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Projective iterative method for solving split-null inclusion, variational
inequality and hierarchical fixed point problems application to signal
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Abstract. This paper studies a common problem of hierarchical fixed point problems for nonexpansive
and quasi-nonexpansive mappings, variational inequality, and split null inclusion problems. A hybrid
projective method is modified to obtain strong convergence in Hilbert spaces. An example is infinitely

dimensional spaces shown for supporting the main result. As applications, the proposed method is applied
to solve signal recovery problems.

1. Introduction

Let H; and H; be two real Hilbert spaces with inner products -, -) and induced norms || - ||, respectively.
Let C C H; and Q C H; be nonempty, closed and convex sets. A mapping 7 : C — C is called nonexpansive
if |[7x =Tyl <llx—yll for all x,y € C. Fix(7") is denoted for the set of fixed points of 77, i.e., Fix(7):=
{x € C: Tx = x}. In this paper, we focus our attention on the following split null inclusion problem (in
short, SpNIP) which was introduced Byrne et al. [3]: Find x* € H; such that

0 € Bi(x"), 1)
such that
Yy = Ax" € Hy solves 0 € By(y). (2)

where B; : H; — 2H, 8, : H, — 2H2 are multi-valued maximal monotone operators and A : H; — H; is
a bounded linear operator. The solution set of SpNIP(1)-(2) is denoted by Q1 = {x* € H; : x* € Sol(NIP(1))
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and Ax* € Sol(NIP(2))}. Byrne et al. [3] studied the weak convergence theorems of iterative method for
SpNPP(1)-(2). For a given xy € H;y, compute iterative sequence {x,} generated by the following scheme: for
n>1,

Xpa1 = T3 (o + PA(T Y = D) Axy), for A >0, 3)

where 1 is an identity mapping, A" is the adjoint operator of A and y € (0, %) such that L is the spectral

radius of A" A. For obtaining strong convergence, Kazmi and Rizvi [11] modified viscosity method to solve
the problem SpNIP(1)-(2) and fixed point problem for a nonexpansive mapping. For further related work,
see [15].

It's well known that fixed point problems have been used to solve a powerful and effective method
for solving many issues that emerge from real-world applications, for example see in [9, 10, 12-14, 18]. The
famous one of fixed point problems is the following hierarchical fixed point problem (HFPP) which was
introduced by Moudafi and Mainge [13], the problem is to solve fixed point problem for a nonexpansive
mapping 7 with respect to another nonexpansive mapping S on C, that is finding x* € Fix(7") such that

(" = Sx",x" = x) <0, Yx € Fix(7), @

where S : C — C is a nonexpansive mapping. The solution set of HFPP(4) is denoted by ® := {x* € C : x* =
(Prix(r) © S)x}.
On the other hand, we study the variational inequality(VI) which is to find x* € C such that

(Dx",x—x*) >0, YxeC, )

introduced in [6] where D : Hi — H;. The solution set of VI(5) is denoted by Sol(VI). The well-known
algorithm for solving VI(5) is the projected gradient algorithm as follows:

Xpi1 = Pe(X — uD)x,, Yn > 1, (6)

where 1 > 0 and P is the metric projection of H; onto C. To obtain the convergence theorem, the algorithm
(6) requires the Lipschitz condition on the operator D. Indeed, if D is L-Lipschitz continuous with 0 < u < 2,
then there exists a unique point in Sol(VI) and the sequence {x,} generated by (6) converge strongly to this
point. There is no analytic expression for the metric projection operator in most cases. So the algorithm
(6) is not very convenient in the practical calculation. Further, it was found that if C is a fixed point set of
a nonexpansive mapping, then the metric projection is not be used. In 2001, Yamada [17] introduced the
following hybrid steepest descent method:

Xps1 = Pec(T - [JﬁnD)TXn, Yn > 1. 7)

Under certain conditions, the sequence {x,} generated by (7) converges strongly to the unique point in
Sol(VI) over the fixed point of 7.

In this paper, we modify a projective algorithm to find a common solution of split null inclusion problem,
variational inequality and hierarchical fixed point problem for nonexpansive and quasi-nonexpansive
mappings in real Hilbert spaces. Further, we prove that sequences generated by the proposed hybrid
projective algorithm converge strongly to a common solution of these problems. As applications, signal
recovery is considered.

2. Preliminaries

Let the symbols — and — denote strong and weak convergence, respectively, and wy(x,) denote the set
of all weak limits of the sequence {x,]}.

Definition 2.1. A single-valued mapping O : Hy — H; is said to be:
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(i) monotone, if

(Dx—-Dy,x-y)=>0, Vx,y € Hy;

(ii) k-strongly monotone, if there exists a constant k € R with k > 0 such that
(Dx - Dy,x—y) >klx—yl*, Yx,y€Hy;
(ii) k-inverse strongly monotone, if there exists a constant k € R with k > 0 such that
(Dx — Dy, x —y) >k|Dx - Dyl?, VYx,yeHy;

(iii) L-Lipschitz continuous, if there exists a constant L > 0 such that

IOx — Dyll < L|lx - yll, Vx,y € Hy;
(iv) firmly nonexpansive, if it is k-inverse strongly monotone with k = 1.

It's clearly that if O is an k-inverse strongly monotone mapping, then D is {-Lipschitz continuous.

Definition 2.2. [2]. A multi-valued mapping D : Hy — 21 is said to be:

(i) monotone if
(u—v,x—1vy) >0, whenever u € D(x), v € D(y);

(if) maximal monotone if D is monotone and the graph, graph(D) := {(x, y) € Hi xH; : y € D(x)}, is not properly
contained in the graph of any other monotone mapping.

It is well known that for each x € H; and A > 0 there exists a unique z € H; such that x € ( + AD)z. The
mapping J7 := (I + AD)! is called the resolvent of . It is a single-valued and firmly nonexpansive
mapping defined on Hj.

Lemma 2.3. [5]If T is a nonexpansive mapping on Hy then T is demiclosed on Hy in the sense that, if x, — x € Hy
and {x, — T x,} — 0, then x € Fix(7).

Lemma 2.4. [1] Let C be a nonempty, closed and convex subset of Hy, and 7 : C — H; be a nonexpansive mapping.
Then Fix(7") is closed and convex.

3. Strong convergence theorem

In this section, we construct the following algorithm to solve SpNIP(1)-(2), VI(5) and HFPP(4) for a
nonexpansive mapping 7~ and a continuous quasi-nonexpansive mapping S : C — C.

Algorithm 3.1.

Initialization: Choose {a,}, {04}, {04} be real sequences in (0,1) and {up,} C (0,2k). Select an arbitrary starting
point vy € Cand Co = C: Setn =0.

Iterative Steps: Given the current iterate v,, for A > 0:
Step 1. Compute

w, =(1- 671)071 + 611PC(Un - yﬁnﬂvn);

Yn = (1 - Gn)wn + Gnsvn;

up = (1= ay)v, + ayT Yy, 8
20 = T2y + y AT P — DAy, ®)
Cunn =1z € Cy Iz — 2|l < |lon —zIIE;

Up+l = Pcnﬂvo, n>0,

1
where y €0, — |.
¢ ( ||A||2)
Step 2. Set n := n + 1 and go to Step 1.
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Remark 3.2. Algorithm comparisons in terms of structure and problem formulation between our Algorithm 3.1,
Algorithm 2 in [7], and Algorithm 1 in [8]:

(i) Our Algorithm 3.1 and Algorithm 1 in [8] are designed to address common solution problems. Specially,
our algorithm tackles problems involving fixed points of nonexpansive mappings, variational inequalities, and
split null inclusion problems, while Algorithm 1 in [8] focuses on solving problems involving fixed points of
k-demicontractive mappings and variational inequalities.

(ii) Algorithm 2 in [7] is restricted to solving inclusion problems. However, our algorithm can be reduced to solve
inclusion problems like Algorithm 2 in [7]. In contrast, Algorithm 1 in [8] cannot be reduced in this manner.

(iii) Our Algorithm 3.1 and Algorithm 1 in [8] follow a non-inertial structure, whereas Algorithm 1 in [8] incorpo-
rates inertial terms, which can impact convergence rates and computational complexity;

(iv) Algorithm 2 in [7] uses a simplified structure focused on inclusion problems, with fewer computational steps
compared to our algorithm and Algorithm 1 in [8].

Theorem 3.3. Let Hy and H, be two real Hilbert spaces, and let C and Q be two nonempty, closed and convex sets
such that C € Hy and Q € Hy. Let A : Hy — Hy be a bounded linear operator with its adjoint operator A*; let
By :Hy —» 2W B, : Hy — 22 be multi-valued maximal monotone operators. Let D : C — Hj be k-inverse strongly
monotone mappings, let 7 : C — C be a nonexpansive mapping and S : C — C be a continuous quasi-nonexpansive
mapping such that T — S is monotone and I' = Q N ® N Fix(S) N Sol(VI) # 0. Assume that the following conditions
hold:

(C1) lim,_,o inf a,, > 0O;

(C2) 0 < lim,, info, < limsup, | o0, <1;

(C3) 0 < lim 0 inf 6, < limsup, 6, <1;

(C4) 0 < limy,,0 inf uf, < limsup, . uf, <2k

Then the iterative sequences {z,} and {v,} be generated by Algorithm (8) converges strongly to z € I', where z = Pruy.

Proof. We divide the proof into several steps.

Step L. First, we show that I" and C,, for all n > 0 both are closed and convex. Since I' # 0, it follows from
Lemma 2.4 that Sol(NIP(1)) = Fix(J fl) and Sol(NIP(2)) = Fix(J f ?) are closed and convex sets. Clearly ®
is closed and convex, since ® = Fix(Priyq) © S) # 0. Further, it is easy to observe that Fix(S) and Sol(VI)are
closed and convex. Thus, I is nonempty, closed and convex and $rvy is then well defined.

Next, we show that C,41 is closed and convex. Since C is closed and convex, then Cy is also closed and
convex. Suppose that Cy is closed and convex for some k > 1. For any z € Ci, we have

llox — zII*
0. 9)

2
lzx —zll= <
<

& llzx — vxl* + 2(zx — vk, vx — 2)

We easily observe from (9) that Cy4; is closed and convex for all k > 1. Therefore, C, is closed and convex
foralln > 0.

Step II. T c C, for each n > 0, {v,} is well defined and the sequences {v,}, {u}, {z.}, {w,} and {y,} are
bounded. Let p € T then p € C. Since P is firmly nonexpansive, we estimate

lwy = pl? < (1= 8u)llon = pI? + 5P — upuD)oy — Pe(I — upuDipl?
< (1= 8)llon = pI + 0T — upuD)on — (I — upuD)pI
< on = pI? + 0u(12BAID0, — Dpl? = 2uBu(0n — p, Do, — Dp))
< low = pIP + 8u(2BAIDV, = DpIP - 2B,k Do, — Dpl?)
< low = pIP = Suptu(2k = )l Do, — DplP?
< low—plP, (10)
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lyn —pIF < A =0w)llwy —pl* + 0ullSvn — pIPF — 64(1 — 0,)ISv, — Wyl
< log = plP = 04(1 = 0,)lISv, — wyll?
< o —pl?,

and

lin =pIP = (1= an)ou + an Ty — pli*
< (1=apllvy = plIF + aullys - pl?
< o = pIP = 04(1 = a)lISv, — wall®
< v, —pl*.

Since p € I then p € Q) and hence jflp =pand szﬂp = Ap, we have

1T + y AT = DAy — pl?

T (i + y AT = DAw) = T3 P)IP

1y + y A (T Y2 = 1) Auy, — pl?

it = pIP + YANA(T > = D) Au? + 2 — p, AT 2 = T) Aty
llun = pIP + PANAIPNT > = DA + 2ty — p, AT = T)Ay).

2
1z — pll

I IA

Further, we have
20y = p, AT - I)Auy)
= 2(Au, — Ap, (T — ) Auy)
= 20 A, — Ap + (T2 = DAy — (T3> = DA, (T3 = 1) Atty)
= (TP A, — Ap, T2 A, — Py = (T2 = 1) AP}

YT 2 A, = Apl® + 1T 72 Aty = At = | Ay = Apl* = 2T 72 = T)Au,|*}
= YT A, - T3ApIP + T2 = DA = Ay — AplP = 20T 72 = 1) Auy|P)
< YA, — Apl? = | Aw, — AplP? = (T3> - T)Au)P)
= YT - D Au|.

Replacing (16) in (15), we get

lzw = plP <l = pIP =y = YIAPNT > = T)Au, |
Next, using (14) and (17), we estimate

Iz = pIP < l[on — pIF = (1 = YIAIPITE — 1) Ayl

1
Since v € (0, ——= |, (18) implies

1z — pll < llvn = pll.

3597

(11)
(12)

(13)
(14)

(15)

(16)

(17)

(18)

(19)

This implies that p € C11 and hence I' € Cy41 for all n > 0. Consequently, C,+1 is nonempty, closed and

convex and hence v,41 = Pg,.,vo is well defined for all n > 0. Thus the sequence {v,} is well defined.

Let I = Prvg. From v,41 = Pg,,,v0 and [ € T C Cy41, we have

w1 = voll < Il = woll, ¥r > 0.

(20)
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Therefore {v,} is bounded. From (10), (12), (14) and (19), we have that {w,}, {y.}, {u,} and {z,} are also
bounded.

Step IIL lim [[v,41 —v,ll = 0; lim ||z, —v,ll = 0; lim ||z, —u,l| = 0; Lim [|Pc(v, — pufnDoy) —vull = 0; lim [jw, —
n—oo n—oo n—o0 n—o0 n—oo
Yull = 0 and lim ||v, — u,|| = 0.
n— o0

Since v, = P¢,vo, Cn+1 C Cy and vy41 € Cpy, we have
lon = voll < [lvns1 — woll, ¥Yn = 0. (21)
Therefore 1}1_{{)10 lon, — voll exists by (20) and (21).
By the properties of the metric projection P, that v, = P¢,vp and v,41 € Cpi1, we have
10541 = Vull® < [ons1 = 0ol* = llon = ol?, Y1 20,
which implies that
lim [0y =04l = 0. (22)
Since v,41 = Pe,,, V0 € Cuy1, it follows that
lizn = Onsall < llow — Opal. (23)
Hence, it follows from (22) and (23) that
lim |12, = vyl = 0. (24)
Since
o = zall < llow = Vpsall + 10041 = zall, (25)
it follows from (22), (24) and (25) that
lim J[o, =zl = 0. (26)
Next, from the assumption liminf,_,., 0, > 0, (18) and (26), we have

lim (77 = 1)Aus | = 0. (27)

Since J f ! is firmly nonexpansive, we have

T2 + y AT 22 = D) Auy) - plP
= TV n + y AT = DAuy) - T pl
<z —potn + ATV = 1) Auy - p)

1
= 5 [l = pIP + = pIP = llzw = s = y A (T = D) AP

2
Iz = pll

1 G

< Sl =PI+l = pIP = llzw = 0all = PNA (T~ T)FAu]
+2)(2 = 1y, ATV = 1) Auiy)]
1

< Sl = AP+l = pIP = llzw = 0al® = NI ~ T

2z — w AT - 1Ay ],
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which in turn yields
Iz = pIP < Nl = pIP = llzn = el + 20llz0 = KA (T = DA,

and this together with (14) implies that

lzw = wal® < Ml = pIP = llzw = pIP + 2/ll20 = WA (T} = A
< low = pI? = llzn = pIP + 2Yllz0 = unllA(T = 1) Aw, |
< Non = zall(llon = pll + llzs = pll) + 2)lz0 = walllA (T = I)Aw|
< Lullow = zall + 2)llzn = A NI Y2 = T) Aty

Hence, it follows from (26), (27) and (29) that
Him flzy — uull = 0.
Since
llow = unll < llow = zull + llzn = all-
It follows from (26), (30) and (31) that
&ij?o”vn — uy|| = 0.
It follows from (8) that
T Y = nll = lltn — vnll.
It follows from (32), (33) and lim,,_,, inf a;, > O that
lim [Ty, = 0, = 0,
From the assumption lim,_, inf 5, > 0, (13) and (34), we have
lim [|5, —w,|| = 0.
It follows from (8) that
1Yn — wall = 0ullSvyn — wall
It follows from (35), (36) that
lim [l — w,ll = 0.

Since {up,} € (0,2k), Pc(X — up,D) is nonexpansive. It follows from 7~ and S are nonexpansive that

ey = pIP < (1= anllon — pIP + @l Ty, - plP
< (1= anllon = pIP + an((A = o)l — I + 04llSo, = plP)
< o, - P”z = ay(1 = 0,)(1 = 6,)041Pc(d - [Jﬁnﬂ)vn - Unllz-

It follows the assumptions (C1)-(C3), (32) and (38) that

lim [[Pe(Z — puuD)xn = 4]l = 0.

3599

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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It follows from the assumption (C3) and (39) that
llwn = xull < SallPc(L — pPpuD)xn — xull = 0, (40)
as n — oo. Since
17" Yn = wall < T Y = Xull + [1Xn — wyll,
it follows from (34) and (40) that
Hm 77y, — wall = 0. (41)
Since
17"y = yull < NT yn = wall + llwn = yall,
it follows from (37) and (41) that
L 177y = yull = 0. (42)
Since
Sx, = xall < 1820 = wall + llwn — xall,
it follows from (35) and (40) that
lim [|Sx, = xall = 0. (43)
Step IV: x* € I'. Since {x,} is bounded, there exists a subsequence {x,,} of {x,,} such that x,,, — x*. Further,
from (26), (32), (37) and (39), there exist subsequences {y,,} of {y,}, {z,,} of {z.}, {uy,} of {u,} and {wy,} of {w,}

such that {y,,}, {zs,}, {1} and {w,,} converge weakly to x*. It follows from Lemma 2.3(ii), (42) and(43) that
x* € Fix(7") and x* € Fix(S).

Now, we show that x* € ®. It follows from (8)

1 1
— (Tyn =) = (L = S)xu+ —(T Y = Wn) + (W = ), (44)
and hence for all 4 € Fix(7") and using monotonicity of 7 — S, we have
T n— Yn
(=) = (TS~ (T =S5 =)+ (L =S —)

+Gl<7'yn = Wy, Xy = ) + Wy — X, X — q)

\%

1
> (T =8)q,xn—q+ O__<T]/n — Wy, Xn — )
n
Wy — X, X — ) (45)
It follows from (39), (41), (42), (45) that

limsup{q — 8q,x, —q) <0, Vg € Fix(T"). (46)

n—oo
Since x, — x*, we get

(T = 8)q,x" —q) <0, Yq € Fix(T). (47)
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Since Fix(7") is convex, tq + (1 — t)x* € Fix(7") for t € (0, 1) and hence

(L =S)(tg + (1= 1)x"),x" = (tg + (1 - )x7))

KT = S)(tg + (1 - 1)x7),x" — q)
0, Vg€ Fix(7), (48)

IA

this implies that
(L =8)(tg+ (1 -t)x"),x" —q) <0, ¥gq€Fix(7T).

Taking limits t — 0., we have
(T =8)x",x" —q) <0, Vg e Fix(T). (49)

Thatis x* € ®. Since {x,,} converges weakly to x*, it follows from Lemma 2.3 and (39) that x* € Sol(VI). Next,

we shall show that x* € Q. Since x,, — x*, then u, — x*, z, — x" and y, — x*. Since Algorithm 8 can be
rewritten as

(1t = 20) + AT — D) Au,
A

€ Bi(zn). (50)

By passing to the limit n — oo in (50) and taking account (27), (30) and the fact that graph of maximal
monotone mapping is weakly-strongly closed, we obtain 0 € B;(x*). By A is continuous, the nonexpansivity
of 5 2,(27) and Lemma 2.3, we have that 0 € B,(Ax*). This shows that x* € Q and thus x* € T'.

Step V. We shall show that x* = Prxy where x* is strongly limit point of {x,}. Since x, = P¢,xpand x* €T,
we have

llxo = 27l = llxo — xall-
It follows from I = Prxj and the property of the norm that

11 =xoll < Il¥" = xoll < lim inf|lx, — Xol| < limsup [l — xoll < Il = xoll-

n—oo

This yields that lim,,—,c |lx; — Xoll = [II = x0ll = [|x* — xoll. Since x,, —x9p — x* —x¢ and ||x, — xol| = [Ix* — x0|| then
from the Kadec-Klee property [5] of H;, we have lim,_,. X, = x* = I. Thus, we conclude that {x,} converges
strongly to x*, where x* = Prxo. [

4. Numerical illustrations

4.1. Function space

For supporting our main theorem, we now give an example in infinitely dimensional spaces L[0, 1]

such that || - || is L,-norm defined by |[|x|| = \/fol |x(t)]2dt where x(t) € L,[0,1].

Example 4.1. Let H; = Hy = L[5[0, 1] and C = {x(t) € L,[0,1] : j;)t x(s)ds < oo}. Define mappings as follow:

(i) bounded linear operator A : L1[0,1] — L[0, 1] by Ax(t) = 2x(t), Vx(t) € L,[0, 1];

(ii) maximal monotone operators B1, B, : L,[0,1] — L,[0, 1] by B1x(t) = 3x(t) and Box(t) = %, Vx(t) € L,[0,1];
(iii) nonexpansive mapping T : L[0,1] — L,[0, 1] by T x(t) = %, Vx(t) € L,[0,1];

(iv) continuous quasi-nonexpansive mapping S : L,[0,1] — L,[0,1] by Sx(t) = @, Vx(t) € L,[0,1];

(v) Z-inverse strongly monotone mapping D : C — L,[0,1] by Dx(t) = fot x(s)ds.
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For each A > 0, we see that jfl (x) = %5 and jfz (x) = 15 We use the Cauchy error [l — Xl < 10710
5

for the stopping criterion. The performances of our algorithm are split into five cases.
Case I: Comparison of the proposed algorithm (3.1) with different parameters 6,, are shown when we choose

wpn = ;45,7 =0.1,A=0.1, 0, = ay = 5,7 and initializations xo = % Then the results are presented as
follows:

On 0.1 0.3 0.5 0.9 0.999

No. of Iter. 18 18 17 17 17

CPU time(s) 3.204624 3.219476 3.104514 3.132228 3.212694

Tablel: Numerical results of different parameters 5,,.

x0=(t+sin(t))/2

0.025 —— — N —————
—3.-0.1
~-5,=0.3

0.02 ~5,=05 |
5,209
—-5,20.999

0.015 i

2

<l

|

0.01 i

0.005 .

0 L L L L | L L L L | I I I I n - 4 5
2 3 4 5 6 7 8 9 10

Number of iterations
Figure 1: The error plotting of our proposed algorithm (3.1) for different parameters 6, .

Case II: Comparison of the proposed algorithm (3.1) with different parameters up, are shown when

we choose 6, = 0.5,y = 0.1, A = 0.1, 0, = a, = 5,57 and initializations xp = % Then the results are
presented as follows:

KB pEs) ol 00T Tl TS

No. of Iter. 17 18 18 18 18

CPU time(s) 3.302351 3.310532 3.369519 3.301081 3.176498

Table2: Numerical results of different parameters pf;.

Case III: Comparison of the proposed algorithm (3.1) with different parameters y are shown by choosing

Wpn = T5tms On = 0.5, = 0.1, 0, = ay = 5,57 and initializations xp = %t)” Then the results are presented
as follows:

Y 0.2 0.1 0.01 0.001 0.0001

No. of Iter. 18 18 19 19 19

CPU time(s) 3.062286 3.016581 3.620591 3.267629 3.195616

Table3: Numerical results of different parameters y.
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Figure 2: The error plotting of our proposed algorithm (3.1) for different parameters pf;; .
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Figure 3: The error plotting of our proposed algorithm (3.1) for different parameters y .

Case I'V: Comparison of the proposed algorithm (3.1) with different parameters A are shown by choosing

y =01, up, = 104#, 0, = 0.5,0, = ay = 5.5 and initializations xo = % Then the results are presented
as follows:

A 0.1 1 10 100 103

No. of Iter. 18 8 4 3 3

CPU time(s) 3.189750 1.538551 0.9133888 0.752417 0.758241

Table4: Numerical results of different parameters A.

Case V: Comparison of the proposed algorithm (3.1) with different parameters ¢, are shown by choosing

A =100,y =01, 6, = 05, u, = 104%, @y = 5= and initializations xo = w Then the results are
presented as follows:
i i i i i
On 2n+1 T0n+1 T00n+1 103+l 101
No. of Iter. 3 3 3 3

CPU time(s) 0.743157 0.723417 0.744866 0.760672 0.675156
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x0=(t+sin(t))/2

Number of iterations

Figure 4: The error plotting of our proposed algorithm (3.1) for different parameters A .
Table5: Numerical results of different parameters o,,.
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Figure 5: The error plotting of our proposed algorithm (3.1) for different parameters o, .

Case VI: Comparison of the proposed algorithm (3.1) with different parameters «,, are shown by choosing

A =100,y =01, 6, =05, up, = 104#, o, = 104% and initializations x¢ = w Then the results are
presented as follows:
i i i i i
An 2n+l T0utl 100141 101 T0%n+1
No. of Iter. 3 3 3 3

CPU time(s) 0.746312 0.748333 0.741478 0.735886 0.769183

Table6: Numerical results of different parameters a,,.
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Figure 6: The error plotting of our proposed algorithm (3.1) for different parameters a;; .

From Tables 1-6 and Figures 1-6, we noticed that in all the above 6 cases, selecting A = 100, y = 0.1,
6«,1 = 05, [Jﬁn = sinl t)+t

and a,, = for initialization xp = yield the best results.

n O, = n n
104n+17 -1 104n+1 10%n+1

4.2. Signal recovery

In this section, a signal recovery problem in compressed sensing is considered for giving an example
of our algorithm application in real world problem. A signal recovery problem can be modeled in the
following least absolute shrinkage and selection operator (LASSO):

1 2
QHIQII\} E”b - \ﬂtz + AHx”l/ (51)

where A > 0 is a given constant, x € RN is an original signal, b € RM is the observed signal and A € RN,
In this case, we set D(x) = Vf(x), Sx = T x = jjg(x — AV£(x)) where f(x) = 3|Ib— Ax||2 and g(x) = Allx|l;. We
know that if A € (0,2/||A]%), then S, T are nonexpansive, then our algorithm (3.1) can be applied. And we
set B1(x) = dg(x) and By(x) = x. We choose N = 1024 and M = 512 for the signal size, and the original signal
x is generated by the uniform distribution in [-2,2] with m = 100 nonzero elements. Mean-squared error
MSE, = %,len - xllé < 5% 107° is used to measure the restoration accuracy. Let A be the Gaussian matrix
generated by the MATLAB routine randn(M, N), the observation b be generated by white Gaussian noise
with signal-to-noise ratio SNR=40. The original signal and the measurement by using A with m = 100.
Given that the initial points xj is generated by command randn(N, 1). We split five cases of our numerical
results.

Casel: Companson of the proposed algorlthm (3.1) w1th different parameters 6, are shown when we choose
UPn = HﬂHz’ y = II&ZIIIZ’ A= IIﬂHZ’ o, = 100n+1 and a,, = Z+1 Then the results are presented as follows:

On 0.1 0.3 0.5 0.9 0.999
No. of Iter. 9092 9088 9083 9075 9074
CPU time(s) 13.9853 15.5584 16.4712 17.8711 17.9848

Table7: Numerical results of different parameters 6,.

Case II: Comparison of the proposed algorithm (3.1) with different parameters uf3, are shown when we

choose 6, = 0.999, y = A=, 04 = g and Then the results are presented as follows:

Hﬂltz ’ flAlR e 2+1
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8 15 7 T9 199 999
HPn AP AP LA LA LA
No. of Iter. 9074 9073 9072 9072 9072

CPU time(s) 16.8849 17.0220 18.0354 17.9963 18.9953

Table8: Numerical results of different parameters pf;.

Case III: Comparison of the proposed algorithm (3.1) with different parameters y are shown by choosing
Upn = i A”92, 0, =0.999, A = IﬂHZ’ On = To0057 and ay, = nzl? Then the results are presented as follows:

05 0.7 09 099 0.999
Y [lAI2 A2 A2 A2 A2
No. of Iter. 9072 8995 8965 8959 8959
CPU time(s) 17.1674 15.7297 159147 15.4883 15.5108

Table9: Numerical results of different parameters y.

Case IV Comparison of the proposed algorithm (3.1) with different parameters A,, are shown by choosing
On =0.999, up, = 0 ﬂllz’ On = Tooeg @nd ay = 1+1. Then the results are presented as follows:

2 15 7 19 799 1999
" A2 LA LA A2 LA

No. of Iter. 9050 7996 7167 6848 6818
CPU time(s) 14.5482 125826 11.1581 11.1900 11.1400

V= ||A||2'

Table10: Numerical results of different parameters A,,.

Case V: Comparison of the proposed algorithm (3.1) with different parameters o, are shown by choosing
Ay = ﬁ;ﬂ?, O0n =0.999,y = %, UpPn = ﬁ, and @, = ——. Then the results are presented as follows:

—n_ n —n__
On 0.1 0.9 1 100n+1 ___ 10%n+1

No. of Iter. 6611 6608 6587 6583 6611
CPU time(s) 10.4733 10.7185 8.2354 7.7671 11.1091

Table11: Numerical results of different parameters o;,.

Case VI: Comparison of the proposed algorithm (3.1) with different parameters a; are shown by choosing
op = 100’}1 —, 00 =0.999, A, = ﬁ;ﬂ?, Y= l();”gz, and up, = llﬂ?ugz Then the results are presented as follows:

o T 1T 1 L 1
n 100n2+1 104n2+1 n3+1 10013 +1

241
No. of lter. 6732 6764 6732 6758 6765
CPU time(s) 10.5964 10.4635 10.4464 10.8398 5.5015

Table12: Numerical results of different parameters .

From Table7- Tablel2, we see that in all the above 6 cases, selecting a,, = 104n—2+1' 0n = 0.999, 0, = 15577/

Ay = ﬁ;{ﬁ?, Yy = “0;”92, and up, = ﬁ yield the best results, we denote that choosing the best parameters is
depended on number of iterations. We next show the original signal, the measurement by using A with

m = 100, and the reconstructed signals in Figure 7.
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Figure 7: From top to bottom: the original signal, the measurement by using A with m = 100, and the reconstructed signals by using
the best of all parameters in Table 12.
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Figure 8: The mean-squared error versus number of iterations.

From Figure 8, we see that our proposed algorithm (3.1) converges to the original signal.

5. Conclusions

In this paper, we modify a hybrid projective method to approximate a common solution of hierarchical
fixed point problems for nonexpansive and quasi-nonexpansive mappings, variational inequality, and split
null inclusion problems. We also prove strong convergent theorems under some mind conditions in Hilbert
spaces. An example is infinitely dimensional spaces with their numerical results to support our main result.
Finally, we show the efficiency of the proposed algorithm by applying it to solve the signal recovery problem.
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