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Abstract. In this paper, we consider the following quasilinear and non-coercive p(·)−parabolic problem :
∂u
∂t
− div a(x, t,u,∇u) = f (x, t) − div F(x, t,u) in QT,

u = 0 on ΣT,
u(x, 0) = u0 in Ω,

with f ∈ L1(QT) and u0 ∈ L1(Ω). We study the existence of entropy solutions for this problem in the parabolic
Sobolev space with variable exponent V.

1. Introduction

Let Ω be a bounded open subset of IRN (N ≥ 2). For T > 0, we denote by QT the cylinder Ω × (0,T) and
by ΣT the lateral surface ∂Ω × (0,T).
Boccardo et al. have considered in [11] the quasilinear parabolic problem of the form

∂u
∂t
− div a(x, t,u,∇u) = f (x, t) in QT

u = 0 on ΣT,
u(x, 0) = 0 in Ω

(1)

where Au = −div a(x, t,u,∇u) is a Leray-Lions operator acting from Lp(0,T; W1,p
0 (Ω)) to its dual Lp′ (0,T;

W−1,p′ (Ω)) and f (x, t) is a measurable function that belongs to Lp′ (0,T; W−1,p′ (Ω)). They have proved the
existence of weak solution u for the problem (1) in the parabolic space Lp(0,T; W1,p

0 (Ω)).
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In [15], Blanchard et al. have studied the quasilinear parabolic problem :
∂u
∂t
− div a(x, t,u,∇u) + div (ϕ(u)) = f − div1 in QT

u = 0 on ΣT,
u(x, 0) = u0 in Ω

(2)

They have proved the existence of entropy solutions for the nonlinear parabolic problems (2). Moreover,
they have conclude some regularity results.
The domain of Sobolev space with variable exponent has received a much attention in recent years, this
impulse comes from their physical applications, such in electro-rheological fluids and image processing, we
refer the reader to [17] and [29]). Bendahmane et al. have studied in [12] the nonlinear parabolic problem :

∂u
∂t
− div (|∇u|p(x)−2

∇u) = f in QT,

u = 0 on ΣT,
u(x, 0) = u0 in Ω.

(3)

They have proved the existence and uniqueness of entropy solutions for this nonlinear parabolic problem.
We refer the reader also to [4].

In this paper, we study the non-coercive quasilinear p(·)−parabolic problem
∂u
∂t
− div a(x, t,u,∇u) + |u|p(x)−2u = f (x, t) − div F(x, t,u) in QT

u = 0 on ΣT,
u(x, 0) = u0 in Ω

(4)

where Au = −div a(x, t,u,∇u) is a Leray-Lions operator with degenerate coercivity, and the Carathéodory
function F(x, t, s) satisfy only some growth condition. The data f (x, t) and u0(x) respectively belongs to
L1(QT) and L1(Ω).
This paper is organized as follows : In section 2, we recall some definitions and basic properties concerning
the Sobolev spaces with variable exponents. We introduce in section 3 the assumptions on the Carathéodory
functions a(x, t, s, ξ) and F(x, t, s) for which our problem has at least one solution. The section 4 will contains
some important lemmas that are useful to prove our main result. The last section is devoted to show the
existence of entropy solutions for our non-coercive quasilinear parabolic problem (1) in the Sobolev spaces
with variable exponent V.

2. Preliminaries

Let Ω be an open bounded domain in IRN (N ≥ 2) , we denote

C+(Ω) = {measurable function p(·) : Ω −→ IR such that 1 < p− < p+ < ∞},

where
p− = ess inf{p(x)/x ∈ Ω} and p+ = ess sup{p(x)/x ∈ Ω}.

We define the variable exponent Lebesgue space for p(·) ∈ C+(Ω) by

Lp(·)(Ω) := {u : Ω 7→ IR measurable /

∫
Ω

|u(x)|p(x) dx < ∞}.

The space Lp(·)(Ω) endowed with the norm :

∥u∥p(·) = inf
{
λ > 0,

∫
Ω

∣∣∣∣∣u(x)
λ

∣∣∣∣∣p(x)

dx ≤ 1
}
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is a uniformly convex Banach space, and therefore reflexive. We denote by Lp′(·)(Ω) the conjugate space of

Lp(·)(Ω) where
1

p(x)
+

1
p′(x)

= 1 a.e. in Ω.

Proposition 2.1.

(i) For any u ∈ Lp(·)(Ω) and v ∈ Lp′(·)(Ω), we have∣∣∣∣∣∫
Ω

uv dx
∣∣∣∣∣ ≤ (

1
p−
+

1
p′
−

)
∥u∥p(·)∥v∥p′(·).

(ii) For all p1(·), p2(·) ∈ C+(Ω) such that p1(x) ≤ p2(x) a.e inΩ, then Lp2(·)(Ω) ↪→ Lp1(·)(Ω) is a continuous embedding.

Proposition 2.2.
We denote the modular

ρ(u) =
∫
Ω

|u|p(x) dx for any u ∈ Lp(·)(Ω),

then, the following assertions holds

(i) ∥u∥p(·) < 1 (resp,= 1 > 1)⇐⇒ ρ(u) < 1 (resp,= 1, > 1),

(ii) ∥u∥p(·) > 1 =⇒ ∥u∥p−p(·) ≤ ρ(u) ≤ ∥u∥p+p(·) and ∥u∥p(·) < 1 =⇒ ∥u∥p+p(·) ≤ ρ(u) ≤ ∥u∥p−p(·),

(iii) ∥un∥p(·) −→ 0⇐⇒ ρ(un) −→ 0, and ∥un∥p(·) −→ ∞⇐⇒ ρ(un) −→ ∞,

which implies that the norm convergence and the modular convergence are equivalent.
We define the variable exponent Sobolev space by

W1,p(·)(Ω) =
{
u ∈ Lp(·)(Ω) and |∇u| ∈ Lp(·)(Ω)

}
,

endowed with the norm

∥u∥1,p(·) = ∥u∥p(·) + ∥∇u∥p(·) ∀u ∈W1,p(·)(Ω). (5)

We denote by W1,p(·)
0 (Ω) the closure ofC∞0 (Ω) in W1,p(·)(Ω) for the norm (5), and we note the Sobolev exponent

by p∗(x) =
Np(x)

N − p(x)
for p(x) < N a.e in Ω.

Proposition 2.3.

(i) Assuming that 1 < p− ≤ p+ < ∞, the spaces W1,p(·)(Ω) and W1,p(·)
0 (Ω) are separable and reflexive Banach spaces.

(ii) If q(·) ∈ C+(Ω) and q(x) < p∗(x) for a.e x ∈ Ω, then the embedding W1,p(·)
0 (Ω) ↪→↪→ Lq(·)(Ω) is continuous and

compact.

Now, we define the parabolic space with variable exponent Lp(·)(QT), by :

Lp(·)(QT) :=
{

u : Ω 7→ IR measurable /

∫ T

0

∫
Ω

|u(x, t)|p(x) dx dt < ∞
}
.

Lemma 2.4. Let Ω be a bounded open subset of IRN (N ≥ 2) , with T > 0 and p(·) ∈ C+(Ω), then we have the
following continuous dense embedding

Lp+ (0,T; Lp(·)(Ω)) ↪→ Lp(·)(QT) ↪→ Lp− (0,T; Lp(·)(Ω)). (6)
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Definition 2.5. Let p(·) ∈ C+(Ω) and T > 0, we define the space V by

V =
{
u ∈ Lp− (0,T; W1,p(·)

0 (Ω)) such that u ∈ Lp(·)(QT) and |∇u| ∈ Lp(·)(QT)
}
.

We denote the modular ρ1,p(·)(u) for any u ∈ V by

ρ1,p(·)(u) =
∫

QT

|u|p(x) dx dt +
∫

QT

|∇u|p(x) dx dt.

The space V endowed by the norm

∥u∥V = ∥u∥Lp(·)(QT) + ∥∇u∥Lp(·)(QT),

is a separable and reflexive Banach space.

Lemma 2.6. (See [31]) Let B0, B and B1 be some Banach spaces with B0 ⊂ B ⊂ B1. Let us set

Y = {u measurable / u ∈ Lp0 (0,T; B0) and ut ∈ Lp1 (0,T; B1)}

where p0 > 1 and p1 > 1 are reals numbers.
Assuming that the embedding B0 ↪→↪→ B is compact, then

Y ↪→↪→ Lp0 (0,T; B)

and this embedding is compact.

Remark 2.7. Let p− >
2N

N + 2
, and

B0 =W1,p(·)
0 (Ω), B = L2(Ω) and B1 =W−1,p′(·)

0 (Ω),

with p0 = p− and p1 = (p+)′. Thanks to the Lemma 2.6, we obtain

{u : u ∈ V and ut ∈ V⋆
} ⊆ Y ↪→↪→ L1(QT). (7)

Moreover, in view of [12], we have

{u : u ∈ V and ut ∈ V⋆
} ⊆ C([0,T]; L1(Ω)). (8)

3. The time mollification of a function u in V

Let µ ≥ 0, we introduce the time mollification uµ of a function u ∈ V, by

uµ(x, t) = µ
∫ t

−∞

u(x, s)exp(µ(s − t)) ds where u(x, s) = u(x, s)χ(0,T)(s).

Proposition 3.1. (see [4]) If u ∈ Lp(·)(QT), then uµ is measurable in QT, and
∂uµ
∂t
= µ(u − uµ). Moreover, we have∫

QT

|uµ|p(x) dx dt ≤
∫

QT

|u|p(x) dx dt.

Proposition 3.2. (see [4]) If u ∈ V, then uµ → u strongly in V as µ→ +∞.

Proposition 3.3. (see [4]) If un → u strongly in V, then (un)µ → uµ strongly in V.

Remark 3.4. We have |(Tk(u))µ| ≤ k for all u ∈ V.
Indeed,

|(Tk(u))µ| =

∣∣∣∣∣∣
∫ t

−∞

µ exp(µ(s − t))Tk(u(x, s))ds

∣∣∣∣∣∣ ≤ k
∫ t

−∞

µ exp(µ(s − t)) ds = k

with Tk(u(x, s)) = Tk(u(x, s)).χ(0,T)(s).



B. Ferrahi et al. / Filomat 39:11 (2025), 3569–3591 3573

4. Essential Assumptions

LetΩ be a bounded open subset ofRN (N ≥ 2), taking 0 < T < ∞ and p(·) ∈ C+(Ω) such that p− >
2N

N + 2
.

We consider a Leray-Lions operator A acted from V into its dual V∗, defined by the formula

Au = −div a(x, t,u,∇u) + |u|p(x)−2u (9)

where a(x, t, s, ξ) : QT ×R×R
N
7→ RN is a Carathéodory function (measurable with respect to (x, t) in QT for

every (s, ξ) in R ×RN, and continuous with respect to (s, ξ) in R ×RN for almost every (x, t) in QT), which
satisfies the following conditions :

|a(x, t, s, ξ)| ≤ β
(
K(x, t) + |s|p(x)−1 + |ξ|p(x)−1

)
, (10)

for a.e. (x, t) ∈ QT and all (s, ξ) ∈ R ×RN, where K(x, t) is a positive function lying in Lp′(·)(QT) and β > 0.

(a(x, t, s, ξ) − a(x, t, s, η))(ξ − η) > 0 for any ξ , η in RN. (11)

There exists a positive decreasing function b(·) : [0,∞[7−→]0,∞[, and a constant b0 > 0 such that

a(x, t, s, ξ)ξ ≥ b(x, |s|)|ξ|p(x) with b(x, |s|) ≥
b0

(1 + |s|)λ(x)
, (12)

for a.e. (x, t) ∈ QT and all (s, ξ) ∈ R ×RN, where 0 ≤ λ(x) < min(1, p0(x) − 1) a.e. in Ω.
The lower order term F(x, t, s) : QT × R 7→ R is a Carathéodory function which satisfy only the growth
condition

|F(x, t, s)| ≤
b(x, |s|)

1
p(x) |s|a(x)(p(x)−1)

|x|β(x)
, (13)

with 0 ≤ a(x) < 1 and 0 ≤ β(x) <
N(1 − a(x))

p′(x)
a.e. in Ω.

We consider the quasilinear and non-coercive p(x)−parabolic problem

.


ut − div a(x, t,u,∇u) + |u|p(x)−2u = f (x, t) − div F(x, t,u) in QT,
u(x, t) = 0 on ΣT,
u(x, 0) = u0(x) in Ω,

(14)

with f (x, t) ∈ L1(QT) and u0(x) ∈ L1(Ω).

5. Some technical Lemmas

Lemma 5.1. (see [1]) Let 1 ∈ Lp(·)(QT) and 1n ∈ Lp(·)(QT) such that ∥1n∥Lp(·)(QT) ≤ C for 1 < p(x) < ∞. If
1n(x, t) −→ 1(x, t) almost everywhere in Ω, then 1n ⇀ 1 weakly in Lp(·)(QT).

Lemma 5.2. Let u ∈ V, then Tk(u) ∈ V for any k > 0. Moreover, we have

Tk(u)→ u strongly in V as k→∞.

The proof of this Lemma is the same as in the case of constant exponent p.

Lemma 5.3. (see. [4]) Let m > 0. Assuming that (10) − (12) hold true, and let (un)n∈IN be a sequence in V such

that : the sequence
(

dun

dt

)
n

is bounded in V∗, and un ⇀ u weakly in V, with∫
QT

(
a(x, t,Tm(un),∇un) − a(x, t,Tm(un),∇u)

)
· (∇un − ∇u) dx dt

+

∫
QT

(
|un|

p(x)−2un − |u|p(x)−2u
)

(un − u) dx dt −→ 0 for n −→ ∞,
(15)

then un → u strongly in V for a subsequence.
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6. Main results

Let Tk(s) = max(−k,min(s, k)), we set

Θk(r) =
∫ r

0
Tk(s) ds =


r2

2
if |r| ≤ k,

k|r| −
k2

2
if |r| > k.

(16)

Firstly, we introduce the definition of entropy solutions for our degenerated quasilinear p(x)- parabolic
problem.

Definition 6.1. A measurable function u is called entropy solution for the non-coercive quasilinear p(x)−parabolic
problem (14), if Tk(u) ∈ V for any k > 0, and

∫
Ω

Θk(u − ψ)(T) dx −
∫
Ω

Θk(u − ψ)(0) dx +
∫

QT

∂ψ

∂t
Tk(u − ψ) dx dt

+

∫
QT

a(x, t,u,∇u) · ∇Tk(u − ψ) dx dt +
∫

QT

|u|p(x)−2uTk(u − ψ) dx dt

≤

∫
QT

f Tk(u − ψ) dx dt +
∫

QT

F(x, t,u) · ∇Tk(u − ψ) dx dt

(17)

for any ψ ∈ V ∩ L∞(QT) with
∂ψ

∂t
∈ V∗ + L1(QT).

Theorem 6.2. Assuming that the conditions (10) − (13) hold true, then the non-coercive quasilinear p(x)−parabolic
problem (14) has at least one entropy solution.

Proof of the theorem 6.2
Step 1 : Approximate problem.

For any n ∈N∗, let (u0,n)n be a sequence in C∞0 (Ω) such that u0,n → u0 strongly in L1(Ω) and |u0,n| ≤ |u0|, and
we set fn(x, t) = Tn( f (x, t)).
We consider the sequence of approximate problems :

(un)t + Anun + |un|
p(x)−2un = fn(x, t) − div Fn(x, t,un) in QT,

un(x, t) = 0 on ΣT,
un(x, 0) = u0,n in Ω,

(18)

where Anv = −div a(x, t,Tn(v),∇v) + |v|p(x)−2v and Fn(x, t, s) = Tn(F(x, t, s)).
We define the operators An and Gn : V 7→ V∗ by∫ T

0
⟨Anu, v⟩ dt =

∫
QT

an(x, t,u,∇u) · ∇v dx dt +
∫

QT

|u|p(x)−2uv dx dt for any u, v ∈ V,

and ∫ T

0
⟨Gnu, v⟩ dt = −

∫
QT

Fn(x, t,u) · ∇v dx dt for any u, v ∈ V.

Lemma 6.3. The operator Bn = An +Gn acting from V into its dual V∗ is bounded and pseudo-monotone. Moreover,
Bn is coercive in the following sense :∫ T

0
⟨Bnu, v⟩ dt

∥v∥V
−→ ∞ as ∥v∥V →∞ for v ∈ V.



B. Ferrahi et al. / Filomat 39:11 (2025), 3569–3591 3575

For the proof of lemma 6.3 (see appendix).
In view of the lemma 6.3 (see [22]), there exists at least one weak solution un ∈ V for the parabolic problem
(18) .i.e :∫ T

0
⟨
∂un

∂t
, v⟩ dt +

∫
QT

an(x, t,Tn(un),∇un) · ∇v dx dt +
∫

QT

|un|
p(x)−2unv dx dt

=

∫
QT

fn(x, t)v dx dt +
∫

QT

Fn(x, t,un) · ∇v dx dt for any v ∈ V.
(19)

Step 2 : A priori estimates.

Let n large enough, by taking Tk(un) as a test function for the approximate problem (18), we have∫ T

0
⟨
∂un

∂t
,Tk(un)⟩ dt +

∫
QT

a(x, t,Tn(un),∇un) · ∇Tk(un) dx dt +
∫

QT

|un|
p(x)−2unTk(un) dx dt

=

∫
QT

fn(x, t)Tk(un) dx dt +
∫

QT

Fn(x, t,un) · ∇Tk(un) dx dt.
(20)

For the first term on the left-hand side of (20), we have Θk(r) =
∫ r

0
Tk(s)ds then Θk(r) ≥ 0 and |Θk(r)| ≤ k|r|,

it follows that∫ T

0
⟨
∂un

∂t
,Tk(un)⟩ dt =

∫
Ω

∫ T

0

∂un

∂t
· Tk(un) dt dx

=

∫
Ω

∫ T

0

∂Θk(un)
∂t

dt dx

=

∫
Ω

Θk(un(T)) dx −
∫
Ω

Θk(u0,n) dx

≥

∫
Ω

Θk(un(T)) dx − k∥u0∥L1(Ω)

≥ −k∥u0∥L1(Ω).

(21)

and since∫
QT

|un|
p(x)−2unTk(un) dx dt ≥

∫
QT

|Tk(un)|p(x) dx dt. (22)

Thus, by combining (20) and (21) − (22) we conclude that∫
QT

b(x, |un|)|∇Tk(un)|p(x) dx dt +
∫

QT

|Tk(un)|p(x) dx dt

≤

∫
QT

fn(x, t)Tk(un) dx dt +
∫

QT

Fn(x, t,un) · ∇Tk(un) dx dt + k∥u0∥L1(Ω).
(23)

Concerning the second term on the right-hand side of (23), In view of Young’s inequality and (13) we obtain

∫
QT

|Fn(x, t,un)||∇Tk(un)| dx dt ≤
1
2

∫
QT

b(x, |un|)|∇Tk(un)|p(x) dx dt + C0

∫
{|un |≤k}

|Fn(x,Tn(un))|p
′(x)

b(x, |un|)
p′ (x)
p(x)

dx dt

≤
1
2

∫
QT

b(x, |un|)|∇Tk(un)|p(x) dx dt + C0

∫
{|un |≤k}

b(x, |un|)
p′ (x)
p(x) |un|

α(x)p(x)

b(x, |un|)
p′ (x)
p(x) |x|β(x)

dx dt

≤
1
2

∫
QT

b(x, |un|)|∇Tk(un)|p(x) dx dt +
1
2

∫
{|un |≤k}

|un|
p(x) dx dt

+C1

∫
{|un |≤k}

1

|x|
β(x)p′ (x)

1−a(x)

dx dt.
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(24)

By combining (23) and (24), we conclude that

1
2

∫
QT

b(x, |un|)|∇Tk(un)|p(x) dx dt+
1
2

∫
QT

|Tk(un)|p(x) dx dt ≤ k∥ f ∥L1(QT)+C1

∫
QT

1

|x|
β(x)p′ (x)

1−a(x)

dx dt+ k∥u0∥L1(Ω). (25)

Since
β(x)p′(x)
1 − a(x)

< N then 1

|x|
β(x)p′ (x)

1−a

∈ L1(QT), it follows that

1
2

∫
QT

b(x, |un|)|∇Tk(un)|p(x) dx dt +
1
2

∫
QT

|Tk(un)|p(x) dx dt ≤ kC2. (26)

In view of (12) we obtain

b0

(1 + k)λ+

∫
QT

|∇Tk(un)|p(x) dx dt +
∫

QT

|Tk(un)|p(x) dx dt ≤ kC3. (27)

Therefore, we get

∥Tk(un)∥p−V ≤

∫
QT

|∇Tk(un)|p(x) dx dt +
∫

QT

|Tk(un)|p(x) dx dt + 2 ≤ C4(k + 1)λ+k, (28)

and we conclude that

∥Tk(un)∥V ≤ C5k
λ++1

p− for any k ≥ 1, (29)

with C5 is a positive constant that doesn’t depend on n and k. Then, the sequence (Tk(un))n is uniformly
bounded in V, and there exists a subsequence still denoted (Tk(un))n and a measurable function ψk such
that : {

Tk(un) ⇀ ψk weakly in V,
Tk(un)→ ψk strongly in L1(QT) and a.e. in QT.

(30)

On the one hand, thanks to (27) it is obvious that :

kp−meas{|un| > k} =
∫
{|un |>k}

|Tk(un)|p− dx dt

≤

∫
QT

|Tk(un)|p(x) dx dt +meas(QT)

≤ C6k,

which implies that

meas{|un| > k} ≤
C6

kp−−1 → 0 as k→∞. (31)

Now, we will show that (un)n is a Cauchy sequences in measure. For all δ > 0, we have

meas{|un − um| > δ} ≤ meas{|un| > k} +meas{|um| > k} +meas{|Tk(un) − Tk(um)| > δ}.

Let ε > 0, thanks to (31) we can choose k0(ε) ≥ 0 large enough such that

meas{|un| > k} ≤
ε
3

and meas{|um| > k} ≤
ε
3

for any k ≥ k0(ε). (32)
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Moreover, in view of (30) we can assume that (Tk(un))n is a Cauchy sequence in measure in QT, then for all
k > 0 and δ, ε > 0 : there exists n0 = n0(k, ε, δ) ≥ 0 such that

meas{|Tk(un) − Tk(um)| > δ} ≤
ε
3

for all m,n ≥ n0(k, δ, ε). (33)

Thanks to (32) and (33), we conclude that : for any δ, ε > 0, there exists n0 = n0(δ, ε) ≥ 0 such that

meas{|un − um| > δ} ≤ ε for any n,m ≥ n0(δ, ε).

Thus, the sequence (un)n is a Cauchy sequence in measure, and there exists a subsequence still denoted
(un)n such that un → u almost everywhere in QT. Consequently, thanks to (30) we conclude that

Tk(un) ⇀ Tk(u) weakly in V. (34)

Moreover, according to Lebesgue dominated convergence theorem we obtain

Tk(un) −→ Tk(u) strongly in Lp(·)(QT). (35)

Step 3 : Some regularity results.

Let h > k ≥ 1, we denote by ε j(n), j = 1, 2, ... some real valued functions which converge to 0 as n
goes to infinity. Similarly we define ε j(n, h) and εi(n, h, µ).
In this step, we will show that

lim
h→∞

lim sup
n→∞

1
h

∫
{|un |≤h}

a(x,Tn(un),∇un) · ∇un dx = 0. (36)

Let h ≥ 1, by taking
Th(s)

h
as a test function for the approximate problem (18), we obtain :

1
h

∫ T

0
⟨
∂un

∂t
,Th(un)⟩ dt +

1
h

∫
QT

a(x, t,Th(un),∇Th(un)) · ∇Th(un) dx dt +
1
h

∫
QT

|un|
p(x)−1

|Th(un)| dx dt

=
1
h

∫
QT

fnTh(un) dx dt +
1
h

∫
QT

Fn(x, t,Th(un)) · ∇Th(un) dx dt.
(37)

For the first term on the left-hand side of (37), we have Θk(r) =
∫ r

0
Tk(s)ds then

1
h

∫ T

0
⟨
∂un

∂t
,Th(un)⟩ dt =

1
h

∫
Ω

∫ T

0

∂un

∂t
Th(un) dx dt

=
1
h

∫
Ω

∫ T

0

∂Θh(un)
∂t

dx dt

=
1
h

∫
Ω

Θh(un(T)) dx −
1
h

∫
Ω

Θh(u0,n) dx.

(38)

Concerning the second term on the right-hand side of (37). In view of Young’s inequality we get

1
h

∫
QT

|Fn(x, t,un)||∇un| dx dt

≤
C0

h

∫
{|un |≤h}

|Fn(x,Tn(un))|p
′(x)

b(x, |un|)
p′ (x)
p(x)

dx dt +
1

4h

∫
{|un |≤h}

b(x, |un|)|∇un|
p(x) dx dt

≤
C0

h

∫
{|un |≤h}

|Th(un)|a(x)p(x)

|x|β(x)p′(x)
dx dt +

1
4h

∫
{|un |≤h}

b(x, |un|)|∇un|
p(x) dx dt

≤
1
2h

∫
{|un |≤h}

|un|
p(x) dx dt +

C1

h

∫
QT

1

|x|
β(x)p′ (x)

1−a(x)

dx dt +
1
4h

∫
{|un |≤h}

b(x, |un|)|∇un|
p(x) dx dt.

(39)
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Having in mind
1
h

∫
Ω

Θh(un(T)) dx ≥ 0, and by combining (37), (38) and (39), we deduce that

1
2h

∫
{|un |≤h}

a(x, t,Tn(un),∇un) · ∇un dx dt +
1

4h

∫
{|un |≤h}

b(x, |un|)|∇un|
p(x) dx dt

+
1
2h

∫
{|un |≤h}

|un|
p(x) dx dt +

∫
{|un |>h}

|un|
p(x)−1 dx dt

≤
1
h

∫
QT

| f (x, t)| |Th(un)| dx dt +
C1

h

∫
QT

1

|x|
β(x)p′ (x)

1−a(x)

dx dt +
1
h

∫
Ω

Θh(u0,n) dx.

(40)

We have f (x, t) belongs to L1(QT), and since
β(x)p′(x)
1 − a(x)

< N then 1

|x|
β(x)p′ (x)

1−a(x)

∈ L1(QT). Having in mind that

|Th(un)|
h

⇀ 0 weak−∗ in L∞(QT), we deduce that

ε1(n, h) =
1
h

∫
QT

fn(x, t)Th(un) dx dt +
1
h

∫
QT

1

|x|
β(x)p′ (x)

1−a(x)

dx dt→ 0 as n, h→∞. (41)

and since u0 belongs to L1(QT), then

ε2(n, h) =
1
h

∫
Ω

Θh(u0,n) dx =
∫
{|u0,n |≤h}

|u0,n|
2

h
dx +

∫
{|u0,n |>h}

|u0,n| −
h
2

dx→ 0 as n, h→∞. (42)

By combining (40) and (41) − (42), we obtain :

1
2h

∫
{|un |≤h}

a(x, t,Tn(un),∇un) · ∇un dx dt +
1

4h

∫
{|un |≤h}

b(x, |un|)|∇un|
p(x) dx dt

+
1
2h

∫
{|un |≤h}

|un|
p(x) dx dt +

∫
{|un |>h}

|un|
p(x)−1 dx dt

≤ ε3(n, h).

(43)

Thus, by letting h and n goes to infinity, we conclude that

lim
h→∞

lim sup
n→∞

1
h

∫
{|un |≤h}

a(x, t,Tn(un),∇un) · ∇un dx dt = 0. (44)

Moreover, we have

lim
h→∞

lim sup
n→∞

1
h

∫
{|un |≤h}

b(x, |un|)|∇un|
p(x) dx dt = 0, (45)

and

lim
h→∞

lim sup
n→∞

∫
{|un |>h}

|un|
p(x)−1 dx dt = 0, (46)

and

lim
h→∞

lim sup
n→∞

1
h

∫
{|un |≤h}

|un|
p(x) dx dt = 0. (47)

Moreover, in view of (39), (45) and (47) we obtain

lim
h→∞

lim sup
n→∞

1
h

∫
{|un |≤h}

|Fn(x, t,un)||∇un| dx dt = 0. (48)
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Step 4 : Equi-integrability of the sequence (|un|
p(x)−2un)n.

In this part, we will show that :

|un|
p(x)−2un → |u|p(x)−2u strongly in L1(QT). (49)

Firstly, we show that (|un|
p(x)−2un)n is uniformly equi-integrable in QT.

For any measurable subset E ⊂ QT and h > 0, we have :∫
E
|un|

p(x)−1 dx dt ≤
∫

E
|Th(un)|p(x)−1 dx dt +

∫
{|un |>h}

|un|
p(x)−1 dx dt. (50)

In view of (35), it’s clear that : for any ε > 0, there exists σ(ε, h) > 0 such that :∫
E
|Th(un)|p(x)−1 dx dt ≤

ε
2

for any E ⊂ QT with meas(E) ≤ σ(ε, h). (51)

Moreover, thanks to (46), we obtain : for all ε > 0, there exists h0(ε) > 0 such that :∫
{|un |>h}

|un|
p(x)−1 dx dt ≤

ε
2

for any h ≥ h0(ε). (52)

By combining (50) and (51) − (52), we conclude that : for any ε > 0, there exists σ > 0 such that :∫
E
|un|

p(x)−1 dx dt ≤ ε for any QT ⊂ Ω with meas(E) ≤ σ(ε). (53)

Thus, the sequence (|un|
p(x)−2un)n is uniformly equi-integrable in QT, and since |un|

p(x)−2un → |u|p(x)−2u a.e in
QT. In view of Vitali’s theorem, the convergence (49) is concluded.

Step 5 : The strong convergence of the gradient.

Let h > k ≥ 1, we set Sh(s) = 1 −
|T2h(s) − Th(s)|

h
and wn,µ = Tk(un) − (Tk(u))µ.

By using v = wn,µSh(un) as a test function for the approximate problem (18), we have∫ T

0
⟨
∂un

∂t
,wn,µSh(un)⟩ dt +

∫
QT

a(x, t,Tn(un),∇un) · ∇unwn,µS′h(un) dx dt

+

∫
QT

a(x, t,Tn(un),∇un) · (∇Tk(un) − ∇(Tk(u))µ)Sh(un) dx dt

+

∫
QT

|un|
p(x)−2unwn,µSh(un) dx dt

=

∫
QT

fnwn,µSh(un) dx dt +
∫

QT

Fn(x, t,un) · ∇unwn,µS′h(un) dx dt

+

∫
QT

Fn(x, t,un) · (∇Tk(un) − ∇(Tk(u))µ)Sh(un) dx dt.

(54)

It is clear that Sh(un) = 0 on the set {|un| ≥ 2h} and Sh(un) = 1 on the set {|un| ≤ h}. Thus, we obtain∫
QT

∂un

∂t
wn,µSh(un) dx dt +

∫
QT

a(x, t,un,∇un) · (∇Tk(un) − ∇(Tk(u))µ)Sh(un) dx dt

≤

∫
QT

| f (x, t)||Tk(un) − (Tk(u))µ| dx dt +
∫

QT

|un|
p(x)−1

|Tk(un) − (Tk(u))µ| dx dt

−
2k
h

∫
{h<|un |≤2h}

|Fn(x, t,un)||∇un| dx dt +
2k
h

∫
{h<|un |≤2h}

a(x, t,Tn(un),∇un)∇un dx dt

+

∫
QT

|Fn(x, t,T2h(un))||∇Tk(un) − ∇(Tk(u))µ| dx dt.

(55)
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In view of lemma 7.1 (see Appendix), we have∫
QT

∂un

∂t
wn,µSh(un) dx dt ≥ ε4(n) (56)

For the first and second terms on the right-hand side of (55), We have wn,µ ⇀ 0 weak-∗ in L∞(QT), as n and
µ tend to infinity, and since f (x, t) belongs to L1(QT) we conclude that

ε1(n, µ) =
∫

QT

| f (x, t)||Tk(un) − (Tk(u))µ| dx dt −→ 0 as n, µ→∞. (57)

Similarly, thanks to (49) we get

ε2(n, µ) =
∫

QT

|un|
p(x)−1

|Tk(un) − (Tk(u))µ| dx dt −→ 0 as n, µ→∞, (58)

Moreover, in view of (44) and (48), we obtain

ε3(n, h) =
2k
h

∫
{h<|un |≤2h}

|Fn(x, t,un)||∇un| dx dt −→ 0 as h,n→∞, (59)

and

ε4(n, h) =
2k
h

∫
{h<|un |≤2h}

a(x, t,Tn(un),∇un) · ∇un dx dt −→ 0 as h,n→∞. (60)

Concerning the last term on the right-hand side of (55), we have Fn(x, t,T2h(un))→ F(x, t,T2h(u)) strongly in
(Lp′(·)(QT))N, and since ∇Tk(un) − ∇(Tk(u))µ ⇀ 0 weakly in (Lp(·)(QT))N, it follows that

ε5(n, µ) =
∫

QT

|Fn(x, t,T2h(un))||∇Tk(un) − ∇(Tk(u))µ| dx dt −→ 0 as n, µ→∞. (61)

By combining (55) and (56) − (57), we conclude that∫
QT

a(x, t,Tn(un),∇un) · (∇Tk(un) − ∇(Tk(u))µ)Sh(un) dx dt ≤ ε6(n, h, µ). (62)

Having in mind a(x, t, s, 0) = 0, we obtain∫
QT

(
a(x, t,Tk(un),∇Tk(un)) − a(x, t,Tk(un),∇Tk(u))

)
· (∇Tk(un) − ∇Tk(u)) dx dt

+

∫
QT

a(x, t,Tk(un),∇Tk(u)) · (∇Tk(un) − ∇Tk(u)) dx dt

+

∫
QT

a(x, t,Tk(un),∇Tk(un)) · (∇Tk(u) − ∇(Tk(u))µ) dx dt

−

∫
{k<|un |≤2h}

a(x, t,T2h(un),∇T2h(un)) · ∇(Tk(u))µSh(un) dx dt

≤ ε6(n, h).

(63)

Thanks to Lebesgue’s dominated convergence theorem, we have |a(x, t,Tk(un),∇Tk(u))| → |a(x, t,Tk(u),∇Tk(u))|
strongly in Lp′(·)(QT), and since ∇Tk(un) ⇀ ∇Tk(u)) weakly in (Lp(·)(QT))N, then

ε7(n) =

∣∣∣∣∣∣
∫

QT

a(x, t,Tk(un),∇Tk(u)) · (∇Tk(un) − ∇Tk(u)) dx dt

∣∣∣∣∣∣
≤

∫
QT

∣∣∣a(x, t,Tk(un),∇Tk(u))
∣∣∣∣∣∣∇Tk(un) − ∇Tk(u)

∣∣∣ dx dt −→ 0 as n→∞.
(64)
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Concerning the third term on the left-hand side of (63), the sequence (a(x, t,Tk(un),∇Tk(un)))n is bounded in
(Lp′(·)(QT))N, then there exists a measurable function ξk ∈ (Lp′(·)(QT))N such that a(x, t,Tk(un),∇Tk(un)))n ⇀ ξk
weakly in (Lp′(·)(QT))N, and since ∇(Tk(u))µ → ∇Tk(u) strongly in (Lp(·)(QT))N, we deduce that

ε8(n, µ) =
∫

QT

a(x, t,Tk(un),∇Tk(un)) · (∇Tk(u) − ∇(Tk(u))µ) dx dt −→ 0 as n, µ→∞. (65)

For the last term on the left-hand side of (63), we have a(x,T2h(un),∇T2h(un)) ⇀ ξ2h weakly in (Lp′(·)(QT))N,
and since ∇(Tk(u))µ → ∇Tk(u) strongly in (Lp(·)(QT))N, we obtain

ε9(n, µ) =

∣∣∣∣∣∣
∫
{k<|un |≤2h}

a(x,T2h(un),∇T2h(un)) · ∇(Tk(u))µSh(un) dx dt

∣∣∣∣∣∣
≤

∫
{k<|un |≤2h}

|a(x, t,T2h(un),∇T2h(un))||∇(Tk(u))µ| dx dt

−→

∫
{k<|u|≤2h}

|ξ2h| |∇Tk(u)| dx dt = 0 as n, µ→∞.

(66)

By combining (63) and (64) − (66), we conclude that∫
QT

(
a(x, t,Tk(un),∇Tk(un)) − a(x, t,Tk(un),∇Tk(u))

)
(∇Tk(un) − ∇Tk(u)) dx dt ≤ ε10(h,n, µ). (67)

Having in mind that Tk(un) −→ Tk(u) strongly in Lp(·)(QT), we obtain∫
QT

(a(x, t,Tk(un),∇Tk(un)) − a(x, t,Tk(un),∇Tk(u))) (∇Tk(un) − ∇Tk(u)) dx dt

+

∫
QT

(
|Tk(un)|p(x)−2Tk(un) − |Tk(u)|p(x)−2Tk(u)

)
(Tk(un) − Tk(u)) dx dt→ 0 as n→∞.

(68)

In view of the lemma 5.3, we deduce that{
Tk(un)→ Tk(u) strongly in V,
∇un → ∇u a.e. in QT.

(69)

Step 6 : The convergence of (un)n in C([0,T],L1(Ω)).

Let h ≥ 1 and 0 < s < T. By taking T1(un − (Th(u))µ) as a test function for the approximate problem
(18), we obtain∫

Ω

∫ s

0

∂un

∂t
T1(un − (Th(u))µ) dx dt +

∫
Ω

∫ s

0
a(x, t,Tn(un),∇un) · ∇T1(un − (Th(u))µ) dx dt

+

∫
Ω

∫ s

0
|un|

p(x)−2unT1(un − (Th(u))µ) dx dt

=

∫
QT

fnT1(un − (Th(u))µ) dx dt +
∫

QT

Fn(x, t,un) · ∇T1(un − (Th(u))µ) dx dt.

(70)

We have

∂un

∂t
=
∂(un − (Th(u))µ)

∂t
+
∂(Th(u))µ

∂t
=
∂(un − (Th(u))µ)

∂t
+ µ(Th(u)) − (Th(u))µ). (71)
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It follows that∫
Ω

∫ s

0

∂un

∂t
T1(un − (Th(u))µ) dx dt =

∫
Ω

∫ s

0

∂(un − (Th(u))µ)
∂t

T1(un − (Th(u))µ) dx dt

+µ

∫
Ω

∫ s

0
(Th(u) − (Th(u))µ)T1(un − (Th(u))µ) dx dt

=

∫
Ω

Θ1(un(u(s)) − (Th(u(s)))µ) dx −
∫
Ω

Θ1(u0,n − Th(u0)) dx

+µ

∫
Ω

∫ s

0
(Th(u) − (Th(u))µ)T1(un − (Th(u))µ) dx dt.

(72)

Note that, for every s ∈ [0,T], by letting n tends to infinity, we obtain∫
Ω

∫ s

0
(Th(u) − (Th(u))µ)T1(un − (Th(u))µ) dx dt

−→

∫
Ω

∫ s

0
(Th(u) − (Th(u))µ)T1(u − (Th(u))µ) dx dt ≥ 0 as n→∞.

(73)

For the second term on the left-hand side of (70), we have∫
Ω

∫ s

0
a(x, t,Tn(un),∇un) · ∇T1(un − (Th(u))µ) dx dt

=

∫
Ω

∫ s

0
a(x, t,Th+1(un),∇Th+1(un)) · ∇(Th+1(un) − (Th(u))µ) · χ{|un−(Th(u))µ |≤1} dx dt

=

∫
Ω

∫ s

0
(a(x, t,Th+1(un),∇Th+1(un)) − a(x, t,Th+1(un),∇(Th(u))µ))

×(∇(Th+1(un) − (Th(u))µ)) · χ{|un−(Th(u))µ |≤1} dx dt

+

∫
Ω

∫ s

0
a(x, t,Th+1(un),∇(Th(u))µ) · ∇(T1(un − (Th(u))µ)) dx dt.

(74)

In view of (11), the first term on the right-hand side of (74) is positive. Concerning the second term, we have
a(x, t,Th+1(un),∇(Th(u))µ) → a(x, t,Th+1(u),∇Th(u)) strongly in (Lp′(·)(QT))N, and since ∇T1(un − (Th(u))µ) ⇀
∇T1(u − Th(u)) weakly in (Lp(·)(QT))N, we obtain

ε1(n, µ) =

∫
Ω

∫ s

0
a(x, t,Th+1(un),∇(Th(u))µ) · ∇(T1(un − (Th(u))µ)) dx dt

−→

∫
{h<|u|≤h+1}

a(x, t,Th+1(u), 0) · ∇u dx dt = 0 as n, µ→∞.
(75)

On the other hand, we have T1(un − (Th(u))µ) ⇀ T1(u−Th(u)) weak−∗ in L∞(QT) as n, h tends to infinity, and
thanks to (49) we obtain∫

Ω

∫ s

0
|un|

p(x)−2unT1(un − (Th(u))µ) dx dt −→
∫
Ω

∫ s

0
|u|p(x)−2uT1(u − Th(u)) dx dt ≥ 0. (76)

Similarly, we have fn(x, t) tends to f (x, t) strongly in L1(QT) then∫
Ω

∫ s

0
| fn(x, t)||T1(un − (Th(u))µ)| dx dt −→

∫
Ω

∫ s

0
| f (x, t)||T1(u − Th(u))| dx dt as n, µ→∞. (77)

Moreover, we have Fn(x, t,Th+1(un))→ F(x, t,Th+1(u)) strongly in (Lp′(·)(QT))N, and since∇T1(un− (Th(u))µ) ⇀
∇T1(u − Th(u)) weakly in (Lp(·)(QT))N, we obtain∫

Ω

∫ s

0
Fn(x, t,Th+1(un)) · ∇T1(un − (Th(u))µ) dx dt

−→

∫
Ω

∫ s

0
F(x, t,Th+1(u))∇T1(u − Th(u)) dx dt as n, µ→∞.

(78)
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By combining (70) and (72) − (78), we conclude that∫
Ω

Θ1(un(s) − (Th(u))µ) dx

≤

∫
Ω

∫ s

0
| f ||T1(u − Th(u))| dx dt +

∫
Ω

∫ s

0
F(x, t,Th+1(u)) · ∇T1(u − Th(u)) dx dt

+

∫
Ω

Θ1(u0 − Th(u0)) dx + ε10(n, µ)

(79)

we have :∫
Ω

∫ s

0
F(x, t,Th+1(u)) · ∇T1(u − Th(u)) dx dt −→ 0 as h→∞. (80)

Moreover, similarly as in (42) we show that∫
Ω

∫ s

0
| f ||T1(u − Th(u))| dx dt +

∫
Ω

Θ1(u0 − Th(u0)) dx→ 0 as h→∞. (81)

By combining (79) and (80) − (81) we conclude that∫
Ω

Θ1(un(s) − (Th(u(s))µ)) dx ≤ ε11(n, µ, h). (82)

It follows that∫
Ω

Θ1

(
un(s) − um(s)

2

)
dx ≤

1
2

(∫
Ω

Θ1(un(s) − (Th(u(s))µ)) dx +
∫
Ω

Θ1(um(s) − (Th(u(s))µ)) dx
)

−→ 0 as n,m→∞.
(83)

Thus, we obtain∫
{|un(s)−um(s)|≤2}

∣∣∣∣∣un(s) − um(s)
2

∣∣∣∣∣2 dx +
∫
{|un(s)−um(s)|>2}

∣∣∣∣∣un(s) − um(s)
2

∣∣∣∣∣ dx

≤ 2
∫
Ω

Θ1

(
un(s) − um(s)

2

)
dx −→ 0 as n,m→∞.

(84)

We conclude that∫
Ω

|un(s) − um(s)| dx

=

∫
{|un(s)−um(s)|≤2}

|un(s) − um(s)| dx +
∫
{|un(s)−um(s)|>2}

|un(s) − um(s)| dx

≤

(∫
{|un(s)−um(s)|≤2}

|un(s) − um(s)|2 dx
) 1

2

(meas(Ω))
1
2 +

∫
{|un(s)−um(s)|>2}

|un(s) − um(s)| dx −→ 0 as n,m→∞.

(85)

Hence (un)n is a Cauchy sequence in C([0,T],L1(Ω)), thus u ∈ C([0,T],L1(Ω)) and we have un(x, s) −→ u(x, s)
strongly in L1(Ω) for any 0 ≤ s < T.

Step 7 : Weak convergence of (S(un))t in V∗ + L1(QT) .

Let S(·) ∈ C∞c (IR) such that supp(S′(·)) ⊂ [−M,M] with M > 0 and v ∈ V ∩ L∞(QT). By taking S′(un)v as a test
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function in (18), we have∫ T

0

〈
∂un

∂t
,S′(un)v

〉
dt +

∫
QT

a(x, t,Tn(un),∇un)(S′(un)∇v + ∇unS′′(un)v) dx dt +
∫

QT

|un|
p0−2 unS′(un)v dx dt

=

∫
QT

fn(x, t)S′(un)v dx dt +
∫

QT

Fn(x, t,Tn(un))(S′(un)∇v + ∇unS′′(un)v) dx dt.

Hence, one finds∣∣∣∣∣∣
∫ T

0

〈
∂S(un)
∂t

, v
〉

dt

∣∣∣∣∣∣
≤

∫
QT

|a(x, t,Tn(un),∇un)| |S′(un)∇v + S′′(un)v∇TM(un)| dx dt

+

∫
QT

|un|
p0−1
|S′(un)v| dx dt +

∫
QT

∣∣∣ fn(x, t)
∣∣∣ |S′(un)v| dx dt

+

∫
QT

|Fn(x, t,Tn(un))| |S′(un)∇v + ∇unS′′(un)v| dx dt

≤ ∥a(x, t,TM(un),∇TM(un))∥Lp(·)′ (QT)

×

(
∥S′(·)∥L∞(IR)∥∇v∥Lp(·)(QT) + ∥S

′′(·)∥L∞(IR)∥v∥L∞(QT)∥∇TM(un)∥Lp(·)(QT)

)
+∥|un|

p(·)−1
∥L1(QT)∥S′(·)∥L∞(IR)∥v∥L∞(QT) + ∥ fn(x, t)∥L1(QT)∥S′(·)∥L∞(IR)∥v∥L∞(QT)

+∥Fn(x, t,TM(un))∥Lp(·)′ (QT)

(
∥S′(·)∥L∞(IR)∥∇v∥Lp(·)(QT) + ∥S

′′(·)∥L∞(IR)∥v∥L∞(QT)∥∇TM(un)∥Lp(·)(QT)

)
≤ C(∥v∥V + ∥v∥L∞(QT)),

with C is a constant that does not depend on n.We deduce that (
∂S(un)
∂t

)n is uniformly bounded in V∗+L1(QT),
this implies that

∂S(un)
∂t

⇀
∂S(u)
∂t

weakly in V∗ + L1(QT). (86)

Step 8 : Passage to the limit.

Let ψ ∈ V ∩ L∞(QT) with
∂ψ

∂t
∈ V∗ + L1(QT) and let M = k + ∥ψ∥∞, by using Tk(un − ψ) as a test func-

tion for the approximated problem (18), we get∫ T

0
⟨
∂un

∂t
,Tk(un − ψ)⟩ dt +

∫
QT

a(x, t,Tk(un),∇un) · ∇Tk(un − ψ) dx dt +
∫

QT

|un|
p(x)−2unTk(un − ψ) dx dt

=

∫
QT

fn(x, t)Tk(un − ψ) dx dt +
∫

QT

Fn(x, t,un) · ∇Tk(un − ψ) dx dt.
(87)

On the one hand, if {|un| > M} then |un − ψ| ≥ |un| − ∥ψ∥∞ > k, therefore {|un − ψ| ≤ k} ⊆ {|un| ≤ M}, which
implies that :∫

QT

a(x, t,TM(un),∇TM(un)) · ∇Tk(un − ψ) dx dt

=

∫
{|un−ψ|≤k}

a(x, t,TM(un),∇TM(un)) · (∇TM(un) − ∇ψ) dx dt

=

∫
{|un−ψ|≤k}

(
a(x, t,TM(un),∇TM(un)) − a(x, t,TM(un),∇ψ)

)
· (∇TM(un) − ∇ψ) dx dt

+

∫
{|un−ψ|≤k}

a(x, t,TM(un),∇ψ) · (∇TM(un) − ∇ψ) dx dt.

(88)
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According to Fatou’s lemma, we obtain :

lim inf
n→∞

∫
QT

a(x, t,TM(un),∇un) · ∇Tk(un − ψ) dx dt

≥

∫
{|u−ψ|≤k}

(
a(x, t,TM(u),∇TM(u)) − a(x, t,TM(u),∇ψ)

)
· (∇TM(u) − ∇ψ) dx dt

+

∫
{|u−ψ|≤k}

a(x, t,TM(u),∇ψ) · (∇TM(u) − ∇ψ) dx dt

=

∫
{|u−ψ|≤k}

a(x, t,TM(u),∇TM(u)) · (∇TM(u) − ∇ψ) dx dt

=

∫
QT

a(x, t,u,∇u) · ∇Tk(u − ψ) dx dt.

(89)

Concerning the first term on the left-hand side of (87), we have :

∂un

∂t
=
∂(un − ψ)

∂t
+
∂ψ

∂t
,

then ∫ T

0
⟨
∂un

∂t
,Tk(un − ψ)⟩ dt =

∫
Ω

∫ T

0

∂(un − ψ)
∂t

Tk(un − ψ) dx dt +
∫
Ω

∫ T

0

∂ψ

∂t
Tk(un − ψ) dx dt

=

∫
Ω

[
Θk(un − ψ)

]T

0
dx +

∫
QT

∂ψ

∂t
Tk(un − ψ) dx dt

=

∫
Ω

Θk(un(T) − ψ(T)) dx −
∫
Ω

Θk(u0,n − ψ(0)) dx

+

∫
QT

∂ψ

∂t
Tk(un − ψ) dx dt.

(90)

We have un → u strongly in C([0,T],L1(Ω)), then∫
Ω

Θk(u0,n − ψ(0)) dx −→
∫
Ω

Θk(u0 − ψ(0)) dx, (91)

and ∫
Ω

Θk(un(T) − ψ(T)) dx −→
∫
Ω

Θk(u(T) − ψ(T)) dx. (92)

Moreover, we have
∂ψ

∂t
∈ V∗ + L1(QT), and since Tk(un −ψ) ⇀ Tk(u−ψ) weakly in V and weak−∗ in L∞(QT),

it follows that∫
QT

∂ψ

∂t
Tk(un − ψ) dx dt −→

∫
QT

∂ψ

∂t
Tk(u − ψ) dx dt. (93)

On the other hand, in view of (49) and the fact that fn(x, t) tends to f (x, t) strongly in L1(QT), we conclude
that ∫

QT

|un|
p(x)−2unTk(un − ψ) dx dt −→

∫
QT

|u|p(x)−2uTk(u − ψ) dx dt, (94)

and ∫
QT

fnTk(un − ψ) dx dt −→
∫

QT

f Tk(u − ψ) dx dt. (95)
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Concerning the last term on the right-hand side of (87), we have Fn(x, t,TM(un))→ F(x, t,TM(u)) strongly in
(Lp′(·)(QT))N, and since ∇Tk(un − ψ) ⇀ ∇Tk(u − ψ) weakly in (Lp(·)(QT))N, we obtain∫

QT

Fn(x, t,un) · ∇Tk(un − ψ) dx dt −→
∫

QT

F(x, t,u) · ∇Tk(u − ψ) dx dt. (96)

By combining (87) and (89) − (96), we deduce that :∫
Ω

Θk(u − ψ)(T) dx −
∫
Ω

Θk(u − ψ)(0) dx +
∫

QT

∂ψ

∂t
Tk(u − ψ) dx dt

+

∫
QT

a(x, t,u,∇u) · ∇Tk(u − ψ) +
∫

QT

|u|p(x)−2uTk(u − ψ) dx dt

≤

∫
QT

f Tk(u − ψ) dx dt +
∫

QT

F(x, t,u) · ∇Tk(u − ψ) dx dt,

(97)

which complete the proof of the theorem 6.2.

7. Appendix

Lemma 7.1. Let h ≥ 1, we set wn,µ = Tk(un) − (Tk(u))µ and ϕh(s) = 1 −
|T2h(s) − Th(s)|

h
.

We will show that ∫
QT

∂un

∂t
ϕh(un)wn,µ dx dt ≥ ε4(n).

Proof. Let h ≥ 1, we define :

Φh(s) =
∫ s

0
ϕh(τ) dτ =



s if |s| ≤ h,
s2 + 4hs + h2

2h
if −2h ≤ s < −h,

−s2 + 4hs − h2

2h
if h ≤ s < 2h,

3h
2
· sign(s) if |s| > 2h.

(98)

we have :∫
QT

∂un

∂t
ϕh(un)wn,µ dx dt =

∫
QT

∂(Φh(un) − Tk(un))
∂t

(Tk(un) − (Tk(u))µ) dx dt

+

∫
QT

∂Tk(un)
∂t

(Tk(un) − (Tk(u))µ) dx dt

=

∫
Ω

[
(Φh(un) − Tk(un))(Tk(un) − (Tk(u))µ)

]T

0
dx

−

∫
QT

(Φh(un) − Tk(un))
(
∂Tk(un)
∂t

−
∂(Tk(u))µ

∂t

)
dx dt

+

∫
QT

∂Tk(un)
∂t

(Tk(un) − (Tk(u))µ) dx dt.

(99)

Concerning the first term on the right-hand side of (99), we have Φh(un) = Tk(un) = un on {|un| ≤ k}, having
in mind that Φh(un) − Tk(un) have the same sign as un on the set {|un| > k}, then∫

Ω

[
(Φh(un) − Tk(un))(Tk(un) − (Tk(u))µ)

]T

0
dx

≥ −

∫
{|u0,n |>k}

(Φh(u0,n) − Tk(u0,n))(Tk(u0,n) − (Tk(u0))µ) dx

= −

∫
{|u0,n |>k}

(Φh(u0,n) − Tk(u0,n))(Tk(u0,n) − Tk(u0)) dx = ε1(n).

(100)
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For the second term on the right-hand side of (99), we have (Φh(un) − Tk(un))
∂Tk(un)
∂t

= 0, it follows that

−

∫
QT

(Φh(un) − Tk(un))
(
∂Tk(un)
∂t

−
∂(Tk(u))µ

∂t

)
dx dt

=

∫ T

0

∫
{|un |>k}

(Φh(un) − Tk(un))
∂(Tk(u))µ

∂t
dx dt

= µ

∫ T

0

∫
{|un |>k}

(Φh(un) − Tk(un))(Tk(u) − (Tk(u))µ) dx dt

= µ

∫ T

0

∫
{|un |>k}

(Φh(un) − Tk(un))(Tk(u) − Tk(un)) dx dt

+µ

∫ T

0

∫
{|un |>k}

(Φh(un) − Tk(un))(Tk(un) − (Tk(u))µ) dx dt

≥ µ

∫ T

0

∫
{|un |>k}

(Φh(un) − Tk(un))(Tk(u) − Tk(un)) dx dt = ε2(n).

(101)

Concerning the last term on the right-hand side of (99), we obtain∫
QT

∂Tk(un)
∂t

(Tk(un) − (Tk(u))µ) dx dt

=

∫
QT

∂(Tk(un) − (Tk(u))µ)
∂t

(Tk(un) − (Tk(u))µ) dx dt +
∫

QT

∂(Tk(u))µ
∂t

(Tk(un) − (Tk(u))µ) dx dt

=

∫
Ω

[
(Tk(un) − (Tk(u))µ))2

2

]T

0
dx + µ

∫
QT

(Tk(u) − (Tk(u))µ)(Tk(un) − (Tk(u))µ) dx dt

≥ −

∫
Ω

(Tk(u0,n) − Tk(u0))2

2
dx + µ

∫
QT

(Tk(u) − (Tk(u))µ)(Tk(un) − (Tk(u))µ) dx dt

≥ ε3(n) + µ
∫

QT

(Tk(u) − (Tk(u))µ)(Tk(u) − (Tk(u))µ) dx dt

≥ ε3(n).

(102)

By combining (99) and (100) − (102), we conclude that :∫
QT

∂un

∂t
ϕh(un)wn,µ dx dt ≥ ε4(n). (103)

Proof of the Lemma 6.3

In view of Hölder’s inequality and the growth condition (12),we can show that the operator An is bounded.
For the operator Gn, we have for any u, v ∈ V∣∣∣∣∣∣

∫ T

0
⟨Gnu, v⟩ dt

∣∣∣∣∣∣ ≤
∫

QT

|Fn(x, t,u)||∇v| dx dt

≤ n
∫

QT

|∇v| dx dt

≤ C1.n∥v∥V.
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We conclude that Bn = An + Gn is bounded. For the coercivity, we have for any u ∈ V :∫ T

0
⟨Bnu,u⟩ dt =

∫ T

0
⟨Anu,u⟩ dt +

∫ T

0
⟨Gnu,u⟩ dt

=

∫
QT

a(x, t,Tn(u),∇u) · ∇u dx dt +
∫

QT

|u|p(x) dx dt −
∫

QT

|Fn(x,Tn(u))||∇u| dx dt

≥
b0

(1 + n)λ+

∫
QT

|∇u|p(x) dx dt +
∫

QT

|u|p(x) dx dt − C1n∥u∥V

≥
b0

(1 + n)λ+
(∥∇u∥p−

Lp(·)(QT)
− 1) + (∥u∥p−

Lp(·)(QT)
− 1) − C1n∥u∥V

≥ C2∥u∥
p−
V − C1n∥u∥V −

b0

(1 + n)λ+
− 1.

Thus, we conclude that ∫ T

0
⟨Bnu,u⟩ dt

∥u∥V
−→ ∞ as ∥u∥V →∞.

Now, we will show that the operator Bn is pseudo-monotone. Let (uk)k be a sequence in V such that :
uk ⇀ u weakly in V,
Bnuk ⇀ χn weakly in V∗,
lim sup

k→∞
⟨Bnuk,uk⟩ ≤ ⟨χn,u⟩.

(104)

We will prove that
χn = Bnu and ⟨Bnuk,uk⟩ −→ ⟨χn,u⟩ as k→ +∞.

In view of (7), we have uk → u strongly in L1(QT) for a subsequence still denoted (uk)k. We have (uk)k is a
bounded sequence in V, then the sequence (a(x, t,Tn(uk),∇uk))k is uniformly bounded in (Lp′(·)(QT))N, and
there exists a measurable function ϑ ∈ (Lp′(·)(QT))N such that

a(x, t,Tn(uk),∇uk) ⇀ ϑn weakly in (Lp′(·)(QT))N as k→∞, (105)

and

|uk|
p(x)−2uk ⇀ |u|p(x)−2u weakly in Lp′(·)(QT) as k→∞. (106)

Moreover, we have (Fn(x, t,uk))k is uniformly bounded in (Lp′(·)(QT))N. In view of Lebesgue’s dominated
convergence theorem, we obtain

Fn(x, t,uk)→ Fn(x, t,u) strongly in (Lp′(·)(QT))N as k→∞. (107)

On the one hand, for any v ∈ V we have

⟨χn, v⟩ = lim
k→∞
⟨Bnuk, v⟩

= lim
k→∞

∫
QT

a(x, t,Tn(uk),∇uk) · ∇v dx dt + lim
k→∞

∫
QT

|uk|
p(x)−2ukv dx dt

− lim
k→∞

∫
QT

Fn(x, t,Tn(uk)) · ∇v dx dt

=

∫
QT

ϑn.∇v dx dt +
∫

QT

|u|p(x)−2uv dx dt −
∫

QT

Fn(x, t,Tn(u)) · ∇v dx dt.

(108)
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In view of (104) and (108) we obtain

lim sup
k→∞

⟨Bnuk,uk⟩ = lim sup
k→∞

( ∫
QT

a(x, t,Tn(uk),∇uk) · ∇uk dx dt +
∫

QT

|uk|
p(x) dx dt

−

∫
QT

Fn(x, t,Tn(uk)) · ∇uk dx dt
)

≤

∫
QT

ϑn.∇u dx dt +
∫

QT

|u|p(x) dx dt −
∫

QT

Fn(x, t,Tn(u)) · ∇u dx dt.

(109)

We have uk ⇀ u weakly in V, and thanks to (107) we conclude that

lim
k→∞

∫
QT

Fn(x, t,Tn(uk)) · ∇uk dx dt =
∫

QT

Fn(x, t,Tn(u)) · ∇u dx dt. (110)

It follows that

lim sup
k→∞

(∫
QT

a(x, t,Tn(uk),∇uk) · ∇uk dx dt +
∫

QT

|uk|
p(x) dx dt

)
≤

∫
QT

ϑn · ∇u dx dt +
∫

QT

|u|p(x) dx dt.
(111)

On the other hand, in view of (11) we have∫
QT

(a(x, t,Tn(uk),∇uk) − a(x, t,Tn(uk),∇u)) · (∇uk − ∇u) dx dt

+

∫
QT

(|uk|
p(x)−2uk − |u|p(x)−2u)(uk − u) dx dt ≥ 0.

(112)

Hence ∫
QT

a(x, t,Tn(uk),∇uk) · ∇uk dx dt +
∫

QT

|uk|
p(x) dx dt

≥

∫
QT

a(x, t,Tn(uk),∇uk) · ∇u dx dt +
∫

QT

|uk|
p(x)−2uku dx dt

+

∫
QT

|u|p(x)−2u(uk − u) dx dt +
∫

QT

a(x, t,Tn(uk),∇u) · (∇uk − ∇u) dx dt.

(113)

In view of Lebesgue dominated convergence theorem, we have Tn(uk) −→ Tn(u) strongly in Lp(·)(QT), then
a(x, t,Tn(uk),∇u) −→ a(x, t,Tn(u),∇u) strongly in (Lp′(·)(QT))N, and using (105) − (106) we get

lim inf
k→∞

(∫
QT

a(x, t,Tn(uk),∇uk) · ∇uk dx dt +
∫

QT

|uk|
p(x) dx dt

)
≥

∫
QT

ϑn · ∇u dx dt +
∫

QT

|u|p(x) dx dt. (114)

Having in mind (111), we conclude that :

lim
k→∞

(∫
QT

a(x, t,Tn(uk),∇uk) · ∇uk dx dt +
∫

QT

|uk|
p(x) dx dt

)
=

∫
QT

ϑn · ∇u dx dt +
∫

QT

|u|p(x) dx dt. (115)

By combining (108), (110) and (115) we deduce that ⟨Bnuk,uk⟩ → ⟨χn,u⟩ as k→∞.
Now, by (105) and (115) we obtain :∫

QT

(a(x, t,Tn(uk),∇uk) − a(x, t,Tn(uk),∇u)) · (∇uk − ∇u) dx dt

+

∫
QT

(|uk|
p(x)−2uk − |u|p(x)−2u)(uk − u) dx dt −→ 0 as k→∞.

(116)
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In view of Lemma 5.3 we conclude that uk → u strongly in V and ∇uk → ∇u almost everywhere in QT.
Therefore, we conclude that a(x, t,Tn(uk),∇uk) ⇀ a(x, t,Tn(u),∇u) weakly in (Lp′(·)(QT))N, and having in mind
(106) and (107) we deduce that χn = Bnu.

Example 7.2. By taking f (x, t) ∈ L1(QT) and u0 ∈ L1(Ω), with

a(x, t,u,∇u) =
|∇u|p(x)−2

∇u
(1 + |u|)λ(x)

and F(x, t,u) =
|u|a(x)(p(x)−1)

(1 + |u|)λ(x)|x|β(x)
,

then the assumptions (10)− (13) hold true. In view of the Theorem 6.2, the non-coercive quasilinear parabolic problem
∂u
∂t
− div

( |∇u|p(x)−2
∇u

(1 + |u|)λ(x)

)
+ |u|p(x)−2u = f (x, t) − div

( |u|a(x)(p(x)−1)

(1 + |u|)λ(x)|x|β(x)

)
in QT,

u = 0 on ΣT,
u(x, 0) = u0 in Ω,

has at least one entropy solution.

Conclusion 7.3. In this paper, we have studying the existence of entropy solutions for our quasilinear and non-
coercive parabolic problem (14) with L1-data. However, the existence of entropy solutions for the unilateral problem
associated to our parabolic equation without the term |u|p(x)−2u remain an open problem.

References

[1] L. Aharouch, E. Azroul, M. Rhoudaf, Strongly nonlinear variational parabolic problems in weighted Sobolev spaces, Aust. J. Math. Anal.
Appl. 5, No. 2, Article No. 13 (2008), 1-25.

[2] S. Antontsev and M. Chipot, Anisotropic equations: uniqueness and existence results, J. Differential and Integral Equations 21 (5-6),
2008, 401-419.

[3] S. N. Antontsev, J. F.Rodrigues, On stationary thermo-rheological viscous ows, Ann. Univ. Ferrara, Sez. VII, Sci. Mat. 52 (2006), 19-36.
[4] E. Azroul, H. Hjiaj and B. Lahmi, Existence of entropy solutions for some strongly nonlinear p(x)-parabolic problems with L1-data , An.

Univ. Craiova, Ser. Mat. Inf. 42 (2), 2015, 273-299.
[5] E. Azroul, M. B. Benboubker and M. Rhoudaf, On some p(x)-quasilinear problem with right-hand side measure. Math. Comput.

Simulation 102 (2014), 117-130.
[6] E. Azroul, A. Benkirane and M. Rhoudaf, On some strongly nonlinear elliptic problems in L1-data with a nonlinearity having a constant

sign in Orlicz spaces via penalization methods. Aust. J. Math. Anal. Appl. 7, (2010), no. 1, Art. 5, 1-25.
[7] E. Azroul, H. Hjiaj and M. Bouziani, existence of solutions for some quasilinear p(x)-Elliptic problem with hardy potential ,Mathematica

Bohemica, Vol. 144 (2019), No. 3, 299-324.
[8] E. Azroul, H. Hjiaj and A. Touzani, Existence and Regularity of Entropy solutions For Strongly Nonlinear p(x)-elliptic equations,

Electronic J. Diff. Equ, 68, (2013), 1–27.
[9] M. B. Benboubker, H. Hjiaj and S. Ouaro, Entropy solutions to nonlinear elliptic anisotropic problem with variable exponent, J. Appl.

Anal. Comput. 4 (2014), no. 3, 245-270.
[10] M. Bendahmane, M. Chrif and S. El Manouni, An Approximation Result in Generalized Anisotropic Sobolev Spaces and Application. Z.

Anal. Anwend. 30 (2011), no. 3, 341–353.
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