Filomat 39:12 (2025), 4043-4058

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2512043B

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
M 5
i axs

2,
%,
e

¥
5
TIprpor®

Representations and cohomology theory of relative Rota-Baxter
alternative algebras

Lisi Bai?, Tao Zhang?”

#School of Mathematics and Statistics, Henan Normal University, Xinxiang 453007, P. R. China

Abstract. We introduce the concept of relative Rota-Baxter alternative algebras. The representations

and low dimensional cohomology theory of relative Rota-Baxter alternative algebras are studied. Some
applications in deformation and abelian extension are given.

1. Introduction

Alternative algebra is an important class of non-associative algebras [23]. For a general theory of
alternative algebras, see references [5, 21, 25, 29]. It is closely related to Lie algebras, Jordan algebras, and
Malcev algebras. So far, many scholars have made systematic research on the structure and representation
of alternative algebras. Zorn studied the structural theory of finite-dimensional alternating algebras in his
articles [30, 31]. Schafer and Jacobson systematically studied the representation of alternative algebra in
[14] and [22], respectively. Recently, Ni and Bai introduced pre-alternative algebras and pre-alternative
bialgebras in the article [19], and they gave the relationship between Rota-Baxter operators on alternative
algebras and the solutions of Yang-Baxter equations. Other authors investigated the theory of cohomology
and deformation in alternative algebras [11], Hom-alternative algebras [12] and BiHom-alternative algebras
[7].

The notion of Rota-Baxter operators was introduced by Baxter [3] in 1960s. Subsequently, the connection
between the Yang-Baxter equation and zero-weight Rota-Baxter operators on Lie algebras was discovered
in [4]. Cartier [6] and Rota [20] investigated the connection between Rota-Baxter operators and combina-
torics. In [10], Das defined the cohomology of a Rota-Baxter family algebra. Moreover, Aguiar observed
that solutions to the associative Yang-Baxter equation correlate with weight zero Rota-Baxter operators on
associative algebras [1]. In the year 1999, Kupershmidt [17] introduced the notion of relative Rota-Baxter
operators (also called O-operators or Kupershmidt operators) on Lie algebras in the study of classical r-
matrices. Relative Rota-Baxter operator on Lie algebras was further studied in [18, 24, 26], on associative
algebras in [2], on Leibniz algebras in [9] and on 3-Lie algebras in [16, 27]. Recently, deformations and co-
homology theory for relative Rota-Baxter operators on Lie algebras was developed in [15]. Representations
and cohomology of a relative Rota-Baxter associative algebra was studied in [8]. Deformation theory and
homotopy theory of Rota-Baxter algebras in the view of operad was given in [28].
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Due to the importance of alternative algebras and Rota-Baxter operators, we introduce the notion of
relative Rota-Baxter operators on alternative algebras in this paper. This will be called relative Rota-Baxter
alternative algebras. Now it is a natural question what is the representation and cohomology theory for
this type of algebra? In this paper, we will give an partial answer to this question. We investigate the
representation theory for this type of alternative algebras. As applications, we will study the infinitesimal
deformation and abelian extension theory in detail.

The organization of this paper is as follows. In Section 2, we review some basic facts about alternative
algebras and relative Rota-Baxter operators. As an example, we compute all relative Rota-Baxter operators
on a given 4-dimensional alternative algebra over a 4-dimensional vector space. In Section 3, we investigate
the representation theory of relative Rota-Baxter alternative algebras. We show that given a relative Rota-
Baxter alternative algebra and a bimodule, one can construct a new relative Rota-Baxter alternative algebra
on their direct sum space which is called the semidirect product. We also study the second cohomology
group of relative Rota-Baxter alternative algebras. In Section 4, we will study infinitesimal deformations
of relative Rota-Baxter alternative algebras. In Section 5, we prove that the equivalent classes of abelian
extensions are one-to-one correspondence to the elements of the second cohomology groups.

Throughout the rest of this paper, we work over a fixed field of characteristic 0. A linear map ¢ from a
vector space W to V is denoted by ¢ : W — V or (W, V, ). The space of linear maps from a vector space W
to V and tensor product of vector spaces V and W are denoted by Hom(W, V) and V ® W respectively.

2. Preliminaries

In this section, we recall some definitions and fix some notations about alternative algebras and relative
Rota-Baxter operators.

Definition 2.1. An alternative algebra is a vector space A with a multiplication AX A — A : (x,y) = x -y such
that the following identities hold:

(x/ Y, Z) = _(y/ X, Z)/ (.’X‘, yrz) = _(x/ z, ]/)/

where (x,y,z) = (x-y) - z—x - (y - z) is the associator of the elements x,y,z € A. Note that the above identities are
equivalent to the following identities:

x-y)z=x-(W-2)+({y-x)-z-y-(x-2)=0,
x-yz-—x-(y-2)+@x-z)-y—x-(z-y) =0.

An algebra A is left alternative (right alternative) if it satisfies the left alternative law (x - x) - y = x - (x - y) (the right
alternative law y - (x - x) = (y - X) - x). An alternative algebra is one which is both left and right alternative.

Definition 2.2. Let A be an alternative algebra and V be a vector space. Then V is called a left A-module if there is
a linear map - : A® V — V,(x,v) — x - v such that

() o—x(y O+ D) v-y (x0)=0, 1)
a right A-module if there is a linear map - : V® A — V,(v,x) — v - x such that

©-x)-y-v-(x-yY+@-y -x-v-(y-x)=0, 2)
and an A-bimodule if further these two maps satisfying the following conditions:

(-x)-y-v-(x-yY+x-0v)-y-x-(v-y) =0, 3)
x-yo-x-(y-v)+(x-v)-y-x-(v-y) =0, (4)

forallx,ye Aandv e V.
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Definition 2.3. Let V be a bimodule of an alternative algebra A. A linear map T : V — A is called a relative
Rota-Baxter operator associated to V if forall u,v € V,

Tw)-T()=T(T(u)-v+u-T()). (5)
In this case, (V, A, T) is called a relative Rota-Baxter alternative algebra.
A morphism between two relative Rota-Baxter alternative algebras (V, A, T) and (V’, A", T’) is a pair of

linear maps p1 : V — V' and py : A — A’ such that po(x - y) = po(x) " po(y) and T o py = pgo T.
Let V be a bimodule of A. Then the direct sum A ® V carries an alternative algebra structure given by

(x,u)- (y,0) := (x-y, x~v+u-y),

forx,y € Aand u,v € V. This is called the semidirect product which is denoted by A < V. With this notation,
we have the following characterization of relative Rota-Baxter operators.

Proposition 2.4. A linear map T : V — A is a relative Rota-Baxter operator if and only if the graph Gr(T) =
{(T(w), )| u € V} is a subalgebra of the semidirect product alternative algebra A= V.

Proof. For any u,v € V, we have
(T(w), u) - (T(@),v) = (T(w) - T(), T(u)- v+ u-T(v)).

The right hand side is belongs to Gr(T) if and only if T is a relative Rota-Baxter operator. Hence the result
follows. O

Example 2.5. Let A be an alternative algebra of dimension 4 with basis {eo, e1, ez, e} given by the following multi-
plication (the unspecified products are zeros):

o€y =¢€y, €61 =¢€1, €2-€) =6, €263 =¢€1, €3 € =¢€3, €36 = —€1.

Let V be a bimodule of A, {vo, v1,v2,v3} is a set of basis for V. A bimodule of A over V is given by the following table
(see [13]):

€ €1 (%) €3 Do (%1} (%) U3
€0 €0 €1 0 0 0o 0 Uy | U3
eq | 010 0 0 0| v 0|0
(%) (%) 0 0 e1 0 —03 0 0
e3 e3 0 —e1 0 0 (%) 0 0
v | v | O 0 0 0 0 00
(%] (%1 0 U3 i %) 0 0 0 0
| 0] 0| v 0 0 0 00
3| 0|0 0 0o 0 0 0|0

Table 1: Multiplication of A and V

Proposition 2.6. Let T : V — A be a relative Rota-Baxter operator for the 4-dimension alternative algebra in last
Example 2.5. Then the corresponding matrices for the relative Rota-Baxter operators are the following:

le rT2= /T3: rT4=

a o8 O
T O O
OO OO
o O OO

0 0
b 0
0 0
d 0

o O oo

0 0
b 0
0 0
0 0

QLo 2 O
o O OO

0 0 0
b ¢ 0
0 0 0
0 0 0

o O OO
QAW O
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000 0 0 0 00 000 0 0000
T_ooooT_OOOOT_OaboT 0 a b c
5‘0000'6‘“;700'7‘0c00'8‘0doo'

a b 0 ¢ c X 9o 0d o0 0 0000

a

0000 000 0 000 0 0000

000 0 0 a 00 0 a 00 0b 0 a
To=1a b ¢ of'T={o » ¢ o™ =0 » 0 o720 ¢ 4 o

000 0 000 0 0 c 00 0 a 00

000 0

a b ¢ d
Ta=lg 0 0 of

000 0

where a, b, ¢, d, e are arbitrary parameters.

Proof. We give a sketch of proof as follows. Denote the corresponding matrix under the basis {vo, v1, v2, v3}
and {eo, e1, €2, €3} by

(4] i Tz T3 Ti4)(€o
T O _[T21 T2 T3 T4 ff&1 ,
(%) ra1 ¥z 133 T3sl|é€2
U3 Ta1 V42 T4z Ta4)\€3

where

T(vo) = ri1eg + r12e1 + r13e2 + riges,
T(v1) = raeg + rope1 + ro3e2 + 1p4e3,
T(v2) = r31e0 + 13201 + 13382 + 13463,
T(v3) = ryreg + ropey + ryzen + rages.

Now, for any v;,v; € V, since T is a relative Rota-Baxter operator, we have the equality
T(wo) - T(vo) = T(T(vo) - vo + vo - T(2o)).
By the table in Example 2.5, we get

T(vo) - T(vo)
=(r11e0 + rize1 + rizez + rige3) - (r11e0 + rizey + rizex + ri4€3)

_2
=r{160 + r11r12e1 + 11171362 + 11171463,

T(T(vo) - vo + vo - T(v0))
=T((1’11€0 + r1p€1 + 11362 + 1’1463) 0o+ 0 (1’1160 + r1p€1 + 11362 + 1’1463))
2
:21’1180 + 211171061 + 211171360 + 211171463,
Thus we have 12, = 0, 711712 = 0, 711713 = 0, 711714 = 0. This imply that r1; = 0.

Similarly, by calculating T(v;) - T(v;) = T(T(v;) - vj + v; - T(v))(0 < i, j < 3), we get the result. The details
are omitted. O
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Proposition 2.7. Let T : V — A be a relative Rota-Baxter operator. Then V carries an alternative algebra structure
by
u-rv:=Tw)-v+u-T(v).
Proof. For any u,v,w € V, since A is an alternative algebra, we have
rv)yrw—u-r@rw)+@-ru)rw=—0- 7w
= (Tw)-v+u-T@) rw—u-7(TO) - -w+v-T(w))
+HT@)-u+v-Tw) rw—ov-7(TW) -w+u-T(w))
= T(Tw)-v+u-Tw@) - w+ (T -v+u-T@))-T(w)
=Tw) - (T) - w+v-T(w))—u-T(Tw) - w+v-T(w))
+T(T)-u+v-Tw) w4+ (T) - u+v-Tw)) - T(w)
-T@) - (T(u) - w+u-Tw))—ov-T(T(u) -w+u-T(w))
= (Tw) - T(©) w+ (T(u) -v) - T(w) + (u- T(v)) - T(w)
—T(u) - (T() - w) = T(u) - (v - T(w)) —u - (T(@) - T(w))
+(T()-T))-w+ (T()-u)-T(w)+ (v-TW)) - T(w)
~T() - (T(u) -w) = T(0) - (u- T(w)) = v - (T() - T(w))
= 0,

where in the third equality we use the fact T is a relative Rota-Baxter operator satisfying (5) and in the
fourth equality we use the fact V is a bimodule of A satisfying (1) and (3). Thus we obtain

w-rv)yrw—u-r@rw)+@ru)rw-ov-r@U-rw)=0.
Similar computations show that
(W-ro)rw—u-r@rw)+Wu-rw)ro-u-rwr)=0.

This finishes the proof. [J

3. Representation and cohomology

In this section, the representation and cohomology theory of a relative Rota-Baxter alternative algebra
are given.

Definition 3.1. Let (M, A, T) be a relative Rota-Baxter alternative algebra. A bimodule of (M, A,T) is an object
(W, V, @) such that the following conditions are satisfied:

(i) V and W are bimodules of (A, -) respectively;

(ii) there exists linear maps>: V@M — Wand «: M® V — W such that:

p(w) - T(m) = p(p(w) > m +w - T(m)), (6)
T(m) - p(w) = (T(m) - w + m < p(w)); @)
(iii) these bimodule structure satisfying the following compatibility conditions
(x-0)pm—x-(vem)+@-x)pm—v>(x-m)=0, (8)
(m-x)y<v—-m<(x-v)+(m<v)-x—m<(w-x)=0, 9)
(x-v)yem—x-(vrm)+(x-m)<v—x-(m<v) =0, (10)
(v-x)pm—ve(x-m)+@wem)-x—ve>(m-x)=0, (11)
(m<v)y-x—m<(@-x)+@>m)-x—v>(m-x)=0, (12)
(m-x)«v—m<(x-v)+(x-m)<v—x-(m<v) =0, (13)

wherexe AAmeM,veVandwe W.



L. Bai, T. Zhang / Filomat 39:12 (2025), 4043-4058 4048

For example, let (W, V, @) = (M, A, T), then we get the adjoint representation of (M, A, T) on itself with
p=T,«<:M®A—->Mm<xzm-xand>: AOM - M,x>m =x-m.

We construct semidirect product of a relative Rota-Baxter alternative algebra (M, A, T) with its bimodule
W, V, ).

Proposition 3.2. Given a bimodule of a relative Rota-Baxter alternative algebra (M, A, T) on (W, V, ). Define on
MoW,A®V,T =T + @) the following maps

Ton+w) = T(m)+pw),
x+0)- (& +0v) = x-xX+x-v+0v-%,
(x +0)(m+w) X-m+x-w+o>m,
(m+ w)-(x +v) M-X+wW-X+m<o.

(14)

Il>

1I>

Then (M & W, A @ V, T) is a Rota-Baxter alternative algebra, which is called the semidirect product of the alternative
algebra of (M, A, T) and (W, V, ).

Proof. We verify that T is a relative Rota-Baxter operator. We are going to verify the equality
’T\(m + W) ~’f(m’ +w') = ’T\(’f(m +w)-(m +w')+ (m+w) -’f(m’ +w')). (15)
The left hand side of (15) is

T(m +w) - T(m' +w')

(T(m) + p(w)) - (T(m") + p(w"))
T(m) - T(m') + T(m) - (') + @(w) - T(m"),

and the right hand side of (15) is

’f(:f(m +w) - (m +w)+ (m+w) -’T\(m’ +w'))
= T((T(m) + (@) - (m' + ') + (m +w) - (T(n') + p(@')))
= T(T(m)-m" +T(m)-w' +ew)em +m-T(m'")+w- - T(m') + m<pw’))
= T(T(m)-m’) + @(T(m) - w') + p(p(w) > m’)
+T(m - T(m")) + p(w - T(m")) + p(m < pw’)).
Thus the two sides of (15) are equal to each other by conditions (6) and (7).

Next, we verify that M@ W carries a bimodule structure over alternative algebra A ® V. The left module
condition is

x+o,y+v, m+w)+y+v,x+v,m+w)=0. (16)
By direct computations, we have

x+ov,y+v, m+w)+ Y+, x+v,m+w)
= (x+0)-(y+0)) (m+w)—(x+0)-(y+2) - (m+w))
+H(y+0) - (x+0)-(m+w)—(y+0) (x+0) - (m+w)
= y+x-v+o-y)-m+w)-x+o)y-m+y-w+0 >m)
+y - x+y-v+v-x)-(m+w)—-(y+0)x-m+x-w+0 >m)
= x-y)ym+@x-y)-w+x-o)em+@-y)>m
—x-(y-m-x-(y-w)y—x-@>m)—v>(y-m)
+y-x)m+y-x)-w+y-v)em+ @ -x)>m
—y-(x-m)—y-(x-w)—y-(@>m) - >(x -m)
0.
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Thus the two sides of (16) are equal to each other if and only if (8) holds. Similar computations show that
M @&V carries a right module structure over alternative algebra A ® W if and only if (9) holds.

Finally, the bimodule conditions are satisfied if and only if (10), (11), (12), and (13) hold. This completes
the proof. O

Now we define a low dimensional cohomology for relative Rota-Baxter alternative algebras as follows.
We denote by C" = C*((A, M, T), (W, V, ¢)) the space of all n-cochains. Let

C' = Hom(M, W) ® Hom(A, V),
C* = Hom(M, V) @ Hom(A ® A, V) @ Hom(A ® M, W) @ Hom(M ® A, W),
and
C® =Hom(M ® M, V) @ Hom(®’A, V) ® Hom(A® A® M, W) @ Hom(M ® A ® A, W).
For n =1, let (N1, Ny) € C!, we define the map D; : C' — C? by
D1(N1, No)(m) = ¢ o N1(m) — No o T(m),

D1(N1,No)(x,y) = No(x)-y+x-No(y) — No(xy),

D1(N1, No)(x,m) = No(x)»>m + x - N1(m) — Ni(x - m),

D1(N1,No)(m,x) = Ni(m)-x+ m<Ny(x) — Ni(m - x).

Thus a 1-cocycle is (N1, Ng) € Hom(M, W) @ Hom(A4, V), such that

® © Ny(m) = No o T(m) =0, (17)
No(x)y + xNo(y) — No(xy) =0, (18)
No(x)»>m +x - Ny(m) — Ni(x-m) =0, (19)
Ni(m) - x + m < Npy(x) — N1(m - x) = 0. (20)

Forn=2,let(0,w,p,v) € C?, we define the map D, : ct - by
D6, w,p,v)(m,n) = O(m)-T(n)+T(m)-O6(n)—06(T(m)-n)+ O(m-T(n))
—p(0(m) > n + p(T(m),n) + v(im, T(n)) + m < O(n)),
DZZ(Q, W, LV)x,y,z) = oy z+ox-y,z2)-x-wy,z)-wly-2)
+w(y,x) z+w(y-x,2) -y - wx,z)—wy,x-z),
D;(G, w,u, V)X y,z) = wxy - z+ox-yz)-x-o(y,z)-wlxy-z)
+o(x,z) y+wx-z,y) —x-w(z,y) —w(x,z-y),
DY(O, @, w,v)(x, y,m) = @, y)e m+ u(c-y,m) —x- p(y,m) = u(x,y - m)
+w(y, x) > m+ u(y - x,m) —y - u(x,m) — u(y,x - m),
Dlz(G, w,u,v)(m,x,y) = m<w(xy)+vimx-y)—vim,x)-y—vim-x,y)
+m<aw(y,x)+vim,y-x)—v(im,y) -x—v(m-y,x),
D0, w, u,v)(x,y,m) = w(x,y)>em+u(x-y,m)—x-u(y,m)—pux,y-m)
+ule,m) -y +v(x-m,y)—x-v(m,y) — ulx,m-y),
D0, w,u,v)(m,x,y) = m<w(x,y)+vimx-y)—v(mx) -y—vim-x,y)
+x-v(m, y) + ulx,m-y) — u(x,m) -y —v(x - m,y).
Thus a 2-coboundary is (6, w, y,v) € C? such that (0, w, U, v) = D1(Ny, Np), i.e.

6(m) = ¢ o Ny(m) — Ny o T(m), (1)
w(x,y) = No(x) - y + x - No(y) — No(xy), (22)
p(x, m) = No(x) > m + x - Ni(m) — N1(x - m), (23)

v(m,x) = Ni(m) - x + m <« Ny(x) — Ny(m - x), (24)
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and a 2-cocycle is (0, w, u,v) € C? such that
O(m) - T(n) + T(m) - B(n) — 6(T(m) - n) + O(m - T(n))

—@(0(m) > n + u(T(m),n) +v(im, T(n)) + m<6(n)) = 0, (25)
oY) z+wx-y,z)—x-wy,z)—wxy-z)
+o(y,x) - z+w(y-x,2) -y -w(xz)-w(y,x-z) = 0, (26)
wxy) - z+wx-y,z)-x wy,z)-wy-2)
+w(x,z) y+wx-z,y)-x-wizy) -wxz-y) = 0, (27)
w(x, y) e m+ px -y, m) —x - u(y,m) - p(x, y - m)
+w(y, x)em+ u(y - x,m)—y-ulx,m)—u(y,x-m)y = 0, (28)
maw(x,y) +vim,x-y)—v(m,x) -y—v(m-x,y)
+m<aw(y,x) +v(im,y-x)—vim,y)-x—v(im-y,x) = 0, (29)
w(x, y) > m+ px - y,m) —x - u(y,m) — p(x,y - m)
+ulx,m)-y+vix-my)—x-vimy)—ulx,m-y) = 0, (30)

m<aw(x,y)+vim,x-y)—v(m,x)-y—v(m-x,y)
+x - v(m, y) + plx,m - y) — p(x,m) -y —vix - m,y) 0. (31)
Proposition 3.3. The space of 2-coboundaries is contained in the space of 2-cocycles, i.e. D> = Dy o D = 0.
Proof. We should verify that if (0, w, u,v) = D1(N1, Np), then D»(0, w, i1, v) = D,D1(N1,Np) = 0. Assume
(6, w, u,v) is given by (21)—(24), we will verify that it must satisfy (25)—(31). We compute (25) as follows:
O(m) - T(n) + T(m) - O(n) — 6(T(m) - n) — O(m - T(n))
—@(0(m) > n) — p(u(T(m), n)) — p(m < O(n)) — pv(m, T(n))) + w(T(m), T(n))
= (@ oNi(m)—NgoT(m))-T(n)+T(m)- (¢ oNi(n) — Ny oT(n))
—(¢ o N1(T(m) - n) = No o T(T(m) - n)) = (¢ o N1(m - T(1)) — No o T(m - T(n)))
=@((¢ o N1(m) — No o T(m)) > n) — p(No(T(m)) > n + T(m) - N1(n) — N1(T(m) - n))
—@(m < (p o N1(n) — Ng o T(1))) — ¢p(N1(m) - T(n) + m < No(T(n)) — N1(m - T(n)))
+No(T(m)) - T(n) + T(m) - No(T(n)) — No(T(m)T (1))
= (@ o Ni(m)) - T(n) — (No o T(m)) - T(n) + T(m) - (¢ o N1(n)) — T(m) - (No o T(n))
—¢ o Ni(T(m) - n) + No o T(T(m) - n) — @ o N1(m - T(n)) + No o T(m - T(n))
~(( © N1(m)) > ) + p((No 0 T(m)) > 1)  p(No(T(m)) > 1) — (T(1m) - Ny (1))
+p(NL(T(m) - 1)) — (m < ( © Ny () + p(m < (No © T(n))) ~ p(N:(m) - T(1))
—@(m <No(T(n))) + ¢(N1(m - T(n))) + No(T(m)) - T(n) + T(m) - No(T(n))
—No(T(m)T(n))
= 0,

where we use the fact that A is a relative Rota-Baxter alternative algebra and
@p(m <@ o Ny(n)) = T(m) - (¢ o N1(n)) — p(T(m) - N1(n)),
@(p o Ni(m)>n) = (¢ o N1(m)) - T(n) — p(N1(m) - T(n)).
The other equalities can be checked similarly. This completes the proof. [

Denote the set of 2-cocycles by Z>(M, A, T),(W,V, @)), the set of 2-coboundaries by B2((M, A, T),(W,V, ©))
and the second cohomology group by H*(M, A, T), (W, V, )).

Definition 3.4. The second cohomology group of (M, A, T) with coefficients in (W, V, @) is defined as the quotient
H>(M, A, T),(W,V, ) = Z2(M, A, T), (W, V, @) /BX(M, A, T), (W, V, ).
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4. Infinitesimal deformations

Let (M, A, T) be a relative Rota-Baxter alternative algebraand 6 : M - A, o : AQA - A u:AQM —
M, v: M ®A — Mbe linear maps. Consider a A-parametrized family of linear operations:

Ta(m) = T(m)+ A6(m),

XAy = x-y+ioy),
xoam = x-m+Au(x,m),
max = m-x+ Av(m,x).

If (M,,A), T)) forms a relative Rota-Baxter alternative algebra, then we say that (0, w, 1, v) generates a
1-parameter infinitesimal deformation of (M, A, T).

Theorem 4.1. With the notations above, (0, w, 11, v) generates a 1-parameter infinitesimal deformation of (M, A, T)
if and only if the following conditions hold:

(i) (0, w, u,v) is a 2-cocycle of (M, A, T) with coefficients in the adjoint representation;

(if) (M, A, 0) is a relative Rota-Baxter alternative algebra with multiplication w on A and bimodule structure of A
on M by u,v.

Proof. 1f (M, A,, Ty) is a relative Rota-Baxter alternative algebra, then T} is a relative Rota-Baxter operater.
Thus we have

Ta(m) -y Th(n) = Ta(Tr(m) a1 +n -y Tr(m))
= (T(m)+ AO(m)) -A (T(n) + AO(n)) — TA((T(m) + AO(m)) -p n + n -, (T(m) + A60(m)))
= T(m)-T(n)+ AT(m) - 6(n) + AO(m) - T(n) + AZG(m) -0(n) — TA((T(m) + AO(m)) - n
+AU((T(m) + AO(m)), n) + n - (T(m) + AO(m)) + Av(n, (T(m) + AO(m))))
+A3w(T(m) + O(m), T(n) + 6(n))
= T(m)-T(n)+ AT(m) - 6(n) + AB(m) - T(n) + /\29(111) - 0(n)
—T(T(m) - n) = AT(O(m) - n) — AT(u(T(m), )) = A*T(u(O(m), n))
—T(n - T(m)) — AT(n - 6(m)) — AT(v(n, (T(m)))) — A*T(v(n, 6(m)))
—AO((T(m) - n) = A*0(0(m) - n) — A>O(u(T(m), n)) — A>6(u(6(m), n))
—AB(n - T(m)) — A20(n - B(m)) — A20(v(n, (T(m)))) — A>0(v(n, O(m)))
+A3w(T(m) + 6(m), T(n) + 6(n))
= 0,

which implies that

T(m) - O(n) + 8(m) - T(n) + Tv(m, x)
—w(T(m),x) — T(O(m) - n) — T(u(T(m), n))
—T(n-0(m)) — T(v(n,(T(m)))) — 6(T(m) - n) — O(n - T(m)) = 0, (32)
0(m) - 0(n) — T(u(6(m), n)) — T(v(n, O(m))) — 6(6(m) - n)
—0(u(T(m),n)) — 6(n - 6(m)) — O(v(n, (T(m)))) = 0O, (33)
w(T(m) + 6(m), T(n) + 6(n)) + O(u((6(m)), n)) — O(v(n, 6(m))) = 0. (34)
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Since A, is an alternative algebra, we get

ayaz=xa(yaz)+yax)az=—ya(xaz)
x-y+Aw(x,y) -z-x-(y-z+ Aw(y, 2))

+Hy - x+ Aw(y,x) - z—y- (x-z+ Aw(x, z))

(x-y) - z+ Mw(x,y)-2) + Aw(x - y,2) + No(w(x, y),z)
—x-(y-2) = Ax - w(y,2)) = Aw(x, ¥ - 2) = Aw(x, w(y, 2))
+Hy-x)-z+ Moy, x) - 2) + Aw(y - x,2) + )\Za)(w(y, X),z)
-y-(x-2) =AMy - w(x,z) = Aw(y,x - z) - )\zcu(y,a)(x, z))
0,

(x-y)z-—x-(y-2)+x-2)-y-x-(z-y)
(x-y+Adwxy)-z-x-(y-z+ Aw(y, 2))

+x-z+ Aw(x,2)) - y—x-(z -y + Aw(z, y))

(x-y)-z+ Mwlx,y) 2)+ Aw(x - y,z) + No(w(x, Y),z)
—x-(y-z) - AMx-w(y,z) - Aw(x,y - z) - )\zw(x,a)(y, z))
+(x-2) Yy + AMwx,z) - y) + Aw(x -z, ) + No(w(x, z), Y)
—x- (2 )~ A w(z, )~ Aaolx, 2+ y) ~ Pl oz, y))
0,

which implies that

oY) z+wx-y,z)—x-wy,z)—wlxy-z)

+o(y,x) - z+w(y-x,2) -y -w(xz)-w(y,x-z) = 0,
w(w(x, y),z) — w(x, w(y,2z) + w(w(y, x),z) - o(y, w(x,z)) = 0,

wx,y)-z+wx-y,z)—x-w(y,z)—wlxy-z)

+w(x,z) y+w(x-z,y) —xw(z,y) —wxz-y) = 0,
w(w(x, y),z) — w(x, w(y,z) + w(w(x,z),y) - wx w(z,y)) = 0.

Since M, is a left module of A,, we have

(xay)am=x2(y-am+y-ax)am=y-p(x-m)
(x-y+Aw(x,y)) -m—x-(y -m+ Au(y, m))

+Hy - x+ Aw(y,x)) -m—y- (x-m+ Au(x, m))

(x-y) -m+Maw(x,y))-m+ Au(x -y, m) + Azy(a)(x, y), m)

—x - (y - m) = Ax - u(y,m)) = Au(x, y - m) = A% u(x, u(y, m))

(y-x) -m+ Mw(y,x)) -m+ Au(y - x,m) + /lzy(a)(y, X), m)

—y - (x-m) = Ay - p(x, m)) — Au(y, x - m) — A*u(y, u(x, m))

0,

which implies that

w(x, y),m) — px, u(y, m) + w(w(y, x), m) — u(y, w(x, m))

w(x, y) - m+ p(x-y,m) —x - u(y,m) — px,y - m)
+Haw(y,x)) -m+ u(y - x,m) —y - u(x,m) — u(y,x - m)

4052

(35)
(36)

(37)
(38)

(39)
(40)
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Similar computations show that

m-w(x,y) +vim,xy) —v(m,x) -y —v(m-x,y)
+m - w(y, x) + v(m, yx) —v(m,y) - x —v(m- y,x) 0, (41)
v(m, w(x, y)) — v(v(m, x), y) + v(m, w(y, x)) = v(v(m, y), x) 0. (42)
By (33), (35), (37), (39) and (41), we find that (0, w, u, v) is a 2-cocycle of (M, A, T) with the coefficients in the

adjoint representation. Furthermore, by (32), (34), (36), (38), (40) and (42), (M, A, 0) is a relative Rota-Baxter
alternative algebra with multiplication w on A and bimodule structures of A on M by y,v. O

5. Abelian extensions

Definition 5.1. Let (M, A,T) and (W,V, @) be two relative Rota-Baxter alternative algebras. An extension of

(M, A, T) through (W, V, @) is a relative Rota-Baxter alternative algebra (Z\7L ;{\,T) such that the following short exact
sequence satisfying Im(ip) = Ker(po), Im(i1) = Ker(p1) and the diagram commute

02w "ML M-—250
R R g
0 0 1% io A‘ Po A 0 0

It is called an abelian extension if (W, V, @) with trivial multiplication. In this case, we denoted it byE = (M, A,T)
or simply by E.

A splitting 0 = (09, 01) : (M, A, T) — (]\71,2,?) consists of linear maps gy : A — Aand o1:M— M such
that pg 0 09 = ida, p1 0 01 = idy and To op=0gpoT.

Two extensions E : 0 —> WV, @) N (]VI,A\,’T\) AN (M,A,T) — 0 and E:0 — WV, @) R
(A./I,Av, T) BN (M, A, T) — 0 are called equivalent to each other, if there exists a morphism F : (]VI,/T,T) —
(M,A,T)suchthat Foi=j,goF=p.

Let (M,A, T) be an extension of (M, A, T) by (W, V,¢) and o : (M, A, T) — (](/I\,;l\,’f) be a splitting. Define
the following maps:

AW — W, x-w = opx)w,

WA — W, w-x = w-op(x),

VoA — V, v-x £ v-0p(x), (44)
- AQV — Y, x-v = op(x)-o,
>: VoM — W, vem = v-o01(m),
«: MV — W, m<v = og1(m)-v,

for all x,y,z € A, m € M. Note that the multiplications in the right hand side are in fact (A’/\I,X,T), but we
denote it by - instead of - for simplicity.

Proposition 5.2. With the above notations, (W, V, ) is a bimodule of (M, A, T). Furthermore, this bimodule structure
does not depend on the choice of the splitting o. Moreover, equivalent abelian extensions give the same bimodule on
WV, ).

Proof. First, we show that the bimodule is well-defined. Since Kerpy = V, then for v € V, we have py(v) = 0.
By the fact that (p1, po) is a morphism between (M, A, T) and (M, A, T), we get

po(x - ) = po(oo(x) - v) = pooo(x) - po(v) = pooo(x) - 0 = 0.
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Thus x - v € kerpy = V. Similar computations show that
po(x - w) = po(oo(x) - w) = pooo(x) - po(w) = poco(x) - 0 =0,

po(m <v) = po(o1(m) - v) = poo1(m) - po(v) = pooo(m) - 0 = 0.

Thus x - w,m<v € Kerpy = V.
We will show that these maps are independent of the choice of 0. In fact, if we choose another splitting

0’ : A — A, then po(oo(x) — 0y(x)) = x —x = 0, p1(o1(m) — 07(m)) = m —m =0, i.e. op(x) — oj(x) € Kerpy =V,
o1(m) — o} (m) € Kerpy = W. Thus we get o(x) - (w + v) = 0((x) - (w + v) and 01(m) - v = 07(m) - v, which
implies that the maps in (44) are independent on the choice of 0. Therefore the bimodule structures are
well-defined.

Secondly, we check that (W, V, ¢) is indeed a bimodule of (M, A, T). Let ¢ to be the restriction of the map

T on W, ie. p(w) = Tlw(w). For<: VM — W, we get
= T(m)- p(w)
= 0oT(m) - p(a)
= T(o1(m))- T(w)
= T(Toi(m) - w+ o1 (m) - T(w))
= T(ooT(m) - w + a1(m) - T(w))
= p(T(m) - w+m =< p(w)).
Thus we get
T(m) - p(w) = p(T(m) - w + m < p(w)).
Similarly, we obtain
p(w) - T(m) = p(@(w) > m +w - T(m)).
Since (W, V, @) is an abelian relative Rota-Baxter alternative algebra, we also get
(x-wyem—x-(w>m)+(w-x)>m—we> (x-m)
= (00(x)-w)>m—x-(w-o01(m)) + (w - oo(x)) > m —we (go(x) - 1)
= (00(x) - w) - 01(m) — 0o(x) - (w - a1(m)) + (w - 5o (x)) - 01(m) — w - (G0 (x) - 01 (m))
=0
and
(m-x)<w—-—m<(x-w)+m<w) -x—m<(w-x)
= (m-oo(x)) <w —m < (0o(x) - w) + (01(m) - w) - x — m < (w - 5p(x))
= (01(m) - 0o(x)) - w — a1(m) - (G0(x) - w) + (01(m) - w) - 6o (x) — 71(m) - (W - G0 (x))
0.
This verify the bimodule conditions (8) and (9). Similarly, one can verify the bimodule conditions (10)—-(13).

Therefore, (W, V, ¢) is a bimodule of (M, A, T). Finally, suppose that Eand E are equivalent abelian

extensions, and F : (]\’/\I, A, A) — (]\A/I,E,:f) be the morphism. Choose linear sections ¢ and ¢’ of p and 4.
Then we have qoFooo(x) = pooo(x) = x = goo(x), thus Fooo(x) — o7 (x) € Kerqo = V. Therefore, we obtain

04(x) - v = Fooo(x) - v = Fo(oo(x) - v) = go(x) - v,

which implies that equivalent abelian extensions give the same module structures on V. Similarly, we
can show that equivalent abelian extensions also give the same (W, V, ). Therefore, equivalent abelian
extensions also give the same representation. The proof is finished. O
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Leto: (M,A,T) - (M, A, T)bea splitting of an abelian extension. Define the following linear maps:

0: M — O(m) = Toi(m) - oo(T(m)),

w: ARA — w(x,y) = 0o(x)-0o(y) —oolx - y), (45)
u: AeM — W, ux,my = oo(x) - o1(m) — o1(x - m),

v: M®A — W, v(m,x) = o1(m)-oo(x) —o1(m - x),

forallx,y,z€ A, me M.
Theorem 5.3. With the above notations, (0, w, i, v) is a 2-cocycle of (M, A, T) with coefficients in (W, V, @).

Proof. Since T is a a relative Rota-Baxter operater, we have the equality

T(01(m)) - T(01(m)) = T(T(01(m) - 01 () + 01(m) - T(1 (1))
= (0(m) + ao(T(m)))(6(n) + ao(T(1)))
~T((0(m) + 60(T(m))) - 01(n) + 01(m) - (O(n) + oo(T(1m))))
= 0(m) - 0o(T(n)) + oo(T(m))0(n) + ao(T(m)) - oo(T(1))
~T(6(m) - 01(n) + 0o(T(m)) - 01(1) + 01(m) - O(n) + 01(m) - oo(T(1)))
= 0(m) - oo(T(n)) + 00(T(m))0(n) + ao(T(m)) - o0(T(n))
~T(O(m) - 01(n) + (T (m), n) + o1(T(m) - 1) + 01(m) - O(n) + v(m, T()) + o1(m - T(n))
= 6O(m)-T(n)+ T(m) - O(n) + w(T(m), T(n)) + oo(T(T(m) - n + m - T(n)))
—(0(m) > n + uw(T(m),n) + m<0(n) + v(m, T(n)))
—0(T(m) - n) — ao(T(T(m) - n)) — O(m - T(n)) — oo(T(m - T(n)))
= O(m)-T(n)+ T(m)-O(n) + w(T(m), T(n)) — 6(T(m) - n) — O(m - T(n))
—@(0(m) > n) — p(u(T(m), n)) — p(m < O(n)) — p(v(m, T(n)))
0.

Thus we obtain the 2-cocycle condition (25).

Since (A, @) is an alternative algebra, we get

(00(x) - 00(y)) - 00(2) = 00(x) - (90(Y) - 00(2))
+(oo(y) - 00(x)) - 90(2) — a0(Yy) - (00(x) - 00(2))
= (w(x,y) +0o(x - y)) - 0o(z) — o0(x) - (w(y,2) + oo(y - 2))
+(w(y, x) + 0o(y - x)) - 00(2) — 00(y) - (w(x,2) + 0o(x - 2))
= w(x,y) z+0o(x-y)-o0(z) —x-w(y,z) - ogo(x) - o0(y - 2))
+w(y,x) -2+ 0oy - x) - 00(2) = ¥ - w(x,2) = 0o (y) - oo(x - 2))
= wy)-z+w-y,z)+oo((x-y) 2) —x-w(y,z) - wlx,y-2z)—oolx- (y-2)
oy, x) - z+w(y - x,2z) +0o((y - x) - 2) — y - 0(x,2) — w(y,x - z) = oo((y - x) - 2)
= wky z+wx-y,z)-x oy,z)-wkxy-2)
+o(y,x) z+w(y-x,z)—y-w(x,z)—w(y,x-z)
0.
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Thus we obtain the 2-cocycle condition (26). Similarly, since M is a bimodule of A, we have

(00(x) - 00(y)) - 01(m) — 5o(x) - (00(y) - 01(m))
+(o0(y) - 00(x)) - 01(m) — o(y) - (00(x) - 01(1m))
= (w(x,y) +0o(x - y)) - 01(m) — oo(x) - (u(y, m) + o1(y - m))
+(w(y, x) + 00(y - x)) - 01(m) — oo(y) - (u(x, m) + o1(x - m))
= w(x,y)>m+oo(x-y)-o1(m) —x- uy, m) - oo(x) - o1(y - m)
+w(y,x)>m+oo(y - x) - 01(m) — y - p(x, m) — oo(y)o1(x - m)
= wy)em+ulx-ym+oi(x-y-m)—x-uly,m) — ulxy-m)—oi(x-(y-m))
ra(y,x) > m+ pu(y - x,m) +o1(y - x-m) =y - p(x, m) = p(y,x - m) = o1(y - (x - m))
= w(y,y)>m+px-y,m)—x-u(y,m) — px,y - m)
+w(y, x) o m+ pu(y - x,m) =y - u(x, m) — p(y, x - m)
= 0.
Thus, we obtain the 2-cocycle condition (28). Similar computations show the 2-cocycle conditions (27)

and (29)-(31). Therefore, by the above discussion, we obtain that (6, , u, v) is a 2-cocycle of (M, A, T) with
coefficients in (W, V, ). This completes the proof. [

Now we define a relative Rota-Baxter alternative algebraon (M® W, A ® Vj:) using the 2-cocycle given
above. More precisely, we have

1>

T(m+w)
(x+o0)(x" +7)
(x+0)-(m+w)
(m+w)-(x+0)

T(m) + 6(w) + p(w),
x-x+owlxx)+x-v+v-x,
(46)
x-m+ux,m+x-w+oem,
m-x+v(im,x)+w-x+m<v,

> 1>

1>

forallx,y,z€ A,m,n € M,v € Vand w € W. Thus any extension Egiven by (43) is isomorphic to

0 21 0

0 W—10 MoWw M 0
o] o| 7| | o] (47)
025 v 2 aev 25420

Theorem 5.4. There is a one-to-one correspondence between the equivalent classes of abelian extensions and the
elements in the second cohomology group H2(M, A, T), (W, V, ¢)).

Proof. We have known from the above discussion that abelian extensions of relative Rota-Baxter alternative
algebras are correspond to 2-cocylces and vice verse. Let E’ be another abelian extension determined by
the 2-cocycle (6", ', u’,v"). We are going to show that E and E’ are equivalent if and only if 2-cocycles
(6,w,u,v)and (6", w’, 4, v') are in the same cohomology class.

Since F is an equivalence of abelian extensions, there exist two linear maps No : A — Vand N; : M —
W such that

Fo(x +v) =x+ No(x) +v, Fi(m+w)=m+ N1(m) +w. (48)
By the equality
T'Fim) = Fol(m),

we get

6(m) — 6'(m) = eN1(m) — NoT(m). (49)
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Furthermore, by the equality
Fo(x -y + w(x, y)) = Fo(x) - Fo(y),

we get
@(x,y) = @'(x, y) = x - No(y) + No(x) - ¥ = No(xy). (50)

Similarly, by the equality
Fi(x-m + p(x,m)) = Fo(x) - F1(m),

we obtain that

w(x, m) —v'(x,m) = No(x) > m + x - Ny(m) — Nq(x - m). (51)
Similarly, we get

v(x,m) —v'(x,m) = Ny(m) - x + m < No(x) — N1(m - x). (52)

By (49)-(52), we deduce that (¢, w, u, v) = (¢’, &', ', v") = D(Ny, N1). Thus, they are in the same cohomology
class.

Conversely, if (0, w, u,v) and (0’, &', u’, V') are in the same cohomology class, assume that (0, w, u,v) —
(0,0, u',v") = D(Np,Ni). Then we define (Fo, F1) by (48). Similar as the above proof, we can show that
(Fo, F1) is an equivalence. We omit the details. [J
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