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Probabilistic extension of a general fixed point theorem
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Abstract. As a probabilistic extension of the theorem obtained by Pant et al. [R.P. Pant, V. Rakocevi¢, D.
Gopal, A. Pant, M. Ram, A General Fixed Point Theorem, Filomat 35(12) (2021), 4061-4072] in this paper,
we prove existence and uniqueness of a fixed point for a wide class of self-mapping defined on complete
Menger PM-space. Our theorem generalizes well-known fixed point theorems proved for Menger PM

spaces. Also, this theorem characterizes probabilistic metric completeness. Some examples and comments
are provided based on the obtained results.

1. Introduction
In 1971, Ciri¢ [5] introduced the notion of orbital continuity.

Definition 1.1 ([5]). If f is a self-mapping of a metric space (X, d) then the set O(x, f) = {f"x :n =10,1,2,...} is
called the orbit of f at x and f is called orbitally continuous if u = lim;_,o f™x implies fu = lim;_,o f f™x.

Every continuous self-mapping is orbitally continuous, but not conversely. Pant and Pant [17] introduced
another, weaker form of continuity.

Definition 1.2 ([17]). A self-mapping f of a metric space X is called a k-continuous, k = 1,2,3, ..., if ffx, — ft
whenever {x,}eN 15 a sequence in X such that fk‘lxn -t

A k-continuous mapping is obviously orbitally continuous. Recently, Pant et al. [18] introduced a
weaker form of these definitions.

Definition 1.3 ([18]). A self-mapping f of a metric space (X, d) will be called a weakly orbitally continuous if the set
ly € X:lim; f™y = u = lim; ff™y = fu} is nonempty whenever the set {x € X : lim; f™x = u} is nonempty.
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Using the notion of weak orbital continuity, Pant et al. [18] generalized Caristi’s fixed point theorem
[3] omitting the assumption that the function ¢ is a lower semi-continuous. Pant et al. [16] extended the
previous theorem to the framework of Menger PM-spaces (see also Hadzi¢ and Ovcin [9] (Theorem 9, p.
207) and Shisheng et al. [23] (Theorem 3, p. 221)).

Theorem 1.4 ([16]). Let (X, F,T) be a complete Menger PM-space. Let f be a weakly orbitally continuous or f* is
continuous or f is k-continuous mapping, for some k > 1, satisfying

Fop®) > €0 (t = (0(x) - 9(f))), (1)
for every x € X and t > 0, where ¢ : X > [0, o). Then f has a fixed point.

Remark 1.5. The condition (1) is equivalent to the following condition (see [9])

(Ya € (0,1]) sup {t: Fypl) <1-a} < ¢(x) - p(f2). )

Recently, Pant et al. [19] established a theorem that guarantees the existence and uniqueness of a fixed
point and can be applied to mappings that meet contractive type conditions as well as mappings that do
not. This result is independent of Caristi’s fixed point theorem [3]. Furthermore, Banach’s fixed point
theorem [1], Kannan’s fixed point theorem [11, 12], Chatterjea’s fixed point theorem [4] and Ciri¢’s fixed
point theorem [6] are particular cases of Theorem 2.1 proved in [19]. Further generalizations and extensions
in this direction can be found in Pant and Bisht [15], Mitrovi¢ et al. [14], Bisht [2].

As a probabilistic extension of the theorem obtained by Pant et al. [19], in this paper we prove the
existence and uniqueness of a fixed point for a wide class of self-mappings defined on complete Menger
PM-space. Our theorem generalizes well-known fixed point theorems proved for Menger PM-spaces
(e.g. results obtained by Sehgal and Bharucha-Reid [22] and Ciri¢ [7]). Also, this theorem characterizes
probabilistic metric completeness. Some examples and comments are given according to the obtained
results.

2. Preliminaries

Menger [13] introduced the concept of a probabilistic metric space (briefly, PM-space) using distribution
functions instead of non-negative real numbers as the values of the metric. Schweizer and Sklar [20, 21]
studied the properties of spaces introduced by Menger and have developed their theory in depth. The first
result from the fixed point theory for probabilistic metric spaces was obtained by Sehgal and Bharucha—Reid
[22] as a generalization of the classical Banach Contraction Mapping Principle.

Let A* be the set of all distribution functions F : R — [0,1] such that F is a non-decreasing, left-
continuous mapping, which satisfies F(0) = 0 and sup, g F(x) = 1. The space A* is partially ordered by
the usual point-wise ordering of functions, i.e., F < G if and only if F(f) < G(t) for all € IR. The maximal
element for A" in this order is the distribution function given by

0, t<0,
£o(t) ‘{ 1, t>0.
Definition 2.1 ([21]). A binary operation T : [0,1] X [0,1] — [0, 1] is a continuous t-norm if ([0,1], T(:,-)) is a
topological monoid with unit 1 such that T(a, b) < T(c,d) whenever a < cand b < d, forall a,b,c,d € [0,1].
Some examples of t-norm are minimum T(a,b) = min{a, b} (briefly T,,,), the product T(a,b) = a - b and

tukasievicz t-norm L(a, b) = max{a + b — 1,0}. For such t-norms, it holds min{a, b} > a-b > L(a, b).

Definition 2.2. A Menger probabilistic metric space (briefly, Menger PM-space) is a triple (X, ¥, T) where X is a
nonempty set, T is a continuous t-norm, and F is a mapping from X x X into D* such that, if F, , denotes the value
of ¥ at the pair (x, y), the following conditions hold:
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(PM1) Fy,(t) = eo(t) if and only if x = y;
(PM2) Fyy(t) = Fy(t);
(PMB3) Fyz(t+5) 2 T(Fyy(t), Fy2(5)) for all x,y,z € X and s,t > 0.

Remark 2.3 ([22]). Every metric space is a PM-space. Let (X, d) be a metric space and let T(a,b) = min{a, b} is a
continuous t-norm. Define F, ,(t) = eo(t —d(x, y)) forall x,y € X and every t > 0. The triple (X, ¥, T) is a PM-space
induced by the metric d.

Definition 2.4. Let (X, ¥, T) be a Menger PM-space.

(1) A sequence {x,}nen in X is said to be convergent to x in X if, for every € > 0 and A > 0 there exists positive
integer N such that F., (e) > 1 — A whenever n > N.

(2) A sequence {x,}nen in X is called Cauchy sequence if, for every € > 0 and A > O there exists positive integer N
such that F, ,, (€) > 1 — A whenever n,m > N.

(3) A Menger PM-space is said to be complete if every Cauchy sequence in X converges to a point in X.

Lemma 2.5 ([10]). Let (X, ¥, T) be a Menger PM-space and let @ : (0, 00) — (0, 00) be a continuous, non-decreasing
function which satisfies @(t) < t for every t > 0. Then the following statement holds:

If for x, y € X we have Fx,y((p(t)) > F, (t) for every t > 0 then x = y.

3. Main results

Theorem 3.1. Let f be a self-mapping of a complete Menger PM-space (X, ¥, T) and ¢ : X — [0, oo) satisfying

Eropn(®) 2 eoft = (6(0) = () + 9(y) = 9(f1)), 3)

for every x,y € X and t > 0. If f is a weakly orbitally continuous, or f is a orbitally continuous, or f is k-continuous
mapping (for some k € IN), then f has a unique fixed point.

Proof. Let xg € X. Define a sequence {x,}sen by X1 = fXo, X2 = fx1, ..., Xy = fx,_1, i€ x, = f"xo,n € N.
Then, we obtain that

Fan () 2 £0(t = ((x0) = d(Fx0) + Pplaxr) — b(fx1))) = eo(t — (d(x0) = p(x2)))-

is satisfied for every t > 0. Similarly, we obtain that the following inequalities

Fray fa(®) 2 £0(t = (9(01) = d(fx1) + Plx) — p(f12))) = eolt — (dx1) — P(x3)))
Fian s (8) 2 £0(t = (902) = P(Fx2) + Plxa) — p(fx3))) = et — (d(x2) = P(xa)))

hold for every t > 0. If there exists a point x;, for some i € IN U {0}, such that ¢(x;) — ¢(fxi+2) <0, then using
condition (3) we obtain that x;;; = fxj;1, i.e. x4 is a fixed point of f. Hence, we will suppose that

O(x;) — P(xiz2) > 0, (4)

holds for every i € IN U {0}. From inequality (4) it follows that {¢(x2n)}nen and {P(x2,-1)}nen are a strictly
decreasing sequence. Then, there exist 51,5, > 0 such that

nlgfolo P(x24) = 51, ,}E?o P(x24-1) = s2.
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Hence, for any given ¢, A > 0 such that § > A, it follows that
51 < P(xgn) <51+ A, 8 < P(xou-1) <52+ A, (5)
is satisfied for sufficiently large n € IN. Now, we will show that
Fy, () > 14, (6)
holds for sufficiently large n,m € IN. Hence, let us consider the following four cases.

Case 1. Letusassumethatn = 2p+1,(p € N),m = 2q,(q € N)and p < g. From (5) we get that ¢(x2p) —p(x2) < A
and ¢(x2p+1) — P(x24-1) < A hold. Then, we obtain that

b(x2p) = Plrag) = (Pxzpe1) = Plazg1)) = Ploxzp) — Pxzps1) + Plxag1) — blzg) < A.

Now, having in mind inequality (3), it follows that

Fr i, (€) = Fayypp0(€) 2 €0(e = (9(2p) = d(xapsn) + blx2g1) = Play))) 2 e0(e =) = 1> 1 -4,
is satisfied for sufficiently large n,m € IN.
Case 2. If we assume that n = 2p, (p € N) and m = 29 + 1, (g € IN), then Case 2 reduces to Case 1.

Case 3. Let us assume that n = 2p, (p € N), m = 2q,(g € N) and p < g. Hence, n + 1 is odd and m is even and
from previous cases we get that
€ €
o (5)2 0[5 -1)

holds for sufficiently large 11, m € IN. On the other hand, it follows that

Fa it (%) = Fxy, f (%) > & (% — (en-1) - <P(xn+1))) > g (% - A),

holds, for sufficiently large n € IN. Finally, we obtain that

€ € € €
Fuuns®)2 (e (5) P (5)) 2 T (3 =1) 2o - ) = 000> 122
holds for sufficiently large n,m € IN.
Case 4. If we assume thatn =2p +1,(p € N) and m = 29 + 1, (g € IN), then Case 4 reduces to Case 3.

From all cases we can conclude that {x,},en is a Cauchy sequence. Since X is complete, there exists a
point z in X such that lim x, = lim f?x, = z, forevery p > 1. Suppose that f is a weakly orbitally continuous

n—oo n—oo

mapping. Since {f"xo},en converges for every xp in X, weak orbital continuity implies that there exists
Yo € X such that f"yy — u, and f"*'yy — fu for some u in X. This implies u = fu, that is u is a fixed point
of f.If f is k-continuous for some k > 1, or orbitally continuous, then f is a weakly orbitally continuous.

Finally, we will prove the uniqueness of fixed point. If we assume that u and v are two fixed points of
self-mapping f, then it follows that

Fruolt) 2 ot = (6() — 9(fu) + $(0) = ¢(f0))) = &o(t) = 1,
holds for every t > 0,i.e. fu = fv,i.e. u =v. This completes the proof. [J

Remark 3.2. The condition (3) is equivalent to the following condition

(Yo e (0,11) sup{t: Fropy(h) <1 - a} < o) = d(fx) + p(y) = p(fy). 7)
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Example 3.3. In accordance with Remark 2.3 we have that the triple (X, F, Tyin) is a complete Menger PM-space,
for X C IR. Hence, let X = [2,4] equipped with the Euclidean metric. Define f : X — X by

f {%x+1, if 2<x<3,
X =

2, if 3<x<4.
It is easy to see that the mapping f is weakly orbitally continuous. Indeed, we have that f"x — 2and ff"x — 2 = f2

hold for every x € [2,3]. Let us define ¢ : X — [0, 00) by ¢p(x) = 5x.
Now, let us observe next three cases:

1. ifx,y € [2,3], then it follows that

Frop(®) = 2ot = 1fx = fy) = et = 3= yi)
> eo(t— %)z so(t— %(5x+5y—10))
= ot = (¢(x) = B(fx) + D) = B(fy))),
holds for every t > 0;

2. ifx,y € (3,4], then we have that

Fropu) = eoft =1~ fyl) = eo® 2 eo (£~ (5v-5- 3 +5y-5-3))
= eo(t = ($() = P(f2) + DY) — D(fY))),
holds for every t > 0;
3. ifx € [2,3) and y € (3,4), then we have that

1
-x+1--

fheaf-)

forfy(t)=€0<f—|fx—fy|):(t_ > ¥
> eoft = (6 - B(F)) = eo(t - (60) - S + 6 - B(F))),

holds for every t > 0.

For all three cases, condition (3) is satisfied for all x, y € X and every t > 0. Hence, all the conditions of Theorem 3.1
are satisfied and mapping f has a fixed point x = 2.

The first fixed point theorem in probabilistic metric spaces was proved by Sehgal and Bharucha-Reid
[22].

Theorem 3.4 ([22]). If a self~mapping f of a complete Menger PM-space (X, F, Tiin) satisfies contractive condition

Frofy(t) > Fyy (2) (8)

forall x,y € X, every t > 0 and q € (0, 1), then there exists a unique fixed point of the mapping f.
In next theorem we show that Theorem 3.4 is particular case of Theorem 3.1.

Theorem 3.5. If a self-mapping f of a complete Menger PM-space (X, F, Tin) satisfies condition (8), then the
mapping f also satisfies conditions of Theorem 3.1 and has a unique fixed point.
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Proof. From condition (8) and taking that y = fx, it follows that

t
Fpy px(t) 2 Fy (5), )
holds for every x € X, t > 0 and g € (0, 1). Furthermore, from condition (9) we obtain that
1
7S {t:Frpu) s1-af <sup{t:Fop(®) <1-al, (10)

is satified for every a € (0, 1]. Since t-norm T = T}, using condition (8) and condition (PM3) from Definition
2.2 we have that

t .
Frofy(t) = Fyy (5) > T(Fyy(at), Fry,y(01)) = min (F, f,(ab), Fy,,, (b0)},

holds for every t > 0 and g € (0,1), whereby we choosea > 1 and b € (0,1) such thata +b = }] Furthermore,
we have that

Fpofy(t) 2 min {F, g, (at), Fy,,, (b)}
> min {min {F, f.(ct), Frx (@)}, Efy, (0] (11)
= min {F o(ct), F s,y (@t), Fryy (01)],

is satisfied for every t > 0, for such chosena > 1 and b € (0, 1), whereby we choose d > 1, and ¢ € (0, 1) such
that ¢ + d = a. From condition (11) it follows that

fo,fy(t) 2 fo,fy (dt) (12)

holds, for every t > 0, and for such chosend > 1, or

fo,fy(t) > min {Fx,fx(ct), ny,y (bt)} (13)

holds, for every t > 0, and for such chosen b, ¢ € (0, 1).

If condition (12) holds, having in mind Lemma 2.5, then we obtain that fx = fy,i.e. Ffy s, (dt) = 1. Hence,
from (11) we have that 1 = Fg, f, (dt) < Fy g (ct) and 1 = Fpyry (dt) < Fy py (bt) iie. Fyp(ct) = Fyp (bt) = 1,
hold for every t > 0, and for such chosen b, ¢ € (0, 1). Finally, we obtain x = fx = fy = y, i.e. ¢p(x) = ¢(fx) =
o(fy) = ¢(y), for an arbitrary function ¢ : X — [0, o0). Finally, it follows that

Fropy(t) = £0(t) = ot = (0(0) = $(f2) + b(y) - $(f1))
holds for every t > 0, and contractive condition (3) is trivially satisfied.

Now we will assume that condition (13) is satisfied. Without loss of generality, let us assume that b > c.
Now, from condition (13) we obtain that

Pfx,fy(f) > min {Fx,fx(ct), Fy,fy(ct)}

is satisfied for every t > 0, and for the chosen ¢ € (0,1). Now, we get that Fg, r,(t) > Fy px(ct) or Fpy p(t) >
Fy fy(ct), ie. sup {t tFppy(t) <1 - ao} < %sup{t tFop(t) <1 - ao} or sup {t tFppy(t) <1 - ozo} < %sup {t :
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Fyr)<1- oco} for arbitrary fixed ay € (0, 1]. Finally, we get that

sup {t CFppy(t) <1 - ao} < %sup{t tFop(t) <1 a0= + %sup{t cFyp(H) <1- az():

< c(ll— D sup{t tFop(t) <1- Ofo} - c(lL—q) sup{t :Fop(t) <1- ao}
T sup {t: Fyy(t) < 1~ a0} - C(lq_ ) sup {t : Fy ,(t) < 1—ap)
<= {t:Pop(h) <1 - a0} - c(1q_ 5 %sup ft:Fropmh<1-a0) (4)
’ C(l;_wsup{t ) <1- ao} B C(lL_q) ’ %sup {t “Fpypyt) <1 - ao}

_1 1
< -9 sup {t cFop(t) <1 ao} - C(l——q) sup {i’ : folfzx(t) <1- aO}

1 1
+ c(l——q) sup{t cFyp(H) <1- ao} - c(l——q) sup{t tFpyp () <1- 0(0},
holds for arbitrary fixed ag € (0,1], every t > 0 and g € (0,1), and chosen c € (0, 1). If we define a function
¢ : X — [0,0) by p(x) = C(+_q) sup {t cFyp(t) <1 ao}, for g € (0,1), and chosen c € (0, 1) we obtain

sup {t tFppy(t) <1 - Oéo} < Q(x) — ¢(fx) + P(y) — ¢(fy).

Keeping in mind condition (2) it is obvious that ¢(fx) < ¢(x) holds. Thus, f satisfies the conditions of
Theorem 3.1 and, hence, has a unique fixed point. This proves that the Theorem 3.4 is a particular case of
Theorem 3.1. [

Ciri¢ introduced the notion of a generalized contraction in PM-spaces in [7].

Definition 3.6 ([7]). A mapping f will be called a generalized contraction if there exists a constant q € (0,1), such
that forall x,y € X

Fropy(@t) 2 min (Fy (8), Py p(8), Fy (), Fr 1y (28), Fy, 12(28)). (15)

Theorem 3.7. If a self-mapping f of a complete Menger PM-space (X, ', Tiin) satisfies the condition (15), then the
mapping f also satisfies conditions of Theorem 3.1 and has a unique fixed point.

Proof. Since T = Ty, using condition (PM3) from Definition 2.2 we get Fy r,(2t) > min {Fx,fx(t), F fx,fy(t)}
and F 7(2t) > min {Fy,fy(t),P x, fy(t)}. Then condition (15) becomes
Fpafy(t) 2 min {Fy (8), o e (8), Fy 5y (5), Fro (D),

for every t > 0 and g € (0, 1). From previous inequality it follows

fo,fy(qt) 2 Fx,y(t)/
ie.

t

fo,fy(t) = Fx,y (a) ’ (16)

or

Fropy(@t) = min {Fy £(8), Fy, 1 (D), Frr ()],
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i.e.
. t t t
Ffypy(t) 2 min {Fx,fx (5) Fyfy (;) Frefy (;I)} (17)

is satisfied for every t > 0, and g € (0, 1). If condition (16) is satisfied, then this case reduces to the proof of
Theorem 3.5. Hence, we will consider only condition (17). If in condition (17) holds that

. t t t t
in {Fx'fx (a)fm (:;) Frety (a)} = Frosy (a)'

is satisfied for every t > 0, and g € (0,1), then having in mind Lemma 2.5 we obtain that fx = fy, and
analogously to Theorem 3.5 we get that condition (3) holds. Hence, in the sequel, we will consider the case
when condition

oz 1)

holds for every t > 0, and g € (0, 1). From previous, it follows that Fy, ¢, (t) > Fy fx (é) or Fropy(t) 2 Fy (é) ,
ie. %sup {t CFppy(t) <1 ao} < sup {t tFop(t) <1- ozo} or %sup {t tFppy(t) <1 - ozo} < sup{t tFypy(t) <

1- 0(0} for arbitrary fixed ay € (0, 1].
On the other hand, from inequality (18), for y = fx and every x € X, it follows

. t t
fo,fzx(t) > min {Fx,fx (a) ,fo,fzx (ﬁ)} , (19)

for every t > 0 and g € (0, 1). Again, if we assume that

. t t t
min {Fxffx (a)ffxff% (a)} = Frop (a)

is satisfied for every t > 0 and g € (0, 1), applying Lemma 2.5 we obtain that fx = f2x,i.e. y = fyis a fixed
point and condition (3) is satisfied. Finally, we will consider only the case when condition

t
Fpy po(t) 2 Fy (5), (20)

holds for every t > 0 and g € (0,1), i.e. %sup {t tFpopa(t) <1 oz} < sup {t tFyp(t) <1- a}. The rest of the
proof is analogous to the proof of Theorem 3.5. [

We now show that Theorem 3.1 characterizes probabilistic metric completeness.

Theorem 3.8. Let (X,F,T) be a Menger PM-space. If every k-continuous or weakly orbitally continuous self-
mappings of X satisfying the condition (3) of Theorem 3.1 has a fixed point, then X is complete.

Proof. Let us assume the opposite, i.e that X is not complete. Then there exists a Cauchy sequence in X, say
{ay}nen, consisting of distinct points that does not converge. Let x € X be given. Then, since x is not a limit
point of the Cauchy sequence {a,},eN, there exists a least positive integer N(x) such that x # ay() and

t

FﬂN(x),ﬂm (E) 2 Fxr”N(x)(t)’ (21)

is satisfied for every m > N(x) and ¢ > 0.
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Let us define a mapping f : X — X by f(x) = an(. Then, f(x) # x, for every x in X. Using inequality (21)
it follows

t t
fo,fy (E) = FaN(x)raN(y) (E) 2 Fxﬂwm(t) = Fx,fx(t)/

if N(x) < N(y), or

t t
Frofy (E) = Faywang (E) Z FWN(w(t) =Fyzy(t),

if N(x) > N(y), for all x, y in X and every t > 0. From the previous two inequalities we get that F, r, (%) >

Fy px(t) or Fpy gy (%) > Fy ry(t), ie. §sup {t Fepe() <1— ao} > sup {t Fropy(t) <1- ao} or 1 sup {t : Fypy(t) <
1- ao} > sup {t tFpop(H) <1 - ao}, for arbitrary fixed ag € (0, 1].
On the other hand, taking y = fx in (21) we get N(fx) > N(x) and

t t
fo,fzx (E) = FaN(x),aN(fx) (E) Z FX/’JN(x) (t) = Fx’fx(t),

for every t > 0. From the previous inequality we have that

sup{t: Frpi(t) S 1-a} < %sup{t Fop<1-al, (22)

holds for every a € (0, 1]. Analogous to the previous one, we have that

t
Frypy (5) > Fypy(8),

for every t > 0, and

sup {t cFpypy () <1 a} < %sup {t cFy ) <1- a}, (23)

holds for every a € (0, 1].
Now, let us define a function ¢ : X — [0, o) by ¢(x) = 2sup {t s Fop(t) <1 - ao}, for arbitrary fixed
ap € (0,1]. Then, using (22) and (23) we get that

G() = P(fx) + DY) = P(fy) = 2sup {t : Fypu(t) <1 — o} = 25up {t: Fpy p(t) < 1 — ato}
+ ZSup{t cFy ) <1- ag} - 2sup{t tFpypy() <1 ao}

> 2sup {t (Fp(t) <1- ao} - sup{t Fope() <1— 010}
+ ZSup{t tFy ) <1- ag} —sup {t :Fyp()<1- ao} (24)

= sup{t tFop(t) <1 ag} + sup {t cFy ) <1- ao}
> sup{t tFpp(H) <1 - ao},

holds for arbitrary fixed ag € (0,1], and every ¢t > 0. From (24) and Remark 3.2 it is clear that f satisfies
condition (3) of Theorem 3.1.

Since the range of f is contained in the non-convergent Cauchy sequence {4, },en, there exists no sequence
{Xu}nen in X for which {fx,},en converges and the condition fx, — t = f2x, — ft is violated. Therefore, f
is a 2-continuous mapping. In a similar manner, it can be proved that f is a weakly orbitally continuous.
Thus, f is a 2-continuous as well as weak orbitally continuous self-mapping of X which satisfy the condition
(3) of Theorem 3.1, but does not possess a fixed point. This contradicts the hypothesis of the theorem. Hence
X is complete. This completes the proof. [
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