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Abstract. Let A be a prime #-algebra. For any A, B € A, define a new product A e B = AB* + BA*. Let 6 be
a non-linear map satisfying 6(AcBeC) = 6(A)cBeC+Ac5(B)eC+AoBe)(C)forall A B,C € A. In this
article, we show that 6 is an additive *-derivation. Furthermore, we also discuss above result for higher
derivable maps on A.

1. Introduction

Let A be an associative *-algebra over the field of complex numbers C. Recall that an algebra A is said
to be prime if for any A, B € A, AAB equates to (0) then either A = 0 or B = 0. A linear map 6 : A — Ais
said to be a derivation if 5(AB) = 6(A)B + Ad(B) for all A, B € A. Further, if 6(A*) = 6(A)* for all A € A, then
0 is called a *-derivation. If the linearity of 0 is replaced by the additivity in the above definition, then 6 is
called an additive *-derivation. The products A o B = AB + BA and [A, B] = AB — BA are called Jordan and
Lie product of A, B € A. These Jordan and Lie product with involution “ * ”, defined as A x B = AB + BA”,
[A,Bl, = AB - BA*, Ae B = AB* + BA* and [A, B]l. = AB* — BA" are respectively termed as *Jordan, *Lie,
bi-skew Jordan and bi-skew Lie product of A,B € A. A map (may not be linear) 6 : A — A is called a
non-linear Jordan (resp. non-linear bi-skew Jordan) derivation if it satisfies 6(AoB) = 6(A)oB+Aod(B) (resp.
O0(AeB) = 0(A)eB+Aeo(B)) forall A, B € A. Accordingly, a non-linear Jordan (or non-linear bi-skew Jordan)
triple derivation is a map 6 from A into itself which satisfies 6(AoBoC) = 6(A)oBoC+Aod(B)oC+AoBoo(C)
(or6(AeBe(C) = 6(A)eBeC+Ae5(B)eC+AeBe(C))forall A, B, C € A. Many mathematicians characterized
the maps concerning these products on different rings and algebras (see [3], [4], [6], [7], [8], [9], [13], [15],
[17], [18], [19], [27], [30], [34] and the references therein). In [15], Khan and Alhazmi determined the
structure of multiplicative bi-skew Jordan triple derivations on prime *-algebras. In fact, they proved that
every multiplicative bi-skew Jordan triple derivation on a prime #-algebra, is an additive *-derivation. In
recent years, several scholars paid more attention to mixed Jordan (Lie) products with involution “ » ”
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and characterized the structures of maps concerning these products (see for example [1], [2], [5], [10], [16],
[22], [23], [25], [26] [31], [32], [35]). For instance, Zhou et al. [35] proved that a non-linear mixed Lie
triple derivation on a prime *-algebra, is an additive *-derivation. In [1], we have obtained the structure of
non-linear mixed Jordan bi-skew Lie triple derivations on *-algebras. Yang and Zhang [32] characterized
non-linear mixed Lie triple product preserving maps on factor von Neumann algebras. A natural question
arises related to mixed bi-skew Jordan triple product (i.e., A o B o C) that what would be the structure of
a map 0 on a prime *-algebra A satisfying 6(Ao B e C) = 6(A)oBeC+ Ao 5(B)e C+ Ao BejC) for all
A,B,C € A. To settle this question, in Section 2, we prove that such a map is an additive *-derivation on
A. To further extend the result obtained in Section 2, we shift our focus to the mixed bi-skew Jordan triple
higher derivations on prime *-algebras. The notion of higher derivations has been considered by many
researchers on different rings and algebras (see [11], [12], [14], [20], [21], [24], [28], [29], [33]). Let us recall
some terminologies related to (Jordan) higher derivations on an algebra A. Let A = {0,},en be a collection
of linear maps 0, : A — A wheren € N (the set of all non-negative integers) such that 6y = id# (the identity
map on A). Then A is called

e a higher derivation if for eachn € IN and for all A,B € A

5u(AB) = )" 6,(A)0y(B);

p+q=n

e a Jordan higher derivation if for each n € N and forall A,B € A

Su(AoB)= ) 6,(A)o 5,(B);
p+q=n

e aJordan triple higher derivation if for each n € N and for all A, B,C € A

6u(AoBoC)= Y 6,(A)o00,(B)006,(C).

p+q+r=n

If the assumption of linearity is dropped (or replaced by additivity) in the above definitions, then A is called
anon-linear higher, a non-linear Jordan higher and a non-linear Jordan triple higher (or an additive higher,
an additive Jordan higher and an additive Jordan triple higher) derivation on A, respectively. Analogously,
we can define a (non-linear or an additive) bi-skew Jordan higher and a (non-linear or an additive) bi-skew
Jordan triple higher derivation through the replacement of Jordan (triple) product by bi-skew Jordan (triple)
product. Considering Jordan and bi-skew Jordan producti.e., Ao B = AB+ BA and A e B = AB* + BA", we
define non-linear mixed bi-skew Jordan triple higher derivation as follows: let A = {0,},en (Where N is the
set of all non-negative integers) be a collection of maps 6, : A — A such that 5y = id# (the identity map on
A), satisfying
Su(AcBeC)= Y 5,(A)o06,(B)e5,(C)
p+q+7’:ﬂ

for all A,B,C € A and for each n € IN. Then A is called a non-linear mixed bi-skew Jordan triple higher
derivation on A.

Motivated by the work done on higher derivations ([11], [12], [14], [20], [21], [24], [28], [29], [33]),
in Section 3, we prove that every non-linear mixed bi-skew Jordan triple higher derivations on a prime
+-algebra A, is an additive *-higher derivation on A.

2. Non-linear mixed bi-skew Jordan triple derivations on prime *-algebras

In this section, we determine the structure of non-linear mixed bi-skew Jordan triple derivation on a
prime *-algebra A. In fact, we prove the following;:
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Theorem 2.1. Let A be a prime *-algebra with unity I and a nontrivial projection. Then a map 6 : A — A satisfying
0(AoBe(C)=06(A)oBeC+Aocd(B)yeC+AoBed(C) (1)
forall A,B,C € A, is an additive *-derivation.

Before proving Theorem 2.1, we give an example of a map 0 on a prime *-algebra A that satisfies
Equation (1).

01

be the unity of A. A map = : A — A, defined by +(A) = AY, where A? denotes the transpose conjugate of the
matrix A, is an involution. Hence A is a prime *-algebra with unity 1. Define a map 6 : A — A such that

0 ([ 2z ]) = [ 0 = } Observe that 6 is a »-derivation on A. Therefore, it also satisfies
73 24 —izz 0

Example 2.2. Let A = M,(C), the algebra of all 2x2 matrices over C (the field of complex numbers) and I = [ 1o ]

0(AocBeC(C)=06(A)oBeC+Aod(B)yeC+AoBe)(C)

forall A, B,C € A. Moreover, A contains a nontrivial projection P = [ 1o

0 0 ] and 6 is also nontrivial.

Proof of Theorem 2.1: Let A be a prime *-algebra and C be the field of complex numbers. Take a
projection P; € A and let P, = I — P;. We write Ay = P;AP for j k = 1,2. Then, by Peirce decomposition
of A, we have A = Ay & A & Ay ® Ap. Note that, any element A € A can be written as A =
A11 + A + Axy + Ay, where A]'k S ﬂjk (],k € {1,2}) Let H = fAe A|A* = A} and K = {Ae A|A* =-A},
Hiy = {P1HP, + P,HP; | H € H} and ‘H;; = PyHP; (i = 1,2). Thus, for every H € ‘H, H = Hy1 + Hip + Hy, for
every Hip € Hip and H;; € H;; (i = 1,2).

In view of the above facts, the proof of Theorem 2.1 is given in a series of the following claims:

Claim 2.3. 6(0) = 0.
5(0)=5(000e0)=05(0)0c0e0+00650)e0+000e50)=0.
Claim 2.4.
@ 5(31)=0;
(i) 6(-11)=0;
(iii) & (%il) = 0.

~—
Il

() LetA=B=C= %I in Equation (1). Then, we can write

o3l
= 6(%1)0 %Io %I+ %Ioé(%l)o %I+ %Io %106(%1)
-3l
From Equation (2), it is evident that 6 (%I ) is self-adjoint and hence again from Equation (2), we get 6 (%I ) =0.

(i) If weputA=B= %I and C = —%I in Equation (1), we get

4ol b= B Ba( )= 3o o 1)
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From Equation (3), we observe that 0 (—%I ) is self-adjoint, i.e.,

1\ 1
o(~31) =5(-31)-
Also

1 1 1 1 1 1 1 1 1 1
0= 5(51) = 5(5“’ —le ‘51) =5l° 5(‘51) o —gl+zle—5le 5(‘51)

_ (5(—%1) n 5(—%1)*).

Thus, we get

o4 -l 4

From Equations (4) and (5), we obtain 6 (—%1) =0.
(iii) Let A = B = }il and C = 11 in Equation (1). Then, we have

1 1. 1. 1 1N 1. 1. 1. (1. 1
0_5(—51)_5(5110511.51)_5(511)0511.§1+51105(511).§1

= i(é(%il) - b(%[))

This gives

5(%1‘ ) - 5(%1'1).

On the other hand, we have

1. 1. 1. 1. 1 1. 1 1.\ 1,
0 —6(0) —6(510 EI. EZI)— EIO EI.(S(EZI) = 5(6(511) +6(EZI))

This implies that

5(%1'1)* - —5(%1'1).

From Equations (6) and (7), we obtain 6 (%il) =0.
Claim 2.5. Forany H € H, 5(H)* = 6(H).
Observe that H=H o %I ° %I . It follows from Claim 2.4 (i) that

1 1 1

5(H) = 6(H o %1 . %z) = 6(H) o 51 e 51 = 5 (3(H) + 6(H)).

2
Thus, 6(H)* = 6(H).
Claim 2.6. For any H € H, we have

(i) 6(-iH) = —i6(H);
(if) 8(iH) = i5(H).

4016
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Observe that, —iH o %I ° %I =Ho %i[ ° %I = 0. It follows from Claim 2.4 that

. 1.1 1. 1
(5(—1Ho EI. EI) = 6(Ho EII. EI)
This implies that
1

5(—iH) o %1 o 51=0(H)o %u ol

2
From Claim 2.5, we obtain

5(—iH) + 6(—iH)* = 0. 8)

Next, since H = —iH o 1il @ 1] = 1] 0 H @ 1], then

6(—iHoliloll)Z(S(lIoHolI).

27 2 2 2
Hence . . . )
0(—iH) o Eil ° EI = EI o O(H) e EI.
This gives
o0(—iH) — 6(—iH)" = —-2i6(H). )

Addition of Equations (8) and (9) leads to
O0(—iH) = —ido(H).
Similarly, we can prove that 6(iH) = i6(H).
Claim 2.7. For any Hy; € H;;, (i = 1,2) and Hip € Ha, we have
0(Hii + H12) = 6(Hyi) + 6(Hx2).

Let M = 6(Hy1 + Hi2) — 6(H11) — 6(Hi2). Then, by Claim 2.5, we have M* = M. Proving the claim, we have
to show that M = 0. We prove the Claim for i = 1. we can write

O(P o (Hy1 + Hyp) @ Py)

= 0(P2 0o Hyy @ P2) + 6(P2 o Hyp @ P»)

= 0(P2) o (H11 + H12) @ P2 + P3 0 (6(H11) + 6(H12)) ® P2 + Pa o (H11 + Hiz) @ 6(P2).
On the other hand, we have

O(P2 o (Hy1 + Hyp) @ P3)

= 0(P2) o (Hy1 + Hiz) ® Py + Py 0 0(Hyy + Hyz) @ Py + Py o (Hyp + Hya) @ 0(Pa).
From the last two expressions, we get PoMeP, = 0. This gives M1, = My, = 0. Now, since (P,—P;)oH,0P; =
0, then we have

0(P2 = P1) o (Hy1 + Hyo) @ Py + (P2 — P1) o 6(H11 + Hyz) @ Py + (P2 — P1) o (Hyp + Hyo) @ 6(P1)

= O6((P2 — P1) o (H11 + Hy2) @ Py)

= 0((P2 — P1) o Hy1 @ P1) + 6((P2 — P1) o Hyp @ P1)

= 6(Py — P1) o (H11 + Hiz) @ Py + (P2 — P1) o (6(H11) + 6(H12)) @ P4

+ (P2 — P1) o (H11 + Hyo) @ 6(P1).
This implies that (P, — P1) o M @ P; = 0 and hence M;; = 0. Therefore, M = My; + Mj + My, = 0. Thus,

0(H11 + Hiz) = 6(H11) + 6(H12).

Similarly, one can easily obtain 6(H1» + H2z) = 6(H12) + 6(Haz).
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Claim 2.8. For any Hy1 € Hi1, Hip € Hip and Hyp € Hyp, we have
O(H11 + Hiz + Hap) = 6(H11) + 6(Hi2) + 6(H2o).

It is sufficient to show that M = 6(H11 +Hypp + H22) - 6(H11) - 6(H12) - 6(H22) = 0. It follows from Claim 2.7
and P; o Hy, @ P; = 0 that

0(P1 o (H11 + Hiz2 + Hy) @ P)

= 6(P1 o (H11 + Hiz) @ P1) + 6(Py o Hy; @ Py)

= 0(P1) o (H11 + H12 + Hpp) @ Py + Py o (6(Hy1) + 0(H1o) + 6(Hpp)) @ Py
+ P1 o (Hy + Hiz + Hap) @ 6(Py).

On the other hand, we obtain

O0(P1 o (H11 + Hi2 + H) @ Py)
= 6(Py) o (H11 + Hiz + Hyy) ® Py + Py 0 0(Hyy + Hip + Hyp) @ Py
+ Py o (Hy1 + Hip + Hp) @ 6(P1).

From the last two expressions, we conclude that P; o M e P; = 0. This gives Mj; = M, = 0. Next, since
(P2 = P1) 0 Hyq ® P, = 0, then reasoning as above, we obtain M, = 0 and thus, M = 0. Hence the result.

Claim 2.9. For any Gz, H1p € Hia, we have
0(Gr2 + H12) = 8(Gr2) + 6(H12).

For any Uy, Vip € App, assume that G =Up + U;z [S 7'{12 and Hi, =V + VIZ S 7‘[12. Thus

1
(P1 + Upp + U{z) o EI [ (P2 + Vi + V;Z)

= (U12 + U]z) + (Vlz + V;z) + (u12V12 + V12Uiz + u;2V12 + VI2U12)

= G12 + H12 + Gle;Z + H12G;2.
Note that G12H;2 +H12G12 = Uy V;z + V1o UIZ + U;2V12 + VIZ Uy, = Wip + Wy, where Wy = u12V;2 + Vi U;z €
FHi1 and Wy, = LIIZVQ + V;zulz € Hy,. Since Uy + U;z, Vi + V;z € H;, then it follows from Claims 2.4 (Z)
and 2.8 that

0(Grz2 + Hiz) + 6(Wh1) + 6(Wa2) = 6(G1z2 + Hiz + Wiy + Wap)

* % 1 *
= 6(G12 + Hypp + GlZHIZ + H12G12) =0 ((P1 + U + Ulz) o EI o (Pz + Vi + VlZ))
1 " % 1 *
= (8(Py) + 8(Unz + U;y)) o 18 P2+ Vi + Vi) + (Py+ Uip + Ujp) o 51 (5(Py) + 6(Viz + V)
1 1 1
= (5(131 o EI L] Pz) + 6(1)1 ] EI [ (V12 + VIZ)) + 6((U]2 + U;Z) o EI L] Pz)
1 *
+8((Una + Upp) o 3T¢ (Viz + Vi) = 8(Gua) + 8(Hi) + (GroHi, + HiGy)
= 6(G12) + 6(H12) + 6(W11) + 6(W22).
Thus, we have 6(G12 + Hi2) = 6(G12) + 6(H12). Hence the claim.

Claim 2.10. For any Gj;, Hi € H;i (i = 1,2), we have

(i) 0(Gu1 + H11) = 6(G11) + 6(H11);
(ll) 6(G22 + H22) = 6(G22) + 6(H22)
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To prove (i), we shall show that M = 6(G11 + Hi11) — 0(G11) — 6(Hj1) = 0. We can write

6(P2 o (G11 + H11) ° Pz) = (S(Pz o G11 ° P2) + 6(P2 oHjp e Pz)
= (3(P2) o (G11 + H11) [ ] Pz + Pz o ((S(Gn) + 6(H11)) L] P2 + P2 o (G11 +H11) L] 6(P2)

Alternatively, we obtain

O(P2 o (G11 + Hi1) o P)
= 0(P2) o (G11 + Hi1) ® Py + P> 0 (G171 + Hi1) ® Py + Py 0 (Gig + Hip) @ 6(P2).

Thus, we get P, o M @ P, = 0. This gives us that M, = My = 0. It remains to show that M;; = 0. Observe
next that, for any Uy € A, U = Uy + Uj, € Hia. Then Uo Gy @ %I, UoHj e %I € Hip. Therefore, it
follows from Claims 2.4 (i) and 2.9 that

1 1
(U)o (Gu + Hup) @ 51+ U0 8(Gi +Hn) e 51
1 1
= 5(110 (G11 +Hipp) e %I) = 5(U0G11 . EI)+6(U0H11 ° EI)
1 1
=0(U) o (Gu+Hu)esl+Uo (6(Guy) + 6(Hn)) S

Thus, weget UoM e %I = 0. This leads to M;; = 0, which gives the desired result.
Remark 2.11. It follows from Claims 2.7-2.10 that 6 is additive on H.

Claim 2.12. 6(I) = 6(i[) = 0.

From Claims 2.4, 2.6 and Remark 2.11, we get

5(I) = 5(%“ %1) = 5(%1) + 5(%1) =0

and
o@il) = io(I) = 0.

Claim 2.13. 5(K)* = —6(K), 0(iK) = i5(K), 6(K1 + Kz) = 6(K7) + 0(Ky) for all K, K1, K; € K.
Since for any K € K, Ko I ] =0, then from Claims 2.3, 2.12 and the hypothesis, we have
0=0(Kolel)=05(K)olel=25K)+25K)".

Therefore, we obtain 6(K)* = —6(K) for all K € K.

In view of Remark 2.11 and Claim 2.12, we have

46(iK) = 6(4iK) = 6(K o il # I) = 6(K) o il ® [ = 4i6(K).

Thus, 6(iK) = i6(K) for all K € K.

Let Ky, K; € K. Then, in view of Remark 2.11 and 6(iK) = i6(K), we have

i0(Ky + Kp) = 0(i(Kq + K3)) = 6(iKy) + 0(iKp) = i(6(Kq) + 6(K3)).

This implies that
0(Ky + Kz) = 6(K1) + 6(Ky)

forall K;, K, € K.
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Claim 2.14. Forany A,B € A, 6(A + B) = 6(A) + 6(B) and 6(iA) = i6(A).
Let K1, K; € K. Then, using Claims 2.4 and 2.13, we get
) . ) 1.1, . 1.1,
—i0(Ky) = 6(—iKy) = 6(1(1 +iKyo=]e —zI) =0(Ky +iKp) o =1 e =il
22 22
= —%Z(S(Kl + ZK2) + %lé(Kl + iKz)*
and
. . 1.1 . 1.1 .
i5(Ky) = 6(iK) = 5(51 0 5Te (K + sz)) = 510510 6(K; +iK)
1 1
= Eé(Kl + 1K2) + Eé(Kl + l'Kz)*.

From Equations (10) and (11), we obtain
O0(Ky + iKy) = 6(K7) + i0(Ky).

4020

(10)

(11)

(12)

Next, suppose that A, B € Asuch that A = S; +i5; and B = K; +iK; for Sy, 2, K, K, € K. So, from Equation

(12) and Claim 2.13, we have

6(A + B) = 6((81 + Kl) + 1(52 + Kz)) = 6(51) + 6(K1) + 1(5(52) + 16(K2)
= 5(Sy +iSy) + 8(Ky + iKy) = S(A) + 5(B).

Also, we have
8(iA) = 6(i(Sy + iS2)) = i(5(S1) +i5(S2)) = i5(A).
Claim 2.15. For any A € A, 6(A*) = 6(A)".

Since & (%1) = 0, then we have

5(%10%1.,4): %10%1.5(14).

This implies that
O(A + A%) = 6(A) + 6(A)".

This gives
O(A™) = 6(A)".

Claim 2.16. 6 is an additive x-derivation on A.

From Claims 2.14 and 2.15, ¢ is additive with 6(A*) = 6(A)* for all A € A. To complete the proof of
Theorem 2.1, it remains to show that 0 satisfies the Leibniz rule on A, i.e., 6(AB) = 6(A)B + AS(B) for all

A,B € A Forany A, B € A, we have

S(AB + B*A") = 5(%10 B .A) = %Io 5(B) e A+ %Io B* ¢ 5(A)

= 5(B)A" + AS(B°) + B'5(A)* + 6(A)B
= 5(B)A" + A5(B) + B*5(A) + 5(A)B.

Replacing B by iB in Equation (13) and using Claim 2.15, we obtain

S(iAB — iB*A*) = 5(—iB*)A* + AS(iB) — iB*5(A)" + i5(A)B

(13)
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= i( = 6(B)A" + AS(B) — B'5(A)" + 5(A)B).
This implies that
O(AB — B"A") = —6(B")A" + Ad(B) — B"6(A)" + 6(A)B. (14)
Adding Equations (13) and (14), we obtain
O(AB) = 6(A)B + A(B).
Hence, the proof of Theorem 2.1 is completed.
Let $ be a complex Hilbert space and 8(9) the algebra of all bounded linear operators on $. A subalgebra
A of B(9) is said to be a standard operator algebra if it contains all finite rank operators on $.
Recall that a von Neumann algebra A is a weakly closed self-adjoint algebra of operators on $, contains
the identity operator I. A is said to be a factor von Neumann algebra if its centre is trivial. As the factor

von Neumann algebras and standard operator algebras are prime *-algebras, the following results are the
immediate consequences of Theorem 2.1.

Corollary 2.17. Let A ba a factor von Neumann algebra with dim(A) > 2. Then a map 6 : A — A satisfying
0(AocBe(C)=06(A)oBeC+Aod(B)yeC+AoBed(C)
forall A, B,C € A, is an additive »-derivation.

Corollary 2.18. Let $ be an infinite dimensional complex Hilbert space and A be a standard operator algebra on $
containing the identity operator 1. If A is closed under the adjoint operation, then every nonlinear mixed bi-skew
Jordan triple derivation i.e., a map 6 : A — B(D) satisfying

0(AoBe(C)=0(A)ocBeC+Aod(B)yeC+AoBesC)
forall A, B,C € A, is an additive *-derivation.

3. Non-linear mixed bi-skew Jordan triple higher derivations on prime *-algebras

In this section, we show that a non-linear mixed bi-skew Jordan triple higher derivation on a prime
+-algebra A, is an additive *-higher derivation on A. Precisely, we prove the following;:

Theorem 3.1. Let A be a prime +-algebra with unity I and a non-trivial projection. Let A = {5,},en be a non-linear
mixed bi-skew Jordan triple higher derivation on A i.e., 09 = id# (the identity map on A) and

ou(AoBeC)= Y 0,(4)006,(B)e(C) (15)

pHq+r=n
0<p,q,r<n

forall A,B,C € Aand for each n € N. Then A is an additive *-higher derivation on A.

We shall use the method of mathematical induction on n € IN to prove Theorem 3.1. The following
series of claims establishes the proof.

Claim 3.2. 6,(0) = 0 for each n € N.

For n = 0 the result is obvious and for n = 1, it is true by Claim 2.3. Using the induction hypothesis, suppose
that the result holds for m < n -1, i.e., 6,,(0) = 0. We show that it holds for m = n. We have

04(0) = 6,(0000)
=0,(0)c000+006,(0000+000e5,(0)+ Z 6p(0) © 64(0)  5,(0)

p+g+r=n
0<p,q,r<n-1

=0.
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Claim 3.3.
(i) 6u(31) =0, for each n € N withn > 1;
(i) 6,1(—%1) =0, foreachn €e Nwithn > 1;
(iii) 6u(3il) = 0, for each n € N withn > 1.

The results hold for n = 1 by Claim 2.4. Let us assume that they are true form <n -1, i.e, 6,,1(%1) =0,
Om(=3I) = 0 and 6,,(3il) = 0. We shall show that they hold for m = n.

()LetA=B=C= %I in Equation (15). Then, we can write

On (11) =0y (11 o 11 ° 1I)

2 2 2 2
1 1 1 1 1 1 1 1 1
—6,1(51)0510 §I+ 510571(51)'514' EIO 5106,1(51)
1 1 1

+ Zﬁ 5p(§1) o 5q(§1) . @(51)

p+g+r=n

0<p,q,r<n-1

3 1 1\
=5 (6n(51) + 6y, (51) ) (16)

From Equation (16) it is evident that 6, (%I) is self-adjoint and hence again from Equation (16), we get
5, (31) =0.
(i) If weputA=B= %I and C = —%I in Equation (15), then we get

Oy (—11) =0, (11 o 1I ) —11)

2 27 2 2
1.1 1 1 1 1
=5logtetn(=51)+ X on{50)omn(51)eer(-51)
p+q+r=n
0<p,q,r<n-1
1 1 1.\
= 5(6,1 (—51)4‘6” (—El) ) (17)
From Equation (17) we observe that 0, (—%I) is self-adjoint, i.e.,
1.\ 1
n|—x = On -=I). 1
on(-31) =o:(-31) 09)
Also
1
0=, (51)
1 1 1
=0u(31e 31 3])
1 1 1 1 1 1 1 1 1
= 5lotn(=51)e =31+ glo =5l tn(-51)+ MZ o (51) o0 (=51) +5-(~51)
0<p,q,r<n-1

)}
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Thus, we get
1.\ 1
o—==I) = =6,(-=1). 1
ou(~71) = =27 09
From Equations (18) and (19), we obtain 0, (—%I) =0.

(iii) Let A=B = %il and C = %I in Equation (15). Then, we have

1
0=5, (—51)

1. 1. 1
zén(izlo Ell. EI)
1

1.y 1. 1. 1, 1.\ 1 1, 1.
= 6n(511) o sil e SI+ il o 6n(511) o« 5l+ Y, o (Ezl) o 54(511) . 6r(§1)

p+q+r=n
0<p,q,r<n—-1
. 1, 1.\
= 1(6n (511) — 0y (511) )

This gives

1.\ 1,

5, (511) =5, (511). 20)

On the other hand, we have

(1.1 1,
Ozbn(ilo EI. 511)

1.1 1. 1 1 1.
=5togtenn(zi) v Y on(51)omn(51)e0r(31)

p+q+r=n
0<p,q,r<n-1

_ % (5n (%1 ) 5, (%11))

This implies that

5 (%il)* - -5, (%1‘1). 1)

From Equations (20) and (21), we obtain 0, (%il) =0.
Claim 3.4. Forany H € H, 6,(H)* = 6,(H) for each n € N.

Observe that H = H o %I . %I . It follows from Claim 3.3 (i) that
1.1
6n(H) = 6,/, (H o EI L EI)

11 1 1
= 6u(H) o 5Te 51+ Z_ 8,(H) 0 8, (51) .5, (51)
p+q+r=n
0<p,q,r<n-1

= %(@(H) + Ou(H)').

Thus, 5,(H)" = 6,(H).



A. Ali et al. / Filomat 39:12 (2025), 40134032

Claim 3.5. Forany H € H and n € N, we have

(i) 6u(=iH) = —id,(H);
(ii) 6,(iH) = 6, (H).

Observe that —iH o %I ° %I =Ho %il ° %I = 0. It follows from Claims 3.2 and 3.3 that

. 1 1 1. 1
On (_1H0 EI. EI)Z(S,,,(HO zllo EI)

This implies that

S 1.1 ) 1 1
(-ifoglegle 3, o-ithos,(1)es (3]

p+q+r=n
0<p,q,r<n-1
1.1 1. 1
= ou(H) 0 il o 51+ Z_ Sp(H) 0 8, (Ezl) . 5r(§1).
p+q+r=n
0<p,q,r<n—-1

It follows that

. 1 1 i 1.1
0n(—iH) o EI ° EI =0,(H) o 511 ° EL

Using Claim 3.4, we obtain
On(=iH) + 6,(=iH)" = 0.

Next, since H = —iH o il @ 1 = 1] o H e 1], then

1

2
11 1 1

6n(—zHo§zIo§I):6n(§IoHoEI),

Hence

11 . 1, 1
Ou(=iH) o il @ ST+ Y 6p(—1H)06q(§zI)o(§,(§I)

pHq+r=n
0<p,q,r<n-1
1 1 1 1
= Slo0,(H) e 51+ Z_ 5, (51) 0 0,(H) » 5r(§1).
p+g+r=n
0<p,q,r<n-1
This gives

On(—iH) — 6,(—iH)" = —2i6,,(H).
Addition of Equations (22) and (23) leads to
Ou(—iH) = —id,(H).
Similarly, one can easily obtain that 6,,(iH) = i6,(H).
Claim 3.6. For any H;; € H;;, (i = 1,2), Hip € Hip and n € N, we have

On(Hii + H12) = 6u(Hii) + 6,(H12).

4024

(22)

(23)
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By Claim 2.7 the result is true for n = 1. Using the induction hypothesis, suppose that it holds
for m < n-—1, ie., 6,(Hi + Hi2) = 0,(Hyi) + 0,,(H12). We have to show that it is true for m = n. Let
M = 6,(H11 + H12) — 64(H11) — 64(H12). So, by Claim 3.4, we have M* = M. Proving the claim, we have to
show that M = 0. We prove the Claim for i = 1 and the case for i = 2 can be proved analogously. We can
write

5n(P2 o(Hi +Hip)e Pz)

= 04(P2 0 Hyy @ P2) + 6,(P2 0 Hy2 @ P3)

= 0n(P2) o (H11 + H12) ® P2 + P2 0 (6,(H11) + 0,(H12)) ® P2

+ Py o (Hy1 + H1z) @ 04(P2) + Z 0p(P2) o (64(H11) + 64(H12)) ® 6,(P2).

pHg+r=n
0<p,q,r<n-1

On the other hand, we write
0u(P2 o (H11 + Hi2) @ P2)
= 0p(P2) o (H11 + Hyz) @ Py + P2 0 6,,(Hy1 + Hyz) @ Py + Py o (Hyp + Hyo) @ 6,(P2)
+ Z 0p(P2) 0 64(H11 + H1z) @ 6,(P2).

p+q+r=n
0<p,qr<n—1

From the last two expressions, we get P,oMeP, = 0. This gives M1, = My, = 0. Now, since (P,—P;)oH,0P; =
0, then we have

0n(P2 — P1) o (H11 + Hi2) @ Py + (P2 — P1) 0 6,(H11 + Hyp) @ Py
+ (P2 — P1) o (Hy1 + Hiz) @ 6,(P1) + Z 0p(P2 — P1) 0 64(H11 + H1z) ® 6,(P1)

p+q+r=n
0<p,q,r<n-1

= 6,((P, = Py) o (Hiy + Hyo) o Py

= 6,((P2 = P1) © Hi1 & Py) + 8,((P2 = P1) o Hiz ¢ P1)

= 0n(P2 — P1) o (H11 + H12) ® P1 + (P2 — P1) © (64(H11) + 64(H12)) Py

+(Py=P1)o (Hiy + Hi) @ 8,(P1) + ). 8,(Pa = P1) o (54(Hn) + 8y(Hia) @ 6,(P1).

Ogng_l
This implies that (P, — P;) o M @ P; = 0 and hence M;; = 0. Therefore, M =0, i.e.,
0u(H11 + Hi2) = 6,(H11) + 6u(H12).
Similarly, one can easily obtain that 0,(Hi2 + H22) = 6,(H12) + 0n(H2).
Claim 3.7. For any Hyy € Hi1, Hio € Hiz, Hy € Hayp and n € N, we have
0n(H11 + Hiz + Ha2) = 64(H11) + 64(H12) + 65 (Ha2).

For n = 0 it is trivial and for n = 1 it holds by Claim 2.8. In view of the induction hypothesis, let the
result hold for m < n -1, i.e., ,,(H11 + Hiz + Hy) = 0,,(H11) + 0(H12) + 0,,,(Hz). We have to show that it
also holds for m = n. It is sufficient to show that M = 6,(Hy1 + H12 + Hy) — 6,(H11) — 0,x(H12) — 0,(H22) = 0.
It follows from Claim 3.6 and P; o H, @ P; = 0 that

5n(P1 o(Hi1 +Hip + Hyp) e P1)
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= 5n(P1 o(Hi1 +Hip) e Pl) + 5n(P1 oHpy e Pl)
= 0n(P1) o (H11 + Hi2 + H) @ Py + Py 0 (6,(H11) + 6u(H12) + 64(H22)) ® Py
+ P1 o (Hy1 + Hip + Hp) @ 6,(P1) + Z 0p(P1) o (64(H11) + 64(H12) + 64(H22)) ® 6,(P1).
0&prent
On the other hand, we have
5n(P1 o(Hi + Hiz + Hx) @ Pl)
= 0n(P1) o (H11 + Hi2 + Hx) @ Py + Py 0 6,(H11 + Hi2 + Hap) P4
+ Py o (Hy + Hyp + Hap) @ 0,(P1) + Z 0p(P1) o (64(H11 + Hiz + H2)) © 6,(P1).
peqrr=n

0<p,q,r<n—-1

From the last two expressions we conclude that P; o M e P; = 0. From this, we obtain My; = Mj; = 0. Next,
since (P, — P1) o Hi; @ P, = 0, then reasoning as above, we get M = 0 and thus, M = 0. Hence the result.

Claim 3.8. For any Gip, H1p € Hip and n € N, we have
0n(G12 + Hi2) = 6,(G12) + 6, (H12).

For any Ui, V12 € Aypp, assume that Gip = Uy + U;z e Hpand Hyp = Vo + VIZ € Hip. Thus

* 1 *
(Pl + Uu + Ulz) o EI o (Pz + V12 + V12)

= (U12 + U;z) + (V12 + V;Z) + (U12VIZ + Vlzuzz + LI;ZVH + szulz)
=Gp+Hp+ GlZHiZ + H12G;2.

Note that GlZHiZ +H12G;2 = UuV;z + V1o UIZ + U;zvlz + VIZ Uqp = Wi + Wy, where Wy = U12V12 + V2 U;Z €
Hip and Wy = U3, Via + Vi, Uiz € Hyp. Since Up + Uj,, Via + V), € Hiy, then it follows from Claims 3.3 and
3.7 that

0n(G12 + H12) + 6,(W11) + 6,(Wa22)
= 0n(G12 + Hi2 + Wi1 + W)
= 04(G12 + H12 + G12H7, + H12G),)

ey L ,
=0y ((P1 + U + uu) o EI o (Py+ Vi + Vlz))
: . 1 .
= (0u(P1) + 6u(Unz + U3p)) 0 518 (P2 + Viz + V)
* 1 *
+(Pr+ U+ U)o ST (5n(P2) + 05 (Viz + Vu))

* 1 *
+ E 6P(P1 + Uqpp + Uu) o 6£7 (EI) [ (Sr(Pz + Vi + VlZ)
ptq+r=n
0<p,q,r<n—-1

= 6n (P] o %I.Pz) + 6n (P1 o %I. (V12 + V;z))

1 1
+5, ((u12 U)o T e p2) +5, ((u12 + U)o ST e (Vi + V;Z))

= 0n(G12) + 0n(H12) + 04(G12H7, + H12G)y)
= 0n(G12) + 0n(H12) + 6,(Wi1) + 04(Wa2).

Thus, we obtain 0,(G12 + H12) = 6,(G12) + 0,(H12). Hence the claim.
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Claim 3.9. For any G;;, H; € H;i (i = 1,2) and n € N, we have

(1) 0n(G11 + Hi1) = 6,(G11) + 6,(H11);
(i1) 64(Goa + Hp) = 04(G22) + 6n(H2).

For n = 1, the result holds by Claim 2.10. Let us assume that it holds for all m < n — 1. We shall show that
it also holds for m = n. To prove (i), we shall show that M = 6,(G11 + H11) — 0,(G11) — 6x(Hi1) = 0. We can
write

5n(P2 0(Gi1 +Hi)e Pz)

= 0u(P2 0 G11 ® P2) + 64(P2 0 Hyp @ P2)

= 0n(P2) 0 (G11 + Hi1) ® P2 + P2 0 (64(G11) + 04(H11)) ® P2 + P2 © (G11 + H1z1) © 0,4(P2)

+ ) 8p(P2) 0 (94(Gir) + 8y(Hin)) @ 5,(Pa).

p+g+r=n
0<p,q,r<n—1

Alternatively, we write

5n(P2 o(Gi1+Hip)e Pz)
= 0u(P3) 0 (G11 + H11) ® P + P3 0 6,(G11 + Hi1) @ P2 + P, 0 (G11 + Hi1) @ 6,(P2)
+ ), 8y(P2) 0 6,(Gri + Hup) @ 5,(P2).

p+q+r=n
0<p,q,r<n—1

Thus, we get P, o M @ P, = 0. This gives us that M, = My = 0. It remains to show that M;; = 0. Observe
next that, for any Uy € A, U = Uz +Uj, € Hip. Then UoGyy @ %I, UoHj e %I € Hi,. Therefore, it follows
from Claims 3.3 and 3.8 that

1 1
on(U) o (G11 + Hi1) @ EI +Uo00,(G11 +Hipp) e EI

1
+ Z_ 8,(U) 0 6,(G1 + Hir) » b, (51)
prqtr=n
0<p,q,r<n—1

1
= 5 (u o (Gp + Hy) EI)
1 1
= 5n(U°G11 . EI)+5,1(UOH11 . EI)
1 1
= 6u(U) © (G + Hu) o 51+ U0 (64(G11) + 6(H11)) @ 51

+ Z 6P(U)o(6q(G11)+6q(H11))oé,,(%I).

pHq+r=n
0<p,q,r<n—-1

Using the similar arguments as used above, we get o M ® %I = (. This leads to M;; = 0, which completes

the proof of part (i). In the similar manner, part (ii) can be proved easily. Therefore, we obtain the desired
result.

Remark 3.10. It follows from Claims 3.6-3.9 that 0, is additive on H.

Claim 3.11. 6,(I) = 6,,(il) = 0 for each n € N withn > 1.
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From Claims 3.3, 3.5 and Remark 3.10, we get
1 1 1 1
O, (1) = 0y (EI + EI) =0, (51) + 0y (—I) =0

and
6, (i) = i6,(I) = 0.

Claim 3.12. 5,(K)* = —5,(K), 5,(iK) = i5,(K), 5,(K1 + Ka) = 6,(K1) + 6,(K2) for all K, Ky, K, € K.

Since for any K € K, Ko I ¢ [ =0, then from Claim 3.11 and the hypothesis, we have
0=04(Kolel)
= on(K)olel+ 2 5,(K) 0 5,(I) # 6,(1I)

p+g+r=n
0<p,g,r<n-1

= 20,(K) + 26,(K)".
Therefore, we have 6,(K)* = —6,/(K) for all K € K.

In view of Remark 3.10 and Claim 3.11, we have

48,,(iK) = 5, (4iK)

=0,(Koilel)
=6,(K)oil oI+ Z 5,(K) 0 8,(il) ® 5,(I)
p+q+r=n
0<p,q,r<n—-1
= 4i5,(K).

Thus, 6,,(iK) = i6,,(K) for all K € K.
Now, let K1, K; € K. Then, in view of Remark 3.10 and 6, (iK) = i6,,(K), we have
8, (Ky + Ka) = 8,(i(Ky + Ka)) = 5,(iK1) + 5,(iKa) = i(6(Ks) + 64(K2)).

This gives
0n (K1 + Kz) = 6,(K1) + 6n(K2)

forall Ky, K, € ‘K.
Claim 3.13. Forany A,B € Aandn € N, 0,(A + B) = 6,(A) + 0,(B) and 6,(iA) = i5,(A).
Let Ky, K> € K. Then, from Claim 3.3 and Remark 3.10, we have
—i0,(K1) = 0n(=iKy)
=5 ((K FiKy)otle 11‘1)
— Un 1 2 2 7

11 , 1 1.
=6,k +iKo) o oTe il + Y o(Ky +iKy)o 5q( 1) . 5,(—11)

3 2 2
p+q+r=n
0<p,q,r<n-1
1. . 1. _
= —Ezén(Kl + le) + zlén(Kl + ZKz)

and

i6,(K2) = 64(iKs)

4028

(24)
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1 1 )
=0y (EI o EI ° (K1 + ZKz))

1.1 . 1 1 .
= Slo ST 0,(Ki +iKy) + Z_ 5, (51) 0 b, (51) o 5,(Kq + iK»)
p+q+r=n
0<p,gq,r<n-1
1 . 1 .
= E(Sn(Kl + ZKz) + Eén(Kl + ZK2) . (25)

From Equations (24) and (25), we obtain
5n(K1 + le) = (Sn(Kl) + lén(KQ) (26)

Next, suppose that A, B € Asuch that A = S; +iS; and B = K; +iK; for Sy, 52, Ky, K; € K. So, from Equation
(26) and Claim 3.12, we have

Ou(A + B) = 5,((S1+ Ky) + i(S + K)

= 0n(S1) + 64(K1) +164(52) + 64 (K2)
= 6n(51 + 152) + 6n(K1 + le)
= 0u(A) + 6u(B).

Thus, we have
6u(iA) = 6,(i(S1 +i52)) = i(64(S1) +i64(S2)) = i6u(A)
forall A € A.

Claim 3.14. Forany A € Aand n € IN, we have 6,,(A*) = 0,(A)".

Since 0, (%1) =0foralln > 1, we have

1. 1 1.1 1 1
5, (51 0 EI.A) = STosTe0,(A)+ Zﬁ 5, (51) 06, (51) o 5,(A).
p+g+r=n
0<p,q,r<n-1
This implies that
Ou(A + A%) = 04(A) + 0, (A)".
It gives

On(A”) = 0u(A)".
Claim 3.15. A = {0,}nen is an additive »-higher derivation on A.

It has been proved in Claims 3.13 and 3.14 that A = {6,},en, is additive with 6,(A*) = 6,(A)" forall A € A
and for each n > 1. Now, for any A, B € A and for each nn > 1, we have

5n(AB + B'A") = 5,1(%1 0B e A)

1 * 1 * 1 *
= STo8,(B) e A+ ST0 B 06,(A) + p+;=n 5, (EI) 0 5,(B") ® 5,(A)
0<p,g,r<n—-1
= 6u(B)A” + AS,(B') + BO4(A) +0u(AB+ Y {5(BI5,(A) +6,(A)5,(B"Y'}

g+r=n
1<q,r<n-1
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= 6,(B")A" + Ab,(B) + B*6,(A)" + 6,(A)B + Z {@,(B)*ér(A)* + 6,(A)6,,(B)} . (27)
q+r=n
1<q,r<n-1

Replacing B by iB in Equation (27) and using Claim 3.14, we obtain
0n(iAB — iB"A")
= 0y(—iB")A" + Ad,(iB) — iB*6,,(A)" + i6,(A)B + Z {6q(iB)*6r(A)* + 6V(A)6q(iB)}

q+r=n
1<q,r<n-1

= i( = 0n(B)A" + Aby(B) — B'6,(A)" + 6n(A)B) + Z i{=0,(B)*0,(A)" + 5,(A)5,4(B)}.
q+r=n

1<q,r<n-1

This implies that

5n(AB = B'A*) = =5,(B)A" + AS,(B) — B'6,4(A)" + 6,(A)B
+ Z {=04(B)"6:(A)" + 6,(A)d4(B)}- (28)
q

+r=n
1<q,r<n-1

Adding Equations (27) and (28), we obtain

0,(AB) = 6,(A)B + Ad,(B) + E 6,(A)64(B) = E 6,(A)64(B).
q+r=n q+r=n
1<q,r<n-1 0<g,r<n

Therefore, A = {6,}nen is an additive *-higher derivation on A. This completes the proof of Theorem 3.1.

Applying Theorem 3.1 on some special classes of prime *-algebras such as factor von Neumann algebras
and standard operator algebras, we have the following results:

Corollary 3.16. Let A be a factor von Neumann algebra with dim(A) > 2. Let A = {6, }uen be a non-linear mixed
bi-skew Jordan triple higher derivation on A i.e., &y = idx (the identity map on A) and

Si(AoBeC)= Y 8,(A)o0,(B)eo(C)
pHq+r=n
0<p,q,r<n

forall A,B,C € Aand n € IN. Then A is an additive »-higher derivation on A.

Corollary 3.17. Let $ be an infinite dimensional complex Hilbert space and A be a standard operator algebra on $
containing the identity operator 1. If A is closed under the adjoint operation, then every non-linear mixed bi-skew
Jordan triple higher derivation A = {6,}nen from A to B(D), is an additive »-higher derivation.
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