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New estimates for the B-Riesz transform
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Abstract. In this paper, we study the B-Riesz transformation Rg() generated by a generalized translation
operator TY (y € ). We prove that the Cotlar-type inequality holds for these operators. In particular,
we prove results related to the Cotlar inequality for the even and odd cases of the kernel of the B-Riesz
transform. Thus, new estimates for the B-Riesz transform in weighted Lebesgue spaces L, ., are obtained.

1. Introduction

In this study, we establish new estimates for the higher-order Riesz-Bessel transform associated with
the generalized translation operator TY (where y € IR}). A detailed discussion of these concepts will be
provided in Section 2. For the sake of simplicity, we will refer to the higher-order Riesz-Bessel transform as

the ”"B-Riesz transform” throughout this text. Our focus is on a problem derived from the classical Cotlar’s
inequality:

T ())(x) < CM(T)(x) + M(f)(x)), 1)

where T denotes a Calderon-Zygmund singular operator which may not be of convolution type and M
stands for the Hardy-Littlewood maximal function defined by

Mf(X)=(SQuB§|%| fQ If(y)ldy)- )

In (1) the classical Riesz transform (Riesz transform of order one) can replace T. The authors have
presented this result in [23]. It is important to note that the classical Riesz transform is a key operator of
Calderon-Zygmund type. In their paper, the Riesz transform is denoted by

Ri(H@) = C f DI ) ay.

i<t X =yt

2020 Mathematics Subject Classification. Primary 42B20; Secondary 42B25, 46152, 46E40.

Keywords. Generalized shift operator, B-Maksimal operator, higher order Riesz Bessel transform, Cotlar’s inequality.

Received: 10 November 2024; Revised: 17 January 2025; Accepted: 24 January 2025

Communicated by Maria Alessandra Ragusa

* Corresponding author: Ismail Ekincioglu

Email addresses: ismail.ekincioglu@medeniyet.edu.tr (Ismail Ekincioglu), cansu.keskin@medeniyet.edu. tr (Cansu Keskin),
burcuozyurt@halic.edu.tr (A. Burcu Ozyurt Serim)

ORCID iDs: https://orcid.org/0000-0002-5636-1214 (Ismail Ekincioglu), https://orcid.org/0000-0002-0998-4419
(Cansu Keskin), https://orcid.org/0000-0001-9868-2676 (A. Burcu Ozyurt Serim)



L. Ekincioglu et al. / Filomat 39:11 (2025), 3729-3740 3730

Hence the definition of classic the Riesz transform for a function f within the Schwartz space is given as

R(OW = Cpa. [ = fr=yay ®)

ly

In (3), the kernel as K;(y) = C ‘ylyﬁ The operator defined in (3) is of convolution type, which means that
f(x — y) can be considered as an ordinary translate.

We can also understand that the classical Riesz transform is based on this ordinary translate operator.
Instead of using the ordinary translate, which is a specific case of a generalized translation, we can consider
the generalized translation TY. This translation is known as the B.M. Levitan type (see [19]) and corresponds
to the solution of the Laplace-Bessel equation A, . This approach leads to the introduction of a new transform

called the B-Riesz transform, which we will denote R(yk). We remark that the representation of the k-th Riesz
transform R(yk ) as a principal value integral operator for every k € IN. Thus, we extend the results in [23]
where the result is shown for k = 1. Our primary objective is to determine whether this transformation

satisfies the Cotlar-type inequality criteria and, if so, to identify the necessary conditions. This leads to the
following result

R (F)(x) < C (M, (RY () + M, (f)(x)), (4)

called the Cotlar inequality, where the B-maximum operator M, and the B-Riesz transform Rgf) are generated
by the generalized translation operator TY. Note that if this inequality is satisfied, the kernel of the B-Riesz
transform is odd. Also, the inequality

RV f<c, MRV ) (5)

is satisfied if the kernel of the B-Riesz transform is even.

This article is structured as follows: Section 2 gives a brief overview of the general notations, focusing
on the context of the B-maximal operator M, and the B-Riesz transform Rg() derived from the generalized
translation operator T? in weighted Lebesgue spaces L,,,. In section 3, we will study the concept of the
B-Riesz transform generated by the generalized translation operator T¥ and the B-maximum operator M,,.

We then study the characterization of the Cotlar’s inequality for the B-Riesz transform Rgfc).

2. Preliminaries

Let IR" be the n-dimensional Euclidean space, and RY} := {x = (xy,...,x,) :x; >0,i=1,...,n}. Forx e R"
and 7 > 0, let B(x,r) = {xo € R" : [x — x| < r} denotes the open ball centred at xo with radius r, B(x, r)° denotes
its complement and Q = Q(x, r) stands for the positive part of the cubes centred at x € R}, and |B(x, )| is the
Lebesgue measure of the ball B(x, 7).

A weight w is a non-negative locally integrable function on R} that takes values in (0, +c0) almost
everywhere. A weight w is said to belong to Muckenhoupt’s class A,, for 1 < p < oo if there exists a
constant C > 0 such that

1 1/p 1 / 1/q
14 — —q/p b4
(IBI wa(x)(x,,) dx) (|B| wa(x) (x) dx) <C

for every ball B ¢ R}, where 4 is the dual of p such that 1/p + 1/q = 1. The class A; is defined by replacing
the above inequality by

1 f w(x) (x,)"dx < Cessinf w(x)
|B| B x€B

for each ball B C IR}. We also define Ay, = Ulgp@o Ap.
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Given a Lebesgue measurable set E and a weight function w, we denote the characteristic function of E
by x, and the weighted measure of E by w(E), where w(E) = fE w(x)dx. It is well known that if w € A, with
1 < p < oo(or w € A), then w satisfies the doubling condition; that is, for any ball B, there exists a positive
constant C such that (see [7])

w(2B) < Cw(B). (6)

However, if w € A, then for any ball B and any measurable subset E of the ball B, there exists a number
0 > 0 independent of E and B such that (see [7])

%sc(gf

Let w be a weight function on R’{. For 1 < p < oo, the weighted Lebesgue space L, ,,,(IR"}) is defined as the
set of all functions f such that

(7)

171l

Furthermore, for 1 < p < oo, we denote by WL, ,, ,(IR") the weighted weak Lebesgue space of all measurable
functions f such that

Py

:(va%mmwﬁm«a

”fHWme = S)\liloj)\ . [w({x eR": |f() > A})]l/p .

It is known that L, , , is a Banach space, and it is also known that the following equality holds for the norms
of the spaces L, and Le ;-

”f”oo,y,w = ;gg ”f”p,)/,w-

The Laplace-Bessel operator is defined by

? y 9
a—x%l-i'ga—xnand')/>0.

The generalized shift operator TV is defined by

where B, =

F(V_H) d
(TVf) () = —=— f f (x’ =Y, \Xi + Y — 2XuYn COS <P) sin’~" gdo,

&
where, ¥, ¥ € R",y > 0and C(y) = 7"z rr((i)).

Note that the generalized shift operator is related to the A, Laplace-Bessel differential operator [5, 14,
15, 20].

(a0 = (Foah = [ FT9) 0Ny dy. ®)

is defined as a generalized convolution.

Let ], be a Bessel function of the first kind, and let j, (x) = (x) is the normalized function of the
first kind j,. Then the Fourier-Bessel (Hankel) transform of the function f € Ly, (R") is

2y(+)
XV ] V4

BN = F AN = 7O = [ 0
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The Fourier-Bessel transform of function f € Ly, is

Bl f10) = [ o E)exp ™ i,

where xX'.& =x1& 4+ + xn—lén—l [19, 20]

The main aim of this paper is first to investigate the B-Riesz transform using the B-maximal operator
related to the generalized translation operator with weight L, ., spaces to obtain new estimates.

First, let us start by defining the B-maximal operator M,

My = M1 = (sup 7 [ T )

for r > 0 as well as its usual sharp B-maximal function M, ([10,11, 24, 28, 29]), is defined by

Mﬁf(x)—supmf f T F(x) — cl(ya)/dy ~ sup — f T F(9) — fol(y)dy,
a Js P11 ),

where

1
fo= g . oy

by f is the average of f over Q. Note also the equality,

M f() = ME(fT) ()7

which is useful for the sharp B-maximal operator above.

It is well known that the B-maximum function controls the mean value of a function with respect to any
radially decreasing function L1,,.

Recall that a function f on IR} is called radial if f(x) = f(y) for |x| = |y|. Note that a radial function f on
R’} has the form f(x) = k(|x]) for some function k on IR’;.

We will now introduce some properties of the B—maximal operator. Let’s start with a lemma that we
plan to use in this paper.

Lemma 2.1. Let k > 0 be a continuous function on [0, o) except at a finite number of points. Suppose that the
Sfunction K(x) = k(|x|) is integrable function on R} and satisfies K(x) > K(y) whenever |x| < |y| (i.e., k is a decreasing
function). Then, we have

sup(|f1+ K)(x) < [IKllz,, My (f)(x) ©)
for all locally integrable functions f on RY.

The proof of this lemma can be conducted in a manner similar to that described (see detail [8], Theorem
2.1.10, p.82). However, it is important to note that the inequality is confirmed when K is radial, compactly
supported, and continuous. Under these conditions, observe that as |y| — oo, the kernel K behaves as a
radial, compactly supported, and continuous function, increasing. Next, we note that when y = 0, it suffices
to prove the inequality. Once this is established, replacing f with TY f implies that the inequality holds for
all values of y.

Theorem 2.2. Let 0 <p < o0,y > 0and let w € A be a weight functin.

1) There exists a constant C > 0 such that

M fPemis<C | (M, FoY 0@)dx,  f € Lyy(RY).

Here, r > 0, positive constant C depending only on w and p.
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ii) Let ¢ : (0, 00) — (0, 00) be a function that satisfies the doubling condition. Then, there exists a constant C such
that

sup qo(t)a)({x eR!: M, f(x)> t}) < Csup go(t)a)({x eR}: Mg,,f(x) > t})
t>0

t>0

for f € L, (R}) Here, r > 0, positive constant C depending only on w and ¢.
Let Ryk ) be the B-Riesz transform on R” with a smooth homogeneous kernel

Qi(y)

|y|n+y 4

K(y) = € RY\ {0}, (10)

where Q(y) = Px(y)ly|™ is a homogeneous function of order 0. Let S"~! is a unit sphere and Q belong to the
class C®(8™™1). It satisfies the cancellation property

Qi(y)de(y) =0,
lyl=1

where 7 denotes the normalized surface measure on 8"
Let Py be a homogeneous harmonic polynomial of degree k > 1. Recall that Rg( ) f is defined as the
principal value convolution operator

RS = pe | KO)T ) (ndy = i RELF0), an

where 1 <k <nand Rgc)e

is that defined by

RO f(2) = fl KT 'y
y—x>€

It is essential to note that the limit in (11) applies to all x € R’} for functions f € L, ,(R}) with 1 < p < co.

The B-Riesz transform Rg) is classified as odd or even depending on the nature of the kernel. In particular,
for all y € R} \ {0}, the transform is considered odd if the kernel is odd and even if it is even.

Let R(yk ” be the B-maximal Riesz transform

RY" £(x) = sup R, f(x)|
e>0

for x € R}. Consider the inequality Rg() f associated with Rgf)* f. The first thing that comes to mind is the
basic estimate

IR flloy < CIRY flly,  f € Lay(RY). (12)
in L2 Ly
The transform RE,) f dominated by R f satisfies the inequality (5). Although weaker than (5), the
condition (12) still holds the inequality
R f(x) < CMYRPf)(x), x€RY, (13)

in the space L,,, where M2 = M,, o M, o M, represents the iterated B-maximal operator. Therefore, the
problem with this operator when working with a single kernel is inherent in the problem of multiple
kernels. As a result, condition (13) implies the inequality

IR fllpy < CIRY fll,y,  fELyy(RY), 1<p<oo (14)
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intheL,,.
Finally, we showed that if the kernel of the B-Riesz transformation Rg( )is even, then (4) holds, and the

stronger (13) inequality holds when the kernel of the B-Riesz transformation is odd. Recall that R;fc) is a
B-Riesz transform with a kernel represented by the function €, which has the form given in (10), where
Py is a homogeneous harmonic polynomial of degree k > 1. If Pi(x) = x, then the B-Riesz transformation

R;f‘) corresponds to a classical Riesz transformation R,. If the homogeneous polynomial Py need not be

harmonic but still has a zero integral on the unit sphere, then we call Rgfc) a polynomial operator. Recall that
P must be harmonic such that it satisfies the Laplace-Bessel equation.
Let us present our results, starting with the case of the odd kernel for the operator.

Theorem 2.3. Let Rg,k) be B-Riesz transforms with odd smooth homogeneous kernel (10). Then the following
statements are equivalent.

i)
R f(x) < CM*RPf)(x), xeRL
ii)
IRY fllo,y < CIROfIl,,,  f € Lo(RY).
Clearly, in Theorem 2.3, the condition (i) implies (ii) is a consequence of the bounded-ness of the Hardy-
Littlewood maximal operator on weighted L, ,, spaces when p = 2. The proof of (ii) implies (i) in Theorem

2.3 is proved in [21, 23].
We extend the results in [23],by considering higher order higher order Riesz Bessel transform.

Theorem 2.4. Let RY and R® be two the B-Riesz transforms. If f € Ly, ,0 <p < ooand w € A,

n y2

i) Then there exists a constant C such that
[ @ o rEromi < [ ag(rwyoms, (15)
where the constant C depends on w, and

sup %a}({x eR!: (RY o RDY(H)(x) > 1) < CS::(})) w(lx € R} : M2(F)(x) > 1)), (16)

1
o D1 ” (L)
where @ : [0,1) — [0, 1) a Young function and ®(t) = t(1 + log +f) = tlog(e + t).

ii) The estimates (15) and (16) still hold if Rgﬁ)* o R;f? is replaced by Rgﬁ) o Rgfz))* on the left-hand side.

Corollary 2.5. Let RY and R)(,kz) be two the B-Riesz transforms and let w € A;. Then there is a constant C such that

V1
TV (x)l
t

w(fxeR: RY" o RO) () > 1)) < C jﬂ; n cp( )w(y)dy, £>0, (17)

where O(t) = tlog(e + t) and the constant C depends on w, The estimate (17) holds with ng

Rgf? o R(ykz)* in the left hand side.

"o R(ykz) replaced by

1

As previously mentioned, the composition of the B-Riesz transforms Rg? and Rg? ,referred toas Rgfl) oRY =

72
Rg/]?yz, is not of the weak type (1,1). This is in contrast to the case of Fourier-Bessel multipliers of Rg{), where
the multiplier y satisfies the classical Mihlin condition. In fact, according to well-established classical

results, if Rgf? and Rg,kz) are two valid multipliers, then their composition operator R, o R,, is also classified
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as being of weak type (1,1). In fact, R,, and R,, are two multiplier operators. Each multiplier y;, j = 1,2 is
bounded, belongs to CM*[51*k in the complement of the origin, and satisfies the classical Mihlin condition,

(A%y))(E) < CIEP*3, £#0

for every a such that |a| <y + [5] + k.
The Riesz transformation is a smooth Calderén-Zygmund operator that possesses an additional cancella-

® the

tion property, which is essential for developing Theorem 2.4. Since R(yk " is precisely the adjoint of R,’,

pointwise inequality (5) directly implies that R(yk o Rg,k) is of weak type (1, 1).
Riesz transforms are not bounded on L;(R"). Instead, we consider the weak type (1, 1) property for Riesz

maps. Riesz transformations have the weak type (1,1) property. We think that the operator R(yk o Rg() is

also of weak type (1,1). This is not easy to prove, but from the following pointwise inequality

R RP()x) < CURDP) (H(x) + My(Hx), xeR: (18)

can be shown. Here (R;,k))2 = Rgff) o Rg( ) = —Iis a smooth singular integral operator and the B-maximal

operator (1, 1) is of weak type.
Now we specify the case of even operators.

Theorem 2.6. Let Rg,k ) be an even B-Riesz transform. Then there exists a smooth homogeneous B-Riesz transform
such that

RY RP(f@) < CRYP(H@) + My (H), xeR:,

where C, is a constant that depends on y. The operator Rgf‘) is defined by the identity Rgf‘)* o Rgf‘) = C,I, and the
operator Rg‘y o Rgf‘) is of the weak type (1, 1).

3. Cotlar’s pointwise inequality for B-Riesz transforms

The B-Riesz transform R;f{) we consider here is a continuous linear operator on L, (IR}) and its kernel K
satisfies the following inequalities:

Pl C
x|n+k+)/ - |x|n+k+y

K@)l < |

and the regularity condition

|x|°
|y|n+k+y+e ’

IK(x) = K(y)l < (19)

for some € > 0 and whenever |y| < %le. Here Py is a homogeneous polynomial of order k and sup |[Px(x)| =
M < oo [5].

For the results of the Calderon-Zygmund operators, see [9]. Considering the higher order Riesz Bessel
transform R(yk Jasan operator of Calderon-Zygmund type, it is natural to show that the Cotlar’s inequality (4)
is satisfied. We can find a useful improvement of the Cotlar’s inequality in [9] Then, it led to the following

main result, which is a source of inspiration for us.
Theorem 3.1. Let Rg( ) and R(yk " as before and let 0 <y < 1. Then there is a positive constant C, such that

R (1) < €, My(RY)x) + C, M, f(), xR, 20)
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Proof. Let f € L, (IR}) be a function such that 1 < p < coand y > 0. To prove (20), we also fix ¢ > 0 and we
set fi = fxB. and fo = fxp:(v). Since x ¢ supp f, whenever |y| > ¢, we have

RO L)) = f

R’

KO T ) () dy = f| KO T dy = R ),
+ y|=¢

Considering (19), for z € B: (x) we get 2|z| < |y|, whenever |y| > ¢ and thus

< |Z|yfl M (yn) dy

Jze |y|n+k+y+£

<(3) f| T (yn)' dy < Cye My f(x),

2 Jze |y|n+k+;/+s

IR o) = RY fo(2)] = ‘ f| K = KOITF) () dy
ylze

where the last estimate is a consequence of Lemma 2.1. We conclude that for all z € B¢ (x), we have

R £l = [RY 2] < [RY o) = RY (2] + R fo2) 2
<Cye M, f(x)+ ‘R;k)fl(Z)L

Integration over z € B (x), dividing by it follows from (21) that for z € B (x) we get |B: (x)|, we have

RO F()] < C e My f(1) + ( | RO £, (z)|dz) + My ([RY ).

1
RGNS
From the last inequality we obtain the desired result. O

Focusing on the problem of the Cotlar inequality in (20), it is essential to derive the inequality for the
B-Riesz transform R;k) and the B-maximal operator M, studied by Ekincioglu in [5]. Therefore, the following

inequality for the B-Riesz transform Rgfc) and the B-maximal operator M, can be derived and proved.

Theorem 3.2. Let R(yk) be B-Riesz transform. Then

i) If0 <p <ocoand w € Aw, then there exists a positive constant C,, that depends on w such that

f IRV f(x)Pw(x)dx < C, f M, f(x) w(x)dx. (22)
R R

ii) Let @ : (0,00) — (0, 00) satisfy the doubling condition, then there exists a positive constant C,, depending on w
and the doubling condition of ¢ such that

sup (p(t)w({y eR": |R§fc)*f(x)| > t}) < C,sup (p(t)a)({y eR": M, f(x) > t}).
>0

t>0

We will use a local version of (22) in the proof of the following Lemma 3.3. If 0 < p < 00, w € A, and Q is
an arbitrary cube, then there exists a constant w € A such that

f IRV f(x)Pw(x)dx < C, f M, f(x) w(x)dx, (23)
2Q 2Q

for any function f that is supported in Q.

The proof of this theorem is similar to the proof in [2]. However, it is worth noting that there is a different
approach to the above theorem, which can be found in [1]. This approach is based on the combination
of the well-known inequality, which is much simpler. Fefferman-Stein theorem 2.2 and is a pointwise
approximation of the next lemma (25) used in the paper.
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Lemma 3.3. If R(k) is a B-Riesz transform, then we have

MR f)(x) < Cy My(F)(x), (24)

and, for 0 <r <1,
ML RY () < Cypr My f(3). (25)
The inequality given in equation (24) is known to hold if we replace the right-hand side with the larger
operatorM, (f) for y > 1. We will begin by discussing the proof of (24) as presented in Lemma 3.3, which
utilizes standard arguments. Additionally, it is worth noting that an alternative argument can be found in

[16].
It suffices to show that C > 0 for some constants ¢ = cg such that

o f IRV f(y) = cldy < C, M, f(x). 26)

Let f = fi + f such that f1 = f x20. If we choose c = R( ) (f2))o, we can estimate the left-hand side of the
(26) by a multiple of

G f |R(k>(f1)(y|dy+IQI f IRP(f) = RO (f))oldy =1 +11.

To deal with (II), we use the regularity of the kernel in [9, p. 153]. So we have
II<C, M, f(x).

We will utilize (23) to verify I. Since f; is supported on 2Q, we have

< ® C c
I's QI LQ |Ry (Fy)ldy < [e] LQM)/(fl)(y)dy <C

|4Q| L‘Q M"(f)(y) dy

< Gy My ()

Proof. [Proof of Theorem 2.4] According to [[2] Theorem 3.2 and [6] Theorem 2.2] we have

fR (R o RO(N(x)) w < f (M, o R f(0)) wwydx < C, f]R (M o RY £ wix)dx

<C, | M fYw,

n
R}

In our previous estimate, we used (24) from Lemma 3.3, which leads to the equation (15) and concludes the
proof of the first part of the theorem. To establish (16), we will use similar reasoning, but this time we will
refer to part ii) of both Theorems 3.2 and 2.2. Consequently, we obtain

% 1 n
sup —~w({y € RY : IRg? 0R§{2f| > t}) <sup ——w({y € R} : y(R f)(y) > t})
0 © n >0 CI)(?)
T MERY () > 1) < sup — w({y € RY : M2(f)(y) > 1)),
=0 D(y 0 DP(¢

where @ : [0,1) — [0,1) a Young function and @(¢) = (1 + log +t) = tlog(e + t).
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We use a similar argument to prove ii) in Theorem 2.4. The main difference is that we first use Cotlar’s
inequality estimate from Theorem 3.1. Therefore, we have

fR (RS o RE( HE) w < f (M, o R £(x))" w(x)dx

R
< f (M, o M5 0 R f(x))” w(x)dx + f M2 f(x) w(x)dx = I +11.
R R!
We only need to check I. So it is sufficient to show that
M, oM, f < Cy,Mf(x). (27)

is satisfied. Thus, by Theorem 2.2, we obtain

1<C,, fR (Mo R} ) wEodx < C, s L (M2 oRY f0) wxdx < C, jﬂ; (v ) wxdx.

+

Here we have used (24) in the lemma 3.3 in the last estimate.

We still need to establish the validity of (27). Let x € R} and let Q = Q(x,r) denote an arbitrary cube
centered atx with side length . We need to show that

1
@LMWJ((V) dy < Cy M, f(x).

Then let f = fi + f so that fi = f xog. We can estimate the left side by a multiple of

! 1
al fQ My AW dy + 5 fQ My, fo(y)dy = T+11.

To deal with (II), we use that it is roughly constant over Q in [9, p. 299]. Hence, we get
I<C/M,,f(x) <C,M,f(x).

To prove (I), let us take r < 1 and observe that the maximal operator is bounded on L1,,(IR"}). Therefore, we
conclude that

Cyr
5 fz ) TY|f ()l dy < C, M, (f)(x).

I <

This completes the proof of part (i) of Theorem 2.4. The proof of the second part is similar to that of part
@. O

Proof. [Proof of Corollary 2.5] According to homogeneity, it is sufficient to assume ¢ = 1, and therefore we
only have to prove

wlly € R SR o REFwI > 1) < C, [ @0ty

Now, ® = t(log(e + 1)) ~ t(1 + log™ t) is submultiplicative, i.e. ®(ab) < ®(a)D(b), a,b > 0. Especially, ® is
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doubling. According to Theorem 2.4 and Corallary 2.5, we get

w(ly e R": [RY o RV f(y)|>1}) < Csup— RY o RY f(y)l > 1)
0 D(3)

1 n. 2
< C Stl;l(})) (D(%)w({y eR .Myf(y) > t})
1 f( x)|
< O] d
< P o) e (——)w(y)dy
1
y Z
< C sup o0 f}R P(TYfDP(S )w(y)dy

- ¢ [ o,
The proof is now complete. [

Proof. [Proof of Theorem 2.6] For classic Riesz transforms, for the B-Riesz transforms it is sufficient to prove
that

Ry (RY(F)O)] < CURS")*£(0)] + MF(0)),
" and note that(Rl)‘,”‘)2 = —I. Define K,, and Kj as the kernels of R;‘/

and R), respectively. Let B denote the unit ball in IR}. Since R’)‘, is an even B-Riesz transform, its kernel

where Rk* represent the truncations of R¥

outside the unit ball lies within the region ofR’)‘, ('see [21, 23]). More specifically, there exists a polynomial b
such that
Ky(x(y) = Ri(bxe)(y), y € R,

Therefore, if R’}‘, o Ré‘, = -1 ,wehave:

RE(R £(0) = f

lyI>1

_c f by X TY () (y) dy.

Ky () TY(RE F0) () dy = f RE () ()R F()dy

Obviously this integral is bounded by ClI|b||.~) (M, f)(0). So the proof is complete. [J
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