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Abstract. In this paper, a quantitative weighted transform based on the Jafari transform is proposed, and
the mathematical foundations of this new transform are investigated. In the first section, some information
about Jafari transform and some mathematical tools are reviewed. In the second section, the quantitative
weighted Jafari transform is introduced, its existence guaranteed through a theorem, and its fundamental
properties are examined. Additionally, transforms of the fractional derivative and fractional integral of a
function with respect to a function & and a w—weight are obtained. In the third section, the theoretical

findings are applied to solve classical and fractional initial value problems based on a function # and
w—weight. In the last section, the results are discussed.

1. Introduction

For about two hundred and fifty years, integral transforms have been used effectively to solve various
problems in applied mathematics, physics and engineering. In the 1780s, Pierre-Simon Laplace published
a book entitled "Théorie analytique des probabilités”, in which he obtained some fundamental results
such as the effective solution of differential and integral equations using the Laplace transform, one of the

oldest and most widely used integral transforms in the mathematical literature. The Laplace transform of
a function g is given as follows

[

L(g(x);v):= fe‘”xg (x)dx = F(v),

0

1)

where the function g is integrable for x > 0. Another important study on this topic is the enormous research
work entitled “Théorie analytique de la chaleur” by Joseph Fourier in 1822. In this study, important
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topics such as Fourier transforms, Fourier series and the modern mathematical theory of heat transfer were
mentioned. In addition, the Hartley, Hankel, Mellin and Hilbert-Stieltjes transforms are also an important
part of this topic. If you want to get detailed information about the integral transforms up to this point,
you can refer to the source given in [4].

So far, many transforms similar to the Laplace transform have been defined to solve certain problems
such as initial value problems. Some of them are Aboodh [1], Sumudu [23], Elzaki [6], Sawi [16], Kamal
[11] and Kashuri [12] transforms.

A general integral transform was defined by Jafari [8]. It is called Jafari transform, which is given by

T(g(x);v):=p@) feq(v)xg (x)dx = G(v), (2)
0

where p (v) # 0, g is an integrable function for x > 0 and p,q : (0,00) — (0, o) in [8]. Jafari transform is
the comprehensive version of many studies and some integral transforms can be obtained according to the
special cases of p(v) and q(v) in the equality (2):

e If p(v) = 1 and q(v) = v in (2), then Jafari transform yields Laplace transform given in the equality (1).

If p(v) = 1/v and q(v) = v in (2), then Jafari transform yields Aboodh transform defined in [1].
e If p(v) = 1/v and q(v) = 1/v in (2), then Jafari transform yields Sumudu transform defined in [23].

e If p(v) = v and q(v) = 1/v in (2), then Jafari transform yields Elzaki transform defined in [6].

e If p(v) = 1 and q(v) = 1/v in (2), then Jafari transform yields Kemal transform defined in [11].
e If p(v) = 1/v and q(v) = 1/0? in (2), then Jafari transform yields Kashuri transform defined in [12].

o Ifp(v

) =
) =
) =
) =
e If p(v) = 1/v* and g(v) = 1/v in (2), then Jafari transform yields Sawi transform defined in [16].
) =
) =
) = v and g(v) = v in (2), then Jafari transform yields Mohand transform defined in [15].
) =

o Ifp(v 1 , and q(v) = & in (2), then Jafari transform yields N-transform defined in [13].

o If p(v) =1and q(v) = vt in (2) where a > 0, then Jafari transform yields a-integral Laplace transform
defined in [17].

Numerous studies have explored the Jafari transform, highlighting its versatility and applications. For
instance, the double type [18] and triple type [22] of Jafari transform have been introduced and thoroughly
analyzed. Moreover, in [5], this transformation has been utilized to solve differential equations relevant to
medical science. Notably, the Jafari transform has been utilized to address the Ulam-Hyers stability problem,
highlighting the Ulam-Hyers stability of the proposed equations as an extension of Mittag-Leffler-Ulam-
Hyers stability [20].

The fractional calculus and fractional differential equations are a fascinating and increasingly influential
area of mathematics, providing innovative methods and powerful tools for understanding and tackling
complex phenomena in various scientific and technical fields. These branches of mathematics deal with
derivatives and integrals of non-integer orders and extend the traditional notions of calculus to deal with
complicated systems that defy the standard approaches of integer orders. The growing importance of
fractional calculus and fractional differential equations stems from their ability to describe phenomena
characterized by memory effects, long-range dependencies, and anomalous behavior that frequently arise
in fields such as physics, biology, finance, and materials science. Since traditional integer integral calculus
fails to capture such complicated dynamics, fractional calculus has emerged as an indispensable tool that
allows researchers and scientists to gain deeper insights into the underlying mechanisms of these intricate
systems. Readers interested in learning more about fractional calculus and fractional differential equations
can refer to the references [14] and [19].
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To begin with, we recall the basic definitions of the weighted derivative and its fractional version with
respect to an increasing differentiable function .
The m-th order w—weighted derivative of a fuction g about the function / is given by

1

Dy (x) = m(

D,
h (x)

) (w(®) g () =$(ﬁD) @©g), m=0,12,., ©)

where D, = ;’—x, w(x) # 0 and the function / is strictly increasing differentiable [2, 9]. The w-weighted
Riemann- Liouville fractional integral with respect to & is recalled as

p -1 ( PR R ,
(h0)®= s | B@ -1 wOg6F O, @

fora > 0 and > 0 [2]. On the other hand, the corresponding w-weighted Riemann Liouville derivative is
defined as [2]

KDlg () = Dl (o T2 P9 (), 5)

fora > 0and > 0 wherem = [|ﬁ ” + 1. Whilst, the associated w-weighted Caputo derivative was proposed
as the following [2]

CDLg () = («Ju P [D2g ]), (6)

fora > 0and g > 0 where m = [|ﬁ|] +1.
If AC[a, b] denotes the space of absolute continuous functions on [4, b]. Then, the space AC:[a, b] can be
defined as [9]
ACyla, bl = 1{g : [a,b] = R|gu-1 € ACa, b]},

where g,, (x) = (,%)m (w (x) g (x)) for m € Ny = N U {0}.

Heretofore, it has been highlighted that the Jafari transform given in (2) encompasses many well-known
integral transforms for specific values of p(v) and q(v), and the fundamental mathematical tools to be utilized
in this paper have been reviewed. In the next section, we will define a new integral transform, establish its
existence, present its fundamental properties, and subsequently provide convolution-type theorem related
to this transform. Furthermore, we will discuss the properties satisfied by the transform of the weighted
fractional derivative and integral of a function with respect to a function & and a w weight. Additionally,
we will calculate the values of the Mittag-Leffler functions with one and two parameters under this integral
transform.

2. The transform Z£Z’ and its properties
Now, we define an integral transform, which is the cornerstone of this paper.

Definition 2.1. Let w # 0, g, h,w : [a,00) — R, where h is a strictly increasing differentiable function on (a, oo)
satisfying h (x) — oo when x — oo. We define the quantitative weighted Jafari transform of the function g by
ZEZ" (g(x);0) =p @) | e 1OH@ly (x) g (x) I (x)dx = R (), (7)

a

where a > 0 and the functions p and q are of form p,q : (0, 00) — (0, 0).
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Note that some special cases of the quantitative weighted Jafari transform defined in (7) are as follows:

o Ifp(v) =1,q@®) =v, w(x) =1, h(x) = xand a = 0 in (7), then transform ZEZ’ yields Laplace transform
given in (1).

e Ifw(x)=1,h(x) =xanda = 0in (7), then transform ZEZ" yields Jafari transform given in [7]. So, the
quantitative weighted Jafari transform gives many transforms such as Elzaki, Aboodh, and Sumudu
transforms.

e If p(v) =1 and g(v) = v in (7), then transform ZEZ’ yields w—weighted Laplace transform regard to the
function / given in [9].

o Ifw(x) =1, p(w) =1and g(v) = v in (7), then transform ZE;" yields Laplace transform regard to the
function h given in [10].

e Ifw(x)=1,h(0) =0anda = 0in (7), then transform ZEZ’ yields Jafari transform regard to the function
h given in [8]

e Ifp(v) =v,q9(v) =v,w(x) = x"}, h(x) = xand a = 0 in (7) where n € IN, then transform ZEZ’ yields ARA
transform given in [21].

o If p(v) =1,4q(w) = v, w(x) = x", h(x) = x and a = 0 in (7) where n € IN, then transform ZEZ" yields the
transform given in [3].

1£0  For example, we

We note that it is possible to obtain new transforms from the transformation ,£]

introduce w—weighted Jafari transform the following that

160 (9(x);0) = p (0) f w () e g (x) i, ®)
0

by taking /1 (x) :=e; (x) = xand a = 0in (7).

Definition 2.2. [9] Letw # 0 and g, w : [2, 00) — R. The function g is said to be of w-weighted-h-exponential
order function if there are constants M, xy and C, where M > 0 and x > xy such that

|w (g (x)| < M eCH) )

We now demonstrate the condition for the existence of the quantitative weighted Jafari transform
through the following theorem.

Theorem 2.3. Letw # 0 and g, w : [2, ) — R be functions such that g is of w-weighted-h-exponential order
and w and g are piecewise continuous on each arbitrary subinterval of [4, o) . Then, the transforms ZEzh" of
the function g exists for q (v) > C.

Proof. We can write that
P (g(0);0) =1 + I,

where
X0 (o]

L=p (v) fe_q(”)[h(")_h(“)]w (x) g (W (x)dx and L = p (v) fe—q(v)[h(X)—h(a)]w (x) g ()1 (x)dx. (10)

a X0
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Accordingly, since the product wg is piecewise continuous, the integral I; has an existing real value. So, if

we prove that the integral I, converges, we obtain the existence of the transform ZE;" of function. With a
w-weighted-h-exponential order function g and a strictly increasing function i, we obtain that

L <

p (v) f e 1O)=h@)], (x) g ()1 (x)dx
Xo

< (p (U)) f e 1OIh-h@) |w(x)g(x) K (x)dx

< Mlp (U)|eCh(a) f o190 ~Cllh(0)~h(a)lzy (x) dx
Xo

) e~ 1@)[h(x0)—h(a)]
q(@)-C

Finally, the integral of I, converges due to the above inequality and thus the proof is complete. [

< Mlp (v)|eCh(” , q@)>C

Theorem 2.4. Let the transforms ZEZ’ of functions f : [a,00) — R and g : [a,00) — R be available for q(v) > C;
and q (v) > Cy, respectively exist. Then,

ZEZ" (Af(x)+Bg(x);v)=A Z:Ehw (f(x);v)+B ZEZ’ (g (x);0),
for q (v) > max {Cy, Cp} where A, B, C1, C; are real constants. Thus the transform ZEZ" is linear.

If we take u = I (x) — h (a) in the definition of ZEZ’ given in (7), we have the following result.

Theorem 2.5. The following relations are provided between the Jafari transform given in (2) with the new integral
transform given in (7)

i JEY (F (0);0) = T(w(h (e + k@) f (" (x + h (@) ;)

h(x)—h
i ZEZ"(W;U) =T(f();0)

where T is Jafari transform given in (2) and the function h™' is inverse of h.

Proposition 2.6. The transforms ZEZ’ of some basic functions are as follows

inw( L v)—w g (v) > 0.

Pil\wm ) T q@)

ii. ! f(ﬁt:g:@% )::qéf?ﬁ, 9(0) > .

i, 160 (—(h (x)a‘] (hx()“))ﬁl 'v) _ %, q(0) > 0.
g (sin [ (1 uga& )— h (”))];v) - (if]gvi = ©) >0,
o 10 (cos (B (hw(a(c?)C)— h(a))];v) _ [ :(SJ))] j 5:;22/ 1) > 0.
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o (smh[B@ -h@)] \  pr@)

oL Z£h ( ZU(X) ,U) = m, q(v) > |ﬁ| .
g [Cosh[B(i() —h@)] \_ p)4q@©)

vii. £ ( e v) = m, q0) > g,

where B is a real constant.

Definition 2.7. [9] The w—weighted convolution respect to a function h of the functions f and g is given by
0= >f ) +h@ = 1) f (7 T ) +h@ = kO w @ g O ¢ dt a1

where h™ is the inverse of the function h.
It can be seen that f + g = g+ f by using definition given in (11) [9].

Theo;em 2.8. If the transforms ZEZ’ of the functions f and g exist for q (v) > My and q (v) > My, respectively, then
1t 1s that

1
£ [(f 0 9) ();0] = T {1y (f ;o) 1 (905 0)) (12)
for q (v) > max {M1, M} where My and M, are real constants.
Proof. We can write that
;% e (f @0 e (9 (050)) = p () f f e IO, () £ (x) B (x)ww (£) g (£) I (t) dxdt. (13)
By taking h(z) = h (x) + h(t) — h(a) in the integral in (13), we get the following equality

; (U) {rer (F @) 8 (9 @) 50)

=p () f f e 1@y (571 (1 (2) + 1 (a) = k(1)) £ (7 (2 (2) + hi (@) = h () W @) () g () I (t) dzt.
a t
(14)

We obtain

1

oo b U @) Be! (0 (30)

=p(v) f f e 1My (=1 (h (2) + 1 (@) — k(1)) £ (B (1 (2) + h (@) = (1)) I (@) (H) g (O] (¢) dltdz

[ee]

=p(@) [ TONEIO(f g) (@) w @) I (2)dz

= {1y ((f “ 9) @);0))

by changing the order of integration in (14) with the help of Fubini’s theorem. [
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Now, let’s examine the properties of the the quantitative weighted Jafari transform regard to the weighted
derivative and weighted fractional derivative.

Theorem 2.9. Let the function g € ACy [a, x0) be w-weighted-h-exponential order function. If the function Dyg is
piecewise continuous on every subinterval of [a, xo) , then the transform ZEZ" of the Dyg function exists and

£ (Dwg (x) ;0) = g (v) {thw (g(x); v)} —p@wa)g@). (15)

Proof. Using the definition of transform ZEZ’ given in (7), we get

ZEZJ (Dwg (x) ;’0) =p (’0) fe—‘i(v)[h(x)—h(a)]w (x) [Dwg (x)] W (x) dx

=p(v) f 1D (3 (x) g (x)) dx. (16)

Since g is a w-weighted-h-exponential order function, we can clearly write that
|e_’1(”)[h(x)_h(”)]w (x)g (x)| — 0 such that x — oo. (17)

By applying partial integration in the integral on the right side of equation (16) for u = e~ 1@®-H@l and
ds = (w (x) g (x))’ dx and using the limit in (17), it is verified that

1EY (Dug (x);0) = p (0) [ 1OV Ty () g ()] +q(0)p () f e 1INy (x) g (x) W (x) dix.

= 9@ [J£ (9(0;0)) - p@ 0@ g ().
O

Theorem 2. 10 Let the functions g € AC"'[a,x0) and gy be a w-weighted-h-exponential order functions for
k=1,2,. — 1. If the function DIlg is piecewise continuous on every subinterval of [a, xo), then the transform
ZE”’ of the Dw g function exists and

m—1

€Y (Diyg (x);0) = [q (0)]" {qu (9(x); v) p(v)Z @)]" " gk (a) (18)

k=0

for m € IN where gy (x) = (h,D—("x))k (w (x) g (x)) for k € Ny.

Proof. We are going to prove this theorem by induction method.
i. If it is m = 1, the equality in (18) is correct in view of the equality in (15).
ii. For m — 1, consider that the equality in (18) be correct. Then, we have

m—2
b (D579 (0);0) = [ @1 £ (0 @50} —p @) Y [0 @] g1 @). (19)
k=0

Using the definition of transform ZEZ’ given in (7), we get

q£w (D"g(x);v) = p(v) | e 1@H-H@] [(hf) ) (w(x) g (x) )]h’ (x) dx
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X Dx m—1
=p (0) e 1OI@-halp [(h'_(x)) (w(x)g (x))] dx

= p(0) [ e t@H-Ho]

a

Joo1 (V) dx

By applying integration by parts in the integral on the right side of the above equality for u = e 1OUI-h@I gyq
ds =g, _, (x)dx and using the limit given as follow

|e—'i(v)[h(x)—h(a)]gm_1 (x)’ — 0 such that (x — o)

form € IN, it is verified that
q£w (Dwg (x); "U) =p (v) [e—Q(v)[h(x)—h(tz)]gm_1 (x)]:ozu +q (v) p (v) e—q(v)[h(x)—h(a)]gm_1 (x) dx
=@ {}5 (D179 ();0)} - p () gnr (@)

m—2

=q@ |[@]"" £ G 0;0)}-p@ Y [1 @] g <a>l ~p (©) g1 (@)
k=0
m—1

= [a@)]" {}£ (9(0);0)} - (v)Z @]" " g (@)

From the above equality, the equality in (18) is correct for m. So, the proof is done. [

Theorem 2.11. Let the function g be a w-weighted-h-exponential order and piecewise continuous on each subinterval
of [a, xo). Then, we have

‘7£w ( )
160 (1 Jog () ;0) = % 0)

Proof. With the help of equality (11), we can write

(h(x) —h @)
w (x) W x)

(h (x) +h(a) - h() - h@)"
w (b1 [h (x) + h(a) = h ()])

" @) + (@) - h(D)])

w () g ()1 (1) dt
1 (e ,
w (x) af (h(x)—h(®)) " w(t)g ) (t)dt. 2
So, we have

167 (o g () ;0) = [ “OTH f (h@) = h O w (B g 1 (1) dt; vJ

1 w
Binle

((h () —h @)
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h(x) = ()P
el s

[ (v)]
by using Proposition 2.6, Theorem 2.8 and the equality (21). O

Taking Theorems 2.10 and 2.11 together, the following two results can be given without proof.

Corollary 2.12. Let > 0, g € ACly[a,b], h € C"[a,b], W’ (x) > 0 and (HJZZ_ﬁ g)k be w—weighted h—exponential
order fork=0,1,2,...,m —1. So, we have

3
-

2Ey (RDhg (0;0) = [1 @1 [J£5 (9 0)f = p @) ) [9@]" " g @) 2)

o~
1l
o

form = [|[3H + 1 where gi- (x) = ( 5 )k (w (%) <u+]$ﬂg (x))), k € Ny.

Corollary 2.13. Letﬁ > 0,9 € ACli[a,b], h € C"[a,b], I (x) > 0 and gy be w—weighted h—exponential order
function fork =0,1,2,...,m—1. So the following equality is satisfied

-1

1£0 ($D%g (0);0) = [ @ £ (9 )5 0)} - p @) Y [ @1 g (@) (23)
0

§

=~
Il

form = [|ﬁ” + 1 where gy (x) = (%)k (w(x) g (x)), k € No.

Now let’s recollect the definition of the Mittag-Leffler function with one and two parameters, and then
we will give a property related to the transform ZEZ’.
The one and two-parameter Mittag-Leffler functions are defined, respectively as follows

Eg(x) = (24)

Zr(ﬁk+1)

Ega (x) = (25)

Z r (ﬁk +a)
where a,8,x € R, @ > 0 and 8 > 0, respectively [19].

Theorem 2.14. The quantitative weighted Jafari transform of the Mittag—Leffler functions with one and two param-
eters are given by

p-a
Epa (C (1 () = 1 (@) ),v) P -C
AQIIO)

@] -

9w ((h () —h@)*"
P=h w (x)

ii. qﬁ*’( o (C(h(x) h(a))ﬁ) )

C

[1@)]’

for

< 1 where o, B and C are real constants independent of x.
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Proof. i. We get

90w ((h () (@)
P=h w( )

_ dew 1 C(x) - @)
‘1£ (ZF (Bk + a) w (x) ,v]

o () = (@)
Z'41"(,3k+oz) W£ ( w (x) ,v)

Z ck T(Bk+a)p(v)
I'(Bk+a) [q (v)]ﬁk+a

:pw>21(<:)k:p@me”
[1@I" = [ @7 [9 @) -

&ﬂ@muwmwwyﬂ

by using Proposition 2.6 and the linearity of the quantitative weighted Jafari transform.

ii. Since Eg1 = Eg, the proof is clear. [J

3338

In the next section, using the results obtained, we will solve certain w-weighted classical and fractional
initial value problems with respect to an h function by utilizing the quantitative weighted Jafari transform.

3. Applications of the transform Z£}’:’

Now, we are going to solve the following weighted initial value problems about the function / with the

help of Proposition 2.6 and Theorem 2.10.

Example 3.1. Solve the following initial value problem (IVP)
Duy(x) =Ky (x), w(@)y (@) =

where K, C € R.

Solution.

TE2 (Dyy () ;0) = K €9 (y (x) ;0)
p ()
q(v)-K
_(1p\ PO eK)=h(a)
= ve= ()" (o5 T) =

Example 3.2. Solve the next IVP

= Z£hw(y(x);v) =C

(D2 -3Dy +2)y(x) =0, y1(a) = A, o (a) =
where A,B € R and

W@=KWU)WWWW4

fork=0,1.

x=a
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Solution.

Ty (D2 y(x); v) 30E) (Dyy (x);0) +2 )£ (y (x);0) = 0

9 pw P - —
= 5 (y(x);0)=p) 4 (v)]2 " 34(0) + 2

. y(x):(ZEZJ)—l(p(U)(A—B A—ZB),)

g@)-2 q(0) -
2hx)~h(@) el)-ha)
= y(X)Z(A—B)W'F(ZB—A)W

Bg(v)+A-3B ( (A—B _A-2B
q@) =2 q(@)-

3339

Finally, we are going to solve a w-weighted fractional initial value problem regard to the function & by

considering the features obtained in the previous section.

Example 3.3. Consider Caputo type IVP
fh(x) —h(a)

c D’g Wy (1) + Ky (x) = o)

with the initial conditions:

) (w(X)y(x))] = Ag

x=a*

m-1<B<m and yk(zf):[(hf)()

fork=0,1,..,m—1where K e R, Ay € R, m € N and f (x) is verify that

ka) (0) ¥k

for x € R. Prove that solution of this problem can be given by

v = ZA GO 2O g (-K (50 - @)
B+k
+ka> © b s (K 1) - @),

Solution.

We firstly calculate the transform ZEZ’ for the function f in (28) the following that

— () k
ZEZ”(f(h(X) h(a))’_v):qu{Zf (0) (1 (x) = 1 (@) ;U]

w (x) w (x)

_ Z f(k) (0) q£w ((h (x) = h (@) v)

w (x)
p(©)
®(0) ———,
Zf [ @]

k=0

(26)

(27)

(28)
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by using Proposition 2.6 Then, if we apply the transform ZE}f to both sides of the equality (26) and make the necessary
adjustments, we get

m— ﬁn

1 (o)
9 gw ; ® 0y ¥ OICIO
pEi (Y () 0) = Z& q(v ]ﬁ+1< kz;‘f T [q(v)]’g+1< ’

from Corollary 2.13. Consequently, if we take the inverse of transform ZEZ’ of both sides of the above equation with the
help of Theorem 2.14, we acquire the desired result.

Example 3.4. Take account of Riemann Liouville type [VP
f (h(x) —h(a))

RLDPy (x) + Ky (x) = o (29)
with the following conditions:
m—1<pB<m and y(a*) =By (30)
fork=0,1,..,m—1where K€ R, By € R,m e N,
0 = [(25) (e (o1 Py )
g () @)
and f (x) is satisfy that
® (0
fo =Y. L (1)
k=0

for x € R. Demonstrate that this problem has the solution given by

m—1 n
v =15, CO RO s (KO- @)

B+k
+Zf"><0> B i (KO0 - @),

Solution.
With the help of Theorem 2.14 and Corollary 2.12, the desired result can be reached with operations similar to the
solution of the previous example.

4. Conclusion

In this study, a new perspective on the Jafari transform has been introduced by proposing the quantitative
weighted Jafari transform, and its mathematical foundations have been thoroughly examined. Within this
framework, the transform of the fractional derivative and fractional integral of a function with respect to an
h function and a w—weight has been derived, and the fundamental properties of this transform have been
analyzed. Furthermore, the transform values of Mittag-Leffler functions with one and two parameters
under the proposed transform have been investigated. The theoretical findings have been applied to
solve classical and fractional initial value problems based on a  function and w-weight, showing that
the quantitative weighted Jafari transform is an effective tool for solving analytical problems. This study
establishes that the proposed transform provides a significant contribution to both theoretical mathematics
and applied sciences. In the future, we anticipate that this transform will provide innovative perspectives
and solutions for a wide range of renowned equations. Finally, as an open problem for researchers, we
propose investigating the solution of the Ulam-Hyers stability problem using the quantitative weighted
Jafari transform.
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