (£, T; D).
This gives
(Q = £)(h) = Qh)EH) = O.£(H) C £(7)

and

(@+D)(=h) = (¥ (I (~h) = @T' ()

(6T (=h)) 2 T(-h)

Vhe ﬁ Which yields that, ®£(%) C £(%) and OI"(-#) CT"(-h) YV h € ﬁ

. *
Hence, £(%) and I (—#) are left ideals of @ V 7i € I1.
Converse follows by reversing the above steps.
Analogously, the cases of the BS-RI and the BS-25I can be verified. [

Theorem 4.4. Let 0, and 62_ be any two BS-LI (BS-RI, BS-2SI) over a S, O. Then, 81M:0, and 6,7,8, are also
BS-LI (BS-RI, BS-2SI) over ©.

Proof. Same as the proof of the above theorem. [

Theorem 4.5. Let 01 and 62__ be any two BS-LIs (BS-Rls, BS-2SIs) over a S, ©. Then, 8;U,0, and 8,1,0, are also
BS-LI (BS-RI, BS-2SI) over ©.

* * N
Proof. Let 61 = (£1,I';11;) and 0, = (£2,2;11z) be BS-LIs over ©. From Theorem 4.3, £1(fi1), £2(f2), '} (=11)
.. * *
and I")(—/y) are left ideals of © V #i; € Iy and /i, € IT,. The extended union of d; and 0, is

—_ —_ —_ * *
0102 = (£1U.£2, I'1NT2; TT UTT).

* * * * * *
The case is obvious when # €Il - I or fi € T, — ITy. Take #i € IT; NTI,. Then, £1(%) U £,(f) and
Iy (=) U T, (=) are left ideals of ©. But,

’

Ty (=) UT3(=h) = (T1(=h) N To(-)

— — .. * * — ..
Thus, (£1U:£)(f) and (I'1NI2) (—#) are left ideals of @ YV #i € TT1 N Hz.ﬁence, 01,0, is a BS-LI over ©.
Similarly, the cases of BS-RIs (BS-2SIs) and the restricted union 6,8, can be verified. O

Theorem 4.6. Let © be a S,. Then, the following assertion holds for every BS-RI 8; and BS-LI &, over ©.

3% 8 C 8:1,0,.
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* * ..
Proof. Let 01 = (£1,1'1;T11) be a BS-RI and 8, = (£, I'2;I1,) be a BS-LI over ®. We have

* *
O01x 02 = (£1x£, 1+ NID),
P —_ —_ * *
01M,00 = (E1Ny£2, T1U, ;T NTp).
. *
From Theorem 4.3, £1(f) and I"; (=) are right ideals of ® V #i € I1;, while £,(%) and I';(—#) are left ideals

N * * *
of ® Vi e IT,. Then, V #i € IT; N T1,, we have

(E1=£2)(h) = £1(h)Ea(h)
£1(h) N £x(h) = (E10,£2)(h) 1)

N

and
I/ (~)y(~f) < T (=h) N T)(~h)
(=) U Ta(=h)) @

Equation (2) gives

(T1*To)(-h) = (T5(=m)Ty(-h)
> Ty(~) U Ta(-h)
= (TO,To)(=h). (3)

The expressions (1) and (3) yield that,
1% 8 C 31,32
V¥ BS-RI &; and BS-LI 3, over ©. [
Corollary 4.7. Let O be an S,. Then, ¥ BS-RI 01 and BS-LI &, over O, we have
31+ 32 € 31702

Proof. This is follows directly from Theorem 4.6, as 81,0, C 81M:0,. O

Definition 4.8. A BSS d = (£,T;11) over a S, © is a BS-II over © if and only sz)ﬁ?f“j/*\Q cs.

* N .
Theorem 4.9. A BSS 8 = (£,T;11) over a S, © is a BS-II over © if and only if £(h) and I (=h) are interior ideals of
.o *
OVhell

* N =
Proof. Presume that 0 = (£,I’;I1) be a BS-II over ©. Then, Qﬁ * 0 * Qﬁ C 0. Which gives

Q£+ 0, @ T »d;IT) T (£, T; 1),
That is, (Q » £+ Q)() C £(1) and (@ « T + ®)(=h) 2 T(~h) ¥ fi € TL This yields Q)ERQMH) € £() and
(@ (=H)" (<)@ (<H)) 2 T(~1) ¥ i € TL. Thus, it follows that O£ C £(i) and O (<) € I'(~h) ¥ 1 € T1.

. *
Hence, proved that £(1) and I”(—#) are interior ideals of © V i € I1.
Converse follows by reversing the above steps. [

Theorem 4.10. Let &1 and 8, be any two BS-1Is over a S, ©. Then, 5,10, and 8;M,0, are the BS-IIs on ©.
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Proof. Similar to the proof of the previous result. [J

Thgorem 4.11. Suppose that 81 and 0, be any two BS-1Is over a Sy . Then, 3,U,0, and 8,1,0, are also the BS-IIs
on ©.

Proof. Same as the proof of Theorem 4.5. [

* .o .. ~ —_—
Definition 4.12. A BS-8S,0 = (£,I;I1) on a Sy © is a BS-BI over © if and only zfé’*\Qﬁ?é co.

* . . ..
Theorem 4.13. A BSS 0 = (£,I;I1) on a S; © is a BS-BI on © if and only if £(h) and I"(=h) are bi-ideals of © V
*
hell
* .. ..
Proof. Let 8 = (£,T;I1) be a BS-BI on ©. Then, 8 is a BS-SS, on ©. From Theorem 3.4, £() and I'"(—#) are
. * .. .
SS8,s of O VY 11 € T1. Since 0 is a BS-Bl over 0, so, 6?(21:[* 0 € 0. Which gives

~ *x *
(£+ Q£ T+D+T;II) C (£, T;T1).

That is, (£ + Q2  £)(1) C £(1) and (T * ® « T)(~h) 2 T(=h) ¥ # € T1. This yields £RQH)EMR) < £(1) and
(I (=) (<) (<)) 2 T(=h) ¥ i € T1. Thus, we have £H)OE() C £(i) and T’ (=h)OT (<) C T'(=h) ¥ i € T1.

) *
Hence, £(%) and I’ (—#) are bi-ideals of ©® V #i € 1.
Converse follows by reversing the above steps. [J

Theorem 4.14. Let 81 and 8, be any two BS-Bls over a S, ©. Then, 5:M,:0, and 8,M,0, are still BS-Bls on ©.
Proof. 1dentical to the proof of Theorem 3.5. [

) The extended or restricted union of §; and 0, might not be BS-Bls on O, since they are not BS-SS,s on
O, as exhibited in Example 3.7.

5. Rough Bipolar Soft Sets over Semigroups

The rough BSSs (RBSSs) are described through lower and upper RBS approximations of a BSS on an
8y ©, on which a C; R is specified. These approximations are characterized in this segment. The RBS
subsemigroups (RBS-SS,s) over O are also given in this segment.

Definition 5.1. Let R bea C,ona S, ©® and d = (£,T; ﬁ) € BSES(O). The lower and upper RBS approximations
. ) O
of 0 regarding (©, R) are the BSSs symbolized by 0y = (Eq, Tn; ﬁ) andd = (E‘R, F%; ﬁ), respectively, where £y,
E‘R are defined as:
£x () ={uec®: [ulx C£M), (5.1)
£ () = [ue®: [ulx NEM) # o (.2)

* —R
Vhiell and Ty, I aredefined as:

Ly (-h) = {u e ®: [uly NT(-h) # 2}, (5.3)
T (~h) = {u € ®: [ulx € T(=h)) (5.4)
VY -hi e —dt[.

—R ..
If 0 =0 , then, O is said to be R-definable; otherwise, 0 is an RBSS over ©.
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In [30], some characterizations of the RBSSs over @ # Q having an &, R are given. These characteri-
zations also hold when Q is swapped with the S; © and the #, on Q is reglaced by a C; on ©. Thus, the
outcomes in [30] are also valid for RBS approximations of a BSS on the S, ©, given in the Definition 3.1 of
[30].

Theorem 5.2. Presume that R bea C, ona S, © and 81,5, € BSS(O). Then,
—R —R ———R
01 *0r0 CO1 %0y .
* * ..
PVOOf. Let 61 = (£1, Fl; Hl), 62 = (£2, rz; Hz) € %66(@) We have
T R —R —R —R x  *
01 *0y = (£ =£ It =Ty ;11 NIDy),
=R ——R ——R * *
O01x02 = (E1+£ ,I1+Ty ;11 NID).
x — R —% —R R —% —R
Takefie Iy NIl ands € (£; *£, )h) =£1 (A)£y (h). Then,s =abforsomea € £; (A)andbe £, (h).

Which gives [a]lg N £1(f) # @ and [blg N £:() # @. Let c € [a]lg N £1(h) and d € [b]r N £:(f). Then, cd €
[alx[b]lr C [ab]r and also cd € £1(fi)£2(h), as, ¢ € £1(h) and d € £,(f). This yields [a]r [b]x N £1(H)£2(R) # @.

That is, [ablg N (£1 * £5)(f) # @. So,ab = s € (£1 * EZ%)(h). Hence, we get
R —R ——R
(E1 *£2 )(h) C (£ +£ )(h) (5.5)

* *
Vhell NI,.
— R
Now, let x € (I'; #* I, )(—#). Then,
[ € (Ty + T2)(=h) = (Ty(=R)T(=)) .

This means that,

[xls N T} (~H)T5(~1) = . (5.6)

We claim that, x ¢ (F_ly(—'h))’(r_zx(—'h))’. Asif, x € (ﬁ%(ﬂh))/(ﬁ%(ﬂh))/, then we can write x = ab for some
ae (T (-1 and b e (T (~). Thatis,a ¢ T; (<) and b ¢ T (~h). Which means that, [alx & T1(-})
and [b]g & I'2(—h). Letc € [a]lg, c € T1(—h), d € [b]lg and d ¢ T'>(—#). Then, cd € [a]lg[b]r C [ablr C [x]r and
cd € (Fl(ﬁh)) (rz(—'h)) . Therefore, [x]g N (F 1(—|ﬁ)) (rz(—'h)) # ©. Which contradicts Equation 5.6. Hence
our claim is true, that is,
—R r—R N —R —R
xe((Tr () (T2 (h)) =@ «T2 )h),

So, we have

[ToeTs )=h) € ([T +T7 (=) (57)

* * —R —R———R
¥ i € Iy N IT,. The assertions (5.5) and (5.7) prove that8; *d, €810, . O

Corollary 5.3. Let © bea Sy and {8; : 1 <i < n} C BSS(®). Then, for a C, R on ©, we have

—R_—R
—# —H
*i210i C*i10; .

Here, ¥, 0; denotes the finite product 8y % 8y % - % 3.
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Theorem 5.4. Fora S, ©,a CC, R on © and 8y, 5, € BSS(O), we have

010,702, C 017 0oy,

* * ..
Pl’OOf. Let 61 = (£1, I'y; Hl), 62 = (£2, I»; Hz) S %66(@) We have
* *
01,702 = (Eiy * 2y Ty *T2i 1 NID),
* *
0102, = (Errfay,[1#Dh, I NIl).

Take i € ﬁl | ﬁz and lets € (é% >eé%)(f’ﬁ) = E‘R(ﬁ)é%(ﬁ). Then, we can write s = ab for somea € é%(h)
and b € £_2%(h). Which gives [a]lx € £1(f) and [blx C £2(f). Then, [alx[b]lx € £1(h)E2 (). Since R is a CC,,
so, [a]lr[b]r = [ablx. Which gives [ab]x C £1(f)£2(f). That s, [s]x = [ablx C (£1 * £2)(%). So, s € (£1 * EZ%)(E).
Hence,

(Erg *£2q (1) C (£1 % £2,)() (5.8)

*
Vhe ﬁl NIL,.
Now, let x € (I'; # sz)(—'h). Then, [x]g N 'y # T2)(=h) # @. That is,

[x]x N (T} (=R)Ty(-h)) # @. (5.9)
We claim that,

¥ € Ty *Tag)(h) = (T () (T2 (1)) )
Asif, x ¢ ((E%(—'h))l(&%(—‘h))/)l, that is, x € (&%(—'h))/(gﬁ(—'h))’. Then, we can write x = yz, for some

y € (T1y (<)) and z € (Lo (<)) . So, [ylx NT1(~H) = @ and [z]x N Ta(~4) = @. That s, [ylx C I'(~#) and
[zlx € I5(=h). Thus, [ylxlzlx € I} (-A)I5(-h). As R is a CC,, so, [y]lxrlz]lx = [yz]lx = [x]x. Which gives
[x]r C I} (=)L (=#). This contradicts Equation (5.9). So, our claim is true. That is, x € (&‘R * E%)(—'h). So

(T * T2y )(~1) € (T * Do () (5.10)

* * p—
V fi e IT; N I1,. The assertions (5.8) and (5.10) prove that i%’*\@% c 61?62%. O

Corollary 5.5. Fora S, ®,a CC, R on © and {0; : 1 < i < n} C BSS(®), we have

—¥
*i=10

=
—“Rg *i:16i§R'

Theq;em 5.6. Presume that R bea Cyona S, ©®. Then, the subsequent assertion is valid ¥ BS-RI 01 and BS-LI &,
over ©.

R— —R—- —R
C oy

3% 0 Mo, .

* * ..
Proof. Let 01 = (£1,1;11;) be a BS-RIand 0, = (£, I'2;I1) be a BS-LI over ©. Then £; (%) and I} (—%) are right
* . *
ideals V 7i € I}, while £5(#1) and I} (=) are left ideals of ©, ¥ e € I'l,. We have
— R — R — R * *
01x0y = (E1x£ I+ ;11 NID),

—R— —R
01 M,0,

—R— —R —R— —R *  *
E1 Nk T Uy ;T4 NID).
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Take /i € T, N T, and s € (£ % £, )(f). Then [s]x N (£ * £2)(1) # @, that is, [slx N £ (i)Ea() # @. Let
t € [slg N E1(-A)Ex(f). Then t € [s]g and t € £1(h)£(f). We can write t = ab, where a € £1(f) and b € £,(h).
Now ab = t € £(f), as £1(h) is right ideal of © and ab = t € £5(h), as £5(h) is left ideal of S. So, we have
t € [slg N£1(h) and t € [s]g N £2(f). Which means that,

[slx N (E1)(R) = @ # [s]lr N (£2)(H).
Thatis, s € & (1) N5y () = (& T (). So, we have
@5 ) C & P () (5.11)

* *
Vhell NI,.

Now, let x € (T7 0T )(=h) = (1 )(=H) U (T3 )(=fi). Then, x € (T )(=h) or x € (T )(=4). Which
means that,

[x]x CT1(=7) or [x]x < Ia(=). (5.12)

We claim that [x]x NI (=)} (=) = @. Asif there is some y € [x]x NI} (=7)T;(=#). Then, y = cd for some
c € I'/(=h) and d € I'(=#h). But I'; (=) is a right ideal and I'",(-) is a left ideal of ©.S0,y=cd € I} (=#) and
y = cd € I'’)(=h). Which yields y € [x]gx NT’(=#) and y € [x]x N I(=#). This contradicts the assertion (5.12).
Thus, [x]x N T (=A)T7(=#) = @. This gives [x]x C (Fi(—'h)ré(—'ﬁ))’. Which means that, x € (T'; * FZ%)(—uh).
Thus, we have
R
)

T O, (=) € [Ty )(=h) (5.13)

* * R— —R — —R
¥ #i € IT; N T1,. The statements (5.11) and (5.13) prove that 819, €&; M, 8, . O

Theorem 5.7. Let R bea CC,ona S, ©®. Then, the subsequent assertion is true Y BS-RI 01 and BS-LI &, over o.
O1% Oz, C O1 MO,y -
Proof. Identical to the proof of Theorem 5.6. [
Definition 5.8. Let R be a C; ona Sy © and & € BSS(O). Then, & is a lower (or upper) RBS-SS; over ©, if Oy
R ..
(or 8 ) isa BS-SS, over ©.
* .o .o ..
A BSS 9 = (£,T;IT) on ® which is lower and upper RBS-SS, on O, is named an RBS-SS,; on ©.
Theorem 5.9. Suppose that R be a C, on a Sy ©. Then, every BS-SS, on © is an upper RBS-SS, on ©.

Proof. Let 3 € BES(O) be a BS-SS, over @. Then, §% 3 C 3. From Theorems 2.10 and 5.2, we have

R R~ —R __R
0 *0 CO0*0 CO .

—R . .
This shows that 8 is a BS-SS, over ©. Thus, 8 is an upper RBS-S8S, over ©. O

The next illustration highlights that the converse assertion of the previous result is not universally valid.
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ASVRRS RS s ] IS

QUL |-
QU S S Q|
Qo S S
SRS TERN TR ST

Table 3: BO for S,

Example 5.10. Presume that O ={ab,cd bea S, with BO described in Table 3.
Let 9 = {fiy, Fip, hi3, T} be the set of attributes for ©. Take a C, R on ©, describing the cng-cls {a}, {b,d} and {c}.

* . *
We take a BSS 6 = (£, T; IT) over © with I = {1, hi»}, given as follows:

[ led) ifn=th _{da) ifh=-h
A = { e ifi=h, 0= { la,d) if 1 = 1

Note that d is not a BS-SS, over © because ¢ € £(fi), but cc = b ¢ £(hy). The upper RBS approximation
R(O) = (ER,I_"‘K; ﬁ) of 0 regarding ‘R is computed as:

x [ ibod iffi=h  =®, . [ {a} if-h=-h
‘ @‘{{b,c,d} =t | (ﬁ’”‘{{a} i~ =

Routine calculations reveal that R(0) is a BS-S8S, over ©. So, 3 is not a BS-SS, over ©, despite it is an upper
RBS-8S, on ©.

Theorem 5.11. Let R be a CC, on a S, ©. Then, every BS-SS, on © is a lower RBS-SS, on ©.

Proof. Suppose that R be a CC, on ® and & be a BS-SS; over ©. Then, 3+ 8 C 3. From Theorems 2.10 and
5.4, we have

Oy * 0y CO*dy COy.
This verifies that 0 is a BS-SS, over ©. Consequently, 0 is a lower RBS-SS; on ©. [
The converse of Theorem 5.11 is not necessarily valid, as demonstrated in the subsequent illustration.

Example 5.12. Let O={s,1,0,0)bea S, whose BO is portrayed in Table 4.

I DO D P D
T < Q<

QDA ®
QDA w|n
QS DA AlA

Table 4: B0 of S,

Consider 9 = {1, tip, Hi3, ha, Fis) for O and R be a CC, over ©, describing cng-cls {s},{t} and {0,v}. Consider a
BSS 6 = (£,T; ﬁ) over © with ﬁ = {#11), described as:

£(m) = {t,v}, T'(=M) = {s}.
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Note that 8 is not a BS-SS, over © because v € £(fiy), but vo = 0 ¢ £(f1). The lower RBS approximation
*
R(0) = (Ex, Ly, 1) of 0 regarding R is determined as:

Ex (1) = {1}, Ty (=f1) = {s}.

Simple calgulutions indicate R(0) is a BS-SS, over ®. So, §isnota BS-8S, over O, even though, it is a lower
RBS-S8S8; on ©.

The next illustration confirms that the Theorem 5.11 is not true when ‘R is not a CC,.

Example 5.13. Tuke the S, © = {a, b, c,d} with ' and the C, R as provided in Example 5.10. Then, R is not CC,.
* . *
We consider a BS-SS, 0 = (£, T'; IT) over © with IT = {f,}, postulated as:

£(fiz) = {b, c}, T'(=h2) = {a}.
The lower RBS approximation R(0) = (Ex, Ln; ﬁ) of 0 regarding ‘R is computed as:

£x(12) = {c}, T (=h2) = {a}.

We find that R(d) is not BS-SS, over ©, because c € £ (), but we have cc = b ¢ £ (h2). So, 0 is not a lower
RBS-SS, on ©.

6. Rough Bipolar Soft Ideals over Semigroups

This section delineates the ideas of the RBS — LI, RBS — RI, RBS — 28I, RBS — I T and RBS-BI ©
and examines some of their properties with concrete illustrations.

Definition 6.1. Let R beaC,ona S, ©@andd € BSS(O). Then, dis alower (resp. upper) RBS — LI (RBS — RI,
. —R ..
RBS —287) over O, if Oy (resp. 0 ) is a BS-LI (BS-RI, BS-2SI) on ©.

A BSS 8 in © which is lower and upper R8BS — LI (RBS — RI, RBS ~281) on O is titled an RBS — LT
(RBS —RI,RBS -—2857)on O.

Theorem 6.2. Let R bea C,ona S, ®. Then every BS-LI (BS-RI, BS-2SI) on © is an upper RBS — LI (RBS - RT,
RBS —287) on O.

.. .. .~ —R __ R
Proof. Let 0 € BSS(O) be a BS-LI over ©. Then, Qﬁ* 0 € 0. From Theorem 2.10, we have Qﬁ* 0 €0 .
Now, from Theorems 2.9 and 5.2, we have

~ =R =
Q**é = Q
IT

=R .. .
This verifies that 8 is a BS-LI over ©. Thus, & is an upper RBS — LTI over ©. Analogously, the scenarios
of BS-RI and the BS-2SI over © can be confirmed. [J

The converse of the Theorem 6.2 is usually invalid, as revealed by the below illustration.
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Table 5: BO of S,

Example 6.3. Let © = {p, q,1, s} be an S, with the following BO displayed in Table 5.
Think about 9 = {h1, o, H3} and R be a C, on O, describing cng-cls {v,q, s} and {v}. Think about a BSS

* . *
0 = (£ I, IT) on © with I1 = {fy, iz}, given as:

[t ifn=h [0 k=
E‘h)‘{{q,s} ifh =i “ﬁ’”‘{{r} if~h =

Note that & is not a BS-LI over © because p € £(h1), but sp = s ¢ £(fi1). The upper RBS approximation

R(O) = (E%,l:x; ﬁ) of 0 regarding R is evaluated as:

=R . [ {p,qs8 iffi=h =R ) if-h=-h
£ (h)‘{{p,q,s} ity T (ﬂh)‘{{r} if 1 = ~h

Simple calculations verify that R(0) is a BS-LI over ©. So, & is not a BS-LI over ®, nevertheless, it is an upper
RBS — LT on ©.

Theorem 6.4. Presume that R be a CC, on an S, ©. Then, every BS-LI (BS-RI, BS-2SI) over O is a lower
RBS — LI (RBS —RI,RBS —287T) on ©.

Proof. Presume that R be a CC; on ©® and let 8 be a BS-LI over ©. Then, Qﬁ?é C &. From Theorem 2.10, we

have Qﬁ’*\é c O - Now, from Theorems 2.9 and 5.4, we have

R
Q*?6 = Q* /*\6
n —R My 2

This verifies that 0y is a BS-LI over ©. Hence, 8 is a lower RBS — LI over ©. Similarly, the instances of
BS-RI and the BS-2SI on © can be confirmed. [

The converse statement of Theorem 6.4 is not true in general, as demonstrated in the next illustration.

Example 6.5. Consider the Sy © = {p, q,1, s} as indicated in Example 6.3. Consider a CC, R on ©, defining cng-cls
* R *
{p,q,x} and {s}. Let & = (£,T;I1) be a BSS over O such that T1 = {#,, fi3}, described as:

_ {QIrI 5} lfh=h _ {D} lf_‘h: _|h
A = { el o, TCM= { (W) if = = o

Note that & is not a BS-LI over © because m € £(fip), but tm = k ¢ £(hy). The lower RBS approximation
R©O) = (Ex, Ix; ﬁ) of 0 regarding ‘R is assessed as:

[ ) =t [ o) =
E‘K(h) = { (s} ifh — hi L}{(_'h) = { {p,q,1} if-u”l — _‘hi
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Simple calcuquions show that R(d) is a BS-LI over ®. So, 8 is not a BS-LI over ©, even though it is a lower
RBS — LT over O.

The next illustration shows that the above result is invalid when ‘R is not a CC,.

Example 6.6. Revisit the Sy © = {s,7,0,0} as revealed in Example 5.12. Take a C, R on ©, defining cng-cls
* . *
{s}, {7, 6}, and {v}. Then, R is not CC,. We consider a BS-LI 8 = (£,T;I1) over © with I1 = {4}, given as:

£(f1s) = 10,0}, T(-1y) = {s}.
The lower RBS approximation R(0) = (£x, Ly, ﬁ) of 0 regarding ‘R is computed as:

£g (s) = {0}, Ly (=Tia) = {s}.
We find that R(d) is not BS-LI over ©, because v € £ (fig), but we have vo = O ¢ £y (fi4). So, O is not a lower
RBS — LT on O.
Definition 6.7. Let R bea C, ona Sy © and & € BSS(O). Then, & is a lower (or upper) RBS — 1T over ©, if dy
R .
(or & ) is a BS-II over ©.

A BSS 8 over © which is lower and upper RBS — 77 on ©, is named an RBS — 77 on ©.

Theorem 6.8. Let R bea C, ona Sy ©. Then, every BS-1I on © is an upper RBS — 11 on ©.

.. e~ o~ —FR __R
Proof. Let 0 be a BS-II over ©. Then, Qﬁ* o Qﬁ C 9. From Theorem 2.10, we have Qﬁ* O* Qﬁ Cd .Now,
from Theorem 2.9 and Corollary 5.3, we have

R R

Q)

I
———= %R~
Q. x0%Qs C

I I

=R
+ 0

jle]}
1l
le)

il
—R
0 .

N1

=R . .-
This verifies that 8 is a BS-II over ©. Therefore, 0 is an upper RBS - 77 on®. O

The converse of the above result 6.8 is not true universally, as demonstrated in the subsequent illustration.

.. * .
Example 6.9. Consider the Sq; © = {p, q,1, s}, as provided in Example 6.3. Consider a BSS 0 = (£,I’;TI) over ©
*
such that T1 = {#,, li3}, described as:

_ {a,s) lfh =Hh _ {r} lfﬂfl = -f
£ = { (ool ifh=hy 0= { ) if ~h = 1

Note that & is not a BS-II over © as | € £(hy), but mtm = k ¢ £(fz). The upper RBS approximation g(é) =
— — *
(E%, r * ; IT) of O reqarding R is calculated as:

- (h)_{ s Fh=h | (ﬁh)‘{ (e} if < = i

Routine calculatiogs demonstrates that g(é) is a BS-IT over ©. So, & is not a BS-II over ©, nonetheless, it is an
upper RBS — 11 on ©.



N. Malik et al. / Filomat 39:1 (2025), 345-367 363

Theorem 6.10. Let R bea CC, ona S, ©. Then, every BS-I on © is a lower RBS — I T on ©.
Proof. Assume that R be a CC, on © and d be a BS-Il over ©. Then, Qﬁ?é’*\ﬁﬁg 3. From Theorem 2.10, we

C Oy - Now, according to Theorem 2.9 and Corollary 5.5, it follows that

have Q.35 Q.
i My

This verifies that 0y is a BS-Il over ©. Thus, disalower RBS - 77 on®. O
The converse statement of the above result is not true universally, as confirmed in the accompanying

illustration.
Example 6.11. Revisit the S, O = {p,q,r,s) and the CC, R on O, as considered in Example 6.5. Think about a BSS

d=(£T; 11([) over © with 11 = {h1, 12} expressed as:
{v,s} ifh=m {la} if -l =-M
T'(=h) = 7

CI=\ (o) if = o

A = { (0.5 ifh =t
Clearly, & is not a BS-II over © because m € £(hy), but km€ = k & £(f1). The lower RBS approximation

R©O) = (Ex, Ly, ﬁ) of 0 regarding ‘R is obtained as:

{p,ar} if=h=-M

(s} ifh =1 Ex(ﬁh):{{p’q,r} Al

Ex) = { s} iffi=h
Simple calculations shows that R(0) is a BS-II over ®. So, 8 is not a BS-II over ©, even though it is a lower

RBS — 17 on ®.
The next illustration indicates that the Theorem 6.10 is invalid when ‘R is not a CC,.

Example 6.12. Take the S, O = {p,q,1,s} and the attribute set P as provided in Example 6.3. Take the C, R on )
* . *
defining the cng-cls {p,r, s} and {q}. Then, R is not a CC,. We take a BS-11 8 = (£, T’;I1) over © with I1 = {fi, h3},

articulated as:
_ ) tpast ifh=h _ A ifoh= iy
Eh) = { e S
The lower RBS approximation R(0) = (£x, Ly, ﬁ) of 0 under R is acquired as:
{p/ T, 5} Zf_'h = _";12

{a} 1fﬁ =y E%(ﬂh) = { {p, 1, 3} lf‘!h = —fi3

Ex®) = { o ifhi=t
We find that R(0) is not BS-1I over O, because q € £ (), but we have par = p & £ (2). So, 0 is not a lower

RBS — 1T on O.
Definition 6.13. Let R bea C, ona S, © and & € BSS(®). Then, & is a lower (or upper) RBS bi-ideal on ©, when

=R ..
Oy (0or 0 ) is a BS-BI over ©.
A BSS 8 over © which is lower and upper RBS-BI on ©, is termed an RBS-BI on ©.
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Theorem 6.14. Presume that R be a C, on a Sy ©. Then, every BS-BI on © is an upper RBS-BI on ©.

.. .. . e~ —R
Proof. Assume that 0 € BEES(0) be a BS-BI over ©. Then, § is BS-SS; over © and 6+ Qﬁ* 0C0.50,0 isa

.. —XR __R
BS-S8S, over © from Theorem 5.9 and 6?()13[* 0 €0 from Theorem 2.10. Now, in the light of Theorem 2.9
and Corollary 5.3, we have

—R__ . __—R _—R _
6 *Q**é = 6 *Q* *6
I IT
——R __ R
Qé*Qﬁ*é co

=R .. ..
This verifies that 8 is a BS-BI over ®. Hence, 8 is an upper RBS-Blon ©. [

The succeeding illustration shows that the contrary of Theorem 6.14 is incorrect universally.

.. .o *
Exa_mple 6.15. Consider the Sq © = {p, q,, s} and the C, R over O as stated in Example 6.3. Takea BSS & = (£, T;I1)
on © with © = {#y, hy}, characterized as:

_{fap) = () if-h= i
£ = { o5 ifn=h M= { () if ~h = s
Note that & is not a BS-BI over © because ¢ € £(h1), but tnl = n ¢ £(f1). The upper RBS approximation
%(6) = (Ex,l_"%; ﬁ) of 0 regarding R is determined as:

¢ (h)_{ fa, p, s} ifh=hl r (ﬁﬁ)‘{ fr} zfﬂhzﬂhl

Routine calculatiqns demonstrates that ﬁ(é) is a BS-BI over ©. Thus, & is not a BS-BI over ©, even though, it is
an upper RBS-Bl on ©.

Theorem 6.16. Let R be a CC, on a Sy ©. Then, every BS-BI on © is a lower RBS-BI on ©.

Proof. Let R be a CC, on © and let & be a BS-BI over ©. Then, § is BS-SSG over © and 6’5@1{56 C 8. So, 1%

is a BS-SS, over © from Theorem 5.11 and 6’*\@1{*\6 c Oy from Theorem 2.10. Now, by Theorem 2.9 and
—F R
Corollary 5.5, we have

QR’;QEFQ% = 6%’;()1%%?@%
Co+Q.3 Cdy.
H 9
— R
This verifies that 0 is a BS-Bl over ©. As a result, 8 is a lower RBS-Blon ©. [

The converse assertion of the above result is generally invalid generally, as demonstrated in the subse-
quent illustration.

Example 6.17. Revisit the Sy © = {s, 7, 0,v} and the CC, R on ©, as portrayed in Example 5.12. Let us take a BSS
* . *
0 = (£, I T1) over © such that I1 = {#i5}, described as:

£(fis) = {s, 0}, I'(=hs) = {7, v}.
Clearly, & is not a BS-BI over © because s, 0 € £(fis), but sv0 = v ¢ £(fis). The lower RBS approximation
R(0) = (Ex. Ln; ﬁ) of & regarding R is calculated as:
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E‘R(h5) = {S}r I;*R(_'hS) = {tr 9/ U}.

Simple calculations reveal that R(0) is a BS-BI over ©. Thus, 8 is not a BS-BI on ©, howeuver, it is a lower RBS-BI
on ©.

The next illustration shows that Theorem 6.16 is invalid when ‘R is not a CC,.

Example 6.18. Recall the S, O = {p,q,r1,s), the parameter set @ as taken in Example 6.3. Take the C, R on <]

* . *
defining the classes {p,, s} and {q}. Then, R is not a CC,. We take a BS-BI 8 = (£,T;T1) over © with IT = {#i, h3},
expressed as:

_J past ifn=nh _J if =h = —h
E(ﬁ)‘{{r} ifh = h r(ﬁ”l)‘{{p,q,s} if 1 = i

*
The lower RBS approximation R(0) = (Eg, Ly ;1) of 0 under R is calculated as:

ifi=h , T, if =i = =h
can={ B 000 men={ B0 4323

R(0) is not BS-BI over O, because q € £ (1), but qrq = p & £ (h2). Therefore, 8 is not a lower RBS-BI over o.

7. Comparative Study

Rough BSideals in Sysis a unique idea that combines RSs and BSSs to examine ideals in Sgys. In this script,
we present an innovative framework for approximating the BS ideals in Sys. To the best of our knowledge,
Sgs have not commonly implemented BSS approximations to date. Consequently, consideration of a novel
scheme of approximations of BS ideals in Sgs is reasonable and indispensable. This method provides a
more flexible and enhanced approach to addressing uncertainty in Sy philosophy by examining rough
approximations in the formulation of BS ideals. Rough BS ideals in S;s possess various unique advantages
compared to other theories, including:

1. One of the primary benefits of rough BS ideals is their capacity to encapsulate uncertainty and
vagueness. Integrating RSs with BSSs enables the management of a broader spectrum of data and
enhances the precision in capturing the imprecision and bipolarity commonly encountered in actual
dilemmas.

2. FSs and SSs are merged with ideals in Sgs in many ways (see [2, 15, 40, 43]). Numerous researchers
have examined ideals in Sys
[17,22]. Nonetheless, their outcomes fail to consider the bipolarity, which is a vital element of human
perception. In contrast, rough BS ideals can more naturally and comprehensibly represent both the
good and negative attributes of the data, together with the associated trade-offs.

3. A multitude of studies on the bipolarity in fuzzy ideals and groups are stated in [19, 21, 32, 47],
but the roughness of the proposed ideals is not studied in these papers. Our proposed study is a
unification of RSs, BSSs, and the bipolarity of data employed in the ideal theory of Sgs. In this study;,
we implement the notions of roughness to the BS ideals in Sys, which is the uniqueness and originality
of our recommended approach.

8. Concluding Remarks

In the present paper, we brought out the notion of the ideals of S;s in the context of BSSs. The idea
is further generalized to RBSSs in Sys by establishing the lower and upper approximations of BSSs in
Sgs. Also, the idea of rough BS ideals over Sgs is established. The C; and CC, are employed to evaluate
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rough approximations of BS ideals in Sys. These relations provide us with a useful method to contemplate
roughness in BS ideals of Sys. However, it is probably evident that in the case of lower approximation, the

C:

fails to acquire the desired outcomes. To fix this complication, a CC, is being considered. Furthermore,

approximations are implemented to the BS-LIs, BS-RlIs, BS-2SIs, BS-IIs, and BS-BIs of Sys using C, and CC,.
Various significant aspects of these concepts are studied comprehensively. We have incorporated numerous
illustrations to aid readers in understanding the issues under discussion.

In future research, we will explore the following related topics:

1. We would like to concentrate on the roughness of BS ideals in ternary Sys and ternary semirings.

2. We think that researchers will look into the features of rough BS ideals in a number of different
algebraic contexts, such as normal groups, semirings, and hemirings.

3. We will give attention to the roughness of BS hyperideals of semihyper groups.

4. The devised scheme of roughness can be carried out for the other two notions of BSSs, proposed by
Mahmood [55] and Karaaslan and Karatas [18].
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