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Rough ideal convergence in G2NS

Tamim Aziz?, Sanjoy Ghosal**

?Department of Mathematics, University of North Bengal, Raja Rammohunpur, Darjeeling-734013, West Bengal, India

Abstract. In this paper, we demonstrate that the generalized 2-norm space (G2NS) cannot be metrized,
even if it is not a regular space. Additionally, we introduce and explore some issues related to the sets

of rough 7-limit points and Z-cluster points over G2NS, and we show how these sets can differ from the
established fundamental results.

1. Introduction

Gabhler [15] introduced the concept of distance between three points in space, calling it a 2-metric.
He later developed the idea of 2-normed spaces [16] and explored the geometry of these spaces [17].
Afterward, Chaipunya et al. [9] introduced a new concept of a general distance between three arbitrary
points, presenting g — 3ps. They also studied various fixed point theorems in g — 3ps spaces and proved that
the topology of a g — 3ps space is T1-separable but not T»-separable. Recently, Kundu et al. [20] proposed a
general version of a normed linear space called a generalized 2-normed space (G2NS). They discussed the
topology and demonstrated that the space G2NS is T,-separable. Additionally, they defined a generalized
2-norm (G2NS) on R? and proved that the topology of G2NS on R? differs from its standard topology.

Definition 1.1. ([20]) Let X be a vector space over R or C. A function N : X X X — R* U {0} is called a
generalized 2-norm or G2N if the following conditions are met:

(GN1) N(x,y)=0iffx=y=0.
(GN2) N(Ax, Ay) = |AIN(x, y) for every x,y € X and A € Ror C.

(GN3) There exist 7,5 > 0 such that N(x —z,y —z) <sforallx,y,z € X and N(x,x),N(y,y),N(z,z) <.
The pair (X, N) is called a generalized 2-normed space or G2NS.
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Definition 1.2. ([20]) Let (X, N) be a G2NS and consider the family By of all open balls of (X, N) where,
By ={Bn(x,7):x€ X, r>0land By(x, 1) ={ye X : N(x —y,x —y) <r}.

The topology of (X, N), denoted by 7y, is the topology with By as subbase which is T>-separable. Further-
more, a subset A C X is bounded if M(A) < oo, where

M(A) =sup{N(x —z,y—z): x,y,z € A}
is the maximal perimeter of A and for all x € X and r > 0, we have
M(BN(xl 7’)) = T’M(BN(O, 1)) < 00.

Proposition 1.3 (([20])). Suppose A : [0, 21) — Ris periodic with period 1 such that A([0, 2m)) C [m., m+] for some m.., mx >
0. Consider N : R? x R?> — R defined as follows:

N(r1e™, r2e'?) =

rn+1r a1+ ap
/\( )
2 2

Then, (R?, N) is a G2NS. Following a specific selection of the function A : [0,27) — R defined by

1ifaecQn]0,n)
ifa e Q°N[O0,m)
faen+QnNI[O0,m)
ifaen+Q°N[0,m)

AMa) =

NI= R N—=

in the aforementioned observation, Kundu et. al. [20, Example 4.17] demonstrated that the topology on R? caused by
that G2NS is distinct from the usual topology on R?. For this particular G2N N one can obtain:

Bn(0,1) = {re : tA(a) < 1} = {ré* : r < 1,0 € QN [0, 1)}

Ulre :r<2,aeQ N[0, m)}
Ufre:r<1l,aen+QnNJ[0,m)}
U

e r<2,a€emn+Q N0,

Kundu et al. [20] have shown that the space G2NS is T,-separable, and the topology of G2NS on RR?
differs from its usual topology. This leads to several important questions: Is the generalized 2-normed
space metrizable? Under which conditions can any norm be induced from a generalized 2-norm? Is the
convergence in the topology induced by a generalized 2-norm on IR? the same as the ordinary convergence
in IR?? To address these questions, we will provide some relevant examples. In conclusion, we declare that
the questions do not hold.

On the other hand, we will briefly discuss an important concept in set theory called the ideal of subsets
of N. A family 7 € P(IN) is termed an ideal on I if it satisfies the following conditions: (i) AUB € I
whenever A, B € 7, (ii)) B € 7 whenever A € I and B C A. An ideal 1 is considered non-trivial if it is not
empty and not equal to P(IN) [19]. The concept of rough convergence was first introduced in the works of
Phu [23, 24] and has since gained significant attention from mathematicians. Over time, this particular area
has drawn noticeably more attention to numerous mathematicians [2, 5-7, 21, 25-27]. Now, let’s review the
concept of rough 7-convergence in normed spaces.

Definition 1.4. ([11, 22]) A sequence {x,},en in a normed space X is said to be rough 7-convergent to x.
with degree of roughness r (> 0), if for each ¢ > 0, {n € N : ||x, —x.|| > r + ¢} € 1. Observe that r = 0
in the aforementioned definition corresponds to the definition of J-convergence of sequences [19]. In this
scenario, the definition of (classical) rough convergence is obtained when one set 7 =Fin (the set of finite
subsets of IN).
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We could follow references [1, 3,4, 12-14, 18] related to rough convergence, rough statistical convergence
and rough ideal convergence.

Our main goal is to explore the concept of a rough version of ideal convergence in G2NS. This concept
naturally encompasses rough ideal convergence in normed spaces by considering the generalized 2-norm
N appropriately. Additionally, we aim to provide a more general characterization of the rough limit set
I-LIMJ x; for any G2NS. Furthermore, the article thoroughly examines some related findings from [6, 7, 22~
24]. Due to certain properties of G2NS, the results we have obtained differ from those presented in previous
literature.

2. Main results

To address the previous question, we present an example that demonstrates the difference between
convergence in the topology induced by the G2NS on R? and the standard convergence in R2.

1, xeQ
1, xeR\Q
Next, we define the generalized 2-norm N : R? X R?> — R* U {0} in the following manner:

Example 2.1. First, we define a real-valued function f : R - Rby f(x) = {

(] + ol + [yl + lyal) - 3, ifx; =0

N((XLXZ)/ (yll yZ)) = {(IX1| + |xo] + |y1| + |y2|) f(;c—j), if x; # 0.

(GN1) Let N(x,y) = 0 where x = (x1,X2), ¥ = (11, ¥2). This ensures that x; = 0, otherwise N(x,y) would never
zero. Therefore, we have

=0ex=y=0.

N =

N((x1,%2), (y1,¥2)) = 0 & (x| + [y1] + [y2) -

(GN2) Letx = (x1,x2),y = (Y1, 42) € RZ. Then, it is evident that

N(Ax, Ay) = |AIN(x,y), for every A € R.

(GN3) Letx = (x1,x2),y = (y1,Y2),2 = (z1,22) € R? and let rbe a positive real number such that

N(x,x),N(y,y),N(z,z) < r and s = 8r.

Then, it follows that
N(x-z,y-z) = (1 =zl + Ix2 = zol + |y1 — z1l + ly2 — 22l) - f(2=22) whenx; # 24
(2 =zl +ly1 —z1l + Y2 — 22]) - 3 whenx; =z
1
< E(lxl —z1| + X2 — 22| + [y1 — z1] + |y2 — 22])
1
< E{(lxll +xal) + (Iyal + ly2l) + 2(|z1] + [z2])} < s

Thus, we can conclude that (R?, N) is a generalized 2-normed space.

Observe now that we can write By(0,1) = A U B, where A = {(x,y) € R*> : |x| + |y| < 1} and
B={(x,y) e R*:1<|x|+|yl <2and y/x € R— Q}.
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Consider the topological space (R?, ty) induced by the G2NS (R?,N). The sequences {X,},eN, {Unlnen in
R are set up as follows: for each n € IN, we have

1

1 n
i _(1 " _) and iy = S T han=3)"

2n

Let us set y, = Y,;_; ux. Then, it is obvious that both {x,},eN, {¥n}nen are increasing and (e, 1¢) is the
usual limit of {(x,, ¥»)}new. Now observe that

(\/E,%)e{(x,y)elezl < x|+ 1yl <2 and y/x € R - Q} C By(0, 1)

= (\/E, %) € Bn(0,1), whereas (x,, y,) € Bn(0,1) for any n € IN.
This assures that (x,, y,) + ( e, 1”—6) in (R?, ty). We assert that {(x,,, Yn)lnen has no limit in (R?, Ty). Assume,

on the contrary, {(x,, ¥x)lsen converges to (x.,y.) in the topological space (R?, Ty). Since 7y is finer than
the usual topology on R?, it follows that (x., .) = (Ve, %). Which is a contradiction, as we already obtain

(x4, yn) =+ ( e, %) in (R?, 7N)- The assertion therefore meets.

The subsequent example depicts that the topological space (IR?, Ty) defined in Example 2.1 is not regular.

Example 2.2. Consider the closed set K = R? \ By(0,1) in (R?, 7y) and p = (Ve, %) ¢ K. Consider an open
set V, in (R?, Ty) such that p € V. € By(0,1). Then, for sufficiently small ¢ > 0, we can write

X

{(aay)eRZ: \/<x— x/E>2+(y—%)z<e}m{<x,y>eRZ: Ler\Qfcv.

We set p, = (x, Yu), where x,, = (1 + 21_n)” and y, , for each n € IN. Note that {p,}sen

. 1
- ;2(4k —1)(4k - 3)

converges to p usually. So there exists 1, € IN such that for each n > n,,

Pn € B:(p), where B,(p) denotes the usual-open ball with center p and radius r.

For each n € NN, let us choose V,, € 7y such that p, = (x4, y») € V,. Since {z—:}neN C Q, therefore p, must

belong to the concentrate part of V,, for each n € IN. This ensures that for each n € N, there exists 0, > 0
such that Bs,(p,) € V,,. Thus, for each n > n., we have

Bs, (pn) N Be(p) # @
= Bs,(pn) N Be(p) N{(x,y) : y/x e R\ Q}) # @,
=V, NnB:p)N{x,y):y/xeR\QH)#+2=>V, NV, #+@.

Therefore, it follows that every open cover of K is also an open cover of {p, : n € N} and every open cover
of {p, : n € N} intersects every open set V. containing p. This ensures that the point p and the closed set K
cannot be strongly separated by open sets. Thus, the topological space (IR?, Ty) is not regular. Consequently,
it is not metrizable.

Remark 2.3. Does every generalized 2-norm (G2N) on a vector space X be obtained from a norm ||.|| on X?
The answer is yes. Setting N(x,y) = ||| + [lyll, for all x,y € X.

A generalized 2-norm (G2N) on a vector space X defines a norm ||.|| on X which is given by |x|| = N(x, 0),
for all x € X, provided G2N satisfies the following property

N(x+y,0) <N(x,0) + N(y,0) forall x,y € X.



T. Aziz, S. Ghosal / Filomat 39:11 (2025), 3669-3679 3673

The following example shows that any norm cannot be directly induced from the G2N by placing one
coordinate 0, i.e., ||x|]| = N(x, 0).

(o8]

Example 2.4. Letusconsider X = ¢ > the space of sequences of complex numbers {&,,},eN satisfying Zlén |% <

n=1
Q.

2
Letus define N : £2x¢% — R,0by N(x,y) = [Z@%] +[Z|nj|%} ,where x = (&, bnen, ¥ = {ulnen € €3
i=1

j=1
(GN1) Now N(x,y) =0 < [Zléfl;] +[Z|nj|;] =0 & & =0=njforalljeIN < x=0=y.
j=1 j=1

(GN2) Leta € Cand x = {&, }yen, ¥ = {Nn}nen € £2. Then, we have
N(ax, ay) = [Z |a5,-|%] - [Z |mz]-|%] = 2N, ).
= =1

(GN3) Finally, assume that x = {&u}neN, ¥ = (Mnlnen, 2 = {Cilnen € € > and rbe a positive number such that
N(x,x),N(y,y),N(z,z) < r, and set s = 4r. Observe that

N(x,x)<r=>Z|5,|z < \/g .

j=1

Similarly, we obtain

Note that for any a,b € C, we have |a — bl% < Ial% + Ibl%. So we obtain

iléi %Si 1 i %:@andilm—@l%<@.
i=1 i=1 i=1 =1

Therefore, it follows that

2 2
Nix-zy-z)= [Z (T leé] + {Z Inj - Cﬂi] Sdr=s.
j=1

j=1

Thus, N is a generalized 2-norm on ¢ 3. Since ¢ is not a normed space for 0 < p < 1, we conclude that
N(x,0) or N(0, x) cannot be a norm on X.

In our study of G2NS, we have introduced the concepts of rough 7-convergence and 7-cluster points
for a sequence. To illustrate this, we offer a significant example (see Example 2.6) demonstrating that the
set of rough ideal convergent sequences is distinct from the set of ideal convergent sequences in G2NS.
Additionally, we have defined the rough ideal limit set and established a connection between ideal cluster
points and rough ideal limit points of a G2NS-valued sequence.
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Definition 2.5. A sequence {x,},en in a G2NS, (X, N) is considered rough 7-convergent to x, with a rough-

I, .
ness degree r > 0, denoted by x, (—Nr)> x., if for every € > 0,

fneN:N(, —x,x,—x.)=r+e}el.
The non-negative real number r is referred to as the degree of roughness. The collection

T — LIMlyx; = {x* € X :x, < x*}

is designated as the r-limit set of {x,},en. We say that a sequence {x,},en is rough 7-convergent if there
exists r > 0 for which 7 — LIM;x; # @. In this case, the convergence associated with the ideal Fin is known
as rough convergence.

Let us demonstrate the novelty of the concept with a non-trivial example. Consider a sequence {x,}en
with values in G2NS that does not 7-converge to any point, but

I - LIMyx; # @, for some r > 0.

Example 2.6. Let us consider the G2NS as in Example 1.3and G = {g : N — [0, ) : g(n) — coand n/g(n) »
0}. We also consider an ideal [8] of the form

_ Ay — Foan v fUAN{L 2, nl)
Z,(f) ={A cIN : dy(A) = 0}, where dy(A) = ;}1_{?0 o)

where f is an unbounded modulus function and g € G such that f(n)/f(g(n)) - 0asn — oo.

Consider the unbounded modulus funtion f(x) = v, x € [0, ), and the weight g(n) = ¥/n,n € N. Since

75
lim n1/4 = 0, it follows that A € Z,(f), where A = {n° : n € N}. The sequence {x,},en in R? is now set up
n—00 [y
as follows:

_|rexp(i6,) ifnelN\A
"Tl-Dnn)  ifneA

where the sequences {0, },enva, {Tn}nenia In R are defined, respectively, as follows:

z 4+
-
n_

It is evident that the sequence {x,}.cn is not Z,(f)-convergent to any point in (R?,N), since

ifnef{2t:teN}\A

1
d =3-— f e IN\ A.
fne2—1:teNj\A O p for me N\

SR 3 |-

2t:teNJ\A 2t —1:te N\ A ¢ Z,(f).

(Zy()1)
—_—

Let us now show that x,, x., where r = 1.5 and x, = 0. Observe that for each ¢ > 0, we can write

Bn(0,15+¢&) 2 {re® :r<15+¢,0 € QN[0,m) U{re? : r <3 +2¢,6 € Q° N[0, 7))

Therefore, we have
{neN:N(, —x,x,—x) =r+¢} CA.

Since A € Z,(f), we have
{neIN:N(x, —x.,x, —x.) 21+ e} € Zy(f).

(Zy(f)1.5)

Thus, we can conclude that x,, 0in (R?,N).
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Definition 2.7. A sequence {x,},en in a G2NS is called 7-bounded if there exists M > 0 such that
{neIN: N(x,,x,) =M} eI

Our initial finding indicates that a G2NS-valued sequence is rough 7-convergent if and only if it is
JI-bounded.

Theorem 2.8. A sequence {x,}nen in a G2NS is rough I-convergent if and only if it is I-bounded.
Proof. First assume that {x,},en is 7-bounded. Then, there exists a positive M > 0 such that

fneIN:N(x,,x,) =M} eI

I,
Therefore, it follows that x,, (—I\]]VD> 0.

7z,
Conversely, suppose that x, (—Nr)> .. Then,

A={nelN:N(, —x,x,—x.)>r+1} e 1.

Let us pick arbitrary j € N \ A. Then, we have N(x; — x,,x; — x,) <7+ 1. We set t = N(—x., —x.). By (GN3),
there exists s > 0 such that N(x;, x;) < s. This ensures that

{neN:N(x,,x,) >s} CA.

Consequently, we have
{neIN:N(x,,x,) >s}el.

Hence, we deduce that {x,},en is 7-bounded. [J

The following result shows that the maximum perimeter of the set 7 — LIM}x; is finite.

Theorem 2.9. Suppose {x,}nenN is a T-bounded sequence in a G2NS (X,N). Then, the limit set I — LIMyx; is
bounded.

Proof. Letus fixx, € I — LIM;\,xi. Now consider arbitrary y. € 1 — LIM;\,xi. Then, we have A, B € 7, where
A={nelN:Nx, —x.,x,—x.)>r+1},

B=neIN:Nx,— Yo, xn—y.) >r+1}

Note that N \ (A U B) # 0, since N \ (A U B) € F(I) (where ¥ (7) is the filter associated to the ideal 7). Let
us choose any j € N \ (A U B). Then, we have

N(xj—x,xj—x) <r+land N(xj—y., xj—y.) <r+1.
Now from (GN3), it follows that there exists s > 0 such that
N = Xo, Y — x.) < 8.
This implies that y. € By(x.,s). Since y. was arbitrary, we have 7 — LIM}x; C By(x., s). Therefore, we have

M(T — LIMyx;) < M(Bn(x.,5))
= sM(BN(0,1)) < co.

Thus, we can conclude that 7 — LIM}x; is bounded in (X, N). O
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Theorem 2.10. Suppose {xX,}nen and {y,}nen are sequences in (X, N) such that x, (I—er)> x. and for each n € IN, we

. 1,
have y,, € Bn(xy, 12), where 11,1, > 0. Then, there exists s > 0 such that y, (—NS)> Xse

. . I, .
Proof. Let us fix €, > 0 and set t = max{r; + €., 2}. Since x, (—;)> X, it follows that

A=mnelN:Nx, —x,x,—x.)>r +e}el.
Then, for any j € IN \ A, we have
N(xj = x.,xj—x.) <11+ & < tand N(x; — y;,x; — yj) <1y < t (since y; € By(x},72)).
By (GN3), there exists s = s(t) > 0 such that N(y; — x., y; — x.) <s. Pick € > 0 be arbitrary. Then, we have
meN:N(y, —x., Yy —x.) 25+ ¢} CA.

Thus, for any € > 0, we have
meN:Ny,—x, yn—x)=s+¢}e 1.

I,
Therefore, we can deduce that y, (—I\:)> X.. O

Theorem 2.11. If the sequences {x,}nen and {ynlneN are rough ideal convergent to the same point x. in (X, N), then
there exists A € IN such that N \ A € I and the maximal perimeter of the set {x, — y, : n € A} is bounded by some
constant multiple of M(Bn(0, 1)).

Proof. Note that the given hypothesis ensures that there exist r1, 7, > 0 such that M;, M, € I, and for each
j €N\ (M; UM;) we have

N(xj —x.,xj —x.) <11+ g and N(yj — x., yj — x.) < 12 + &,

where ¢ is a fixed positive number. Let us take A = IN \ (M; U M,). Then, it is easy to observe that
IN\A =M; UM, € I.Let us now set t = max{r; + &g, 72 + €¢}. Thus, from (GN3), there exists s = s(t) > 0
such that N(x; —y;, x; — y;) <si.e., x; € Bn(yj,s) for each j € A. This ensures that {x, —y,, : n € A} C sBx(0, 1).
Consequently we have M({x, — v, : n € A}) <sM(Bn(0,1)). O

A connection between ideal convergence and rough ideal convergence is illustrated in the following
result.

Theorem 2.12. If {x,},en is T-convergent to x in (X, N), then for any r > 0, there exists s > 0 such that 7 —LIM}x; C
Bn(x,s) and x € U ﬂ Bn(x.,8).

s>0  x.el-LIMyx;

. . I, .
Proof. Since {x,}nen is J-convergent to x, for any r > 0, we have x, (—Nr)> x. Therefore, Theorem 2.9 entails

that there exists s > 0 such that for any y. € 7 — LIMx;, we have
x € Bn(y., 9). 1)

This gives y. € Bn(x, s) for every y. € 7 —LIMyx;i.e., I —LIM}yx; C By(x, s). Now from Equation 1, it follows
that

x € By(x.,s) for all x, € 7 — LIM}x; and for some s > 0

=S x€ ﬂ Bn(x.,s) for some s > 0
x.€l —LIM'Nx,-

=S xe€ U ﬂ Bn(x.,5).

5>0 x*eI—LIM;,x,

Hence, our assertion follows. [0
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Theorem 2.13. For any r,o > 0, there exists s = s(r,0) > 0 such that
I — LIMyx; + Bn(0,0) € T — LIMyx;.
Proof. We sett = max{r +1,0}. Let x. = y + z, where y € 7 — LIM}x; and z € By(0, 0). Therefore, we have
A={neIN:Nx,—y,x,—y)>t}€ T and N(z,z) <o < t.
Now by (GN3), there exists s > 0 such that
(neIN:N(x,-—y—-zx,—y—2z)>s+¢} CA, foreache > 0.
This implies x. € 7 — LIM}x;. Consequently, 7 — LIMyx; + By(0,0) € 7 — LIMyx;. O

Theorem 2.14. Suppose {x,}nen is a sequence taking values in a G2ZNS (X, N). Then, for any r > 0O, there exists
s = s(r) > 0 such that I — LIMyx; C int(Z — LIMjx;).

Proof. If T — LIMyx; = @, then we are done. So we assume that 7 — LIM}x; # @ and take arbitrary
x. € I — LIM}x;. Therefore, we have

A={neN:N(x, —x,x,—x.)>r+1} e 1.
Pick arbitrary y € By(x., 7). Again using (GN3), we can find an s = s(r) > 0 such that for each ¢ > 0, we have
mMeN:Nx,—y,x,—y)>s+e} CA.
This ensures that y € 7 — LIM}x;. Therefore, we have
Bn(x.,7) € T — LIM}x;.
Since x. was arbitrary, therefore we deduce that 7 — LIMyx; C int(Z — LIMyx;). O

Definition 2.15. Let x = {x,},en be a sequence G2NS (X, N). Then, y € X is an J-cluster point of x, if for
each € > 0,
(ke N:N@e—y,xx—y)<el ¢ 1.

The set Ff y denotes the assortment of 7-cluster points of x in (X, N).

Example 2.16. Consider the sequence as in Example 2.6. Since dg ({2t : t e N} \ A) # 0 and d/;({Zt -1:te
IN}\ A) # 0, for each ¢ > 0, it follows that

e Nz, € Bu(G ) o)} In € N € Bu(3 ), 0) € Zo().
It is easy to realize that the sequence {x,},en has no other 7-cluster point. Thus, we have
T
oy =16,3),6,m).

The subsequent results are pertained with 7-cluster points and the rough 7-limit set of a G2NS valued
sequence.

Theorem 2.17. For any sequence x = {X,},en in (X, N), we have

I — LIMyx; C ﬂ Bn(y,s), for some s = s(r) > 0.
yeriN
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Proof. Let x. € I — LIM}x; be arbitrary. Let us fix f > r. Then,
A={nelN:N(x,—x.,x,—x.) =t} er.
Now for any y € Fi N We have
B={nelIN:N(, —x,x,—x.) <t} ¢ 1.
Note that (IN\ A)N B # @, since (N\ A)N B ¢ 1. Let us pick any j € (N \ A) N B. Thus, we have
N(xj = x.,xj—x.) <tand N(x; —y,x; —y) <t

Therefore, (GN3) entails that there exists s > 0 such that N(x. -7, x. —7) < s. Since x, € J-LIM} x; was chosen
arbitrarily, we have
I —LIMyx; € Bn(y, )

for each y € I/, . Thus, we can conclude that

T-LIMx € () Bu(ys).

yefi N
Hence the results. [

Definition 2.18. A G2NS (X, N) is said to have property P if for each x € X there exists 6 > 0 such that
Bn(x,6) € Bn(y, s) whenever x € By(y, s) for some y € X and s > 0.

Theorem 2.19. If the G2NS (X, N) has the property P, then T’ is a closed set.
Proof. Assume y € cl(l“'; v) (cl(A) denotes closure of A) and pick ¢ > 0. Evidently, we have
Il NBx(y,€) # o,

so choose z € T f ~ N Bn(y, €). By virtue of property P, there exists 6 > 0 such that Bn(z,6) € Bn(y, ¢).
Therefore, we have

mneN:N(x,—z,x,-2) <0} C{neN:Nx, -y x,—y) <e}

Since {n € N : N(x, — z,x, — z) < 6} ¢ I, we deduce that y € FiN. O

3. Concluding remarks

In any normed space (X, ||.|l), the space (X, Ny;) is a G2NS, where Ny (x, y) = |lx]| +|lyl|, for all x, y € X. We
refer to this as the induced G2N on X by the norm ||.||. It’s easy to understand that (X, Nj;) has the property
P, but the G2NS given in Example 2.1 doesn’t have the property P. This is because for each (x, y) € By(0, 1)
with % €e R\Qand 1 < |x| + |y| < 2, there doesn’t exist any ¢ > 0 such that By((x, y), t) € Bn(0, 1). For this
induced G2NS, we can assign carefully chosen values of ’s” in terms of the degree of roughness v’ (e.g. s = r
or 2r) in the results obtained in the last section of this article. Several studies have already examined the
cases when the specific G2NS (X, Nj ) is taken into consideration (visit [5-7, 10, 23, 24]).
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