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Abstract. In this paper, we construct a Beta-type generalization of the complex g-Baskakov-Schurer-
Szész-Stancu operators in compact disks. We present a modified Beta operator as a robust method for
approximating functions on compact disks. The versatility of the operator comes from its ability to manage
complex variables and adjust to various weight functions, making it an adaptable tool that can cater to a
diverse array of applications.

1. Introduction

During the past decade, researchers have been actively exploring the application of approximation
operators, which include g-analogues and integral type operators, in the field of approximation theory
(see [1], [3], [4], [6], [12]). The information about the approximation properties of complex g-polynomials
that are associated with analytic functions on compact disks can be found in [5]-[8]. Yiiksel introduced
a linear positive operator of q-Baskakov-Schurer-Szasz type and its Stancu generalization in [15]. Gupta
discussed the g-analogue of the complex q-Baskakov-5zasz-Stancu operators in [8]. Cheregi [4] has studied
in this direction g-Baskakov-Schurer-Szasz-Stancu on compact disks. In the actual study, we build upon
these works and present a variant of Beta-type generalization of complex g-Baskakov-Schurer-Szasz-Stancu
operators in compact disks. This paper deals with modified Beta operators [9]. For each integerk > 0,4 > 0,
the g-integer [k], and g-factorial [k],! are defined by

1—qk *
Kl =) T’ g€ R\ {1} ) 1
=g 70 ®
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for k € N and [0]; = 0, the g-factorial is define in the following:

N 60 P A PR 14 P / =B N
[k],! == {1, o

and respectively

1501 +4'z), VkeN*
(1+Z)’,§::{1 o(1+7q72) k=0

For integers 0 < k < n, the g-binomial coefficient is defined as:

(n) [y
k), Tl = Kly!

For fixed g > 1, we denote the g-derivative D, f(z) of f by
fa2)-f()
, 0
D, @)= 1= 27
£(0), z=0,

also D)f := f and Djjf := Dy(D;~' ), Vn € N.
For the q—exponent1al function, we have 2 forms:

Iflgl <1and |z| < ;= the g-exponential function e,(z) was defined by Jackson:

1
«(@) = Z[k] I A-a-gop

If |g| > 1,e4(z) is an entire function and

(9]

ey(2) = H(1+<q 1) ]+1)

j=0

To acquire another g-exponential function, we have to invert the base in (6)

o Kkk=1) k

B9 = ey = ) S = (= (1= 2l <

We immediately attain from (7) that
E@=][a+0-9z-¢)0<p<1
=0

The g-improper integral used in the present paper is outlined

ff(x)dx—(l q)Z ( ) JA>0

n=—oo

provided that the sum converges absolutely.
We consider an analytic function in a disk of radius R and center O.

3512

(10)
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Let Dg be a disk D = {z € C||z| < R} in the complex plane C.
Denote by H(Dg) the space of all analytic functions on D, f : [R, c0)UDRr — C continuous in (R, o) U Dg.
For f € H(Dg), we may write f(z) = Z cmz™, Yz € Dg.

m=

Letp, ke N,ne N\ {0},and fbe a contmuous function of real value in the interval [0, ), 0 < g <1 [7].

(o)

(@ ﬁ) [n p- q [n+plt+a
B pq (H(x) = [7’1+P]q kz;,b () fs 2Of ([n+p ﬁ)dt (11)
0
where
k\ 2 k
b = (n +Z + ) 4 mx’;m (12)
separately
+p+ 1]t o
o1p() = W% " 13)

2. Original results

Lemma 2.1. We define T;af (2) = B,(f;f?(ek)(z) and IO denotes the set of all non-negatives integers. For all

n,p,k € N°, 0 < a < Band z € C, we have the following recurrence formula

[n+p+1]z+k+1 (aﬁ)

@p o _2(1+2) @p)
Tupin @) = [n+p+1], DyT, @)+ [n+p+1], Topi @) (14)
Proof. [Proof of Lemma 2.1] We denote ex(z) = z* and write
(ap), ., _ [P —1l K
21+ 2D, 0@ = — ]q ;z(l +2) Dbt p(z) np(t)t dt

[n +pl, =

= m Z(k [n+p+1]2)b ,p(z) fs’;/p(t)tkdt
0

[n+p

e, o L) [t p e 10+ Ot 1t s 112 0

k=1

n+ 1
- u Z b2 f Dy (Ot + [+ p+ 1 TR @) = D+ p+ 11,27 0C)
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z(1+2) DqTr(liZi)(z) =—(k+ 1)T(a ﬁ)(z) [n+p+ 1]qu;‘ZfIZ(z) +n+p+1] T;apﬁlzﬂ( 2)

b+ p+ 1T, () = 21+ 2 DT @) + (e + 1+ I+ p + 19T 2)

7(@h) z(1+2z2) (@) [n+p+1lz+k+1 7(@f)
npk+1() [n+p+1], T”Pk() [n+p+1], "pk()

O

So the desired result is obtained for z € C.

Lemma 2.2. Let0 < a < , denoting B 5;0,22,)7(61')(2) by By, q(e)(2)], for all n, p, k € IN®, we have the following recursive
relation for the images of monomials e, under B,(;,'Z) in terms of Bypq(ej), j=0,1,--+ k:
k J k- j
7@ ﬁ) [n+p+ 1] |
Topic @ Z rpsil+pr D@ (15)

=0

Proof. For k = 0, equality (15) holds. Let it be true for k = m, specifically

(af), \ _ " oim\ [m+ p+ 1]1;0(”1_]' .
=1, f )q (v prly vy ra@E)] 1o

Applying (16), we have

() ) 2042 o (m) [n+p+ 1l |
Tn,p,mﬂ(z) = n+p+ 1]q ; ( j )q CETE: 1] o Dan,p,q(ej)(Z)

[n+p+1]qz+k+1i(m) [n+p+1]] m-—j

[7’1 + p + 1]11 =0 ] q([i’l + p + 1]q + Ig)m ”Pq(e])(z)

u [n+p+1]]+1 m=j
Z( ) el 7™

z(1+2z2) [n+p+1]z+k+1
[m Brpa@)@) + 2,

Bn,p,q(ej)(z)]

From recurrence relation for the complex q-Beta-Baskakov-Szasz-Schurer-Stancu operator, it succeeds that

(aﬁ) m [11+P+1]j m—j+1 [7’l+}7+ 1]] m—j+1 '
Tn,p m+1( Z ( ) [1’1 +p+ 1] gt ﬁ)m+1 ”F’q(ej)(z) + ; 1’1 +p+ 1]‘7 + ﬁ)m+1 ) Bn,p,q(e])(z)

m+1 j m—+1
Zz(m+l) [n+p+1a™/ €)@

i) (n+p+1], +pyt Bupa

\

which proves the lemma. O
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3. Approximation of complex q-Baskakov-Szasz-Schurer-Stancu operators

In the succeeding part, we give quantitative estimates concerning approximation with the following
theorem.

Theorem 3.1. For 1 <R < coand f : [R,c0) UDg — C continuous and bounded in [0, co) and analytic in D,
specifically f(z) = 2 2k, forall z € Dr, Yk =0,1,--- Let 0 < a < Band 1 < r < R be arbitrary but fixed. Then for

all|z|<randq>1ne]N we have

B(aﬁ) [n+p+1],(B+1)+p

Broa D = J OIS G S T p 11,4 47

where
C, =2(r+2) 2 leel(k + 2)17F ! < oo
k=1

Proof. By Lemma 2.2 we acquire
k=1 I ok k-1 1 k=i
(@p) N (k| [m+p il K [n+p+ilet
Tnpk(ek)(z) ek(Z) _;‘(j)q([n+P+1]q+ﬁ)k ( nw("])(z) €](Z) +]Z ([n+P+1]q +ﬁ)k ( )
N [n+p+11
([n+p+1];+8

) By pq(en)(z) — ex(z)

Using Lemma 2.1, one can receive

T( ﬁ)() Zk_ Z(1+Z) ( (aﬁ) 1(2) ) [n+p+1]qz+k( (O‘ﬁ)l( )—Z )

npk [n+p+1], npk= [n+p+1], Lok
N k-1)+ (k- 1)1’Zk_1
[n+p+1],

forallz € C, k,n,p € N. Now for 1 < r < R we denote the norm || - || in C(Dg) where Dg = {z€ C: |z| <1} .
In the closed unit disk we have the inequality |D,Px(z)| < ’fllPkllr, for all |z| < r, where Py(z) is a polynomial

of degree < k.
Thus, from the above recurrence relation, we obtain
(@B, \ _ k r1+r) (k=1 _(ap [n+p+1lr+k _(ap) e kr+2) 4
|Tnpk(z) zl< m+p+1],\ r ”T”Pk illr [n+p+1], |T"Pk @& -z 0+ [n+p+1],,r
which, using the notation y = r + 2 suggests
(cp) K < @40k ), rep k k-1
T @ =21 =1+ L5y I+ ey @ 0
- T(@p k k1
_(r+[ + +1])|| Lol + [n +p+1]q7/
Using induction with respect tok, n + p + 1 > y, the results are
@) K Yk +2)! A1y s
1 1
T, ¢ (@) = I_[n+p+1]q Nk > (18)
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The above recurrence becomes

(r+ yk+1) )[ (k+2)! Sl y(k+1)

(“ﬁ) (Z) k+1
(m+p+1];) [n+p+1] [n+p+1],

npk+1

< r+M (k+2) + r(k + 1)
- [n+p+1],

Sincen+p+1>vy

T @ =27 <+ k4 Dk + 2t +r(k+1) < (k + )

clearly valid for all k > 1 and fixed r > 1.
Using (18) we have

k— I o= I k=i
) ~ n+p+1] j () n+p+1] ]
T (00) = el < Z()([ﬂ+ﬁ+11q+ﬁ)k Bupales) = el +Z v+, +pr

[n+p+1]k
([n+p+1] +ﬁ)’<

[n+p+1]§ ] .

n,p,q(ek) —exlly + (1 - (n+p+ 1]q + ﬁ)k

<([n+p+1],,+a)k_ y(k +2)! et +rk[([n+p+1]q+ac)k_ [n+p+1]

T (n+p+1+pf n+p+1], (In+p+1l,+pF (n+p+1],+p)
[n+p+1] y(k +2)! ~rk‘1+(1— [n+p+1% ]-rk
([n+p+1]q+,8)k [n+p+1]; ([n+p+1],+p)

2y(k + 2)! _ kB
Sfoepetl, " el
([n+p+1])(B+1)+p

k-1
T (n+p+1(n+p+1l;+B) 2k +2) -y -7

k k
utilizing the inequality 1 — [T x; < Y (1 —x;) where0<x;<landj=1,--- k.
j=1 j=1
Now we write B,(f;,'i) NHz)=X ckaf;”? (z) which implies
k=1 P

B (@) - () < AT ) —

<Z|Ck| ([n+p+1lp)B+1)+p

k—1
Ynrprpnpr1,+p EF207 (19)

=2(r+2)-

(n+p+1l)B+1)+p
([ +P+1] )([Vl+p+1]q+ﬁ)2|ck| (k+2

forall1l <r < Randz < r. we denote
C, =2(r+2) Z leel(k + 2)177! < oo
k=1

Hence, the demonstration has been concluded. O
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Lemma 3.2. Forall|z| <v,r>1,4>1,n,p,ke Nwithn+p >r+1we have |T( ﬁ)(ek)(z)l < 4r*(k + 2)!.

Proof.

1T D el < 1T ) — el + el (20)

which by relationship (18) implies

(r +2)(k + 2)! Ak (r+2)(k+2)! x

(ap) Y L Y
T, " (eollr < [+ p+1], Cr(n+p+1l)

npk

||T£0;i)(ek)||r < (1 + %) (k+2)! + 7 < 3 (k + 2) + 7 < 4 (k + 2)!

forallr >1,n,pke Nandn+p2>r+1. O

Theorem 3.3. Let0 <a <fB,1 <r < Randq > 1. Assuming the conditions of the Theorem 3.1, for all |z| < r and
n,p € IN, the Voronovskaja-type result

(ap) at+l-pz-1) _#z+2)
B3 00 - 16 - 0 e

T.(f) N 2N,(f) . H,(f)
T (In+p+1]y)? In+p+1];  (n+p+1],+p)?

[
(21)

where

Ti(f) = M1, (f) + Mz (f) + Ms,.(f)

with

M (f) =2 ) leddle = 1208 = 2k +2)(r + 1)1 < o0
k=2

Mo, (f) = % Y leulie = 12k = 2%( + 1)) < o0
k=2

M, (f) = (r+2) )| leel(k = 1)k + 3)1(r + 1)1 < o0
k=2

and

00

NP = Y, lelr+ 2k + 214" < oo

k=n+p+3

H,(f) = Z leell(k — 1)(2a? + B> + ap) + (r + 2)(a + B) + BB + a + D]k + 2)lkr* < o0
k=0
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Proof. For all z € Dg, let we consider

(EY ﬁ) ﬁ _ Z(Z + 2) 17 _ _ _
By (N@) - f(2) —[n+p+ 1 f( ) —2[n+p+1]qf (2) = Bupq()(2) = f(2) [n+p+ 1, ——f(2)
__#Hz+D) o, @) ey _a-pez-1)
T et @ B O ~ Bas(NE) - S @
Using the fact that f(z) = f cxzF in second term we get
k=0
@m +1-z-1) , z2(z+2)
Bt () - £2) —n+p+l] R s A
z(z + 2) "
< |Bupg(f)(2) — f(2) s p +]_ ——f(z )—'EETI?;Ijﬁ;f‘(Zﬂ
1t (pd) —pz=1)
+ kZ:O‘ |ckl (Bnpq (ex)(2) — Bn,p,q(ek)( z) - [Tl T+ 1]11 — 1)
To estimate the first sum we write B, 4(f)(z) = E |ck|Brp,q(€x)(2)-
k=
Thus, ’
z(z +2) )
B”/Prq(f)(z)_f(z) [7’l+ +1]qf( )_ 7’[+P+1] f ( l
= 1 k- z(z +2) k-2
< kz:(; lckl |Brp,q(ex)(z) — ex(z) — mkz 1- 2[n+—p+1]qk(k - 1)z
z(z + 2) .,
BunaNG) = fO = frs qu O~ oy e T
S [k(k — 1)z + 2k(2 — k)]zZF!
< ; e [Brae6)(2) = ex(2) ~ =3
By Lemma 2.1, for all n,p, k € N and z € C we have
1 [n+p+1lz+k+1
B 6)C) = o AT Dy Bup)) + T B ()
Now we denote
_ k-1
0ut(2) = Bupa(e)(2) — exl) — e~ D2+ 22 D)z @)

2[n+p+1],

Oy k(2) is a polynomial of degree less than or equal to k. By simple computation and the use of the above
recurrence relation, we are led to:

_ z(l+2z) [n+p+1lz+k
On,k(Z) = —[1’1 T p+ 1]q qun,k—l (Z) + Womk_l(z) + En,k(z)
where
Enj(2) = ZZ—H(k P — 20 — 2k +2) 4 k- D=2 +1)

[n+p+117 2n+p+1%
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forallk > 2,n,p € N and |z| < r. Using theorem 3.1 we have the estimate

(r+2)(k+2)! 4

|Bn,p,,,(ek)(z) - ek(z)| < nrp+il,

It follows

|On/k(z)| < [nr(l’ + 1)

T—l—l]q |qun/k,1(2)| + (7"

+ m) |On,k—1(Z)| + )En,k(2)|

O -1(z) is a polynomial of degree < k — 1, so we get

k-1
[D;0141(2)] < =101 @y

From (22)
k-1 k= 1)(k — 2)er + 2(k — 1)(3 — k)]ex—
[D4Onx-1(2)] < T{IIBn,p,q<ek+1>—ek+1||r+ (G 2>[e;-++p(+”q>( eis }
k-1 (r+2)(k+2)! 5  [(k=1)(k=2)r+2(k—-1)3-k)]*2
ST [n+p+1]qr i 2n+p+1],
k-1 k=2

g [ Ak (- D=2 +2)

(k- DA2(r +2) [(k +2)! + (k = 1)(k — 2)]
a rn+p+1],
- *3(r + 2)(k + 3)!

[n+p+1],

Thus, we get

r(1+7)
[n+p+1],

*2(r + 1)(r + 2)(k + 3)!
[n+p+1]7

|qun,k71 (Z)| <

and

*2(r + 1)(r + 2)(k + 3)! (r —)
[n+p+112 [+ p+1

|0x(2)| < |On-1@)| + |Eni(@)|

forallk>2,n,pe N,n+p>r+1.Fork<m,n+p>r+1land|z] <rusingr+ <r+1weget

_k
[n+p+1],

*=2(r + 1)(r + 2)(k + 3)!

|04@)] < TS + (r + 1) |Onger )] + |Eni(2)|
q
with
2rk=2 ) ) Lk = 1)2(k = 2)%(r + 1)
|En(2)| < m(k— 12k — 2)(kK* = 2k + 2) + nsprID
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where |On,0(z)| = |On,1(z)| =0. Foranyze Cand 2 <k <n+p+ 1 we obtain

0] < 2 220 P -2 2] +2)

[n+p+1]; =
r(r + 1)k+1 2 )
n+p+1q;(] 1% -2)
(r + 1) (r +2)
[n+p+ 1 Z( +3)
_ 2k 1)2r(r + 1)k+1 (k- 202 -2k +2)+ (k —2)? N (k= 1)(r + 2)(r + 1)1 (k +3)

[n+p+1], 4r [n+p+1], '

It follows that
2 n+p

Bual D) 1O~ i O e @) = L kllow@l+ T adlowe)

1 + (k—2)?
< [n-i-p—+1]21§ 2lekl(k = 1)%r(r + 1)F+1 {(k 2)(k*> — 2k +2) + y” }

; " [k(k — 1)z — 2k(k — 2)]z1
ey g DO AV & B0 el -y

1 . k27
W—H]z ; leel(k — 1)2r(r + 1)K+ {(k 2)(k =2k +2) + —- }

1

o . S F+2)k+2) . KR+ 2!
Z (k 1)(1’ + 2)(7" + 1)k 1(k + 3)' + Z |Ck| m?’k 1 + 2[11+—p+1]q

k=2 k=n+p+3

v 2 k+1 2 (k- 2)2
——— ¥ 2ckl(k = 1)Ar(r + 1) < (k= 2)(k* — 2k + 2) +

[n +p+112 k2 4r

- - k+1 - (T+2)(k+2)! k=1 Tr(f)
irpe 1] 2 k=-D@r+2)r+ 1) (k+3)! + - n§p+3 |ck|—[n T rt < —([n A ILp

N:(f)

[n+p+1]

[n +p+1]
(23)

where
T, (f) = My,(f) + Mo, (f) + M3 ,(f)

with

(9]

My (f) = 2rZ leel(k = 1)2(2 = 2k + 2)(r + 1)F*! < o0

k=2

Mo, (f) = 5 3 Il = 17k = 2P0 + 1411 <
k=2

M;.(f) =(r+2) Z lexl(k = 1)k + 3)!(r + DF! < 0
k=2
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and

(9]

Ni(f)= Y loel(r +2)(k+ 217" < oo

k=n+p+3
Next, to estimate the second sum, using Lemma 2.2, we rewrite as follows
k-1

1 [n+p+ 1]j k=j
BS’ pﬁq)(ek)(z) = Bupa(ed@) + f(i p i 1]"‘ 2 Z (k) ([:+ 5+ 11, +pF

0
[n+p+1], )k

1- -B

[ +p

[n+p+1],

n,p,q (e i )(2)
J=

npq(€)(2)

Blz=1)—«a -1
m+p+1],+p

[n+ +1]j k=j
—Z(k) iy Bupa(e))

(n+p+1],+pf
ka[n+p+1]k 1
([7’1+p+1 ﬁ)k npq ek 1)(2)

Gt [n+p+1]]ﬁkf

k
) Z ( ) (n+p+1], +pF By q(ex)(2)

ﬁ(Z—l) k=1
* [n+p+1]£,+ﬁkZ

K [n+p+ 1]k
_Z( ) ([n+p+1], + Py Buupa(ej)()

ka[n+p+1]k 1
Tnrpril, + PR
k=2 [n+p+1]qﬁk]

k
_Z‘( ) (In+p+1];+pF By paq(en)(2)
kBln +p + 1157 k
- (In+p+1];+pF (Bn,p,q(Ek)(Z) -z )
ka k-1 [n+p+ 1]1';—1
+ [n+P+1]q+ﬁZ ETESIT =
+k—52k 1- [n+p+115"
[n+P+1]q+‘B ([n+p+1]q+ﬁ)k*1
_ ﬁ(a+ﬁ+‘82+[n+p+1]q)
[n+p+1]q([n+p+1]q+‘8).

( "rP/q(ek—1)(z) _ Zkfl)

Using Lemma 3.2 and the following inequality

[n+p+1], k& [n+p+1], B kp
([n+p+1 ﬁ) <Z(l_[n+p+1]q+ﬁ)_[n+p+1]q+ﬁ (24)
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We get

“ [n+ p+ 1]f k—j
,Z‘ ( ) ([n+p+1],+ Bk Bupqlej)2)| <

P

-2 (k) [n+p+ 1]j k=
(

[n+p+1],+pF Bp.q(ep)(@)l

=
N O

kk - 1) (k—z) [n+p+ 110
(

4 (k= k=1~ ([ +p+1], +pF "B pq(e)@)l

j=

k(k — 1) a2 _ "‘Z(k—z) [ +p + 1]jaki2
. - 4k1rk=2
=72 Wmtpril,+pr ; j ) mep+il, +pF2

2k(k — 1)k!rk—2a2
(In+p+1l,+p>*

<

We obtain

pz—1)—a k| < 2= Dk!rk—2a? L kr+2pa
[t+p+1l+p (n+p+1+p7> (n+p+1]+p)y
2k(k — 1)p? k2 k(k — 1)ap 1
+p+1,+p2 (n+p+1],+pQ
. kB(r + 2)(k + 2)! gl k(k - 1)p?
([n+p+1]; + ) ([n+p+1];+p)>
Bla+ B+ Br+[n+p+ 1]k

B (@) ~ Bupale)(@ + e 11t

(n+p+1]+p7
which led to
( 8) pz-1)—-a H,(f)
Byipq (€)(2) = Bupqler)@) + (n+p+1],+ ﬁkz = ([n+p+1]; +p)?

HA(f) = Z leell(k — 1) + B + aB) + (r + 2)(a + ) + B(B* + a + D)](k + 2)kr* < o0
k=0

which combined with (23) establishes the intended outcome. [

Theorem 3.4. Suppose that ¢ > 1,0 < a < B and the hypotheses on f in the statement of Theorem 3.1 hold, let
1 <r < Rbefixed. Then, foralln,p € N, n+p >r+1and |z| < r we have

1BED(f) = Pl ~ (25)

[n+p+1],
where the constants in the equivalence depend only on f,a, f and v, if f is not a polynomial of degree < 0.
Proof. For alln,p € N and |z| < r we have

a, +1
B () - @) =2 PPy

z(z + 2) "
[n+p+1], ] f@

2[n+p+1],

e p+1]2 b+ p 105 [B,E‘;,Z)(f)(z) - f(z)]

pz—B-a-1
[n+p+1],

z(z + 2)

f(z) - mf”(z)]-
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By utilizing the subsequent inequality

IE + Gllr = [IIEll- = 1G]l = [IFlly = lIGIIr

results
15555 - f||r_m I+ 1~ e+ pyf + LD ey -
.+ 2 @p), o, Ba—f-a-1_ ¢ e1+2)
[n+p+1]§[n+p+1] Bupg (F) =S+ [n+p+1], f f(Z)r

Taking into account the hypotheses on f, since f is not a polynomial of degree < 1 in Dg, we can write

@+1-pa+pf + LD ) >0

r

Now, by Theorem 3.3, it follows that

61—(06+‘B+1)
[n+p+1],

e (61 + 2

B - f 4 b

[n+p+1]; f - f”(Z)

where C > 0 is an independent constant.

Since m — 0asn — oo, there exists an index 1y depending on f, @, §,q and r such that for all n > ny
we have
_ / €1 (61 + 2) 17 _ 2, (aﬁ
(0(+ﬁ+1 .Bel)f f()r [7’1+P+1]q[n+p+1]q ”Bnpq(f) f
ﬁel (0(+‘B+1) ; 61(€1+2) " 1 €1+2) "
“Trpriap! Trapril @bz slla+p+1-peny + LD iy,
which implies :
(a[i) 1 B , €1 (61 + 2 ”
B3 () = Al > g |+ +1 = pen)f + ==
forall n > ny. For 1 <n <np—1we get
(aﬁ) rn(f)
1B ()= Al > G (26)
with
Moa(f) = [+ p + 1B - fll, > 0
Finally, we obtain
aﬁ
B(#) M)
B (D= flb > G @7
with
e1 (61 + 2)

MY (F) = min{M,1(F), -+, Mynoa(f), ||<a+/3 Ber) - f'+ 2

which combined with Theorem 3.1, we get the desired conclusion. [

- flIr)
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Theorem 3.5. Suppose that ¢ > 1,0 < a < B and the hypotheses on f in the statement of Theorem 3.1 hold, let
1 <r<r; <Rbefixed. Then, foralln,p,u € N,n+p >r+2and |z| <rwe have

R
1(BSH) " = o~ —

[n+p+1], (28)
where the constants in the equivalence depend only on f,q,u, 11, o, p and r, if f is not a polynomial of degree < u — 1.

Proof. [Proof of Theorem 3.5] Denote by I' the circle of radius r; and center O with 1 < r < r; < R. Since
|zl < rand y € T, we have |y —z| > r; —r and from Cauchy’s formulas we obtain for all |z| < r and
n,p € N,n+p>r+2that

a, (u) n ( ) - f(y)
(Brgl’ﬁq)(f)(z)) —f(u)(z) < % Pq f Y f)/ 7/‘

()/ — Z)u+1
(29)
M w o M
Tlnap+dly 20 n—pet T Inapadly (-
this verifies one of the inequalities in the equivalence.
From Cauchy’s formula, we get
(@f)
(aﬁ) (u __!anpq f)(V)—f(V) 30
(B0 e) " - o = 2 . (30)
Forall y e I'and p,n € IN we have
1
BR 0~ ) =, [(a P+ LDy >]
M rrers A 113(3,2?,5,@) OO - ) 31)
(@+1-By) ror+2 .,
mf () - 2[n+—p+1]qf (V))-
We apply Cauchy’s formula and obtain
. 1 2 “
BAOEY - 190 = o (e 1=+ X 2 >]
1 u! [”"'P"' ]q (aﬁ)
" [n+p+1], [Tmﬁ( (y — 2w By () (32)
pr-a-1, y(r+ "
=fO)+ mf () - mf ( )) dy]
Passing to the norm || - ||, we obtain
¥ 1 / 2 17 “
15§ pﬁq)(f)(” - I, —m (a+1~per)f + (61 ! f (z )] Il
1 u! [n+p+ ] (a ﬁ)
—mﬁ W( np ()= f() (33)

By —a- y(r+2
+[n+p+1 f( 2[n+p+1]qf ()/))dyr
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and from Theorem 3.3, for all p,n € IN we have

[n+p+ B By — yy+2)

”2m (- )u+1 ( npa (O) = F) + [n+p +—1] n ﬁf () - mf M)yl
Ll‘ 2mr > ﬁ) (34)

: 1 a
27-[ (rl 1’)”+1 ]_Zl r,j (f)
Since f is not a polynomial of degree < 0 in Dg, it can be written
_ ’ €1 (el + 2) 17 @

[(a+ﬁ+1 per) f +—2[n+p+1]qf >0 (35)

(see [6]). The remainder of the proof can be obtained similarly as in the proof of theorem 3.4. [

4. Conclusions

We constructed a variant of the Beta-type generalization of the complex g-Baskakov-Schurer-Szész-

Stancu operators in compact disks and studied several approximation properties. The modified Beta
operator that we proposed is a powerful tool for approximating functions on compact disks. Its ability to
handle complex variables and adapt to different weight functions make it a versatile tool for a wide range
of applications.
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