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Abstract. In this artical, h-quasi bi-slant submersions (h − qbs-submersions, in short) from almost quater-
nionic Hermitian manifolds onto Riemannian manifolds are defined and studied. In addition, the integra-
bility of distributions, the geometry of foliations, the condition for such maps to be totally geodesic are
investigated. Moreover, we have also worked out some non-trivial examples of the hqbs-submersion.

1. Introductions

The study of Riemannian submersions originated from the work of O’Neill [15] in 1966 and Gray [7]
in 1967. Watson [27] studied almost Hermitian submersions. After that, this notion of almost Hermitian
submersion has been extended to different kinds of sub-classes, according to the conditions on submersion
by several geometers ( [1], [10], [13], [16]-[19], [22], [25], [26]).

Quasi-bi-slant submersions are introduced by Prasad and others ([21], [23], [24]), and quasi-hemi-slant
Riemannian submersions are studied by Longwap, Massamba and Homti [14].

Riemannian submersions have wide applications as: in Kaluza-Klein theory ([4], [11]), the Yang-Mills
theory [5], Supergravity and superstring theories [12], robotic chains [2], etc. On the other hand, quater-
nionic manifolds have many applications in non-linear sigma-models with super symmetry [6], to obtain
estimates for the Betti numbers of the manifold ([8],[9]) etc.

The this paper is organized as follows: In Section 2, basic definitions and properties of Riemannian
submersions are mentioned. In Section 3, the definition of a h-qbs submersion is given, and its geometric
properties are investigated. In addition, integrability of distributions and totally geodesic are also obtained.
In the last section, proper examples for this notion are provided.
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2. Preliminaries

Let 𭟋 : (N1, 1N1 )→ (N2, 1N2 ) be a Riemannian submersion [25]. Define O’Neill’s tensors T andA [15] by

AY1 Y2 = H∇HY1VY2 +V∇HY1HY2, (1)

TY1 Y2 = H∇VY1VY2 +V∇VY1HY2 (2)

for any vector fields Y1,Y2 on N1,where ∇ is the Levi-Civita connection of 1N1 . It is easy to see that TY1 and
AY1 are skew-symmetric operators on the tangent bundle of N1 reversing the vertical and the horizontal
distributions.

From (1) and (2),we get

∇Z1 Z2 = TZ1 Z2 +V∇Z1 Z2, (3)

∇Z1 U1 = TZ1 U1 +H∇Z1 U1, (4)

∇U1 Z1 = AU1 Z1 +V∇U1 Z1, (5)

∇U1 U2 = H∇U1 U2 +AU1 U2 (6)

for Z1,Z2 ∈ Γ(ker 𭟋∗) and U1,U2 ∈ Γ(ker 𭟋∗)⊥, where H∇Z1 U1 = AU1 Z1, if U1 is basic [3]. Let (N1, 1N1 ) and
(N2, 1N2 ) be Riemannian manifolds and 𭟋 : (N1, 1N1 )→ (N2, 1N2 ) be a C∞ map then the second fundamental
form of 𭟋 is given by

(∇𭟋∗)(Z1,X2) = ∇𭟋Z1
𭟋∗(X2) − 𭟋∗(∇N1

Z1
X2) (7)

for Z1,X2 ∈ Γ(TN1),where ∇𭟋 is the pullback connection, and ∇ is the Riemannian connections of the metric
1N1 .

In addition, a differentiable map 𭟋 between two Riemannian manifolds is totally geodesic if

(∇𭟋∗)(Y1,Z2) = 0, for all Y1,Z2 ∈ Γ(TN1). (8)

Lemma 2.1. [3] Let (N1, 1N1 ) and (N2, 1N2 ) are Riemannian manifolds. If 𭟋 : N1 → N2 be a Riemannian submersion,
then for any horizontal vector fields Z1,Z2 and vertical vector fields W1,W2 we have

(i) (∇𭟋∗)(Z1,Z2) = 0,
(ii) (∇𭟋∗)(W1,W2) = −𭟋∗(TW1 W2) = −𭟋∗(∇W1 W2),
(iii) (∇𭟋∗)(Z1,W1) = −𭟋∗(∇Z1 W1) = −𭟋∗(AZ1 W1).

Definition 2.2. [20] Let (N1, 1N1 , J) be an almost Hermitian manifold and (N2, 1N2 ) be a Riemannian manifold. A
Riemannian submersion 𭟋 : N1 → N2 is called a quasi bi-slant Riemannian submersion (h-qbs submersions, in short)
if there exist three mutually orthogonal distributions D,D1 and D2 such that

(i) ker 𭟋∗ = D ⊕D1 ⊕D2,
(ii) J(D) = D i.e., D is invariant,
(iii) J(D1) ⊥ D2 and J(D2) ⊥ D1,
(iv) for any non-zero vector field Y1 ∈ (D1)x, x ∈ N1, the angle θ1 between JY1 and (D1)x is constant and

independent of the choice of point x and Y1 in (D1)x,
(v) for any non-zero vector field Z1 ∈ (D2)y, y ∈ N1, the angle θ2 between JZ1 and (D2)y is constant and

independent of the choice of point y and Z1 in (D2)y,
These angles θ1 and θ2 are called slant angles of the submersion.
Let (N1,E, 1N1 ) is an almost quaternionic Hermitian manifold [10] with local basis {J1, J2, J3} of sections

of E and 1-forms ω1, ω2, ω3 such that for α ∈ {1, 2, 3} on U

J2
α = −id, Jα Jα+1 = −Jα+1 Jα = Jα+2, (9)

1N1 (JαZ1, JαZ2) = 1N1 (Z1,Z2), (10)

∇Z1 Jα = ωα+2(Z1)Jα+1 − ωα+1(Z1)Jα+2 (11)

∀ Z1,Z2 ∈ Γ(TN1).
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3. H-Quasi bi-slant submersions

In this section, h-qbs submersions 𭟋 from an almost quaternionic Hermitian manifold (N1, I, J,K, 1N1 )
onto a Riemannian manifold (N2, 1N2 ) is defined and studied.

Definition 3.1. 𭟋 : (N1,E, 1N1 )→ (N2, 1N2 ) is said to be an h-qbs submersion if q ∈ N1 with a neighborhood U, there
exists a quaternionic Hermitian basis {I, J,K} of sections of E on U so that for any R ∈ {I, J,K}, there is a distribution
D ⊂ (ker 𭟋∗) on U that satisfies the condition

(a) ker 𭟋∗ = D ⊕D1 ⊕D2,
(b) R(D) = D i.e., D is invariant,
(c) R(D1) ⊥ D2 and R(D2) ⊥ D1
(d) for any non-zero vector field Y1 ∈ (D1)x, x ∈ N1, the angle θ1

R between RY1 and (D1)x is constant and
independent of the choice of point x and Y1 in (D1)x.

(e) for any non-zero vector field Y2 ∈ (D2)y, y ∈ N1, the angle θ2
R between RY2 and (D2)y is constant and

independent of the choice of point y and Y2 in (D2)y,
Where (ker 𭟋∗) admits three orthogonal complementary distributions D,D1 and D2 such that D is invari-

ant, D1 is slant with angle θ1
R and D2 is slant with angle θ2

R.
We call basis {I, J,K} is said to be an h-qbs basis and the angles {θ1

I , θ
1
J , θ

1
K} and {θ2

I , θ
2
J , θ

2
K} are said to be

h-qbs angles.
Moreover, if

θ1
I = θ

1
J = θ

1
K = θ

1, θ2
I = θ

2
J = θ

2
K = θ

2,

then we call 𭟋 : (N1,E, 1N1 )→ (N2, 1N2 ) a strictly h-qbs submersion, {I, J,K} strictly h-qbs basis and θ2 strictly
h-qbs angle.

Definition 3.2. 𭟋 : (N1,E, 1N1 )→ (N2, 1N2 ) is said to be an almost h-qbs submersion if p ∈ N1 with a neighborhood
U, there exists a quaternionic Hermitian basis {I, J,K} of sections of E on U such that for any R ∈ {I, J,K}, there is a
distribution DR

⊂ (ker 𭟋∗) on U such that

(a) ker 𭟋∗ = DR
⊕DR

1 ⊕DR
2 ,

(b) R(DR) = DR i.e., DR is invariant,
(c) R(DR

1 ) ⊥ DR
2 and R(DR

2 ) ⊥ DR
1 ,

(d) for any non-zero vector field V1 ∈ (DR
1 )x, x ∈ N1, the angle θ1

R between RV1 and (DR
1 )x is constant and

independent of the choice of point x and V1 in (D1)x,
(e) for any non-zero vector field V2 ∈ (DR

2 )y, y ∈ N1, the angle θ2
R between RV2 and (DR

2 )y is constant and
independent of the choice of point y and V2 in (DR

2 )y,
Where the vertical distribution (ker 𭟋∗) admits three orthogonal complementary distributions DR,DR

1
and DR

2 such that DR is invariant, DR
1 is slant with angle θ1

R and DR
2 is slant with angle θ2

R.
We call such basis {I, J,K} an almost h-qbs basis and the angles {θ1

I , θ
1
J , θ

1
K} and {θ2

I , θ
2
J , θ

2
K} almost h-qbs

angles.
Let 𭟋 be h-qbs submersion from an almost quaternionic Hermitian manifold (N1, I, J,K, 1N1 ) onto a

Riemannian manifold (N2, 1N2 ). Then, we have

TN1 = ker 𭟋∗ ⊕ (ker 𭟋∗)⊥. (12)

Now, for Z1 ∈ Γ(ker 𭟋∗),we put

Z1 = PRZ1 +QRZ1 + SRZ1, (13)

where P,Q and S are projection morphisms of ker 𭟋∗ onto DR,DR
1 and DR

2 , respectively.
For U1 ∈ (Γker 𭟋∗),we set
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RU1 = ϕRU1 + ωRU1, (14)

where ϕRU1 ∈ (Γker 𭟋∗) and ωRU1 ∈ (Γker 𭟋∗)⊥.
From (13) and (14), we get

RZ1 = R(PZ1) + R(QZ1) + R(SZ1),
= ϕR(PZ1) + ωR(PZ1) + ϕR(QZ1) + ωR(QZ1) + ϕR(SZ1) + ωR(SZ1).

Since RDR = DR,we get ωRPZ1 = 0.
Hence above equation reduces to

RZ1 = ϕR(PZ1) + ϕRQZ1 + ωRQZ1 + ϕRSZ1 + ωRSZ1. (15)

Thus we get

R(ker 𭟋∗) = DR
⊕ (ϕDR

1 ⊕ ϕDR
2 ) ⊕ (ωDR

1 ⊕ ωDR
2 ), (16)

where ⊕ denotes orthogonal direct sum.
Further, let W1 ∈ Γ(DR

1 ) and W2 ∈ Γ(DR
2 ). Then 1N1 (W1,W2) = 0.

From definition 3.2(c),we have

1N1 (RW1,W2) = 1N1 (W1,RW2) = 0,
1N1 (ϕRW1,W2) = 1N1 (W1, ϕRW2) = 0.

Let V1 ∈ Γ(DR) and U1 ∈ Γ(DR
1 ). Then, we have

1N1 (ϕRU1,V1) = 0,

as DR is invariant i.e., RV1 ∈ Γ(DR).
Similarly, for V1 ∈ Γ(DR) and V2 ∈ Γ(DR

2 ),we obtain

1N1 (ϕRV2,V1) = 0,

From above equations, we have

1N1 (ϕRZ1, ϕRZ2) = 0, 1N1 (ωRZ1, ωRZ2) = 0,

for all Z1 ∈ Γ(DR
1 ) and Z2 ∈ Γ(DR

2 ).
So, we can write

ϕDR
1 ∩ ϕDR

2 = {0}, ωDR
1 ∩ ωDR

2 = {0}.

If θ2 =
π
2 , then ϕRS = 0 and DR

2 is anti-invariant, i.e., R(DR
2 ) ⊆ (ker 𭟋∗)⊥. In this instance, DR

2 is denoted
by (DR)⊥. In addition, we get

R(ker 𭟋∗) = DR
⊕ ϕRDR

1 ⊕ ωRDR
1 ⊕ R(DR)⊥. (17)

Since ωDR
1 ⊆ (ker 𭟋∗)⊥, ωDR

2 ⊆ (ker 𭟋∗)⊥. So we can write

(ker 𭟋∗)⊥ = ωRDR
1 ⊕ ωRDR

2 ⊕ µ,

where µ is orthogonal complement of (ωDR
1 ⊕ ωDR

2 ) in (ker 𭟋∗)⊥. Also for X1 ∈ Γ(ker 𭟋∗)⊥,we get

RX1 = BRX1 + CRX1, (18)

where BRX1 ∈ Γ(ker 𭟋∗) and CRX1 ∈ Γ(ker 𭟋∗)⊥.
We will denote a submersion from an almost quaternionic Hermitian manifold (N1, I, J,K, 1N1 ) onto a

Riemannian manifold (N2, 1N2 ) such that (I, J,K) is an almost h-qbs basis by 𭟋.
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Lemma 3.3. If 𭟋 be a h-qbs submersion then we have

ϕ2
RV1 + BRωRV1 = −V1, ωRϕRV1 + CRωRV1 = 0,

ωRBRV2 + C2
RV2 = −V2, ϕRBRV2 + BRCRV2 = 0,

for all V1 ∈ Γ(ker 𭟋∗) and V2 ∈ Γ(ker 𭟋∗)⊥ and R ∈ {I, J,K}.

Proof. Using (9), (14) and (18) ,we have Lemma 3.3.

The proof of the following Lemma is the same as Lemma in [20] so, we skip the proof.

Lemma 3.4. If 𭟋 be an almost h-qbs submersion then we have

(i) ϕ2
RVi = −(cos2 θi

R)Vi,
(ii) 1N1 (ϕRVi, ϕRZi) = cos2 θi

R1N1 (Vi,Zi),
(iii) 1N1 (ωRVi, ωRZi) = sin2 θi

R1N1 (Vi,Zi),
for all Vi,Zi ∈ Γ(DR

i ), where i = 1, 2 and R ∈ {I, , J,K}.

Lemma 3.5. If 𭟋 be a h-qbs submersion then we get

V∇V1ϕRV2 + TV1ωRV2 = ϕRV∇V1 V2 + BRTV1 V2, (19)

TV1ϕRV2 +H∇V1ωRV2 = ωRV∇V1 V2 + CRTV1 V2, (20)

V∇Z1 BRZ2 +AZ1 CRZ2 = ϕRAZ1 Z2 + BRH∇Z1 Z2, (21)

AZ1 BRZ2 +H∇Z1 CRZ2 = ωRAZ1 Z2 + CRH∇Z1 Z2, (22)

V∇V1 BRZ1 + TV1 CRZ1 = ϕRTV1 Z1 + BRH∇V1 Z1, (23)

TV1 BRZ1 +H∇V1 CRZ1 = ωRTV1 Z1 + CRH∇V1 Z1 (24)

V∇Z1ϕRV1 +AZ1ωRV1 = BRAZ1 V1 + ϕRV∇Z1 V1, (25)

AZ1ϕRV1 +H∇Z1ωRV1 = CRAZ1 V1 + ωRV∇Z1 V1 (26)

for any V1,V2 ∈ Γ(ker 𭟋∗) and Z1,Z2 ∈ Γ(ker 𭟋∗)⊥.

Proof. Using (3)-(6), (14) and (18),we get (19)-(26).

Now, we define

(∇Z1ϕR)Z2 =V∇Z1ϕRZ2 − ϕRV∇Z1 Z2, (27)

(∇Z1ωR)Z2 = H∇Z1ωRZ2 − ωRV∇Z1 Z2, (28)

(∇W1 CR)W2 = H∇W1 CRW2 − CRH∇W1 W2, (29)

(∇W1 BR)W2 =V∇W1 BRW2 − BRH∇W1 W2, (30)

for any Z1,Z2 ∈ Γ(ker 𭟋∗) and W1,W2 ∈ Γ(ker 𭟋∗)⊥.
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Lemma 3.6. If 𭟋 be an almost h-qbs submersion then we get

(∇Z1ϕR)Z2 = BRTZ1 Z2 − TZ1ωRZ2,

(∇Z1ωR)Z2 = CRTZ1 Z2 − TZ1ϕRZ2,

(∇W1 CR)W2 = ωRAW1 W2 −AW1 BRW2,

(∇W1 BR)W2 = ϕRAW1 W2 −AW1 CRW2

for any vectors Z1,Z2 ∈ Γ(ker 𭟋∗) and W1,W2 ∈ Γ(ker 𭟋∗)⊥.

Proof. Using (19)−(22) and (27)−(30) we get Lemma 3.6.

If the tensors ϕR and ωR are parallel with respect to the linear connection ∇ on N1, respectively, then

BRTZ1 Z2 = TZ1ωRZ2,CRTZ1 Z2 = TZ1ϕRZ2,

for any Z1,Z2 ∈ Γ(TN1).
We will denote a h-qbs submersion from a hyperkähler manifold (N1, I, J,K, 1N1 ) onto a Riemannian

manifold (N2, 1N2 ) such that (I, J,K) is a h-qbs basis by 𭟋.

Theorem 3.7. For 𭟋, the following conditions are equivalent:

(a) invariant distribution DR is integrable.
(b)

1N1 (TX2ϕIX1 − TX1ϕIX2, ωIQV1 + ωISV1)
= 1N1 (V∇X1ϕIX2 −V∇X2ϕIX1, ϕIQV1 + ϕISV1)

for X1,X2 ∈ Γ(DI) and V1 ∈ Γ(DI
1 ⊕DI

2).
(c)

1N1 (TX2ϕJX1 − TX1ϕJX2, ωJQV1 + ωJSV1)
= 1N1 (V∇X1ϕJX2 −V∇X2ϕJX1, ϕJQV1 + ϕJSV1)

for X1,X2 ∈ Γ(DJ) and V1 ∈ Γ(D
J
1 ⊕DJ

2).
(d)

1N1 (TX2ϕKX1 − TX1ϕKX2, ωKQV1 + ωKSV1)
= 1N1 (V∇X1ϕKX2 −V∇X2ϕKX1, ϕKQV1 + ϕKSV1)

for X1,X2 ∈ Γ(DK) and V1 ∈ Γ(DK
1 ⊕DK

2 ).

Proof. For X1,X2 ∈ Γ(DR),V1 ∈ Γ(DR
1 ⊕DR

2 ) and R ∈ {I, J,K}. Using equations (3), (10), (13) and (14),we have

1N1 ([X1,X2],V1)
= 1N1 (∇X1 RX2,RV1) − 1N1 (∇X2 RX1,RV1),
= 1N1 (∇X1ϕRX2,RV1) − 1N1 (∇X2ϕRX1,RV1),
= 1N1 (TX1ϕRX2 − TX2ϕRX1, ωRQV1 + ωRSV1) −
1N1 (V∇X1ϕRX2 −V∇X2ϕRX1, ϕRQV1 + ϕRSV1),

which completes the proof.

Theorem 3.8. For 𭟋, the following conditions are equivalent:
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(a) invariant distribution DR
1 is integrable.

(b)

1N1 (TX1ωIϕIY2 − TY2ωIϕIX1,W2)
= 1N1 (TX1ωIY2 − TY2ωIX1, IPW2 + ϕISW2) +
1N1 (H∇X1ωIY2 −H∇Y2ωIX1, ωISW2)

for all X1,Y2 ∈ Γ(DI
1) and W2 ∈ Γ(DI

⊕DI
2).

(c)

1N1 (TX1ωJϕJY2 − TY2ωJϕJX1,W2)
= 1N1 (TX1ωJY2 − TY2ωJX1, JPW2 + ϕJSW2) +
1N1 (H∇X1ωJY2 −H∇Y2ωJX1, ωJSW2)

for all X1,Y2 ∈ Γ(D
J
1) and W2 ∈ Γ(DJ

⊕DJ
2).

(d)

1N1 (TX1ωKϕRY2 − TY2ωKϕKX1,W2)
= 1N1 (TX1ωKY2 − TY2ωKX1,RPW2 + ϕKSW2) +
1N1 (H∇X1ωKY2 −H∇Y2ωKX1, ωKSW2)

for all X1,Y2 ∈ Γ(DK
1 ) and W2 ∈ Γ(DK

⊕DK
2 ).

Proof. For X1,Y2 ∈ Γ(DR
1 ) and W2 ∈ Γ(DR

⊕DR
2 ), we have

1N1 ([X1,Y2],W2) = 1N1 (∇X1 Y2,W2) − 1N1 (∇Y2 X1,W2).

Using equations (3), (4), (10), (13), (14) and Lemma 3.4,we get

1N1 ([X1,Y2],W2)
= 1N1 (∇X1 RY2,RW2) − 1N1 (∇Y2 RX1,RW2),
= 1N1 (∇X1ϕRY2,RW2) + 1N1 (∇X1ωRY2,RW2) − 1N1 (∇Y2ϕRX1,RW2) −
1N1 (∇Y2ωRX1,RW2),

= cos2 θ1
R1N1 (∇X1 Y2,W2) − cos2 θ1

R1N1 (∇Y2 X1,W2) − 1N1 (TX1ωRϕRY2 −

TY2ωRϕRX1,W2) + 1N1 (H∇X1ωRY2 + TX1ωRY2,RPW2 + ϕRSW2 + ωRSW2)
−1N1 (H∇Y2ωRX1 + TY2ωRX1,RPW2 + ϕRSW2 + ωRSW2).

Now, we have

sin2 θ1
R1N1 ([X1,Y2],W2)

= 1N1 (TX1ωRY2 − TY2ωRX1,RPW2 + ϕRSW2) +
1N1 (H∇X1ωRY2 −H∇Y2ωRX1, ωRSW2) −
1N1 (TX1ωRϕRY2 − TY2ωRϕRX1,W2),

which completes the proof.

As above theorem one can easily obtain the following theorem:

Theorem 3.9. For 𭟋, the following conditions are equivalent:



S. Kumar et al. / Filomat 39:1 (2025), 67–82 74

(a) the slant distribution DR
2 is integrable.

(b)

1N1 (TV1ωIϕIV2 − TV2ωIϕIV1,Z1)
= 1N1 (H∇V1ωIV2 −H∇V2ωIV1, ωISZ1) +
1N1 (TV1ωIV2 − TV2ωIV1, IPZ1 + ϕISZ1)

for V1,V2 ∈ Γ(DI
2) and Z1 ∈ Γ(DI

⊕DI
1).

(c)

1N1 (TV1ωJϕJV2 − TV2ωJϕJV1,Z1)
= 1N1 (H∇V1ωJV2 −H∇V2ωJV1, ωJSZ1) +
1N1 (TV1ωJV2 − TV2ωJV1, JPZ1 + ϕJSZ1)

for V1,V2 ∈ Γ(D
J
2) and Z1 ∈ Γ(DJ

⊕DJ
1).

(d)

1N1 (TV1ωKϕKV2 − TV2ωKϕKV1,Z1)
= 1N1 (H∇V1ωKV2 −H∇V2ωKV1, ωKSZ1) +
1N1 (TV1ωKV2 − TV2ωKV1,KPZ1 + ϕKSZ1)

for V1,V2 ∈ Γ(DK
2 ) and Z1 ∈ Γ(DK

⊕DK
1 ).

Theorem 3.10. For 𭟋 the following conditions are equivalent:

(a) the horizontal distribution (ker 𭟋∗)⊥ defines a totally geodesic.
(b)

1N1 (AV1 V2,PX1 + cos2 θ1
I QX1 + cos2 θ2

I SX1)
= 1N1 (H∇V1 V2, ωIϕIPX1 + ωIϕIQX1 + ωIϕISX1) +
1N1 (AV1 BIV2 +H∇V1 CIV2, ωIX1)

for V1,V2 ∈ Γ(ker 𭟋∗)⊥ and X1 ∈ Γ(ker 𭟋∗).
(c)

1N1 (AV1 V2,PX1 + cos2 θ1
J QX1 + cos2 θ2

J SX1)

= 1N1 (H∇V1 V2, ωJϕJPX1 + ωJϕJQX1 + ωJϕJSX1) +
1N1 (AV1 BJV2 +H∇V1 CJV2, ωJX1)

for V1,V2 ∈ Γ(ker 𭟋∗)⊥ and X1 ∈ Γ(ker 𭟋∗).
(d)

1N1 (AV1 V2,PX1 + cos2 θ1
KQX1 + cos2 θ2

KSX1)
= 1N1 (H∇V1 V2, ωKϕKPX1 + ωKϕKQX1 + ωKϕKSX1) +
1N1 (AV1 BKV2 +H∇V1 CKV2, ωKX1)

for V1,V2 ∈ Γ(ker 𭟋∗)⊥ and X1 ∈ Γ(ker 𭟋∗).

Proof. For V1,V2 ∈ Γ(ker 𭟋∗)⊥ and X1 ∈ Γ(ker 𭟋∗),we have

1N1 (∇V1 V2,X1) = 1N1 (∇V1 V2,PX1 +QX1 + SX1).
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Using equations (5), (6), (10), (13), (14), (18) and Lemma 3.4, we get

1N1 (∇V1 V2,X1)
= 1N1 (∇V1 RV2,RPX1) + 1N1 (∇V1 RV2,RQX1) + 1N1 (∇V1 RV2,RSX1),
= 1N1 (AV1 V2,PX1 + cos2 θ1

RQX1 + cos2 θ2
RSX1)

−1N1 (H∇V1 V2, ωRϕRPX1 + ωRϕRQX1 + ωRϕRSX1)
+1N1 (AV1 BRV2 +H∇V1 CRV2, ωRPX1 + ωRQX1 + ωRSX1).

Now, since ωRPX1 + ωRQX1 + ωRRX1 = ωRX1 and ωRPX1 = 0, one obtains

1N1 (∇V1 V2,X1)
= 1N1 (AV1 V2,PX1 + cos2 θ1

RQX1 + cos2 θ2
RRX1)

−1N1 (H∇V1 V2, ωRϕRPX1 + ωRϕRQX1 + ωRϕRRX1)
+1N1 (AV1 BRV2 +H∇V1 CRV2, ωRX1).

Theorem 3.11. For 𭟋 the following conditions are equivalent:

(a) the vertical distribution (ker 𭟋∗) defines a totally geodesic.
(b)

1N1 (TZ1 Z2,Y1) + cos2 θ1
I 1N1 (TZ1 QZ2,Y1) + cos2 θ2

I 1N1 (TZ1 SZ2,Y1)
= 1N1 (H∇Z1ωIϕIPZ2 +H∇Z1ωIϕIQZ2 +H∇Z1ωIϕISZ2,Y1) +
1N1 (TZ1ωIZ2,BIY1) + 1N1 (H∇Z1ωIZ2,CIY1)

for Z2,Z2 ∈ Γ(ker 𭟋∗) and Y1 ∈ Γ(ker 𭟋∗)⊥.
(c)

1N1 (TZ1 Z2,Y1) + cos2 θ1
J1N1 (TZ1 QZ2,Y1) + cos2 θ2

J1N1 (TZ1 SZ2,Y1)

= 1N1 (H∇Z1ωJϕJPZ2 +H∇Z1ωJϕJQZ2 +H∇Z1ωJϕSJZ2,Y1) +
1N1 (TZ1ωJZ2,BJY1) + 1N1 (H∇Z1ωJZ2,CJY1)

for Z2,Z2 ∈ Γ(ker 𭟋∗) and Y1 ∈ Γ(ker 𭟋∗)⊥

(d)

1N1 (TZ1 Z2,Y1) + cos2 θ1
K1N1 (TZ1 QZ2,Y1) + cos2 θ2

K1N1 (TZ1 SZ2,Y1)
= 1N1 (H∇Z1ωKϕKPZ2 +H∇Z1ωKϕKQZ2 +H∇Z1ωKϕKSZ2,Y1) +
1N1 (TZ1ωKZ2,BKY1) + 1N1 (H∇Z1ωKZ2,CKY1)

for Z1,Z2 ∈ Γ(ker 𭟋∗) and Y1 ∈ Γ(ker 𭟋∗)⊥.

Proof. For Z1,Z2 ∈ Γ(ker 𭟋∗) and Y1 ∈ Γ(ker 𭟋∗)⊥, from equations (10) and (13),we get

1N1 (∇Z1 Z2,Y1)
= 1N1 (∇Z1 RPZ2,RY1) + 1N1 (∇Z1 RQZ2,RY1) + 1N1 (∇Z1 RSZ2,RY1).

Now, using equations (3), (4), (14) and Lemma and 3.4, we obtain

1N1 (∇Z1 Z2,Y1)
= 1N1 (TZ1 Z2,Y1) + cos2 θ1

R1N1 (TZ1 QZ2,Y1) + cos2 θ2
R1N1 (TZ1 SZ2,Y1)

−1N1 (H∇Z1ωRϕRPZ2 +H∇Z1ωRϕRQZ2 +H∇Z1ωRϕRSZ2,Y1)
+1N1 (∇Z1ωRPZ2 + ∇Z1ωRQZ2 + ∇Z1ωRSZ2, JY1).
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Now, since ωRPZ2 + ωRQZ2 + ωRSZ2 = ωRZ2 and ωRPZ2 = 0,we get

1N1 (∇Z1 Z2,Y1)
= 1N1 (TZ1 Z2,Y1) + cos2 θ1

R1N1 (TZ1 QZ2,Y1) + cos2 θ2
R1N1 (TZ1 SZ2,Y1)

−1N1 (H∇Z1ωRϕRPZ2 +H∇Z1ωRϕRQZ2 +H∇Z1ωRϕRSZ2,Y1)
+1N1 (TZ1ωRZ2,BRY1) + 1N1 (H∇Z1ωRZ2,CRY1).

Theorem 3.12. For 𭟋 the following conditions are equivalent:

(a) the invariant distribution DR defines a totally geodesic.
(b)

1N1 (TV1ϕIPZ2, ωIQU1 + ωISU1) = −1N1 (V∇V1ϕIPZ2, ϕIQU1 + ϕISU1),
1N1 (TV1ϕIPZ2,CIU2) = −1N1 (V∇V1ϕIPZ2,BIU2)

for V1,Z2 ∈ Γ(DI),U1 ∈ Γ(DI
1 ⊕DI

2) and U2 ∈ Γ(ker 𭟋∗)⊥.

(c)

1N1 (TV1ϕJPZ2, ωJQU1 + ωJSU1) = −1N1 (V∇V1ϕJPZ2, ϕJQU1 + ϕJSU1),
1N1 (TV1ϕJPZ2,CJU2) = −1N1 (V∇V1ϕJPZ2,BJU2)

for V1,Z2 ∈ Γ(DJ),U1 ∈ Γ(D
J
1 ⊕DJ

2) and U2 ∈ Γ(ker 𭟋∗)⊥.
(d)

1N1 (TV1ϕKPZ2, ωKQU1 + ωKSU1) = −1N1 (V∇V1ϕKPZ2, ϕKQU1 + ϕKSU1),
1N1 (TV1ϕKPZ2,CKU2) = −1N1 (V∇V1ϕKPZ2,BKU2)

for V1,Z2 ∈ Γ(DK),U1 ∈ Γ(DK
1 ⊕DK

2 ) and U2 ∈ Γ(ker 𭟋∗)⊥.

Proof. For V1,Z2 ∈ Γ(DR),U1 ∈ Γ(DR
1 ⊕ DR

2 ) and U2 ∈ Γ(ker 𭟋∗)⊥. Using equations (3), (10), (13) and (14), we
have

1N1 (∇V1 Z2,U1)
= 1N1 (∇V1 RZ2,RU1),
= 1N1 (∇V1 RPZ2,RQU1 + RSU1),
= 1N1 (TV1ϕRPZ2, ωRQU1 + ωRSU1) + 1N1 (V∇V1ϕRPZ2, ϕRQU1 + ϕRSU1).

Now, again using equations (3), (10), (13), (14) and (18),we obtain

1N1 (∇V1 Z2,U2)
= 1N1 (∇V1 RZ2,RU2),
= 1N1 (∇V1ϕRPZ2,BRU2 + CRU2),
= 1N1 (V∇V1ϕRPZ2,BRU2) + 1N1 (TV1ϕRPZ2,CRU2),

which completes the proof.

Theorem 3.13. For 𭟋 the following conditions are equivalent:
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(a) the slant distribution DR
1 defines a totally geodesic.

(b)

1N1 (TY1ωIϕIY2,Z1) = 1N1 (TY1ωIQY2,RPZ1 + ϕISZ1) + 1N1 (H∇Y1ωIQY2, ωISZ1),
1N1 (H∇Y1ωIϕIY2,Z2) = 1N1 (H∇Y1ωIY2,CIZ2) + 1N1 (TY1ωIY2,BIZ2)

for Y1,Y2 ∈ Γ(DI
1),Z1 ∈ Γ(DI

⊕DI
2) and Z2 ∈ Γ(ker 𭟋∗)⊥

(c)

1N1 (TY1ωJϕJY2,Z1) = 1N1 (TY1ωJQY2,RPZ1 + ϕJSZ1) + 1N1 (H∇Y1ωJQY2, ωJSZ1),
1N1 (H∇Y1ωJϕJY2,Z2) = 1N1 (H∇Y1ωJY2,CJZ2) + 1N1 (TY1ωJY2,BJZ2)

for Y1,Y2 ∈ Γ(D
J
1),Z1 ∈ Γ(DJ

⊕DJ
2) and Z2 ∈ Γ(ker 𭟋∗)⊥

(d)

1N1 (TY1ωKϕKY2,Z1) = 1N1 (TY1ωKQY2,RPZ1 + ϕKSZ1) + 1N1 (H∇Y1ωKQY2, ωKSZ1),
1N1 (H∇Y1ωKϕKY2,Z2) = 1N1 (H∇Y1ωKY2,CKZ2) + 1N1 (TY1ωKY2,BKZ2)

for Y1,Y2 ∈ Γ(DK
1 ),Z1 ∈ Γ(DK

⊕DK
2 ) and Z2 ∈ Γ(ker 𭟋∗)⊥.

Proof. For Y1,Y2 ∈ Γ(DR
1 ),Z1 ∈ Γ(DR

⊕ DR
2 ) and Z2 ∈ Γ(ker 𭟋∗)⊥. Using equations (3), (4), (10), (13), (14) and

Lemma 3.4, we have

1N1 (∇Y1 Y2,Z1)
= 1N1 (∇Y1ϕRY2,RZ1) + 1N1 (∇Y1ωRY2,RZ1),
= cos2 θ1

R1N1 (∇Y1 Y2,Z1) − 1N1 (TY1ωRϕRY2,Z1)
+1N1 (TY1ωRQY2,RPZ1 + ϕRSZ1) + 1N1 (H∇Y1ωRQY2, ωRSZ1).

Now, we have

sin2 θ1
R1N1 (∇Y1 Y2,Z1)

= −1N1 (TY1ωRϕRY2,Z1) + 1N1 (TY1ωRQY2,RPZ1 + ϕRSZ1)
+1N1 (H∇Y1ωRQY2, ωRSZ1).

Next, from equations (3), (4), (10), (13), (14), (18) and Lemma 3.4, we obtain

1N1 (∇Y1 Y2,Z2)
= 1N1 (∇Y1ϕRY2,RZ2) + 1N1 (∇Y1ωRY2,RZ2),
= cos2 θ1

R1N1 (∇Y1 Y2,Z2) − 1N1 (H∇Y1ωRϕRY2,Z2)
+1N1 (H∇Y1ωRY2,CRZ2) + 1N1 (TY1ωRY2,BRZ2).

Now, we have

sin2 θ1
R1N1 (∇Y1 Y2,Z2)

= −1N1 (H∇Y1ωRϕRY2,Z2) + 1N1 (H∇Y1ωRY2,CRZ2) + 1N1 (TY1ωRY2,BRZ2).

As above theorem one can easily obtain the following theorem:

Theorem 3.14. For 𭟋 the following conditions are equivalent:
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(a) the slant distribution DR
2 defines a totally geodesic.

(b)

1N1 (TZ1ωIϕIZ2,X1) = 1N1 (TZ1ωIQZ2,RPX1 + ϕISX1) + 1N1 (H∇Z1ωIQZ2, ωISX1),
1N1 (H∇Z1ωIϕIZ2,X2) = 1N1 (H∇Z1ωIZ2,CIX2) + 1N1 (TZ1ωIZ2,BIX2)

for Z1,Z2 ∈ Γ(DI
2),X1 ∈ Γ(DI

⊕DI
1) and X2 ∈ Γ(ker 𭟋∗)⊥.

(c)

1N1 (TZ1ωJϕJZ2,X1) = 1N1 (TZ1ωJQZ2,RPX1 + ϕJSX1) + 1N1 (H∇Z1ωJQZ2, ωJSX1),
1N1 (H∇Z1ωJϕJZ2,X2) = 1N1 (H∇Z1ωJZ2,CJX2) + 1N1 (TZ1ωJZ2,BJX2)

for Z1,Z2 ∈ Γ(D
J
2),X1 ∈ Γ(DJ

⊕DJ
1) and X2 ∈ Γ(ker 𭟋∗)⊥.

(d)

1N1 (TZ1ωKϕKZ2,X1) = 1N1 (TZ1ωKQZ2,RPX1 + ϕKSX1) + 1N1 (H∇Z1ωKQZ2, ωKSX1),
1N1 (H∇Z1ωKϕKZ2,X2) = 1N1 (H∇Z1ωKZ2,CKX2) + 1N1 (TZ1ωKZ2,BKX2)

for Z1,Z2 ∈ Γ(DK
2 ),X1 ∈ Γ(DK

⊕DK
1 ) and X2 ∈ Γ(ker 𭟋∗)⊥.

Theorem 3.15. For 𭟋 the following conditions are equivalent:

(a) 𭟋 is a totally geodesic map.
(b)

1N1 (H∇Z1ωIϕIQZ2 +H∇Z1ωIϕISZ2 − cos2 θ1
I∇Z1 QZ2 − cos2 θ2

I∇Z1 SZ2,U1)
= 1N1 (V∇Z1 IPZ2 + TZ1ωIQZ2 + TZ1ωISZ2,BIU1)
+1N1 (TZ1 IPZ2 +H∇Z1ωIQZ2 +H∇Z1ωISZ2,CIU1),

1N1 (H∇U1ωIϕIQZ2 +H∇U1ωIϕISZ2 − cos2 θ1
I∇U1 QZ2 − cos2 θ2

I∇U1 SZ2,U2)
= 1N1 (V∇U1 IPZ2 + TU1ωIQZ2 + TU1ωISZ2,BIU2)
+1N1 (TU1 IPZ2 +H∇U1ωIQZ2 +H∇U1ωISZ2,CIU2)

for Z1,Z2 ∈ Γ(ker 𭟋∗) and U1,U2 ∈ Γ(ker 𭟋∗)⊥.
(c)

1N1 (H∇Z1ωJϕJQZ2 +H∇Z1ωJϕJSZ2 − cos2 θ1
J∇Z1 QZ2 − cos2 θ2

J∇Z1 SZ2,U1)
= 1N1 (V∇Z1 JPZ2 + TZ1ωJQZ2 + TZ1ωJSZ2,BJU1)
+1N1 (TZ1 JPZ2 +H∇Z1ωJQZ2 +H∇Z1ωJSZ2,CJU1),

1N1 (H∇U1ωJϕJQZ2 +H∇U1ωJϕJSZ2 − cos2 θ1
J∇U1 QZ2 − cos2 θ2

J∇U1 SZ2,U2)
= 1N1 (V∇U1 JPZ2 + TU1ωJQZ2 + TU1ωJSZ2,BJU2)
+1N1 (TU1 JPZ2 +H∇U1ωJQZ2 +H∇U1ωJSZ2,CJU2),

for Z1,Z2 ∈ Γ(ker 𭟋∗) and U1,U2 ∈ Γ(ker 𭟋∗)⊥.
(d)

1N1 (H∇Z1ωKϕKQZ2 +H∇Z1ωKϕKSZ2 − cos2 θ1
K∇Z1 QZ2 − cos2 θ2

K∇Z1 SZ2,U1)
= 1N1 (V∇Z1 KPZ2 + TZ1ωKQZ2 + TZ1ωKSZ2,BKU1)
+1N1 (TZ1 KPZ2 +H∇Z1ωKQZ2 +H∇Z1ωKSZ2,CKU1),

1N1 (H∇U1ωKϕKQZ2 +H∇U1ωKϕKSZ2 − cos2 θ1
K∇U1 QZ2 − cos2 θ2

K∇U1 SZ2,U2)
= 1N1 (V∇U1 KPZ2 + TU1ωKQZ2 + TU1ωKSZ2,BKU2)
+1N1 (TU1 KPZ2 +H∇U1ωKQZ2 +H∇U1ωKSZ2,CKU2),

for Z1,Z2 ∈ Γ(ker 𭟋∗) and U1,U2 ∈ Γ(ker 𭟋∗)⊥.
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Proof. Since 𭟋 is a Riemannian submersion, we have

(∇𭟋∗)(U1,U2) = 0

for Z,W ∈ Γ(ker 𭟋∗)⊥.
For Z1,Z2 ∈ Γ(ker 𭟋∗) and U1,U2 ∈ Γ(ker 𭟋∗)⊥.Using equations (3), (4), (7), (10), (13), (14), (18) and Lemma

3.4, we have

1N2 ((∇𭟋∗)(Z1,Z2), 𭟋∗(U1))
= −1N1 (∇Z1 Z2,U1),
= −1N1 (∇Z1 RZ2,RU1),
= −1N1 (∇Z1 RPZ2,RU1) − 1N1 (∇Z1 RQZ2,RU1) − 1N1 (∇Z1 RSZ2, JU1),
= −1N1 (∇Z1 RPZ2,RU1) − 1N1 (∇Z1ϕRQZ2,RU1) − 1N1 (∇Z1ϕRSZ2,RU1)
−1N1 (∇Z1ωRQZ2,RU1) − 1N1 (∇Z1ωRSZ2,RU1),

= −1N1 (V∇Z1 RPZ2 + TZ1ωRQZ2 + TZ1ωRSZ2,BRU1)
−1N1 (TZ1 RPZ2 +H∇Z1ωRQZ2 +H∇Z1ωRSZ2,CRU1)
−1N1 (cos2 θ1

R∇Z1 QZ2 + cos2 θ2
R∇Z1 SZ2 −H∇Z1ωRϕRQZ2 −H∇Z1ωRϕRSZ2,U1).

Next, using equations (5), (6), (7), (10), (13), (14), (18) and lemma 3.4, we have

1N2 ((∇𭟋∗)(U1,Z2), 𭟋∗(U2))
= −1N1 (∇U1 Z2,U2),
= −1N1 (∇U1 RZ2,RU2),
= −1N1 (∇U1 RPZ2,RU2) − 1N1 (∇U1 QZ2,RU2) − 1N1 (∇U1 RSZ2,RU2),
= −1N1 (∇U1 RPZ2,RU2) − 1N1 (∇U1ϕRQZ2,RU2) − 1N1 (∇U1ϕRSZ2,RU2)
−1N1 (∇U1ωRQZ2,RU2) − 1N1 (∇U1ωRSZ2,RU2),

= −1N1 (V∇U1 RPZ2 +AU1ωRQZ2 +AU1ωRSZ2,BRU2)
−1N1 (AU1 RPZ2 +H∇U1ωRQZ2 +H∇U1ωRSZ2,CRU2)
−1N1 (cos2 θ1

R∇U1 QZ2 + cos2 θ2
R∇U1 SZ2 −H∇U1ωRϕRQZ2 −H∇U1ωRϕRSZ2,U2).

4. Example

Note that given an Euclidean space R4s with coordinates (x1, x2, ....., x4s), we can canonically choose
complex structures I, J,K on R4s as follows:

I(
∂
∂x4r+1

) =
∂
∂x4r+2

, I(
∂
∂x4r+2

) = −
∂
∂x4r+1

, I(
∂
∂x4r+3

) =
∂
∂x4r+4

,

I(
∂
∂x4r+4

) = −
∂
∂x4r+3

, J(
∂
∂x4r+1

) =
∂
∂x4r+3

, J(
∂
∂x4r+2

) = −
∂
∂x4r+4

,

J(
∂
∂x4r+3

) = −
∂
∂x4r+1

, J(
∂
∂x4r+4

) =
∂
∂x4r+2

,K(
∂
∂x4r+1

) =
∂
∂x4r+4

,

K(
∂
∂x4r+2

) =
∂
∂x4r+3

,K(
∂
∂x4r+3

) = −
∂
∂x4r+2

,K(
∂
∂x4r+4

) = −
∂
∂x4r+1

,

for r ∈ {0, 1, 2, ...., ..., s − 1}.
Then we easily check that (I, J,K) is a hyperkähler structure on R4s, where ⟨, ⟩ denotes the Euclidean

metric on R4s. Throughout this section, we will use these notations.
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Example 4.1. Define a map 𭟋 : R16
→ R8 by

𭟋(x1, x2, ........., x16) = (x1, x2,
x3 − x5
√

2
, x4,

x10 + x13
√

2
, x14, x15, x16).

Then the map 𭟋 is an almost h-qbs submersion such that

ker 𭟋∗ =
〈 1

√
2
( ∂∂x3
+ ∂
∂x5

), ∂∂x6
, ∂∂x7
, ∂∂x8
,

∂
∂x9
, 1
√

2
( ∂∂x10

−
∂
∂x13

), ∂∂x11
, ∂∂x12

〉
,

(ker 𭟋∗)⊥ =
〈 ∂

∂x1
, ∂∂x2
, ∂∂x4
, 1
√

2
( ∂∂x3 −

∂
∂x5

),
1
√

2
( ∂∂x10

+ ∂
∂x13

), ∂∂x14
, ∂∂x5
, ∂∂x16

〉
,

DI =

〈
∂
∂x7
,
∂
∂x8
,
∂
∂x11
,
∂
∂x12

〉
,DI

1 =

〈
1
√

2
(
∂
∂x3
−
∂
∂x5

),
∂
∂x6

〉
,

DI
2 =

〈
∂
∂x9
,

1
√

2
(
∂
∂x10

+
∂
∂x13

)
〉
,DJ =

〈
∂
∂x6
,
∂
∂x8
,
∂
∂x9
,
∂
∂x11

〉
,

DJ
1 =

〈
1
√

2
(
∂
∂x3
−
∂
∂x5

),
∂
∂x7

〉
,DJ

2 =

〈
1
√

2
(
∂
∂x10

+
∂
∂x13

),
∂
∂x12

〉
,

DK =

〈
∂
∂x6
,
∂
∂x7
,
∂
∂x9
,
∂
∂x12

〉
,DK

1 =

〈
1
√

2
(
∂
∂x3
−
∂
∂x5

),
∂
∂x8

〉
,

DK
2 =

〈
1
√

2
(
∂
∂x10

+
∂
∂x13

),
∂
∂x11

〉
,

with the almost h-qbs angles {θ1
I = θ

1
J = θ

1
K =

π
4 , θ

2
I = θ

2
J = θ

2
K =

π
4 }.

Example 4.2. Define a map 𭟋 : R16
→ R8 by

𭟋(x1, x2, ........., x16) = (cosαx1 − sinαx5, x2, x3, x4, sin βx11 + cos βx13, x14, x15, x16).

Then the map 𭟋 is an almost h-qbs submersion such that

ker 𭟋∗ =
〈

(sinα ∂∂x1
+ cosα ∂∂x5

), ∂∂x6
, ∂∂x7
, ∂∂x8
,

∂
∂x9
, ∂∂x10
, (cos β ∂∂x11

− sin β ∂∂x13
), ∂∂x12

〉
,

(ker 𭟋∗)⊥ =
〈 ∂

∂x2
, ∂∂x3
, ∂∂x4
, (cosα ∂∂x1

− sinα ∂∂x5
),

(sin β ∂∂x11
+ cos β ∂∂x13

), ∂∂x14
, ∂∂x15
, ∂∂x16

〉
,

DI =

〈
∂
∂x7
,
∂
∂x8
,
∂
∂x9
,
∂
∂x10

〉
,DI

1 =

〈
(sinα

∂
∂x1
+ cosα

∂
∂x5

),
∂
∂x6

〉
,

DI
2 =

〈
(cos β

∂
∂x11

− sin β
∂
∂x13

),
∂
∂x12

〉
,DJ =

〈
∂
∂x6
,
∂
∂x8
,
∂
∂x10
,
∂
∂x12

〉
,

DJ
1 =

〈
(sinα

∂
∂x1
+ cosα

∂
∂x5

),
∂
∂x7

〉
,DJ

2 =

〈
∂
∂x9
, (cos β

∂
∂x11

− sin β
∂
∂x13

)
〉
,

DK =

〈
∂
∂x6
,
∂
∂x7
,
∂
∂x9
,
∂
∂x12

〉
,DK

1 =

〈
(sinα

∂
∂x1
+ cosα

∂
∂x5

),
∂
∂x8

〉
,

DK
2 =

〈
∂
∂x10
, (cos β

∂
∂x11

− sin β
∂
∂x13

)
〉
,

with the almost h-qbs angles {θ1
I = θ

1
J = θ

1
K = α, θ

2
I = θ

2
J = θ

2
K = β}.
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Example 4.3. Define a map 𭟋 : R16
→ R8 by

𭟋(x1, x2, ........., x16) = (
x3 + x5
√

2
, x6, x7, x8,

√
3x9 − x16

2
, x10, x11, x12).

Then the map 𭟋 is an almost h-qbs submersion such that

ker 𭟋∗ =
〈 ∂

∂x1
, ∂∂x2
, ∂∂x4
, 1
√

2
( ∂∂x3
−
∂
∂x5

),
1
2 ( ∂∂x9

+
√

3 ∂
∂x16

), ∂∂x13
, ∂∂x14
, ∂∂x15

〉
,

(ker 𭟋∗)⊥ =
〈 1

√
2
( ∂∂x3 +

∂
∂x5

), ∂∂x6
, ∂∂x7
, ∂∂x8
,

∂
∂x10
, ∂∂x11
, ∂∂x12
, 1

2 (
√

3 ∂
∂x9
−

∂
∂x16

)

〉
,

DI =

〈
∂
∂x1
,
∂
∂x2
,
∂
∂x13
,
∂
∂x14

〉
,DI

1 =

〈
∂
∂x4
,

1
√

2
(
∂
∂x3
−
∂
∂x5

)
〉
,

DI
2 =

〈
1
2

(
∂
∂x9
+
√

3
∂
∂x16

),
∂
∂x15

〉
,DJ =

〈
∂
∂x2
,
∂
∂x4
,
∂
∂x13
,
∂
∂x15

〉
,

DJ
1 =

〈
∂
∂x1
,

1
√

2
(
∂
∂x3
−
∂
∂x5

)
〉
,DJ

2 =

〈
1
2

(
∂
∂x9
+
√

3
∂
∂x16

),
∂
∂x14

〉
,

DK =

〈
∂
∂x1
,
∂
∂x4
,
∂
∂x14
,
∂
∂x15

〉
,DK

1 =

〈
∂
∂x2
,

1
√

2
(
∂
∂x3
−
∂
∂x5

)
〉
,

DK
2 =

〈
1
2

(
∂
∂x9
+
√

3
∂
∂x16

),
∂
∂x13

〉
,

with the almost h-qbs angles θ1
I = θ

1
J = θ

1
K =

π
4 and θ2

I = θ
2
J = θ

2
K =

π
6 .
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