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Approximation by bivariate Bernstein-Kantorovich operators that
reproduce exponential functions

Kadir Kanat**, Melek Sofyalioglu Aksoy?, Halime Altuntas?®

?Department of Mathematics, Ankara Hact Bayram Veli University, Polatli, Ankara, Turkey

Abstract. In this study, we construct bivariate Bernstein-Kantorovich polynomials which reproduce

exponential function and investigate some approximation results for these operators. We use the test
functions to prove Korovkin-type theorem. Then we obtain the rate of convergence by means of the modulus
of continuity. We demonstrate the Voronovskaya-type theorem for the newly constructed operator. In the

last section, we represent some illustrative graphics to show the convergence of the constructed operators
and we give some numerical results.

1. Introduction

Bivariate form of Bernstein operators have been constructed in the literature. Some of these operators
are given in [5, 14, 15, 17, 18, 21, 25]. Bivariate Bernstein polynomial of order n on the simplex S =
:(x, VER%Lx,y>0,x+y< 1} for f € C(S) and n € N is given as follows:

n

n—k k .
B.f(x,y) = kz_;‘ L f (;, %) Puki(x, Y),

1)

where

— k . 4
P (%, y) = (Z)(n ; )xkyf(l —x -y

In [34], forn € N, f € L1([0,1] x [0, 1]) Pop and Farcas constructed two variable Bernstein-Kantorovich type
operators

Ky : Li(S) — C([0, 1] x [0, 1]). For any (x, y) € S, these operators are defined as:

n n—k k+1 j+1

K(fxn =0+ 7Y Y pue) [ [ e asa

k=0 j=0

n+l n+l
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wherek, j > 0.
In [10, 11], Aral et al. give modification of exponential forms of Bernstein operators defined as

Gif()=Gulfix) = ) f (%)e“k/ "¢ Puj(an(x)), x €[0,1], n €N,
k=0
where

mwmm=@%mm%—%mwk

and
eax/n 1
00 = S 3)
They defined the relation of their operators to the classical Bernstein operators as
Guf () = expu0B, | 0,0, @
expa’

Here, the exponential function is defined as exp,(x) = ¢**, for a real parameter a > 0. The generalization
given by Aral et al. [11] is a particular case of the modification introduced by Morigi and Neamtu in [33].

In 2021, Bozkurt et al. [16] give the bivariate Bernstein operators, which reproduce exponential functions
for each integer n and @, § > 0 in the domain S, 3 = {(x, y) € R%x,y > 0,a,(e, x) +a,(B, y) < 1} C S as follows:

n n-k

By f(x,y) = Z Z f (S %) Pujj(@n(e, x), an(B, ), (5)

k=0 j=0

where
—k , .
Puij(@n(a, x),a.(B, y)) = (Z)(n j )an(a, a8, y) (1 - an(a, x) — an(B, y))" 7.

Altomare et al. [7] showed a work of the approximation properties for a extensive class of Kantorovich-type
operators. The Kantorovich-type version of the well-known linear positive operators studied by several
mathematicians for example; in [35], the authors introduced a generalization of the Kantorovich-type
Bernstein operators based on g-integers. In [4], Acu and Muraru introduced a bivariate generalization
of the Bernstein Schurer-Kantorovich operators based on g-integers. In [1], the authors obtained Kan-
torovich modifications of (p, 7)-Bernstein operators for bivariate functions using a new (p, q)-integral. In
[6], the authors producted of a generalized A-Bernstein-Kantorovich type operators. Also they compar-
isoned for the bivariate A-Bernstein-Kantorovich type operators and the associated GBS operators by
means of graphs and tables for certain functions by using some algorithms. In [12], Aslan gave some
approximation properties of univariate and bivariate Kantorovich type new class Bernstein operators by
means of shape parameter A € [-1,1]. In [3], Acu, Aral and Rasa, studied Voronovskaya type results
and convergence in variation for the exponential Bernstein Kantorovich operators. For more research see
[2],[8],[13],[19],[20],[22],[24],[26],[27],[28],29],[30],[311,[32],[36] and [37].

This paper consists of 6 sections. In Section 2, we give the definition of a new type generalized
two variable Bernstein-Kantorovich operators and we obtain some auxiliary results such as calculation of
moment and limits of central moments. In Section 3, we mention the rate of convergence with the help
of modulus of continuity. In Section 4, we present Voronovskaya-type results. In Section 5, we illustrate
numerical examples with graphics. In Section 6, we give conclusion.
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2. Preliminary

In this article, we construct bivariate Bernstein-Kantorovich operators that reproduce exponential func-
tions.

Definition 2.1. Let So 5 = {(x, y) € R%x,y > 0,a,(a, x) +a,(B,y) < 1} C S for each n € N and o, B > 0. We define
bivariate Bernstein-Kantorovich operators for the functions f € C(Sa,) as follows:

n n—k

K (Fxy) = (@0, 8,90+ 12 Y Y pop i (@, ), ana (B, y) ©)
k=0 j=0

k+1 J+1

o
Xf f e P £(t,5) ds dt,
x Ja

n+l n+l

where

pn,k,j(an+1(a/ X), an-%—l(ﬁr ]/)) = (Z)(n ; k)an+1(a/ x)kan+1 (,B/ y)](l - an+1(a/ X) - an+1(ﬁ/ y))nikij/

ex/ntl _q ePy/n+l _ 1
tna (@, X) =~ ana (B y) = T
and

eI+l ' 6y = ﬁeﬁy/n+1
e o1y Y= Gy

A

a, B > 0 are real parameters and exp?;.ﬁ represent the exponential function defined by exp?}.ﬁ (t,s) := elot+iPs
for0<i,j<4

Lemma 2.2. Let n € N and (x,y) € Sa . Then the following equalities hold:

K:'ﬁ(l; X, y) = ¢ S| (gn+1 (1 — e ) + e (1 — e + e ))”,
(ax+By)(n+2)-p "
T we n+1 = By B
Kﬁrﬁ(eaf,‘ x,y) = ————|em(1—enl +end )) ,
(71 — 1)(n + 1)
(ax+py)(n+2)-a
T e n+1 ﬂ . . n
K:’:/ﬁ(eﬁs;x,y) = ‘i—(eﬁ(l ety +€ﬁ)) )
(emi —)(n+1)
1% @x4py(m)p ( ax b By n
Kgﬁ(@Zat; X, y) = ¢ 1+ (e wtl — et (e w4 1)) ,
% (axpy)o2)—a [ By —a , ax n
Kg/ﬁ((ﬂﬁS;x, y) = ¢ (enﬂ — ein (e + 1)) ,
K 1 i x(2 ax -5 B .\
Kty y) = 3 (ef + 1)667 R (eﬁ(eﬁ +1) — e (et — 1) _eﬁ) )
~“/ﬁ 4ot 1 a_ 2a (ax+By)(n+2) ax , 2a . o a 5B n
Kn (6 ;x, y) = 5 (1 + en+l + en+l )g n+1 e n+l (gn+1 + en+l + 1) — en+l (gn+1 + ]_) — en+l (gn+1 — 1) ,
‘B (ax+By)(n+2)
TH ape n+1
w, .
K ﬁ(eat+ﬁb; X, y) — (n+ 1)2

(7 —1)(e1 — 1)



K. Kanat et al. / Filomat 39:10 (2025), 3489-3500 3492

Proof. By taking f(t,s) = 1in (6), we obtain

k+1 j*1

ax By n Ll I
=~ aﬁ en+l en+l n+1 n+1
K::,ﬂ(l; X, y) = o axﬂ;y(” + 1)2 pnk](an+1 (ar X), an+l(ﬁ y))f f —at—ﬁs ds dt
(@x+By)(n+2)—a—B —g ax il By
= eynﬁ(eﬁ(l —enl) 4+ ewi(l —ewt + eﬁ))”.
By taking f(t,s) = e* in (6), we achieve
OC‘B eLXl eﬁ*yl nonck HT]l %
B n+ n+ n+ _
R B TFs = b AL W MR LR LA ) [ e asa
(n + ) emi —1 e — 1 k=0 j=0 ps w1
JRC LS , , .\
n+ — Y
= m eﬁ(l—em+em)) .
en+l — n+
By taking f(t,s) = ¢* in (6), we get
aﬁ eLXl eﬂl nonck % %
Kz’ﬁ(eﬁs;x, y) _ an+ e+ eax+ﬁy(n + 1)2 P Eln+1(0C X) an+1(ﬁ y))f f e~ ds dt
(m+12ewt -1, _q =O;; &5 YA
(ax+By)(n+2)—a
e n+l —a ax a
/i— (em(l —en + em))” .
(e —1)(n+1)
By taking f(t,s) = ¢ in (6), we have
of B o n ack 5 b
K@ xy) = 17 Y Y Pk (@,2), 301 (6, ¥) f f e ds dt
7% 2 _a B n,k,j\*n+ n+
(1’[ + 1) ert —1 et —1 k=0 j=0 n+1 fres)
@YD= [ ax 5 B "
= ezf (en+1 — et (enfl + 1))
By taking f(t,s) = €% in (6), we obtain
a‘B e£ eﬂ n n—k kL% %
—~ n+l n+l n+ n+
RP@#xy) = : 1YY pussia @) [ [ e asa
(141 e ~1 e -1 OJZ;‘ i Jik

(ax+By)(n+2)-a By

n
= ¢ n+l (enu _en+1 (en+1 + ]))

Other results can be obtained in a similar way.
0

Theorem 2.3. Let o, f € (0, 00). Then we have

lim Ko (exp 2, y) = expf (x,y)
for (i, j) € {(0,0),(1,0),(0,1),(2,0), (0,2)}.
Proof. Hereby, by choosing test function expf.f}ﬁ (t,5) = eI for (i, j) € {(0,0), (1,0), (0, 1)} we obtain

lgx;loKa Lxy =1, (7)

lim K* (e x, y) = e, 8)

n—oo
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lim K7, y) = . ©)
For (i, j) = (2,0) and (i, j) = (0, 2), we get
lim K3 (@ 4 &2 x, y) = &2 + 2PV (10
0
Theorem 2.4. Let @, € (0,00) and f € C(Su,p). Ki"ﬁ(f; x, y) converge uniformly to f on C(Sap).
Proof. According to Korovkin theorem [23], from (7), (8), (9) and (10) ,
lim (1K (exp{; %, y) = expl? (v, s, = 0
where (i, ) € {(0,0),(1,0),(0,1),(2,0),(0,2)}. We obtain the desired result. [
Lemma 2.5. For any (x,y) € Sqp, we obtain the limits of the central moments as follows:
lim n(K; (Lx, ) =1) = a’(=1+xx+ (=1 + 2+ By = By’) — a(l +x(=2 + py)), (11)
lim nKeP (e - ey x,y) = %aem‘(l +2ax? = 2x(1 + a — By)), (12)
i nRSP (e~ o) 2y) = SBeP(1 + 29— 2y(1 4 f - ), (13)
lim nKeP (e — e x,y) = —aP(-1+)x, (14)
lim nKy (@ = eP5x,y) = 21+ y)y, (15)
lim 2K (e - e™)hx,y) = Bate* (=14 1), (16)
lim Ky (e = ™), y) = 341+ )y, (17)
lim n(KP (&~ ™)@ —é")x,y) = —aprye™ . (18)
3. Rate of convergence
The modulus of continuity w(f, 0) for two-dimensional functions as follows [9]:
w(f,0) = supflf(x,y) — f(t,s)| : (,5) €S, \/(t —-x)2+ (s —y)* <96}
Theorem 3.1. Let f € C(Syp). Then following inequality holds
K (5, 9) = fx, )l < (1 + % + /%)w(f, 0),
where
P = (e% e (e% - 1))n e (e’ﬁ(l — o) e (1 — i) + 1)n (& + &2PY)

(2+n)(ax+py)-a

—a ax By n
+e (em(l—em)+em) -

-$ By s \"
(em(l —ewl + em))

et —1

ax(3+2n)+py(n+2)—p
2 we s
n+1

ax(2+n)+py(3+2n)-a
‘Be n+1

= ax. _a_\\"
+ ﬁ—(enﬂ(l—gvml +en+1)) .
ent — 1
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Proof. From the definition of the modulus of continuity, we have

. K (=27 + 5= P,
L@ﬁﬁ%w—f&ﬂﬂék+ (=m0 d))

By using the Mean Value Theorem, we get

Ky (fx,p) = floy)l - <

1 1 Ez'ﬁ (e — eax)2 + (eﬁs _ eﬁy)Z; X,y
{1+( ) e Neoiro)

Here, if we choose
52 = I}'gﬁ ((eat _ eaX)Z 4 (eﬁs _ eﬁy)Z;x, y),

we can write

IIzﬁf’ﬁ(f;x,y)—f(x,y)l < (1 + % + ﬁl—z)a)(f,é),

where
(ax+By)(1+2)—-p 2 il By n (ax+By)@2+n)—a—p o il By n
0 = e (6% —eml (em - 1)) +e w (e‘ﬁ(l —emt) +emi(1—em) + 1) (% + e2bY)
ax(3+2n)+py(n+2)—p
I ax By \" 2 ae i+l 5 By 5 \"
+e n+1 en+l (1 — en+1) +entl | — - et (1 — entl + gn+1)
n+1 et — 1
ax(2+n)+py(3+2n)-a
e n+1 _ ax n
+ (erfl(1 — e +eﬁ)) .
ent —1
|

4. Voronovskaya-Type Theorem

In this section, we mention a Voronovskaya-type asymptotic theorem for the K ( f;x,y). The inverse
of the exponential function for first variable  is log’ and the inverse of the exponential function for second
variable s is logy.

From Taylor’s expansion, for (x, y) € 6, we have

f6) = @ -en)| Sptosdo|| e - st tog|

(e ) (e e8)

1 at_axZa_z B at _ ax\(,Ps _ By i B a
+2 {(e ) [8x2f(loga,.) +2(e™ — ) (e — ) _8y8xf(log“'logﬁ)

(enx/eﬁy) (emc/eﬁy)

+ (e — ePY)? 7> (.,log?%)
ayzf +108p

(e e)

} +R(f, t,5%, Y1 — &™) + (ef* — ef?)?) (19)

where R(f,t,5;x,y) = 0,as (¢,5) = (x, y).
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By applying the operator K (;x, y) to both sides of (19), we write

— — ~ J
Kl (fixy) = f(x,y>1<n'ﬁ<1;x,y>+1<n'ﬁ<<e“f—e“xxx,y)[gf(logi,.)]

(ev,e)
“‘a,ﬁ ﬁs ‘B . a a
+K, (€% = e™);x,y) | 5= f (., logg)
&]/ (eax/eﬁy)
1 TP at _ axy2, i B
+5 {K ((e™ = e™)%;x, ) axzf(loga/-)
(e% )
TaB o at s _ of % p
aBooat _ axy,ps _ BYy. = a
+2 K P (e — e)(ef* — e ),x,y)[ Ty f(loga,logﬁ)] .

— . 9?2 N
+ Kn'ﬁ((eﬁ —ef)?; x, Y) [Tyzf(.,logﬁ)}

(e(vx /eﬁ y) }

KPR, 152, y) (e — e + (e — eP¥)); x, ).

Pk e e t ax J
KP(fxy - foy) = foonE Gy -1+ K (e e );x,y)[gf(logﬁr-)}

(e ef)

+KYP (6P — oPY); x, Y) [(%f(, logg)]

(e(vx/gﬁ y)

P2 IR - e, ) > f(logt, )
21" TN ox? @

(e ,eBY)

=, 9*
Ka,ﬁ at _ ax\(,Bs _ LBYY. B a
+2 n ((e e )(E e )/ xr ]/) [gyaxf(loga/ logﬁ)]

(e e¥) }

+KPR(f, 1,52, y) (€ = &) + (e — eP¥)); x, ).

(E“‘X,Eﬁy)

_ P2
+ K (" — ey x, y) [8_y2 f(.,logg)}

By using the following equalities in (20),

[afaog% _ 1 w9f@y)
ox | () a ox
[92f(log§,-)' _ w1y 19ftoy)
ox? | (e o a?  ox? a ox )
[azf (logh, logy) | _ 11 (@ py) If(x,y)
0Yox || gy - ap dyox ’

3495

(20)

(21)
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we obtain

KA (fop - fay = fanE Gy -1)+
+% afg; DRt (e - ebvy;x, )

1 _2ax 1 92f(x,]/) 1 af(x/y) 7, s P
+E {6 2 (a_z - - a P )Knﬁ((e t_ )2 X, ]/)
+= 2 —(ax+py) ZJ N1 I &f X y) U‘rﬁ

aﬁ dyox

gy (1 (92fx Yy 19f(x, Y)\ =ap

Zﬁ = y Bs _ PY\2.

+K PR 1,52, ) (@ — ™) + (e = ™)) x, ). (22)

—ax f(x ]/) aﬁ

(" —e™);x,y)

K" (e = e™)(e™ — e?);x, )

By taking limit of (22), we achieve
lim n(K" (Frx, ) = fy) = fly) lim 0K (L, y) = 1)

—ax (9 =
B G o )
N _;y Bf((;;]/) n(Kaﬁ((eﬁs _ E‘By) %, y))
+1 e—Zax lazf(x/y) _ laf X,y)
2 a?2  ox? a  ox

x lim n(KeP (e — &) x, 1))

L2 —(ax+ﬁy)af oY)
(X‘B y&x n—>oo
(L PFEY) 1@\ s
(o - 5 e i |

+ lim n(K (RO, 55, y)((@ = &) + (@ = &)%) x, ). (23)

m n(KSP (e = ) (e - ef); x, )

By using equations (11)-(18), we obtain

lim n(K(f0,9) — o y) = a2+ x)x + -1+ @+ ply — fy?) — all +x(-2+ fy))
8f(x3/
ox
K
fs;y = (1+2By2 - 2y(1 + - ax)

1[( Pflvy)  If(xy) af(x, )

+§{(— 2 taTo; )x(x—l)— Tyox 2x

Af(xy)  If(x,y)
+(_ ar Py )(y 1)}
+ lim n(KP R, 152, (" = 6™ + (@ = o)) x, ). (24)

(1 +2ax? = 2x(1+ & — ﬁy))

When we use the Cauchy-Schwarz inequality for

n(KyP(R(f, 1,55, (e — )% + (¢ — e)); x, ),
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we obtain

nKPR(E, 5%, y) (@ = €)% + (P — ef¥)?); x, )

Since R(t,s;x,y) — O as (¢,5) = (x,y),
lim K (R(t,;%, 1), %, ) = 0
n—00

nKyP(R(t, 5%, y)((e = )% x, y)
+nK P (R(E, 5%, y) (e — YY) x, )

3497

IA

PR (@ - ).

is verified uniformly in C(S, ). By using (16) and (17), we achieve the desired result

V}ggon(fﬁ'ﬁ(f;x,y)—f(x/y)) = flx,y)aX(

5. Graphical and Numerical Analysis

8f((99;y 2(1+200c -2x(1+a- W))
J
fg‘y 5 (1428 = 2y(1 + — ax))

2 ox2 o
( 92f(xy af(x y)) ( _1)}

1 _Pf(, &) U@y,
x(x—1) - Ty

“1+x)x +B(=1+ 2+ p)y - By*) — a(l + x(-2 + py))

VR Rt 552, 1), ) ( VR (e — e, )

In this section, we give graphical and numerical analysis of K3 f;x,y) operators which illustrate us the
modelling of approximation for the function f.

Example 5.1. Let f(x,y) = Sneos(y) for x,y € [0.1,0.9]. We show the graphs of K B f;x,y) operators for fixed

xX+y

B =2, n = 20 and the various values of a € {0.5,0.75,1}.

0.8

06

0.4

0.2

Figure 1: The graphs of 1?;“ (f;x,y) operators for f = 2 and for the various values of a.
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sin(x)cos(y)

We calculate the maximum errors of [|K3*( f:x,y)— f(x, y)ll for the function f(x, y) = —= y

x =y €[0.1,0.9], step size h = 0.1 in Table 1 and Table 2.

by choosing

a B I - KD - A IKEEH - A IKTH - A IKER = A
05 2 0.7896 0.6460 0.6130 0.5964 0.5786
075 2 0.7747 0.6369 0.6050 0.5895 0.5738
1 2 0.7600 0.6291 0.5985 0.5838 0.5780
Table 1: Error table for fixed g = 2 with different values of a.
Boa KPP =AI I D - Al KD - fIl IKEH - Al KL - A
05 5 0.5443 0.3445 0.2868 0.2547 0.2285
1 5 0.5674 0.4295 0.4122 0.4086 0.4066
15 5 0.7364 0.5997 0.5778 0.5663 0.5571

Table 2: Error table for fixed a = 5 with different values of 8.

Example 5.2. Let f(x,y) = S We give the graphs for KIOYO2(f;x, ), K203 (f; x, y) and K4 (f x, ).

x+y

Figure 2: The graphs of I?ﬁﬁ (f; x, y) operators for n = 20 and different values of «, 8.

6. Conclusion

In this work, we construct the exponential bivariate Bernstein-Kantorovich operators. Then we calculate
the rate of convergence with modulus of continuity for the functions define on C(S, ). Also, we give the
Voronovskaya-type asymptotic theorem. Finally, the error tables of the exponential bivariate Bernstein-
Kantorovich operators are given for different value of n, & and g.
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