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Abstract. In this article, we introduce the notions of (R,FM1SG) ((MS,FM1SG))-factorizability and
(R, SCSG) ((MS, SCSG))-factorizability. In the second part of this article, we study the relationship between
(R,PSG)-factorizability and (MS,PSG)-factorizability. In the third part of this article, we discuss some
properties of certain continuous homomorphic images of (R, SCSG)- and (MS, SCSG)-factorizable semitopo-
logical groups. In the fourth part of this article, (R, SCSG)-factorizability and (MS, SCSG)-factorizability
are discussed. We prove the following results.

Let G and H be semitopological groups. If G → H is a continuous surjective closed and open homo-
morphism such that G is a Tychonoff (R,FM1SG) ((MS,FM1SG))-factorizable semitopological group with
a q-point and H satisfies Sm(H) ≤ ω, then H is (R,FM1SG) ((MS,FM1SG))-factorizable. If G → H is a
continuous open surjective homomorphism such that G is a Tychonoff (R, SCSG) ((MS, SCSG))-factorizable
semitopological group, then H is (R, SCSG) ((MS, SCSG))-factorizable. If G is a regular semitopological
group with a q-point, property (∗∗∗) and satisfying Sm(G) ≤ ω, then G is topologically isomorphic to a
subgroup of the product of a family of separable metrizable semitopological groups.

1. Introduction

Recall that a paratopological group [1] is a group with a topology such that multiplication on the group is
jointly continuous. A topological group G [1] is a paratopological group such that the inverse mapping of G
is continuous. A semitopological group is a group with a topology in which the left and the right translations
are continuous [1]. A quasitopological group G is a semitopological group such that the inverse mapping
of G is continuous [1]. Given a semitopological group G, the symbol N(e) denotes the family of open
neighborhoods of the identity e in G.

LetR be the set of real numbers with the usual topology. Recall that a Hausdorff topological group G is
R-factorizable [24, 26] if, every continuous function f : G → R, one can find a continuous homomorphism
p : G → H onto a second-countable Hausdorff topological group H and a continuous function 1 : H → R
such that f = 1 ◦ p. A Hausdorff topological group G is m-factorizable if for every continuous mapping
f : G → M to a metrizable space M, there exist a continuous homomorphism π : G → K onto a second-
countable Hausdorff topological group K and a continuous mapping 1 : K→ M such that f = 1 ◦ π ([1], p.
539). Every m-factorizable topological group is R-factorizable.
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When factorizing a continuous mapping f : G→M of a given topological (paratopological, quasitopo-
logical, semitopological) group G ∈ G from a class G to a space M ∈ M (say, M is Hausdorff and second
countable or metrizable), one chooses a classH of objects of Topological Algebra and a classP of continuous
homomorphisms. Once this choice is done, one says that:

A group G is (M,H,P)-factorizable if for every continuous mapping f : G→ M to a space M ∈M, there
exist a group H ∈H and a surjective continuous homomorphism p : G→ H, with p ∈ P, such that f = h ◦ p,
for some continuous mapping h : H→M.

Recall that a family {As : s ∈ S} of subsets of a topological space is closure-preserving if
⋃

s∈S0
As =

⋃
s∈S0

As
for every S0 ⊂ S. A family of sets is σ-closure-preserving if it can be represented as a countable union of
closure-preserving families. Recall that an M1-space is a regular space having a σ-closure preserving base
[4].

Let us introduce the following notation, where i ∈ {0, 1, 2, 3, r, 3.5} (r stands for regular):

• TG, PG, SG and QG are the classes of topological, paratopological, semitopological and quasitopo-
logical groups, respectively;

• if O is a class of spaces or objects of topological algebra, then Oi is the subclass of O that consists
of all those X ∈ O that satisfy the Ti separation axiom (for example, TG2 is the class of Hausdorff
topological groups);

• R is the class that contains only one space, the real line R;
• SC is the class of second-countable spaces (no separation restrictions are imposed);
• SCTG, SCPG, SCSG and SCQG are the classes of second-countable topological, paratopological,

semitopological and quasitopological groups, respectively;
• MS is the class of metrizable spaces;
• MTG,MPG andMSG are the classes of metrizable topological, paratopological and semitopological

groups, respectively;
• F is the class of first-countable spaces;
• FTG,FPG andFSG are the classes of first-countable topological, paratopological and semitopological

groups, respectively;
• M1 is the class of M1-spaces;
• M1TG,M1PG andM1SG are the classes of topological, paratopological and semitopological groups,

respectively, that are M1-spaces;
• FM1 is the class of first-countable M1-spaces;
• FM1TG, FM1PG and FM1SG are the classes of first-countable topological, paratopological and

semitopological groups, respectively, that are M1-spaces;
• PTG, PPG, PSG and PQG are the classes of topological, paratopological, semitopological and qua-

sitopological groups with property P, respectively;
• CH is the class of continuous homomorphisms;
• PH is the class of perfect homomorphisms;
• OH is the class of open continuous homomorphisms.

In what follows, (M,H,CH)- factorizability shortens to (M,H)-factorizability.
Making use of the above definitions, we conclude that a topological group G isR-factorizable if and only

if it is (R, SCTG2)-factorizable. Let P be a topological property. An (R,PSG)-factorizable semitopological
group is called PR-factorizable in [12]. It is also called P-factorizable in ([1], p. 562). Thus, an (MS,PSG)-
factorizable semitopological group is also called Pm-factorizable.

(R,FSG)-factorizability and (MS,FSG)-factorizability are discussed in [12], where they are called FR-
factorizability and Fm-factorizability, respectively. M-factorizable topological groups are discussed in [33].
A Hausdorff topological group G isM-factorizable if it is (R,MTG)-factorizable.

A point x of a space X is called a q-point of X if there exists a sequence {Un}n∈ω of open neighborhoods
of x in X such that any sequence {xn}n∈ω with xn ∈ Un for every n ∈ ω has a point of accumulation in
X ([1], p. 389). A space X is called a q-space if every point of X is a q-point. The symmetry number of a
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T1 semitopological group G, denoted by Sm(G), is the minimum cardinal number κ such that for every
neighborhood U of the identity e in G, there exists a familyV ⊂ N(e) such that

⋂
V∈V V−1

⊂ U and |V| ≤ κ.
In this article, we introduce the notions of (R,FM1SG) ((MS,FM1SG))-factorizability and (R, SCSG)

((MS, SCSG))-factorizability. In the second part of this article, we study the relationship between (R,PSG)-
factorizability and (MS,PSG)-factorizability. In the third part of this article, we discuss some properties
of certain continuous homomorphic images of (R, SCSG)- and (MS, SCSG)-factorizable semitopological
groups. In the fourth part of this article, (R, SCSG)-factorizability and (MS, SCSG)-factorizability are
discussed.

In Theorem 2.10, we show the following result. Let P be a topological property such that every space
with P is first-countable and P is inherited by subspaces. Let also G be a Tychonoff semitopological
group such that G × Z(2)ω1 is (R,PSG)-factorizable, where Z(2) = {0, 1} is the discrete group. Then G is
(MS,PSG)-factorizable.

In Theorems 3.14 and 3.17, we show the following result. Let G and H be semitopological groups. If
G→ H is a continuous surjective closed and open homomorphism such that G is a Tychonoff (R,FM1SG)
((MS,FM1SG))-factorizable semitopological group with a q-point and H satisfies Sm(H) ≤ ω, then H is
(R,FM1SG) ((MS,FM1SG))-factorizable.

In Theorems 4.10 and 4.11 we show that if G → H is a continuous open surjective homomorphism
such that G is a Tychonoff (R, SCSG) ((MS, SCSG))-factorizable semitopological group, then H is (R, SCSG)
((MS, SCSG))-factorizable. In Theorem 4.2 we show that if G is a topological (paratopological, semitopo-
logical, quasitopological) group, then G is (R, SCTGr) ((R, SCPGr), (R, SCSGr), (R, SCQGr))-factorizable if
and only if G is (R, SCTG) ((R, SCPG), (R, SCSG), (R, SCQG))-factorizable. In Theorem 4.19 we show that
if G is a regular semitopological group with a q-point, property (∗∗∗) and satisfying Sm(G) ≤ ω, then G is
topologically isomorphic to a subgroup of the product of a family of separable metrizable semitopological
groups.

The set of all positive integers is denoted byN and ω = N ∪ {0}. In notation and terminology we will
follow [1] and [5].

2. On (R,PSG)- and (MS,PSG)-factorizable semitopological groups

A collection B of nonempty subsets of a space X is a quasi-base for X if, whenever x ∈ X and U is a
neighborhood of x, then there exists a B ∈ B such that x ∈ B◦ ⊂ B ⊂ U, where B◦ denotes the interior of B
in X. An M2-space is a regular space with a σ-closure preserving quasi-base [4]. A space X is stratifiable if
and only if X is an M2-space [6, 8]. Let P be a collection of ordered pairs P = (P1,P2) of subsets of a space X
with P1 ⊂ P2 for all P ∈ P. Then P is called a pair-base for X if P1 is open for all P ∈ P and if, for any x ∈ X
and any neighborhood U of x, there exists a P ∈ P such that x ∈ P1 ⊂ P2 ⊂ U [4]. Moreover, P is called
cushioned if for every P′ ⊂ P,

⋃
{P1 : P ∈ P′} ⊂

⋃
{P2 : P ∈ P′}. P is called σ-cushioned if it is the union of

countably many cushioned subcollections [4]. An M3-space is a T1-space with a σ-cushioned pair-base [4].
The classes of M3- and M2-spaces are equivalent ([10], Theorem VI, 28). Every first-countable M3-space is a
M1-space [7]. A first-countable M3-space is sometimes called a Nagata space ([10], p. 354). A first-countable
M1-semitopological (paratopological) group is called a Nagata semitopological (paratopological) group
[11]. An internal characterization of subgroups of products of first-countable M1-semitopological groups is
given in [11].

In ([1], p. 539), it is pointed out that every m-factorizable topological group is R-factorizable. Similarly,
the following two statements are immediate from the fact R ⊂MS.

Proposition 2.1. If G is a (MS,PSG)-factorizable semitopological group, then G is (R,PSG)-factorizable.

Corollary 2.2. If G is a (MS,FM1SG) ((MS, SCSG))-factorizable semitopological group, then G is (R,FM1SG)
((R, SCSG))-factorizable.
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Recall that a space X is said to be pseudo-ℵ1-compact if every discrete family of open sets in X is countable
([1], p. 538). A Hausdorff topological group G is m-factorizable if and only if G is R-factorizable and
pseudo-ℵ1-compact ([1], Theorem 8.5.2).

A class C of spaces is a CPS-class if it contains countable products of its elements, is hereditary with
respect to taking subspaces, and contains a one-point space [12]. By an argument similar to the one used in
the proof of Lemma 8.1.2 in [1], we have the following result.

Lemma 2.3. Let P be a CPS-class of semitopological (paratopological) groups. If f : G → X is a continuous
mapping of an (R,PSG) ((R,PPG))-factorizable semitopological (paratopological) group G to a Tychonoff space X
with w(X) ≤ ω, then one can find a continuous homomorphism π : G → K onto a semitopological (paratopological)
group K ∈ P and a continuous mapping 1 : K→ X such that f = 1 ◦ π.

Proof. We just prove the lemma in the case of semitopological groups. The proof in the other case is similar.
According to ([5], Theorem 2.3.23), we can identify X with a subspace of Rω. For every n < ω, denote by
pn the projection of Rω to the nth factor. Then pn ◦ f : G → R is a continuous mapping, so we can find a
continuous homomorphismπn : G→ Kn onto a semitopological group Kn ∈ P and a continuous real-valued
function 1n on Kn such that pn ◦ f = 1n ◦ πn. Denote by π the diagonal product of the homomorphisms
πn. Then π : G →

∏
n<ω Kn is a continuous homomorphism and the image K = π(G) is a subgroups of the

semitopological group Π =
∏

n<ω Kn. Since Kn ∈ P for every n ∈ ω and P is a CPS-class, we have K ∈ P.
For every n < ω, let qn : Π→ Kn be the projection. Then πn = qn ◦ π for each n < ω. Finally, denote by 1 the
Cartesian product of the functions 1n, n < ω. Then the mapping 1 : Π→ Rω is continuous.

From the definitions of 1 and π, we have pn ◦ 1 ◦ π = 1n ◦ qn ◦ π = 1n ◦ πn = pn ◦ f for every n ∈ ω. Thus
pn ◦ f = pn ◦1◦π for every n ∈ ω. Then f = 1◦π, where π is a continuous homomorphism and the mapping
1 is continuous. Therefore, the homomorphism π : G → K and the mapping h = 1 ↾ K satisfy the equality
f = h ◦ π.

Proposition 2.4. LetP be a CPS-class of semitopological groups. If G is an (R,PSG)-factorizable pseudo-ℵ1-compact
semitopological group, then G is (MS,PSG)-factorizable.

Proof. Let f : G → M be a continuous mapping of G onto a metrizable space M. Since G is pseudo-ℵ1-
compact and the mapping f is continuous, M is pseudo-ℵ1-compact. Then M is a pseudo-ℵ1-compact
metrizable space. Thus M is a second-countable space. By Lemma 2.3, there exist a continuous homomor-
phism π : G → K onto a semitopological group K ∈ P and a continuous mapping 1 : K → X such that
f = 1 ◦ π. Thus G is (MS,PSG)-factorizable.

By results of [3], FM1 is a CPS-class. Then by Proposition 2.4 we have the following result.

Corollary 2.5. If G is an (R,FM1SG) ((R, SCSG))-factorizable pseudo-ℵ1-compact semitopological group, then G
is (MS,FM1SG) ((MS, SCSG))-factorizable.

Some properties of (R,FSG) ((MS,FSG))-factorizable semitopological groups are discussed in [12]. It is
obvious that F is a CPS-class. Again, by Proposition 2.4, we have the following result.

Corollary 2.6. If G is an (R,FSG)-factorizable pseudo-ℵ1-compact semitopological group, then G is (MS,FSG)-
factorizable.

By Lemma 8.5.4 in [1], we have the following result.

Lemma 2.7. Let G be a subgroup of a productΠ =
∏

i∈I Gi of semitopological groups and π : G→ H be a continuous
homomorphism to a semitopological group H satisfying χ(H) ≤ κ. Then one can find a set J ⊂ I with |J| ≤ κ and a
continuous homomorphism φ : pJ(G)→ H such that π = φ ◦ pJ |G, where pJ is the projection of Π to ΠJ =

∏
i∈J Gi.

If, in particular, the space H is first-countable, then the set J can be chosen to be countable.
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If G is a Tychonoff semitopological group such that G×Z(2)ω1 is (R,FSG)-factorizable, whereZ(2) = {0, 1}
is the discrete group, then G is (MS,FSG)-factorizable ([12], Theorem 3.5). In what follows, we give a
generalization of this result. First, we need some basic notions and results.

Recall that a subspace Y of a space X is said to be C-embedded in X if every continuous real-valued
function on Y can be extended to a continuous real-valued function on X. Recall that a continuous mapping
f : X→ X is called a retraction of X, if f ◦ f = f ; the set of all values of a retraction of X is called a retract of X
([5], Exercise 1.5C). A subspace M of a topological space X is a retract of X if and only if every continuous
mapping defined on M extendable over X ([5], Exercise 2.1D). Thus a retract of a space X is C-embedded in
X.

Proposition 2.8. Let P be a topological property which is hereditary with respect to taking subspaces. If a subgroup
H of an (R,PSG) ((MS,PSG))-factorizable semitopological group G is C-embedded in G, then H is (R,PSG)
((MS,PSG))-factorizable.

Proof. We just consider the case of (R,PSG)-factorizability. The proof in the other case is similar. Let f : H→
R be any continuous real-valued function. Since H is C-embedded in G, there exists a continuous function
1 : G → R such that 1|H = f . Since G is (R,PSG)-factorizable, there exist a continuous homomorphism
π : G → K onto a semitopological group K ∈ P and a continuous function h : K → R such that 1 = h ◦ π.
If h1 = h|π(H) : π(H) → R, then the mapping h1 is continuous. If π1 = π|H : H → π(H), then the mapping
π1 is a continuous homomorphism onto the semitopological group π(H) such that f = h1 ◦ π1. Since K ∈ P
and P is hereditary with respect to taking subgroups, π(H) ∈ P. Then G is (R,PSG)-factorizable.

By a proof similar to the one used in b) in Theorem 8.5.5 in [1], we have the following result. To assist
the reader, we give the proof of it.

Proposition 2.9. Let G be a Tychonoff semitopological group. Let Z(2) = {0, 1} be the discrete group. If G ×Z(2)ω1

is (R,FSG)-factorizable, then G is pseudo-ℵ1-compact.

Proof. Suppose that the semitopological group G × K is (R,FSG)-factorizable, where K = Z(2)ω1 . Denote
by eK the identity of the group K. It is clear that G is topologically isomorphic to G × {eK} and G is a retract
of G × K. So Proposition 2.8 implies that the semitopological group G is (R,FSG)-factorizable. Let us show
that G is pseudo-ℵ1-compact.

Assume the contrary. Then G contains a discrete family {Uα : α < ω1} of nonempty open sets. Since G
is a Tychonoff space, for every α < ω1, one can choose a point xα ∈ Uα and define a continuous function
fα : G→ [0, 1] such that fα(xα) = 1 and fα(x) = 0 if x ∈ G\Uα. We also consider the function h : Z(2)→ [0, 1]
such that h(0) = 0 and h(1) = 1. Let π : G × K → G be the projection. If y ∈ Z(2)ω1 and α < ω1, denote
by yα the α-th coordinate of y. For every α < ω1, we define a function 1α : G × K → [0, 1] as follows: If
(x, y) ∈ G×K, then 1α(x, y) = fα(x) ·h(yα). Clearly, 1α is continuous. Since the family {Uα : α < ω1} is discrete,
the function 1 =

∑
α<ω1
1α is also continuous on G × K. By (R,FSG)-factorizability of G × K, we can find a

continuous homomorphism φ : G × K → L to a first-countable semitopological group L and a continuous
function 1̃ : L→ R such that 1 = 1̃ ◦ φ. From Lemma 2.7 it follows that there exists a countable subset J of
ω1 and a continuous homomorphism ψ : G×Z(2)J

→ L such that φ = ψ◦ (idG×pJ), where idG is the identity
automorphism of G and pJ : Z(2)ω1 → Z(2)J is the projection.

Since 1 = 1̃ ◦ φ and φ = ψ ◦ (idG × pJ), we conclude that if x ∈ G and y, y′ ∈ Z(2)ω1 satisfy pJ(y) = pJ(y′)
then 1(x, y) = 1(x, y′). Choose an ordinal α ∈ ω1\J. Now we define two points y, y′ ∈ Z(2)ω1 by yβ = y′β = 0
if β , α and yα = 0, y′α = 1. Evidently, pJ(y) = pJ(y′). A simple calculation shows that 1(xα, y) = h(yα) = 0
and 1(xα, y′) = h(y′α) = 1; it follows that 1(xα, y) , 1(xα, y′). This contradiction shows that G is pseudo-ℵ1-
compact.

Theorem 2.10. Let P be a topological property such that every space with P is first-countable and P is inherited
to subspaces. Let also G be a Tychonoff semitopological group such that G ×Z(2)ω1 is (R,PSG)-factorizable, where
Z(2) = {0, 1} is the discrete group. Then G is (MS,PSG)-factorizable.
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Proof. Since G is a Tychonoff semitopological group such that G×Z(2)ω1 is (R,PSG)-factorizable andP ⊂ F,
the group G is pseudo-ℵ1-compact, by Proposition 2.9. Denote K = Z(2)ω1 . Let eK be the identity of the
group K. Since G is topologically isomorphic to G× {eK} and G× {eK} is a retract of G×K, by Proposition 2.8
G is (R,PSG)-factorizable. Hence G is a (R,PSG)-factorizable pseudo-ℵ1-compact semitopological group.
By Proposition 2.4, G is (MS,PSG)-factorizable.

Corollary 2.11. If G is a Tychonoff semitopological group such that G × Z(2)ω1 is (R,FM1SG) ((R, SCSG))-
factorizable, then G is (MS,FM1SG) ((MS, SCSG))-factorizable.

3. On certain continuous homomorphic images of (R,FM1SG)- and (MS,FM1SG)-factorizable semi-
topological groups

A family U of nonempty subsets of a semitopological group G is dominated by a family γ ⊂ N(e) if for
every U ∈ U and x ∈ U there exists V ∈ γ such that xV ⊂ U [17]. A familyV of subsets of a set X is a weak
refinement of a coverU of X ifV contains a subfamily which is a cover of X and a refinement ofU [17].

To give an internal characterization of subgroups of products of first-countable M1-semitopological
groups, the following notions are introduced in [11].

Let G be a semitopological group and let A ⊂ G and γ ⊂ N(e). The closure of A with respect to γ is

denoted by A
(γ)
= {x ∈ G : for every V ∈ γ, xV ∩ A , ∅}.

A semitopological group G is said to have property (c∗) (resp., (M3∗)) ([11], Definition 2.1 (3.4)) if for
every open neighborhood U of the identity e of G, the family {Ux : x ∈ G} has a weak refinementV of open
subsets of G such that the following properties hold:

(1) V is dominated by a countable family γ ⊂ N(e);
(2) For every x ∈ G, there exists Fx ∈ V such that x ∈ Fx ⊂ Ux and there exists a cover {Gn : n ∈ ω} of G

such that for any n ∈ ω and any An ⊂ Gn,
⋃
{Fx : x ∈ An} ⊂

⋃
{Ux : x ∈ An} (resp.,

⋃
{Fx : x ∈ An}

(γ)
⊂⋃

{Ux : x ∈ An}).

Lemma 3.1. ([11], Proposition 3.5) If G is a semitopological group with property (M3∗), then G has property (c∗).

Lemma 3.2. ([11], Proposition 3.9) Every Nagata semitopological group has property (M3∗).

By Lemmas 3.1 and 3.2, every Nagata semitopological group has (c∗).

Lemma 3.3. ([11], Theorem 3.14) Let G be a semitopological (paratopological) group. Then G is topologically
isomorphic to a subgroup of the product of a family of Nagata semitopological (paratopological) groups if and only if
G satisfies the T0-separation axiom and has property (M3∗).

Every open continuous homomorphic image of an R-factorizable topological group is R-factorizable
([26], Theorem 3.10). Peng and Zhang proved that every open continuous homomorphic image of an R-
factorizable paratopological group isR-factorizable ([15], Theorem 1.7). In ([33], Corollary 3.8), it is proved
that every quotient group of an M-factorizable topological group is M-factorizable. In [12], it is proved
that if G is a Tychonoff (R,FSG) ((MS,FSG))-factorizable semitopological group, then every continuous
open homomorphic image of G is (R,FSG) ((MS,FSG))-factorizable.

Now we discuss certain continuous homomorphic images of (R,FM1SG) ((MS,FM1SG))-factorizable
semitopological groups.

Lemma 3.4. If f : X→ Y is an open continuous mapping and x is a q-point of X, then f (x) is a q-point of Y.
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Proof. Since x is a q-point of X, there exists a sequence {Un : n ∈ ω} of open neighborhoods of x in X such
that any sequence {xn}n∈ω with xn ∈ Un for every n ∈ ω has an accumulation point in X. Since the mapping
f is open, { f (Un) : n ∈ ω} is a sequence of open neighborhoods of f (x) in Y. If {yn}n∈ω is any sequence of
points of Y such that yn ∈ f (Un) for every n ∈ ω, then there exists xn ∈ Un such that f (xn) = yn for every
n ∈ ω. Then the sequence {xn}n∈ω has an accumulation point a in X. Since the mapping f is continuous, f (a)
is an accumulation point of the sequence {yn}n∈ω in Y.

By Lemma 3.4, we have the following result.

Corollary 3.5. Let G and H be semitopological groups. If f : G → H is an open continuous homomorphism and G
has a q-point, then H is a q-space.

Lemma 3.6. Let G and H be semitopological groups. If f : G → H is a continuous closed and open surjective
homomorphism and G has (c∗), then H has property (c∗).

Proof. Let eH be the identity of H and let U be any element of N(eH). Since the mapping f is a continuous
homomorphism, the set V = f−1(U) is an open neighborhood of the identity e of G. Since G has property
(c∗), there exists a familyVV of open subsets of G such that the following properties hold:

(1) VV is dominated by a countable family γ ⊂ N(e);
(2) For every x ∈ G, there exists Fx ∈ VV such that x ∈ Fx ⊂ Vx and there exists a cover {Gm : m ∈ ω} of G

such that for any m ∈ ω and any Am ⊂ Gm,
⋃
{Fx : x ∈ Am} ⊂

⋃
{Vx : x ∈ Am}.

For any y ∈ H, there exists xy ∈ G such that f (xy) = y. Thus y ∈ f (Fxy ) ⊂ f (V) f (xy) = Uy for every
y ∈ H. Denote γU = { f (W) : W ∈ γ}. Since γ ⊂ N(e) is countable and the mapping f is open, γU is a
countable subfamily of N(eH). Since VV is a family of open subsets in G and VV is dominated by γ, the
familyVU = { f (B) : B ∈ VV} is a family of open subsets in H andVU is dominated by γU. For every m ∈ ω,
let Hm = {y ∈ H : xy ∈ Gm}. Then H =

⋃
{Hm : m ∈ ω}.

For any m ∈ ω and any Cm ⊂ Hm, we have {xy : y ∈ Cm} ⊂ Gm. Thus
⋃
{Fxy : y ∈ Cm} ⊂

⋃
{Vxy : y ∈ Cm}.

Then f (
⋃
{Fxy : y ∈ Cm}) ⊂

⋃
{ f (Vxy) : y ∈ Cm} =

⋃
{Uy : y ∈ Cm}. Since the mapping f is closed, the set

f (
⋃
{Fxy : y ∈ Cm}) is a closed subset of H. Then

⋃
{ f (Fxy ) : y ∈ Cm} ⊂ f (

⋃
{Fxy : y ∈ Cm}) ⊂

⋃
{Uy : y ∈ Cm}.

Thus the semitopological group H has property (c∗).

Proposition 3.7. Every Tychonoff (R,FM1SG)-factorizable semitopological group has property (M3∗).

Proof. Let { fi : i ∈ I} be the family of continuous real-valued functions on an (R,FM1SG)-factorizable
semitopological group G. For every i ∈ I, there exist a continuous homomorphism πi : G → Hi onto a
Nagata semitopological group Hi and a continuous mapping 1i : Hi → R such that fi = 1i ◦ πi. Since G is
Tychonoff, the family { fi : i ∈ I} separates points and closed sets in G. Then the family {πi : i ∈ I} separates
points and closed sets in G. If π : G →

∏
i∈I Hi is the diagonal product of the family {πi : i ∈ I}, then the

mapping π is a topological monomorphism of G onto the subgroup H = π(G) of
∏

i∈I Hi. By Lemma 3.3, G
has property (M3∗).

By Lemma 3.1 and Proposition 3.7, we have the following result.

Corollary 3.8. Every Tychonoff (R,FM1SG)-factorizable semitopological group has property (c∗).

Recall that a real-valued function f on a paratopological group G is left (resp., right) ω-quasi-uniformly
continuous if, for every ε > 0, there exists a countable family U ⊂ N(e) such that for every x ∈ G, there
exists U ∈ U such that | f (x) − f (y)| < ε whenever x−1y ∈ U (resp., yx−1

∈ U) ([30], Definition 4.1). A
real-valued function f on a paratopological group G is ω-quasi-uniformly continuous if f is both left and
right ω-quasi-uniformly continuous ([30], Definition 4.2). A paratopological group G has property ω-QU
if each continuous real-valued function on G is ω-quasi-uniformly continuous ([30], Definition 4.7). If
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we replace ‘paratopological group’ in the above definitions with ‘semitopological group’, then we get the
corresponding definitions in the class of semitopological groups [14].

Let G be a semitopological group. A mapping f : G → M to a metric space (M, d) is left (resp., right)
dω-quasi-uniformly continuous if, for every ε > 0, there exists a countable family U ⊂ N(e) such that for
every x ∈ G, there exists U ∈ U such that d( f (x), f (y)) < ε whenever x−1y ∈ U (resp., yx−1

∈ U) [12]. A
mapping f : G → M to a metric space (M, d) is dω-quasi-uniformly continuous if f is both left and right
dω-quasi-uniformly continuous [12]. A semitopological group G has property dω-QU if each continuous
mapping f : G→M to a metric space (M, d) is dω-quasi-uniformly continuous [12].

Lemma 3.9. ([12], Proposition 2.20) Every (R,FSG)-factorizable semitopological group has property ω-QU and
every (MS,FSG)-factorizable semitopological group has property dω-QU.

The next fact is immediate from the definition of the class FM1.

Proposition 3.10. Every (R,FM1SG) ((MS,FM1SG))-factorizable semitopological group is (R,FSG) ((MS,FSG))-
factorizable.

By Lemma 3.9 and Proposition 3.10, we have the following result.

Corollary 3.11. Every (R,FM1SG)-factorizable semitopological group has propertyω-QU and every (MS,FM1SG)-
factorizable semitopological group has property dω-QU.

Given a topological propertyP, we say that a semitopological group G is projectivelyP if for every neigh-
borhood U of the identity in G there exists a continuous homomorphism p : G→ H onto a semitopological
group H with property P such that p−1(V) ⊂ U, for some neighborhood V of the identity in H [23]. If P is
any class of semitopological groups, then a projectively P semitopological group is also called range-P ([1],
p. 168). The only difference between the two definitions is that the mapping p in the definition of range-P
is not required to be surjective.

Lemma 3.12. ([14], Lemma 3.7) Let G be a semitopological (paratopological) group and P be a CPS-class of
semitopological (paratopological) groups. If G has property ω-QU and is projectively P, then G is (R,PSG)
((R,PPG))-factorizable.

Lemma 3.13. ([32], Proposition 2.4) Let G and H be semitopological groups. If G → H is a continuous open
surjective homomorphism and G has property ω-QU, then H has property ω-QU.

Theorem 3.14. Let G and H be semitopological groups. If f : G → H is a closed and open continuous surjective
homomorphism such that G is a Tychonoff (R,FM1SG)-factorizable semitopological group with a q-point and H
satisfies Sm(H) ≤ ω, then H is (R,FM1SG)-factorizable.

Proof. By Corollary 3.8, G has property (c∗). Since f : G → H is a closed and open continuous surjective
homomorphism and G has property (c∗), by Lemma 3.6 H has property (c∗). Since G satisfies the T1-
separation axiom and f is a closed surjective mapping, H satisfies the T1-separation axiom. Since G has
a q-point and the mapping f is open, it follows from Lemma 3.4 that H has a q-point. Then H is a T1
semitopological group which has property (c∗), contains a q-point and satisfies Sm(H) ≤ ω. It follows from
Lemma 2.8 in [11] that H is projectively P, where P is the class of Nagata semitopological groups. Since G
is (R,FM1SG)-factorizable, it follows from Corollary 3.11 that G has property ω-QU. Then by Lemma 3.13
H has property ω-QU. The product of a countable family of stratifiable spaces is stratifiable [3]. Thus the
class FM1 is a CPS-class. Thus by Lemma 3.12, H is (R,FM1SG)-factorizable.

Lemma 3.15. ([12], Proposition 3.22) Let G be a semitopological (paratopological) group and let P be a CPS-class
of semitopological (paratopological) groups. If G has property dω-QU and is projectively P, then G is (MS,PSG)
((MS,PPG))-factorizable.
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Lemma 3.16. ([12], Lemma 3.28) Let G and H be semitopological groups. If G→ H is a continuous open surjective
homomorphism and G has property dω-QU, then H has property dω-QU.

By Lemmas 3.15 and 3.16, Corollary 3.11 and an argument which is similar to the one used in the proof
of Theorem 3.14, we have the following result.

Theorem 3.17. Let G and H be semitopological groups. If f : G → H is a continuous closed and open surjective
homomorphism such that G is a Tychonoff (MS,FM1SG)-factorizable semitopological group with a q-point and H
satisfies Sm(H) ≤ ω, then H is (MS,FM1SG)-factorizable.

4. On (R, SCSG)- and (MS, SCSG)-factorizable semitopological groups

The notions of Ri-factorizablility paratopological groups are introduced in [19] for i = 1, 2, 3, 3.5. In
[19], Ri-factorizable paratopological groups are assumed to satisfy the Ti-separation axiom. In [31], Ri-
factorizable paratopological groups are defined as follows. A paratopological group G is R0-factorizable
(Ri-factorizable, for i = 1, 2, 3, 3.5) if for every continuous real-valued function f on G, one can find a
continuous homomorphism π : G→ H onto a second-countable paratopological group H satisfying the T0
(resp., Ti + T1) separation axiom and a continuous real-valued function h on H such that f = h ◦ π [31]. If
we do not impose any separation restriction on H, we obtain the concept of R-factorizability [31]. Thus the
R-factorizability of paratopological groups defined in [31] is just the (R, SCPG)-factorizability defined in
this article.

In ([31], Theorem 3.8), it is pointed out that the concepts of R-, R0-, R1-, R2- and R3-factorizability
coincide in the class of paratopological groups. Each regular paratopological group is completely regular
[2].

Thus, by Theorem 3.8 in [31], we have the following result.

Proposition 4.1. Let G be a paratopological group. Then the following statements are equivalent:

(1) G is Ri-factorizable, where i ∈ {0, 1, 2, 3, r, 3.5};
(2) G is R-factorizable;
(3) G is (R, SCPG)-factorizable;
(4) G is (R, SCPGr)-factorizable.

A class C of spaces is a PS-class if it contains arbitrary products of its elements, is hereditary with respect
to taking subspaces, and contains a one-point space [27]. Let C be a PS-class of spaces and φCG : G → H
a continuous surjective homomorphism of semitopological groups. The pair (H, φCG) is called a C-reflection
of G if H ∈ C and for every continuous mapping f : G → X to a space X ∈ C, there exists a continuous
mapping h : H→ X such that f = h◦φCG ([27], Definition 1.1). For every semitopological group G and every
i ∈ {0, 1, 2, 3, 3.5}, there exists the Ti-reflection (Ti(G), φG,i) of G. Similarly, there exist the regular reflection
(Re1(G), φG,r) and the Tychonoff reflection (Tych(G), φG,t) of G. The homomorphism φG,i is open for each
i = 0, 1, 2 ([27], Proposition 2.5).

A subset U of a space X is called regular open if U = U
◦

. Given a space (X, τ), denote by τ′ the topology on
X whose base consists of regular open subsets of (X, τ). The space (X, τ′) is said to be the semiregularization
of (X, τ) and is denoted by Xsr. It is easy to see that τ′ ⊂ τ and the spaces (X, τ) and (X, τ′) have the same
regular open subsets. The operation of semiregularization was defined by M.H. Stone in [21] and studied
by M. Katetov [9]. A space whose regular open subsets form a base for its topology is called semiregular
([18], p. 44). If G is an arbitrary paratopological group, then so is Gsr ([28], Theorem 2.2).

Theorem 4.2. Let G be a topological (semitopological, quasitopological) group. Then G is (R, SCTGr) ((R, SCSGr),
(R, SCQGr))-factorizable if and only if G is (R, SCTG) ((R, SCSG), (R, SCQG))-factorizable.
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Proof. The necessity is obvious. We just need to prove the sufficiency.
Assume that G is an (R, SCTG)-factorizable topological group. Let f be any continuous real-valued

function on G. Since G is an (R, SCTG)-factorizable topological group, there exists a continuous homo-
morphism φ of G onto a second-countable topological group H and a continuous real-valued function 1
on H such that f = 1 ◦ φ. Let K be the smallest closed subgroup of H. It follow from Theorem 3.4 in [27]
that K is invariant in G, the quotient mapping πH : H → H/K is a continuous open homomorphism, and
H/K � T1(H). Since H is a second-countable topological group and K is closed in H, the quotient group
H/K is a second-countable T1 topological group. Hence H/K � T1(H) is separable and metrazible. Then
there exists a continuous real-valued function 11 on H/K such that 1 = 11 ◦ πH. Thus f = 11 ◦ (πH ◦ φ) and
πH ◦ φ : G→ H/K is a continuous surjective homomorphism. Then G is (R, SCTGr)-factorizable.

Now we prove the theorem in the case of semitopological groups. We apply an argument similar
to the one used in the above paragraph and the following results. The regular reflection Re1(H) of a
semitopological group H satisfies Re1(H) = T1(T3(H)) ([27], Theorem 3.8). T3(H) is the semiregularization
of H, i.e., T3(H) � Hsr, for every semitopological group H ([29], Theorem 3.4). If X is a second-countable
space, then so is Xsr ([31], Lemma 3.6). Thus, Re1(H) is a regular second-countable semitopological group
if H is a second-countable semitopological group.

In the case of quasitopological groups, we use the following facts. The regular reflection Re1(H) of
a quasitopological group H satisfies Re1(H) = T1(T3(H)) ([22], Corollary 2.6). If H is a quasitopological
group, then T3(H) � Hsr ([22], Theorem 2.4) and Hsr is a quasitopological group ([22], Lemma 2.3). If X
is a second-countable space, then so is Xsr ([31] Lemma 3.6). Thus, Re1(H) is a regular second-countable
quasitopological group if H is a second-countable quasitopological group.

Similarly, we have the following result.

Proposition 4.3. If G is a topological (paratopological, semitopological, quasitopological) group, then G is (MS, SCTGr)
((MS, SCPGr), (MS, SCSGr), (MS, SCQGr))-factorizable if and only if G is (MS, SCTG) ((MS, SCPG), (MS, SCSG),
(MS, SCQG))-factorizable.

An internal characterization of projectively Ti second-countable semitopological groups, for i = 0, 1, 2,
is given in [13].

Now let us recall some notions. The invariance number inv(G) of a semitopological group G is countable
if for every open neighborhood U of the identity e in G, there exists a countable family V of open neigh-
borhoods of e such that for each x ∈ G there exists some V ∈ V such that xVx−1

⊂ U [1]. Any such a family
V is called subordinated to U [1]. A topological (paratopological, semitopological) group G with inv(G) ≤ ω
is also called ω-balanced ([1], [23], [16]). Let U be a family of subsets of a space. A refinement V of U is
called basic if for every U ∈ U and x ∈ U there exists V ∈ V such that x ∈ V ⊂ U [17]. A subset V of a
semitopological group G is called ω-good if there exists a countable family V ⊂ N(e) such that for every
x ∈ V, there exists W ∈ Vwith xW ⊂ V ([16], [20]). A semitopological group G is locally ω-good if the family
N
∗(e) of ω-good sets containing the identity e is a local base at e [16].

A semitopological group G is said to have property (∗∗∗) [13] if for every U ∈ N(e), the family {Ux : x ∈ G}
has an open basic countable refinement which is dominated by a countable family γ. For a Hausdorff
semitopological group G with the identity e, the Hausdorff number of G, denoted by Hs(G), is the mininum
cardinal numberκ such that for every neighborhood U of e in G, there exists a familyγof open neighborhoods
of e such that

⋂
V∈γ VV−1

⊂ U and |γ| ≤ κ [23].

Lemma 4.4. ([13], Theorem 30) Let G be a Hausdorff semitopological group. Then G admits a homeomorphic
embedding as a subgroup into a product of Hausdorff second-countable semitopological groups if and only if G has
property (∗∗∗) and Hs(G) ≤ ω.

Proposition 4.5. ([13], Proposition 27) Every second-countable semitopological group has property (∗∗∗).

Proposition 4.6. If G is a Tychonoff (R, SCSG) ((MS, SCSG))-factorizable semitopological group, then G has prop-
erty (∗∗∗).
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Proof. By an argument similar to the one used in the proof of Proposition 8.1.3 in [1] (or Proposition 3.7),
we deduce that G admits a homeomorphic embedding as a subgroup into a product of second-countable
semitopological groups. By Lemma 4.4, G has property (∗∗∗).

Lemma 4.7. Let G and H be semitopological groups. If f : G→ H is an open continuous surjective homomorphism
and G has property (∗∗∗), then H has property (∗∗∗).

Proof. Let eH be the identity of H and let U be any open neighborhood of eH in H. Since f is a continuous
homomorphism, f−1(U) is an open neighborhood of the identity e in G. Since G has property (∗∗∗), the family
{ f−1(U)x : x ∈ G} has an open basic countable refinement W which is dominated by a countable family
γ ⊂ N(e). For any y ∈ H, there exists xy ∈ G such that f (xy) = y. Let y ∈ H. SinceW is a basic refinement
of { f−1(U)z : z ∈ G}, there exists Wy ∈ W such that xy ∈ Wy ⊂ f−1(U)xy. Then y = f (xy) ∈ f (Wy) ⊂ Uy. This
shows that { f (W) : W ∈ W} is a basic countable refinement of {Uh : h ∈ H}. For any W ∈ W and any x ∈W,
there exists V ∈ γ such that xV ⊂ W. Since the mapping f is open, we have { f (V) : V ∈ γ} ⊂ N(eH). Thus
{ f (W) : W ∈ W} is dominated by the countable family { f (V) : V ∈ γ} ⊂ N(eH). Thus H has property (∗∗∗).

The following fact is evident.

Proposition 4.8. Every (R, SCSG) ((MS, SCSG))-factorizable semitopological group is (R,FSG) ((MS,FSG))-
factorizable.

Arguing as in the proof of Theorem 29 in [13], we have the following result.

Lemma 4.9. If G is a semitopological group with property (∗∗∗), then G is projectively second-countable.

Theorem 4.10. Let G and H be semitopological groups. If f : G→ H is an open continuous surjective homomorphism
and G is Tychonoff (R, SCSG)-factorizable, then H is (R, SCSG)-factorizable.

Proof. Since G is a Tychonoff (R, SCSG)-factorizable semitopological group, by Proposition 4.6 G has prop-
erty (∗∗∗). Then it follows from Lemma 4.7 that H has property (∗∗∗). By Proposition 4.8 and Lemmas 3.9
and 3.13, H has property ω-QU. Since SC is a CPS-class, it follows from Lemmas 3.12 and 4.9 that H is
(R, SCSG)-factorizable.

By Lemma 3.15 and an argument similar to the one used in the proof of Theorem 4.10, we have the
following result.

Theorem 4.11. Let G and H be semitopological groups. If G is a Tychonoff (MS, SCSG)-factorizable semitopological
group and f : G→ H is an open continuous surjective homomorphism, then H is (MS, SCSG)-factorizable.

In what follows, we discuss properties of a regular semitopological group G with property (∗∗∗), a q-point
and satisfying Sm(G) ≤ ω.

Lemma 4.12. If G is a first-countable semitopological group with property (∗∗∗), then G is second-countable.

Proof. Let {Un : n ∈ ω} be a base of open neighborhoods for G at the identity e. Since G has property (∗∗∗),
for every n ∈ ω the family {Unx : x ∈ G} has an open basic countable refinementVn which is dominated by
a countable family γn ⊂ N(e).

For every W ∈ Vn and any x ∈ W, there exists V ∈ γn such that xV ⊂ W. Thus W is open in G. If
B =
⋃
{Vn : n ∈ ω}, then B is a countable family of open subsets of G. For any open subset O of G and any

x ∈ O, there exists n ∈ ω such that x ∈ Unx ⊂ O. Then there exists W ∈ Vn such that x ∈ W ⊂ Unx. Hence
x ∈W ⊂ O. Thus B is a countable base for G. Then G is second-countable.

Lemma 4.13. ([13], Corollary 28) Every semitopological group with property (∗∗∗) isω-balanced and locallyω-good.



L.-X. Peng, Y. Wang / Filomat 39:12 (2025), 4079–4093 4090

Lemma 4.14. ([16], Lemma 2.7) Let G be a semitopological group with identity e. Suppose that a family γ ⊂ N(e)
satisfies the following conditions:

(a) for every U ∈ γ and x ∈ U, there exists V ∈ γ such that xV ⊂ U;
(b) γ is subordinated to U, for each U ∈ γ.

Then the set N =
⋂
{U ∩U−1 : U ∈ γ} is an invariant subgroup of G. Further, UN = NU = U for each U ∈ γ.

Lemma 4.15. Let G be a semitopological group. If {Vn : n ∈ ω} is a sequence of open neighborhoods of the identity
e in G such that Vn+1 ⊂ Vn for every n ∈ ω and N =

⋂
{Vn : n ∈ ω} is a closed invariant subgroup of G with

the property that VnN = NVn for every n ∈ ω and {Vn : n ∈ ω} is a base for G at N, then the canonical quotient
homomorphism π : G→ G/N is closed and open and G/N is a first-countable regular semitopological group.

Proof. Since N is a closed invariant subgroup of G, the quotient space G/N is a T1 semitopological group.
Since {Vn : n ∈ ω} is a base for G at N and π is an open continuous mapping, {π(Vn) : n ∈ ω} is a
countable base of open neighborhoods for G/N at the identity e∗ in G/N. By the homogeneity of G/N, G/N
is first-countable. Now we show that the mapping π : G→ G/N is closed.

Take an arbitrary closed subset F of G. For any z ∈ G/N \π(F), there exists x ∈ G such that π(x) = z. Then
xN ∩ F = ∅. Thus N ∩ x−1F = ∅. Since {Vn : n ∈ ω} is a countable base of open neighborhoods for G at N,
there exists m ∈ ω such that Vm ∩ x−1F = ∅. Thus xVm ∩ F = ∅. Since Vm = VmN, we have π(xVm)∩π(F) = ∅.
Then (zπ(Vm)) ∩ F = ∅. Thus π(F) is closed in G/N. Then the mapping π is closed. Since Vn+1 ⊂ Vn for
every n ∈ ω and the mapping π is closed, π(Vn+1) ⊂ π(Vn+1) ⊂ π(Vn+1) ⊂ π(Vn). Since {π(Vn) : n ∈ ω} is a
countable base for G/N at e∗ and π(Vn+1) ⊂ π(Vn) for every n ∈ ω, the quotient space G/N is regular.

Lemma 4.16. Let G be a regular semitopological group with a q-point, property (∗∗∗) and satisfying Sm(G) ≤ ω.
Then for every open neighborhood U of the identity e in G there exists a closed countably compact invariant subgroup
N with a countable base of open neighborhoods {Vn : n ∈ ω} such that the following properties hold:

(1) V0 ⊂ U;
(2) For every n ∈ ω, Vn+1 ⊂ Vn;
(3) N =

⋂
{Vn : n ∈ ω} =

⋂
{Vn : n ∈ ω};

(4) VnN = NVn = Vn for every n ∈ ω;
(5) If {xn}n∈ω is a sequence of points of G such that xn ∈ Vn for every n ∈ ω, then the sequence {xn}n∈ω has a point

of accumulation in N;
(6) The quotient space G/N is a separable metrizable semitopological group and the the canonical quotient homo-

morphism π : G→ G/N is closed and open such that π−1(π(V0)) ⊂ U.

Proof. By Lemma 4.13, G is ω-balanced and locally ω-good. Since G has a q-point and is homogeneous, the
identity e of G is a q-point. Then there exists a decreasing sequence {Wn : n ∈ ω} of open neighborhoods of e
in G such that any sequence {xn}n∈ω of points in G with xn ∈Wn for every n ∈ ω has a point of accumulation
in G.

Let U be an arbitrary open neighborhood of e in G. Thus U ∩W0 is an open neighborhood of e in G.
Since G is locally ω-good, there exists V0 ∈ N

∗(e) such that V0 ⊂W0 ∩U.
Put P0 = {V0} and let P∗0 = {V0,i : i ∈ ω} such that V0,i = V0 for every i ∈ ω. Suppose that for some

n ∈ ω, we have defined countable families P∗0, . . . ,P
∗
n,P0, . . . ,Pn satisfying the following conditions for

every k ≤ n:

(s1) P∗k ⊂ N
∗(e) and P∗k = {Vk,i : k ≤ i and i ∈ ω};

(s2) P∗k is closed under the finite intersections;
(s3) Pk+1 = {

⋂
F : F ⊂

⋃
{P
∗

i : i ≤ k}, 1 ≤ |F | < ω} if k + 1 ≤ n;
(s4) If 1 ≤ k ≤ n, then P∗k is subordinated to W for each W ∈ Pk;
(s5) If 1 ≤ k ≤ n, then for every W ∈ Pk the inclusion

⋂
O∈P∗k

O−1
⊂W holds;

(s6) For each O ∈ P∗k, the set O is a subset of Wk;
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(s7) If 1 ≤ k ≤ n, then for every W ∈ Pk and every x ∈W there exists O ∈ P∗k such that xO ⊂W;

(s8) If 1 ≤ k ≤ n, then for every W ∈ Pk there exists O ∈ P∗k such that O ⊂W;
(s9) If 1 ≤ k ≤ n, then for every W ∈ Pk the family {Wx : x ∈ G} has an open basic countable refinement

VW which is dominated by a countable family γW ⊂ N(e).

If Pn+1 = {
⋂
F : F ⊂

⋃
{P
∗

i : i ≤ n}, 1 ≤ |F | < ω}, then |Pn+1| ≤ ω and Pn+1 ⊂ N
∗(e). Since Pn+1 ⊂ N

∗(e) is
countable and G is locally ω-good, there exists a countable family λn+1,1 ⊂ N

∗(e) such that
⋃
λn+1,1 ⊂ Wn+1

and for every W ∈ Pn+1 and any x ∈ W, there exists O ∈ λn+1,1 such that xO ⊂ W. As G is ω-balanced and
|Pn+1| ≤ ω, there exists a countable familyλn+1,2 ⊂ N

∗(e) such that
⋃
λn+1,2 ⊂Wn+1, andλn+1,2 is subordinated

to every W ∈ Pn+1. As G is regular and |Pn+1| ≤ ω, there exists a countable family λn+1,3 ⊂ N
∗(e) such that⋃

λn+1,3 ⊂ Wn+1 and for every W ∈ Pn+1 there exists O ∈ λn+1,3 such that O ⊂ W. As Sm(G) ≤ ω and G
is locally ω-good, there exists a countable family λn+1,4 ⊂ N

∗(e) such that
⋃
λn+1,4 ⊂ Wn+1 and for every

W ∈ Pn+1 the inclusion
⋂

O∈λn+1,4
O−1
⊂W holds.

Since G has property (∗∗∗), for every W ∈ Pn+1 the family {Wx : x ∈ G} has an open basic countable
refinement which is dominated by a countable family γW ⊂ N

∗(e) and
⋃
γW ⊂Wn+1.

Let λn+1,5 =
⋃
{γW : W ∈ Pn+1}. Then λn+1,5 ⊂ N

∗(e),
⋃
λn+1,5 ⊂ Wn+1 and |λn+1,5| ≤ ω. Denote

P
∗

n+1 = {
⋂
F : F ⊂

5⋃
i=1
λn+1,i and 1 ≤ |F | < ω} = {Vn+1,i : i ∈ ω and n + 1 ≤ i}.

In this way, we get two sequences {P∗n : n ∈ ω} and {Pn : n ∈ ω} of countable families of ω-good sets with
properties (s1)-(s9).

If P =
⋃
{P
∗
n : n ∈ ω}, then P ⊂ N ∗(e) is countable and satisfies the following three conditions:

(a) For every W ∈ P and every x ∈W, there exists O ∈ P such that xO ⊂W;
(b) P is subordinated to W for every W ∈ P;
(c)
⋂

O∈PO−1
⊂W for every W ∈ P.

By Lemma 4.14, the set N =
⋂
{U ∩U−1 : U ∈ P} is an invariant subgroup of G and WN = NW = W for

every W ∈ P. By (c), N =
⋂
P.

We enumerate the familyP as {Pn : n ∈ ω}. There exists i0 ∈W such that V0 = Pi0 . Then Pi0 = V0 ⊂W0. Let
k0 = i0 and Pk0 = Pi0 = V0. Assume that for each n ∈ ω, we have defined a strictly increasing finite sequence
{ki : i ≤ n} ⊂N such that Pki+1 ⊂ Pki+1 ⊂ Pki for every i < n and Vi = Pki ⊂Wi, Pki ⊂

⋂
{Pi : 0 ≤ j ≤ ki−1} for every

1 ≤ i ≤ n. Since {Pi : 0 ≤ i ≤ kn} is a finite subfamily of P, there exists m ∈ ω such that
⋂
{Pi : 0 ≤ i ≤ kn} ⊂ Pk

for each k ≥ m. Then for every k ≥ m, there exists Ok ∈ P
∗

k such that Ok ⊂
⋂
{Pi : 0 ≤ i ≤ kn}. Then exists

kn+1 ∈ N such that kn+1 > kn, Pkn+1 ⊂
⋂
{Pi : 0 ≤ i ≤ kn} and Pkn+1 ∈ P

∗

j for some j ≥ n + 1. If Vn+1 = Pkn+1 , then

Vn+1 is a subset of Wn+1 ∩ Vn.
Thus we can get a strictly increasing sequence {kn}n∈ω and a strictly decreasing sequence {Pkn }n∈ω with

{Pkn : n ∈ ω} ⊂ P satisfying the following conditions:

(a) Pk0 = Pi0 = V0 ⊂W0;
(b) If n ≥ 1, the Pkn ⊂

⋂
{Pi : i ≤ kn−1};

(c) Vn = Pkn ⊂Wn for each n ∈ ω.

Thus N =
⋂
P =

⋂
{Pkn : n ∈ ω} =

⋂
{Vn : n ∈ ω} =

⋂
{Vn : n ∈ ω} is a closed invariant subgroup of G.

Since Vn = Pkn ⊂ Wn for every n ∈ ω, any sequence {xn}n∈ω of points of G satisfying xn ∈ Vn for every n ∈ ω
has a point of accumulation in G. Thus the family {Vn : n ∈ ω} is a countable base of open neighborhoods
for G at N and N is a countably compact closed invariant subgroup of G. Then items (1)-(5) of the lemma
hold.

Let π : G → G/N be the canonical quotient homomorphism. By Lemma 4.15, the mapping π is closed
and open and G/N is a first-countable regular semitopological group. Since G has property (∗∗∗), by Lemma
4.7 G/N has property (∗∗∗). Then by Lemma 4.12 G/N is second-countable. Thus G/N is separable and
metrizable. Since V0 = V0N holds, we have π−1(π(V0)) = V0N = V0 ⊂ U.
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By Lemma 4.16, we have the following result.

Corollary 4.17. If G is a regular semitopological group with a q-point, property (∗∗∗) and satisfying Sm(G) ≤ ω, then
G is projectively separable and metrizable.

Lemma 4.18. ([[1], Theorem 3.4.21]) LetP be a class of topological groups (paratopological groups, semitopological
groups), τ an infinite cardinal number, and G a T1 topological group (paratopological group, semitopological group),
which is range-P and has a local baseB of open neighborhoods of the identity such that |B| ≤ τ. Then G is topologically
isomorphic to a subgroup of the product of a family {Ha : a ∈ A} of groups such that Ha ∈ P, for each a ∈ A, and
|A| ≤ τ.

Theorem 4.19. If G be a regular semitopological group with a q-point, property (∗∗∗) and satisfying Sm(G) ≤ ω, then
G is topologically isomorphic to a subgroup of the product of a family of separable metrizable semitopological groups.

Proof. The required conclusion follows from Corollary 4.17 and Lemma 4.18.

In ([12], Theorem 3.12), it is proved that if G is a paratopological group then G is (R,FPGr) ((MS,FPGr))-
factorizable if and only if G is ((R,FPG) ((MS,FPG))-factorizable.

By the an argument similar to the one used in the proof of Theorem 4.2, we have the following two
results.

Proposition 4.20. Let G be a topological (semitopological, quasitopological) group. Then G is (R,FTGr) ((R,FSGr),
(R,FQGr))-factorizable if and only if G is (R,FTG), ((R,FSG), (R,FQG))-factorizable.

Proposition 4.21. If G is a topological (semitopological, quasitopological) group, then G is (MS,FTGr) ((MS,FSGr),
(MS,FQGr))-factorizable if and only if G is (MS,FTG), (MS,FSG), (MS,FQG))-factorizable.
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[7] M. Itō, M3-spaces whose every point has a closure preserving outer base are M1, Topology Appl. 19 (1985), 65–69.
[8] H. J. K. Junnila, Neighbornets, Pacific J. Math. 76 (1978), 83–108.
[9] M. Katetov, A note on semiregular and nearly regular spaces, Čas. Pěst. Math. Fys. 72 (1947), 97–99.
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