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Abstract. In this artical, h-quasi bi-slant submersions (h — gbs-submersions, in short) from almost quater-
nionic Hermitian manifolds onto Riemannian manifolds are defined and studied. In addition, the integra-
bility of distributions, the geometry of foliations, the condition for such maps to be totally geodesic are
investigated. Moreover, we have also worked out some non-trivial examples of the hgbs-submersion.

1. Introductions

The study of Riemannian submersions originated from the work of O’Neill [15] in 1966 and Gray [7]
in 1967. Watson [27] studied almost Hermitian submersions. After that, this notion of almost Hermitian
submersion has been extended to different kinds of sub-classes, according to the conditions on submersion
by several geometers ( [1], [10], [13], [16]-[19], [22], [25], [26]).

Quasi-bi-slant submersions are introduced by Prasad and others ([21], [23], [24]), and quasi-hemi-slant
Riemannian submersions are studied by Longwap, Massamba and Homti [14].

Riemannian submersions have wide applications as: in Kaluza-Klein theory ([4], [11]), the Yang-Mills
theory [5], Supergravity and superstring theories [12], robotic chains [2], etc. On the other hand, quater-
nionic manifolds have many applications in non-linear sigma-models with super symmetry [6], to obtain
estimates for the Betti numbers of the manifold ([8],[9]) etc.

The this paper is organized as follows: In Section 2, basic definitions and properties of Riemannian
submersions are mentioned. In Section 3, the definition of a h-gbs submersion is given, and its geometric
properties are investigated. In addition, integrability of distributions and totally geodesic are also obtained.
In the last section, proper examples for this notion are provided.
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2. Preliminaries
Let F : (N1, gn,) — (N2, gn,) be a Riemannian submersion [25]. Define O’Neill’s tensors 7~ and A [15] by
Ay, Yo = HVqy, VYs + VVgy, HY>, 1)
Tv,Y2 = HVy, VY2 + VVqy, HY> (2)

for any vector fields Y7, Y, on N, where V is the Levi-Civita connection of gy, . It is easy to see that 7y, and
Ay, are skew-symmetric operators on the tangent bundle of N; reversing the vertical and the horizontal
distributions.

From (1) and (2), we get

V2, Zo = T7,20 + VN2 Zo, 3)
Vo Uy = T2, Uy + HV 2 Uy, (4)
Vu,Z1 = Ay, Z1 + VVu, Za, (5)
Vi, Uy = HV Uy + Ay, Uy (6)

for Z1,Z, € T'(kerF,) and Uy, U, € T'(kerF.)*, where HV, Uy = Ay, Zy, if U; is basic [3]. Let (N1, gn,) and
(N2, gn,) be Riemannian manifolds and F : (N1, gn,) = (N2, gn,) be a C* map then the second fundamental
form of F is given by

(VF)(Z1, Xa) = V5, Fo(Xa) = Fu(V}! X2) (7)

for Z1, X> € T(TN;), where VF is the pullback connection, and V is the Riemannian connections of the metric

IN; -
In addition, a differentiable map F between two Riemannian manifolds is totally geodesic if

(VF*)(Yl,Zz) =0, for all Y1,7Z5 € F(TNl) (8)

Lemma 2.1. [3] Let (N1, gn,) and (N2, gn,) are Riemannian manifolds. IfF : Ny — N; be a Riemannian submersion,
then for any horizontal vector fields Z,, Z, and vertical vector fields W1, W, we have

(Z) (VF*)(le ZZ) = O/
(i) (VF)(W1, Wa) = =F.(Tw, W2) = =F.(Viw, W2),
(iii) (VF.)(Z1, W1) = =F.(Vz,W1) = =F.(Az, Wy).

Definition 2.2. [20] Let (N1, gn,, J) be an almost Hermitian manifold and (N3, gn,) be a Riemannian manifold. A
Riemannian submersion F : Ny — N is called a quasi bi-slant Riemannian submersion (h-qbs submersions, in short)
if there exist three mutually orthogonal distributions D, D1 and D; such that

() kerF., =D& D1 & D,,

(if) J(D) = D i.e., D is invariant,

(iii) J(D1) L Dy and J(D3) L Dy,

(iv) for any non-zero vector field Y; € (D1)y, x € Ny, the angle 61 between JY; and (D), is constant and
independent of the choice of point x and Y7 in (D1)s,

(v) for any non-zero vector field Z; € (D), y € N1, the angle 0, between JZ; and (D), is constant and
independent of the choice of point y and Z; in (D-),,

These angles 01 and 0, are called slant angles of the submersion.

Let (N1, E, gn,) is an almost quaternionic Hermitian manifold [10] with local basis {J1, J2, J3} of sections
of E and 1-forms w1, w,, w3 such that for o € {1,2,3} on U

2= —id, JaJar1 = —JartJa = Jas2, ©)
gniUaZa, JaZo) = gn,(Z1, Z22), (10)
Vz.Ja = Was2(Z1)]as1 — War1(Z1)]as2 (11)

YZ,Z> € F(TNl)



S. Kumar et al. / Filomat 39:1 (2025), 67-82 69
3. H-Quasi bi-slant submersions

In this section, h-qbs submersions F from an almost quaternionic Hermitian manifold (N1,1, ], K, gn,)
onto a Riemannian manifold (N3, gy, ) is defined and studied.

Definition 3.1. F : (N1, E, gn,) = (N2, gn,) is said to be an h-qbs submersion if g € Ny with a neighborhood U, there
exists a quaternionic Hermitian basis {1, ], K} of sections of E on U so that for any R € {1, ], K}, there is a distribution
D c (kerF.) on U that satisfies the condition

(a) kerF, =D& D, ® D,,

(b) R(D) = Di.e., D is invariant,

(¢c) R(Dy) L Dy and R(D3) L D,

(d) for any non-zero vector field Y; € (D1)y, x € Nj, the angle 6}{ between RY7 and (D), is constant and
independent of the choice of point x and Y7 in (D1),.

(e) for any non-zero vector field Y> € (D), y € Nj, the angle (9122 between RY; and (D), is constant and
independent of the choice of point y and Y5 in (D2),,

Where (ker F.) admits three orthogonal complementary distributions D, D1 and D, such that D is invari-
ant, Dy is slant with angle 0} and D, is slant with angle 02.

We call basis {I, ], K} is said to be an h-qbs basis and the angles {6], 9}, 04} and {67, 9?, 0%} are said to be
h-gbs angles.

Moreover, if

0;=0] =0, =0",0] = 0] =0 =6,

then we call F : (N1, E, gn,) = (N2, gn,) a strictly h-qbs submersion, {I, ], K} strictly h-gbs basis and 6° strictly
h-gbs angle.

Definition 3.2. F : (N1, E, gn,) = (N2, gn,) is said to be an almost h-qbs submersion if p € Ny with a neighborhood
U, there exists a quaternionic Hermitian basis {1, ], K} of sections of E on U such that for any R € {1, ], K}, there is a
distribution DR C (kerF.) on U such that

(a) kerF, = DR & DR ® DI;,

(b) R(DR) = DR i.e,, DR is invariant,

(c) R(DY) L D¥ and R(D¥) 1L DX,

(d) for any non-zero vector field V; € (le)x, x € N, the angle 6}{ between RV; and (le)x is constant and
independent of the choice of point x and V; in (D;)y,

(e) for any non-zero vector field V, € (D), y € Ny, the angle 02 between RV, and (DY), is constant and
independent of the choice of point y and V; in (DY),

Where the vertical distribution (kerF.) admits three orthogonal complementary distributions DX, D}
and D5 such that DX is invariant, Df is slant with angle 6} and DX is slant with angle 6%.

We call such basis {I, ], K} an almost h-gbs basis and the angles {67, 9}, 04} and {67, 9?, 0%} almost h-gbs
angles.

Let F be h-gbs submersion from an almost quaternionic Hermitian manifold (Ny,I, K, gn,) onto a
Riemannian manifold (N3, gn,). Then, we have

TN; = kerF. & (kerF,)*. (12)
Now, for Z; € I'(ker F..), we put
Zy = PrZi + QrZ1 + SpZ4, (13)

where P, Q and § are projection morphisms of ker F, onto DX, DY and DY, respectively.
For U, € (I'kerF.), we set
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RU; = ¢rUy + wrUy, (14)

where ¢prU; € (T'kerF,) and wrl; € (T kerF,)*.
From (13) and (14), we get
Rz, = R(PZl) + R(QZl) + R(SZl),
= ¢r(PZ1) + wr(PZ1) + pr(QZ1) + wr(QZ1) + Pr(SZ1) + wr(SZ1).

Since RDR = DR, we get wrPZ; = 0.
Hence above equation reduces to

RZy = pr(PZ1) + prQZ1 + wrQZ1 + $rSZ1 + WRrSZ;. (15)
Thus we get
R(kerF.) = DR ® (¢DF ® ¢DX) & (wDR ® wDX), (16)

where @ denotes orthogonal direct sum.
Further, let Wy € T(DX) and W, € T(DX). Then gy, (W1, W2) = 0.
From definition 3.2(c), we have

gn, (RWq, W2) = gn, (W1, RW,) =0,
gy (PrW1, Wa) = gny (Wi, rW2) = 0.
Let V1 € T(D®) and U; € T(DX). Then, we have
gn, (PrU1, V1) =0,

as DR is invariant i.e., RV, € T(DR).
Similarly, for V; € T(DX) and V, € F(Dg), we obtain

gn, (PrV2, V1) =0,
From above equations, we have
N (PrZ1, PrZ)) = 0, gn, (WRZ1, WrZ2) = 0,

for all Z; € (DY) and Z, € I(DY).
So, we can write

¢DY N pDY = {0}, DY N wD5 = {0}.

If 0, = 7, then ¢rS = 0 and D§ is anti-invariant, i.e., R(Dg) C (kerF.,)*. In this instance, le is denoted
by (DR)*. In addition, we get

R(kerF.) = D® & prDX @ wr DY & R(D®)*. (17)
Since wD’f C (kerF.)*, a)Dg C (kerF.)*. So we can write
(kerF.)* = wrDX & wrDY @ 1,

where i is orthogonal complement of (a)le ® a)Dg) in (kerF.)*. Also for X; € I'(kerF,)*, we get

RX; = BrX; + CRX1, (18)

where BrX; € I'(ker F,) and CgX; € I'(kerF.)*.
We will denote a submersion from an almost quaternionic Hermitian manifold (N3, 1, ], K, gn,) onto a
Riemannian manifold (N>, gn,) such that (I, ], K) is an almost h-gbs basis by F.
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Lemma 3.3. IfF be a h-qbs submersion then we have

2V + BrawrVi = =V, wrpr Vi + CrwrVy =0,

wrBRrV, + CIZQVZ =-V,, ¢RBRV2 + BrCrV, =0,

for all V1 € I'(kerF,) and V, € I'(ker F.)* and R € {I, ], K}.
Proof. Using (9),(14) and (18) , we have Lemma 3.3. [

The proof of the following Lemma is the same as Lemma in [20] so, we skip the proof.
Lemma 3.4. If F be an almost h-qbs submersion then we have

(i) p3 Vi = —(cos® O) Vi,

(i) g, (Pr Vi, PrZi) = cos? O, (Vi, Zy),

(iii) gn, (R Vi, wrZ) = sin® Okgn, (Vi, Z)),

forall V;, Z; e T(DX), wherei=1,2and R € {I,, ] K}.

Lemma 3.5. IfF be a h-qbs submersion then we get

VYV, drVa + Ty, wrVa = GrVVy, Va + BrTv, Va, (19)
T, 0rVa + HVy,wrVa = 0 VVy, Vs + CrT v, Va, (20)
VVy,BrZs + Az, CrZs = Az, Zs + BRHV 2, Zo, 1)
Ay, BrZs + HV7,CrZs = Az, Zs + CkHV 7,25, (22)
VVy,BrZ1 + T,CrZy = ¢rTv,Z1 + BRHVy, Z1, (23)
T, BrZy + HVy,CrZ1 = wrTy, Z1 + CkHVy, Z4 (24)
VYV, drV1 + Az, wr Vi = BrAz, Vi + prVV2, Vi, (25)
Az, ¢rVi1 + HVz,wrVy = CrAz Vi + 0 VVz, Vi (26)

for any V1, V, e T'(kerF.) and Z1, Z, € T'(ker F.)*.
Proof. Using (3)-(6), (14) and (18), we get (19)-(26). O

Now, we define

(Vz,0r)Z2 = VVz,9rZy — rVV 7,25, (27)
(Vz,wr)Z2 = HVz,wrZ2 — wrVVz,Zs, (28)
(Vw, Cr)W2 = HVw, CkW = CRHVw, W2, (29)
(Vw, BR)W2 = VVw, BRW2 — BRHVw, Wy, (30)

for any Z;,Z, € T'(kerF.) and Wy, W, € T'(kerF.,)*.
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Lemma 3.6. IfF be an almost h-qbs submersion then we get

(Vz,¢0r)Z2 = BRT 2,22 — T 2,wRZ>,

(Vz,wRr)Zy = CRT 2,25 — T 7,9rZ>,

(Vw, Cr)W:2 = wrAw, Wo — Aw, BrW»,

(Vw, BR)W2 = prAW, Wo — A, Cr W2
for any vectors Z1,Z, € T(kerF.) and W1, W, € T'(ker F.)*.
Proof. Using (19)—(22) and (27)—(30) we get Lemma 3.6. [

If the tensors ¢r and wr are parallel with respect to the linear connection V on Nj, respectively, then
BrT 72,25 = T 7,wrZ2, CRT 7,2 = T 7,prZ>,

for any Z1,Z, € T(TNy).
We will denote a h-gbs submersion from a hyperkéhler manifold (Nj, 1, ], K, gn,) onto a Riemannian
manifold (N, gn,) such that (I, ], K) is a h-gqbs basis by F.

Theorem 3.7. For F, the following conditions are equivalent:

(a) invariant distribution DR is integrable.

(b)
Iny (T, 01 X1 — Tx, P1X2, 01QV71 + wiSV7)
= g (VVx, 91 Xo — VVx, 1 X1, 1QV1 + $1SV71)

for X1, X, € T(D') and V; € T(D} @ Dj).
(©

IN (Tx, 01 X1 — Tx, X2, 0;QV1 + wSVh)
= gn(VVx P Xo = VVx, ) X1, ¢;QV1 + ¢SVA)
for X1, X, € (D) and V; € T(D] & D).
(d)
gy (Tx, 0k X1 — Tx, Px X, wxkQV1 + wxSV1)
= g (VVx,0xXo — VVx, o X1, pxQV1 + PprSVi)
for Xy, X; € T(DX) and V; € I(DX @ DX).

Proof. For X1, X, € [(DR), V1 € T(DX ® DY) and R € {I, ], K}. Using equations (3), (10), (13) and (14), we have

gn, (X4, X2], V)

= gn(Vx,RXy, RV1) — gn, (Vx,RX1,RV7y),

= gn (Vx,0rX2, RV1) — gn, (Vx,r X1, RV1),

= g (Tx, OrX2 — Tx,PrX1, wrRQV1 + wrSV7) —
INy (VVx, X0 — VVx,prX1, PrQV1 + PrSV1),

which completes the proof. [

Theorem 3.8. For F, the following conditions are equivalent:
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(a) invariant distribution Df is integrable.

(b)

Iny (T x, w1912 — Ty, w11 X1, W»)
= gNl(Txlwle - Tyza)lxl,IPWZ + (P]SWZ) +
_I]N1 (7"[VX1 a)[YZ - WVYZCUIXL a)ISWZ)

for all X1, Y, € I(D!) and W, € T(D' ® D).
(c)

In: (T, @5V = T,y pyXa, Wa)
gN, (TX] a)]Yz - Tyza)jxl,]PWZ + (P]SWz) +
gN, (7’{le CL)]YQ - ?(VYZCL)]XL CU]SWQ)

for all X1, Y, € (D)) and W, € (D’ @ D).
(d)

gn, (TXI wK¢RY2 - TYsz¢KX1/ WZ)
= gNl(TxleYQ - TYZCL)KX1,RPW2 + (b[(SWQ) +
gN, (vala)KYz - HVYZO)KXLQ)KSWZ)

for all X3, Y> € I(DX) and W, € I'(DX @ DY).
Proof. For X1,Y, € T(DX) and W, € I'(DR @ DX), we have

gn, (X1, Yol Wa) = gn, (Vx, Y2, Wa) = gn, (Vy, X1, Wo).
Using equations (3), (4), (10), (13), (14) and Lemma 3.4, we get

gn, ([X1, Ya], Wo)
= gn (Vx,RY2, RW:) = gn, (Vy,RX1, RWy),

= g (Vx, OrY2, RW2) + gn, (Vx,wrY2, RW3) — gn, (Vy, pr X1, RW3) —

gn, (Vy,wrX1, RW)),

= cos® Opgn, (Vx, Y2, Wa) — cos® Oxgn, (Vy, X1, W) — gn, (Tx, wrprY2 —
Tyza)qule, Wz) + 9N, ('}'{VXl wrY> + Txla)RYQ, RPW, + ¢RSW2 + CL)RSW2)

—gn (HVy,wrX1 + Ty,wr X1, RPW2 + prSWa + @rSW).
Now, we have

sin” Ogn, ([X1, V2], Wa)

gny (Tx,wrY?2 — Ty,wr X1, RPW, + prSW>) +
gn, (HVx,wrY2 — HVy,wr X1, wrSW>) —

gn, (Tx, wrPRY2 = Ty, wrPr X1, W2),

which completes the proof. [J
As above theorem one can easily obtain the following theorem:

Theorem 3.9. For F, the following conditions are equivalent:
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(a) the slant distribution D§ is integrable.
(b)

gn (Tv, w191 Vo — Tv,wiprVa, Z4)
= g\ (valwIVz - WVVZa)IVl,wISZQ +
gN, (‘7'V1a)1V2 — TVZ(L)[VLIPZl + (¢>ISZl)

for V1, V, € T(D}) and Z; € T(D' ® D).
(c)

gn (Tv, @i Vo = Tv,wiPp Vi, Z1)
= gNl(‘HVVla)]Vg - ‘HVVza)]Vl,a)]SZﬂ +
gN, (TVICL)]VQ - TVZCL)]VL ]PZl + (P]SZl)

for V1,V, e I(D}) and Z, e (D & D).
(d)

N, (Tv,wxpx Vo — Tv,wxdx Vi, Z1)
= gN1(7’{VV1a)KV2 - ‘HVVZa)KVl,wKSZﬂ +
gN, (Tvla)sz — Tvzwkvl,szl + ¢KSZ1)

for V1, V, € T(DY) and Z; € (DX @ DX).
Theorem 3.10. For F the following conditions are equivalent:

(a) the horizontal distribution (ker F.)* defines a totally geodesic.

(b)

gn, (A, Va, PXq + cos® 01QX; + cos? 625X7)
= gNl(HvVl Vz, w[¢[PX1 + a)1¢)1QX1 + w1¢ISX1) +
gn, (Av,BiVy + HVy, Ci Vs, w1 X1)

for V1, V, e T'(ker F.)* and X; € T'(kerF.).
(©)

9N, (Ay, Va, PX; + cos? 0;QX + cos® 675X)
= 9N (WVVl Vz, w]¢]PX1 + w](p]QXl + a)]q)]SXl) +
gn, (\?(\/1 B]Vz + 7‘(Vv1 C]Vz, a)]X1)

for V1, V, e T'(ker F.)* and X; € T'(kerF.).
(d)

gn, (Av, Va, PXq + cos® 03 QXy + cos® 0%5X1)
= gn,(HVv, Vo, ok PX1 + wxpx QX1 + wxprSX1) +
g, (Av, Bk Vo + HVy, Ck Vo, wr X1)

for V;,V, € I'(kerF.)* and X; € T'(kerF.).
Proof. For V1,V, € T'(kerF,)* and X; € I'(kerF.), we have

gny (Vv, Vo, X1) = gn, (Vy, Vo, PXq + QX4 + 5X)).
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Using equations (5), (6), (10), (13), (14), (18) and Lemma 3.4, we get
gn, (Vv, Vo, X3)
= gn(Vv,RV,, RPX1) + gn, (Vv, RV, ROX1) + gn, (Vy, RV, RSX;),
= gn (A, Vo, PXq + cos® 0xQX; + cos® 035X7)
—gn, (HVy, Vo, wrprPX1 + wrprQX1 + wrprSX1)
+gn, (Ay,BrRV2 + HVy, Cr V2, wrPX1 + wrQX1 + wrSX1).
Now, since wrPX; + wrQX; + wgRX7 = wrX7 and wrPX; = 0, one obtains
gn, (Vy, Vo, X1)
= gn (A, Vo, PXq + cos® 0 QXy + cos? O3RX7)
—gn, (HVy, Vo, wrprPX1 + wrprQX1 + wrprRX1)
+gn, (Ay,BrVa + HVy, Cr V2, wrX7).
O

Theorem 3.11. For F the following conditions are equivalent:

(a) the vertical distribution (ker F.) defines a totally geodesic.
(b)
9N (T2, Z2, Y1) + c08? 01 gn, (T7,QZ2, Y1) + cos? 02gn, (T 2,572, Y1)
= JN (WVle1¢1PZZ + (}'{lea)1¢IQZ2 + WVleld)[SZz, Yl) +
N (T z, w122, BY1) + gn, (HV 7,012, C1 Y1)
for Z,,7Z, e T(kerF.) and Y; € I'(kerF.)*.
(c)
9N (T2, 22, Y1) + c05” 019, (T2,QZ2, Y1) + cos” 079w, (T2,5Z2, Y1)
gnN, (WVZla)](P]PZZ + WVZla)](P]QZZ + WVle]ng]Zz, Y1) +
N (T z, w523, ByY1) + gn (HV 2,012, Cr Y1)
for Z,,Z, € T'(kerF,) and Y7 € T'(ker F.,)*
(d)
In (T 2,22, Y1) + cos” Oxgn, (T7,QZ2, Y1) + cos® Ox g, (T7,SZ2, Y1)
= JN (szla)K(Pszz + WVzla)qukQZz + '}{vzl(l)K(PKSZZ, Yl) +
9N, (Tz,wkZ2, Bk Y1) + gy (HV 2,0k Z2, Ck Y1)

for Z1,7Z, € T(kerF,) and Y; € I'(kerF.)*.

Proof. For Z1,Z, € T'(kerF.) and Y7 € I'(ker F.)*, from equations (10) and (13), we get
gn,(Vz2,Z5, Y1)
= gN; (VlePZZ, RYl) + gN, (VleQZZ, RYl) + INy (VZIRSZZ, RYl).
Now, using equations (3), (4), (14) and Lemma and 3.4, we obtain
Ny (Vz, 2, Y1)
= gn(T 222, Y1) + cos? Opgn, (T72,QZ, Y1) + cos? O2gn, (T2,SZ2, Y1)
—gN (?{VZ] CUR(PRPZZ + WVZ1 wR¢RQZ2 + }{VZ1 CUR(Z)RSZZ, Yl)
+9N; (Vzla)RPZQ + VzleQZZ + Vzla)RSZ2, ]Yl)
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Now, since wrPZ; + wrQZs + wrSZ; = wrZ; and wrPZ; = 0, we get

gn, (Vz2,Z5, Y1)

= gn(T 222, Y1) + cos? Opgn, (T72,QZ2, Y1) + cos? O2gn, (T2,SZ2, Y1)
—gn, (HV 2, wrrPZo + HV 7, w0rprQZ, + HV 7, R PrSZ2, Y1)
+gn, (T 2,wrZ2, BRY1) + gn, (HV 7z,wrZ2, CRY?).

O
Theorem 3.12. For F the following conditions are equivalent:

(a) the invariant distribution DR defines a totally geodesic.

(b)

g (T v, @1PZo, w01QUy + wiSUr) = —gn, (VVv,¢p1PZy, p1QU: + ¢1SUy),
g (Tvi@1PZy, Cilp) = —gn, (VVv,¢1PZ,, Bil)

for V1, Z, e I(D"), U; e T(D} @ D)) and U, € I'(kerF,)*.

()

9N (Tv, @) P22, 0 QUY + wjSUy)
INy (Tvl(PIPZZI C]UZ)

—gn (V@ PZy, §1 QUL + ¢SLL),
=N, (VVv,¢1PZ3, BjUa)

for V1,2, e I(D'), U € T(D} ® D)) and U, € T (kerF.)*.
(d)

Ny (Tv, pxPZo, wx QU + wiSUy) —gn, (VVv, 9k PZ,, px QU + pxSUY),
gny (Tv, Pk PZy, CxkUy) = —gn, (VVy, pxPZy, BklUa)

for V1, Z, € I(DX), Uy € T(DX @ DY) and U, € I'(kerF,)*.

Proof. For V1,Z, € T(D®), U; € T(DX @ DY) and U, € T'(ker F.)*. Using equations (3), (10), (13) and (14), we
have

g, (Vv, Zo, Uy)
= gn,(Vv,RZp, RUy),
= gn,(Vv,RPZ,, RQU; + RSU,y),
= g (Tvi,PrPZy, wr QU  + wrSUy) + gn, (VVv, prPZ;, prQU; + prSUY).

Now, again using equations (3), (10), (13), (14) and (18), we obtain

gn, (Vv 22, Uz)
= gn(Vy,RZy, RUy),
= gn,(Vv,0rPZy, BrU, + Crlly),
= g (VVy,¢rPZy, BRU3) + gn, (T v, prPZ,, Crll),

which completes the proof. 0O

Theorem 3.13. For F the following conditions are equivalent:
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(a) the slant distribution DX defines a totally geodesic.
(b)
gn Ty, wi9rY2,Z1) = gn(Ty,wiQY2, RPZ1 + $1SZ1) + gy, (HVy,wiQY>, wiSZy),
gn (HVy,wi¢1Y>, Z5) g (HVy,w1Ya, CiZ2) + gn, (T, @1 Y2, BiZs)
for Y1, Y, € T(D}),Z1 e T(D' ® D)) and Z;, € T'(ker F.)*
()
g Ty wpprYe, Z1) = gny (T, 0jQY2, RPZy + §;SZ1) + g, (HVy,w0;QY2, w)5Z4),
gn (HV y,wj1Y2, Z5) g (HV y, Y5, C1Zs) + gn, (Ty,wjY2, BjZ5)

for Y1,Y, € (D)), Z; € T(D) ® D)) and Z, € ['(kerF.)*
(d)
gy (Ty, wxk Pk Y2, Z1) Ny (Ty,wxkQY2, RPZy + ¢xSZ1) + gn, (HVy,wxQY>, wkSZ1),
gny (HVy,wxprY2,Z2) = gy (HVy,wkY2, CxZs) + gn, (Ty,wk Y2, BkZ>)

for Y1,Y, € (DY), Z, e T(DX ® DY) and Z, € T(ker F.)*.

Proof. For Y1,Y, € (DY), Z; € T(D® @ DY) and Z, € T'(kerF.)*. Using equations (3), (4), (10), (13), (14) and
Lemma 3.4, we have

gny (Vv Yo, Z1)
= gn (Vv PrY2, RZ1) + gn, (Vy,wr Y2, RZ),
= cos® Okgn, (Vy, Y2, Z1) = gy (Ty, R PR Y 2, Z1)
+gn, (Ty,wrQY2, RPZ1 + ¢rSZ1) + gn, (HVy,wrQY>, wrSZ1).

Now, we have

sin® Orgn, (Vy, Y2, Z1)
= —gn, (Ty,wrPrY2, Z1) + gny (Ty,wrQY2, RPZ1 + prSZ1)
+g1\]1 (WVyleQYz, a)RSZ1).

Next, from equations (3), (4), (10), (13), (14), (18) and Lemma 3.4, we obtain

g, (Vv Yo, Z5)

gn, (Vy,0rY2, RZ)) + g, (Vy,wr Y2, RZ,),

cos? Orgn, (Vy, Y2, Za) — gy (HVy, wrr Y2, Z2)
+gn, (HVy,wrY2, CrZ2) + gn, (Ty,wrY2, BRZ>).

Now, we have

sin® Oxgn, (Vy, Y2, Zo)
= —gn, (HVy,wrQrY2, Z2) + gn, (HVy,wrY2, CrZ2) + g, (Ty,wr Y2, BRZ2).

0
As above theorem one can easily obtain the following theorem:

Theorem 3.14. For F the following conditions are equivalent:
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(a) the slant distribution DX defines a totally geodesic.
(b)
g Tz, 019122, X1) = gn(Tz,w1QZy, RPXy + $15X1) + gy (HV z,01Q7Z5, 015X4),
g (HV 2, 019175, X5) = gn (HV z w0122, C1Xo) + g, (T 2, w122, BrX5)
for Z1,Z, e T(D}), X, e I(D' ® D)) and X; € T'(kerF.)*.
()
I (T2, w9122, X1) = gny (T2, w1 QZ2, RPXy + ¢;SX1) + gn, (HV 7,0,QZ5, ;S X1),
gn (HV 2,019, Z2, X5) N (HYV 7,012, CX2) + gy (T 2,01 Z2, B1X2)
for Z1,Z, € T(D)), X; € (D ® D)) and X, € I'(ker F.)*.
(d)
I Tz, wkPxZ2, X1) = 9N, (Tz,wkQZ2, RPXy + prSX1) + g, (HV 2, w0k QZ>, wkSX1),
g (HV 2,0k Z2, Xo) = gy (HV z,wkZy, CxX2) + g, (T 2,0k Z2, Bk X2)
for Z1,Z, e T(DX), X, e (DX @ DX) and X; € T'(kerF.)*.

Theorem 3.15. For F the following conditions are equivalent:

(a) F is a totally geodesic map.
(b)
Iny (HV 72,0101QZ5 + HV 7,011SZ, — cos? 01V 7,QZ, — cos? 02V 7,575, Uy)
= g (VVZIPZy +T7,w1QZs + T z,w1S2>, Bily)
+9n, (T 2,IPZy + HV 7,01QZ» + HV 7,w01SZ,, CiL),

gny (HV 0, 011QZ0 + HV g, w11SZ2 — cos® 01V, QZ, — cos? 07V, SZ,, Up)
= gn(VV,IPZy + Tu,01QZs + Tu,@1SZs, Bil)
+gn, (T, IPZs + HV 1, 01QZ2 + HV 1y, w1525, CiUa)
for Z1,7Z, € T(kerF,) and Uy, U, € I'(kerF,)*.
(©
9N (HV 2,0101QZ + HV 7,0515Z; = c0s® 6]V 7,QZ; — c0s® 67V7,575, U)
= gn(VV2JPZy + T7,01QZs + T7,w;SZ2, ByUs)
+gn, (T2, JPZs + HV 7,01QZs + HV 7,0;5Z,, C;Uy),

985, (HV 10,0591 QZs + HYV 1y wipySZ; — cos® 0, Vi, QZ; — cos” 07V, S Z,, Uy)
= gn(VV,JPZy + Tu,wjQZs + Tu,@7SZa, BjUy)
+9n5, T, JPZy + HV y,w01QZy + HV 1y, SZs, Cill),
for Zy,Z, € T'(kerF.) and Uy, U, € I'(ker F.)*.
(d)
Iny (HV 72,0k pxQZs + HV 7, wipxSZs — cos® 04V 7,QZ, — cos® 03V 7,575, Uy)
= gn(VVZKPZy + T2,wkQZs + T 7,wkSZ2, BkUy)
+gN1 (TlePZZ + ﬂVzleQZZ + WVzleSZZ, CKul),

gny (HV 0,0k QZs + HV 1, wkprSZs — cos? 0LV, QZy — cos? 02V, SZ,, Us)
= gn,(VVu,KPZs + Ty, wkQZs + T, wkSZa, BxUy)
+gn, (T, KPZy + HV 1, wkQZy + HV y,wrSZs, CxUy),
for Zy,7Z, € T'(kerF.) and Uy, U, € I'(ker F.)*.
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Proof. Since F is a Riemannian submersion, we have
(VF)(Uy, Uz2) =0

for Z,W € TI'(ker F.)*.
For Zy,Z, e T(kerF.) and U;, U, € I'(ker F.)*. Using equations (3), (4), (7), (10), (13), (14), (18) and Lemma
3.4, we have

gn,((VF)(Z21, 22), F.(Uy))
= —gn(Vz,Zy, ),
= —gn,(Vz,RZy, RUy),
= —gn,(Vz,RPZy, RU1) = gn, (VZz,RQZ, RU1) = gn, (V2,RSZy, JUy),
= —gn,(Vz,RPZy,RUy) = gn, (Vz,rQZ2, RUy) — g, (Vz,¢rSZ2, RU7)
—gn,(Vz,wrQZ2, RUy) = gn,(Vz,wrSZ2, RUy),
= —gn(VV4RPZy + T 7,wrQZy + T 7,wrSZy, Brly)
—gN, (T2, RPZy + HV z,wrQZs + HV z,wrSZ,, Crly)
—gn, (cos? 03V 7,QZ, + cos? 03V 7,575 — HV 7,0rprQZ2 — HV 7,wrPrSZ2, Uy).

Next, using equations (5), (6), (7), (10), (13), (14), (18) and lemma 3.4, we have

9N, (VF.)(Uy, Z2), F.(U))
= —gn(Vu, Z2, Uy),
= —gn,(Vu,RZ, RUy),
= —gn,(Vu,RPZ,, RUy) — gn, (Vu, QZo, RUy) — gn, (Vu, RSZ,, RUD),
= —gn,(Vu,RPZ,, RU3) = gn, (Vu, prQZ2, RU2) — gn, (Vu, rSZ2, RU3)
—gn, (Vu,wrQZ2, RUy) — gn, (Vu, wrSZ2, RU),
= —gn,(VVy,RPZy + Ay, wrQZy + Ay, wrSZy, BrUy)
—gn, (Au, RPZy + HV 1, wrQZy + HV y,wrSZy, Crly)
—gn, (cos? O3V, QZs + cos? 02V, SZs — HV 1y, wrprQZ2 — HV 11, wrprSZa, Up).

O

4. Example

Note that given an Euclidean space R* with coordinates (x1,x2, ....., X45), we can canonically choose
complex structures I, ], K on R* as follows:

d d 0 d 0 0
I = ,I = - /I = 7
( OX4r41 ) OX4r12 ( OXari2 ) OXari1”  OXare3 OX4ri4
2y - _° a . 9 N
OX4ri4 OX4r43 " Oy OX4r43 " Oxgrin OxXarea’
d . _ 9 d v 9 o 9 _ 0
OX4r43 X1’ OXaris Oxgren’ " Oy OXarsa’
0 J 0 0 J 0
. = ,K = - ,K = - 7
X412 OXgr43 ( O0X4r43 ) X442 ( OX4r44 OXgri1

forre{0,1,2,....,...,s —1}.
Then we easily check that (I, ],K) is a hyperkahler structure on R*, where (,) denotes the Euclidean
metric on R*. Throughout this section, we will use these notations.
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Example 4.1. Definea map F : R'® — R® by

X3 — X5 X X10 + X13
v2 2

Then the map F is an almost h-gbs submersion such that

F(.Xl,xz, ......... , .Xlé) = (xl,xz, ,X14, X15, Xle)-

J 0
.- FTDEEE ),
8x9 (83(10 Bxlg )’ 8x11 4 &xlz

a a
L a_a_a_ (55— %)
(kerF*) —< ( R V2 92 9 9 |
\ﬁ dx1 3)(13 4 3X14’ 3X5’ Jx16

2 9 0 (L2 20
&x7'8x8'8x11' X12 ot \/E 0x3 8x5 '&x6 !

(2,9 2 9
B Bxé'axg'axg’(?xn !

L(i_i)i Dl = L(a + 8) ?
\/E ox3 8.’)('5 ’&X7 T2 2 &xlo &X13 ,axlz !

d d d d xk_[ 1, 0 Jd . d

DI =

D

S
1l

)
=
I

T 1
2 <3x9'$(8x10 E)

with the almost h-qbs angles {0} = 0; = 0} = §,07 = 07 = 0% = §}.
Example 4.2. Definea map F : R'® — R® by
F(x1,x2, v ,X16) = (cOs axy — sin axs, X, X3, X4, Sin fx11 + €OS fX13, X14, X15, X16)-

Then the map F is an almost h-gbs submersion such that

kerF*:< (;’in%x +C°S%x )/axﬁrairai% >

%50 7o, (cos B3t — sinf52), 55

S e S

D = <aix7'&ixg’8ixg'%m>'Di <(s1naaixl+c05a8& ), ai6>

D = <(°°Sﬁain _Sinﬁais)' 3512>,D]:<aix6’&ix8’%10’£12>’

D] = <(sina% + COSOK%), 8ix7>’D£ = <8.%9’(C05ﬁ£11 - sinﬁ%)>,
bt <a& ai aig aai > DK:<(Sin“ai +°°S“aa ) aig>

D, = <aio'(cos/3&jn _Si“ﬁaig)>'

with the almost h-qbs angles {0} = 0; = 0} = a, 0} = 67 = 0% = p}.
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Example 4.3. Defineamap F : R'® — R® by

X3+ X5 V3x9 — x16
1 X6, X7, X8, — 7
V2 2

Then the map F is an almost h-gbs submersion such that

F(x1,x2, v ,x16) = ( , X10, X11, X12).

2 9 9 _(__i
dx17 dxp” dxy’ z9Y ¢9x
kerF*=< 1 2 4 3 5 >’

_d
3’(9 \/_(93(15 )

4 (93(13’ 0x14’ 8x15

d

1,0 d d d d J 4
Z(— ) - J —

2(8x9 * \/583(16), 8x15>'D <8X2 8x4 3X13 8x15>

S
|

Jd 1.9 9\, _[10 7,2
2% V5o a_xS)>'D2 ) <§(a_x9 ’ @8_)8_>
LR S N R A
dx1” dxy dx1y” dxis [

1 4 d d
Dy = (5(5— 5 ) 5.
2 <2 8x9 * vg&xm )’ 8x13 > !
with the almost h-qbs angles 0] = 0] = 0y = § and 6] = 07 = 0} = L.
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