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The influence of the Hardy potential and a convection term on a
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Abstract. This paper is devoted to prove existence of renormalized solutions for a class of non-linear
degenerate elliptic equations involving a non-linear convection term, which satisfies a growth properties,
and a Hardy potential. Additionally, we assume that the right-hand side is an L” function, with m > 1.

1. Introduction

Let ‘W denote a bounded open subset of RN(N > 3) such that 0 € ‘W. Consider the following model of
nonlinear elliptic problem with principal part having degenerate coercivity

[~

+co@)lol* o) =y

[ Vo2V : .
—div [0 + W,
‘V(a T [o])?®D wp TS in 11)

wu=0 on oW,

here p € (1,+00) and 6, A, y and s are positive numbers, cy(x) € L%(‘W) and f isin L"(‘W) with m > 1. Let

us assume that the operator has no convection term and no Hardy potential, i.e. 0 = ¢y =y = 0, in this case

the difficulties in studying problem (1.1) are due only to the right-hand side f. We recall that in the classical

case 0 = 0, such kind of problems with convection term were studied well in the literature in a different

frameworks for an exhaustive review of this topic, we refer to [10, 20, 22, 24, 26, 28-30]. Moreover, we recall

also the works [1, 2, 16, 21, 27] where the classic boundary value problems involving the Hardy potential.
Given k > 0 and Vn € IN*, denote by 7 the truncation function at level +k define as

Tr(t) = min{k, max{—k,t}}, VteR.

It is well known that the framework of renormalized or entropy solution makes a sense according to the
following definition of the weak gradient
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Definition 1.1. (See [11], Lemma 2.1). If v is a measurable function defined on ‘W that is almost everywhere finite
and satisfies Ti(v) € Wé’p (‘W) for all k > 0, then there exists a unique measurable function w : W — RN such that

VT(0) = wx uj<k)-
Thus, we can define the generalized gradient Vv of v as this function w, and denote Vo = w.

The same reasoning applies if we deal with the degenerate case, on condition that u is finite almost
everywhere in ‘W and such that

VT(©) € (IP(W)N  for every k > 0. (1.2)

The degenerate case was firstly studied in [17]. In this paper, Boccardo and al have studied the existence
and regularity for the following quasi-linear elliptic problem

(1.3)

—div(A(x,v)Vo) = f  inW,
u=20 on oW,

here f is assumed to be in L"(‘W) with m > 1, and A(x,t) : ‘W X R — R is a measurable function with
respect to x for every t € IR, and continuous function with respect to ¢ for almost every x € W, satisfying
the following condition: there exist 0 € [0, 1], a, B € (0, o) such that

a
m <A(x, t) < B, fora.e. xe W,VteR.
Moreover, in the paper [14] the authors demonstrated the existence of a renormalized solutions for the
problem (1.3) with datum f € L'(‘W) and A(x, t) : WXR — R¥N is a Carathéodory function with values in
the space of matrices on R and is not assumed to be symmetric. A result on the existence and regularity of
weak and entropy solutions is obtained, by Alvino and al in [8], for a nonlinear degenerate elliptic problem
of the form
| IVupP=2Vo | .
- s =/ =W

u=0 on oW,

where f is a measurable function in L™ (‘W) with m > 1.

One of the main points that we stress in this paper is to analyze the interaction between the convection
term and the one singular at the origin, the so-called Hardy potential, to obtain the existence of a renormal-
ized solution for the problem (1.1). The influence of Hardy potential in elliptic problems has been studied
in several papers (see for example the book [27] for a more general framework).

Actually, if co(x) = Oand f isanonnegative function in L™ (‘W) withm > 1, the authors established, in [25],
an existence and non-existence result of non-negative renormalized solutions for a nonlinear degenerate
elliptic problem of the form

) VoP2Vo | |off )
dlv((d(x) o) =Vixp +f inW,
u>0 inW,
u=0 onoW,

where y and s are positive numbers and d : ‘W — (0, +0) is a bounded measurable function. In addition,
one of the most interesting phenomena that exhibit this problem if s = (1 — 0)(p — 1) and f € LY{(W) is
the non-existence of solutions. This non-existence result can be illustrated by considering the following
simplest problem, studied in [16],

x>

—Av = yﬁ +f inW,
u=0 ondW.
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On the other hand, in the case where f is a Radon measure with bounded variation defined on ‘W, T.
Del Vecchio and M.R. Posteraro demonstrated, using the symmetrization method, the existence of weak
solutions for a class of nonlinear and noncoercive problem involving a lower order term, whose prototype
is

(1.4)

—div([VolP2Vo + co(x)[o|!) + d(x)[Volt = f in W,
u=20 on oW,

in this context, the functions d(x) and cy(x) belong to LN(‘W) and L%((W) respectively. Moreover, in the
case when y = u = p — 1 they supposed that ||d(x)||;v ) or IICO(x)IIL . W) is small enough. The most delicate

case was to obtain a priori estimate for v and Vv in the case when IICO(x)IIL A is not small. Recently, in
the paper [22], O. Guibé and A. Mercaldo studied the problem (1.4) in the general framework of Lorentz

spaces. The authors successfully demonstrated the existence of renormalized solutions under the conditions
0<u,A<p-1andlc (x)IIL A ap) is not small. This is done by proving the following uniform estimate

1

¥n>0,3v, >0 measflv] > v,} < v

(1.5)

which allowed them to derive the estimate (1.2) which implies an estimates on [oP~ and [VolP~!, thanks to
the lemma 2.4, in some Lorentz-Marcinkiewicz space.
However, in the case 0 # 0 and y # 0, one can not prove (1.5) but instead one only has

~ _ _ 1
¥ >0,3v, >0 meas{lo(v)] > 7} < %.

with o(t) denotes the primitive of a decreasing continuous function given by

1
olt) = as e 0€[0,1),

which satisfies the following behavior at oo

lim 3(t) = +oo. (1.6)

|f|—+00

Moreover, there exists a positive constant C>0anda positive real number kj such that for every [¢| > ko,
one has

g
(1 +[o(Ohr-!
We stress that the method used in [22], is not apply directly in our case since the right hand side of our
problem involving the Hardy potential. In order to overcome this difficulty, we prove an L!—estimate on
Hardy potential term by arguing as in [25]. This is enough, thanks to (1.6) and (1.7), to ensure that u satisfies
(1.5).
Finally we explicitly remark that if we consider 0 <s,A < (1 — 8)(p — 1). Thanks to (1.7), the following
inequalities hold

s . 1 + o p—1
f %dxsc (A + le(@))) i,
w

W |x|P

C. (1.7)

IA

and

f co(x)|o* dx < Ef ()1 + ()" dx.
w w
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Therefore, the equation (1.1) may be equivalently written as

I
— div ([Ve() 2Va(o) + @le@)P ) =y lQ(lz;)lL +g inW, (1.8)

0(v) =0 on oW,

such that'cy(x) € L (W) and the the right-hand side, g € L"(‘W) with m > 1. In general, the problem (1.8) is
not coercive and has no weak solution when g € L'(W), y > 0. Thus, in the present paper, we face the two
difficulties arise from the presence of both the non-linear convection term and Hardy potential. This means
that we will be dealing with all the difficulties previously described, at the same time. To our knowledge,
the exploration of the combined impact of the non-linear convection term and the Hardy potential has not
been undertaken before.

For ease of reading, in the Sec. 2, we recall some well-know preliminaries, properties and definitions
of the Lorentz-Marcinkiewicz space, as well as we set our main assumptions. While in Sec. 3 we give the
proof of the existence result.

2. Some preliminaries and definitions

Now, we give some basic tools for functional analysis that we will use in our study. The Lorentz space
L% (‘W) is the space of Lebesgue measurable functions such that for any (g, ) € (1, o0)?

meas(W) aprdt 1/r
A llLarew) = [f ()t 7| <+
0

Where, f* stands for the decreasing rearrangement of the function f which defined by
f'(t) =inf{r > 0: meas {x € W :|f(x)| > r} <t} te€[0, meas(W)].

We also mentioned that, for any g € [1, +o0) the Lorentz-Marcinkiewicz space L#* (‘W) is the set of measur-
able functions f : W — R such that

[ fllzs(w) = sup £ ( meas fx € W :|f] > £)7 < +co. @.1)
t

Moreover for any z and g such that 1 < g < r < z < +0o, the following chain of continuous inclusions in
Lebesgue spaces holds true

LA(W) c L"(W) c LI('W) c LY(W). (2.2)

For references about rearrangements see, for example, [19].
The following lemmas introduce some well-known inequalities that will be very useful in a number of
situations such as a priori estimates.

Lemma 2.1. (Poincaré’s inequality). Supposep € [1,N)and v € W(l)’p (‘W) . Then there exist a constant ¢(N, p) such
that

[0l ewy < (N, PIIVOllLw), (2.3)
Lemma 2.2. (Sobolev’s inequality). Suppose p € [1,N) and v € Wé’p (‘W) . Then there exist a constant S such that
oll (w) < SIVOllLew),

withp* = I\II\I—_’;.
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Lemma 2.3. (Hardy's inequality). Suppose p € (1,N) and u € W(l)’p (‘W) . Then we have

[0l
— dx <H Vol dx,
aw |xIP W

with H = (N—_p)p optimal and not achieved constant.

Proof. See [21]. O
An important lemma which generalize a result of [11] is the following:

Lemma 2.4. Assume that ‘W is an open subset of RN with finite measure and that p € (1, N). Let 1 be a measurable
function satisfying Tr(\) € W(l)’”(“W), for every positive k, and such that for some constants M and L we have the
inequality

f IVT(W)]” dx < MK" +L, Vk >0,
w

N

where (t,v) € (0,N)? are given constants. Then ||"~" belongs to Lv="*(W), |[Vy|'~ belongs to L%""’(‘W) and
there exists a constant C which depending only on N and p such that

gl 25 0y < CON P [M + meas(W)'=* L], (2.4)

V=T A=
(A2 N < CN,p) [M + meas(W): (-] 2.5)
Proof. See[22]. O
Consider a nonlinear elliptic problem which can be written as

s—1
—div(b(x, v, Vo) + B(x,v)) = y |U||x|r’ 4 f@) inW,

u=0 on oW,

(2.6)

with y and s are positive constants. Throughout the paper, we assume that the following assumptions hold
true:
b: WxRxRN - RN is a Carathéodory function which satisfies assumptions:

bx,m,&).& > ag” ' (IEF, 2.7)
lb(x, n, &)l < C(GE) + I~ + &P, (2.8)
[b(x, 1, &) = blx, n, EN[E = €] >0, (2.9)

for almost every x € ‘W, for every (1, &) € RXRY, a and C are positive real number, and G is a nonnegative
function in L (‘W).
B: W xR — RY is Carathéodory function satisfies the growth condition

|B(x, n)| < co(x)lnlA, with0 <A <(1-0)(p—1)and co(x) € Lr%(‘W). (2.10)
1-0)p-1
0<s< %, y=0and f € L"(W), withm > 1. (2.11)

We first give the definition of a renormalized solutions to problem (2.6). Then, we will discuss the
existence of a renormalized solutions to problem (2.6).
We will now provide the definition of a renormalized solutions to problem (2.6).
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Definition 2.5. A function v : W — R is considered a renormalized solutions to Problem (2.6) if it satisfies the
following conditions:

v is measurable and finite almost everywhere in ‘W, (2.12)
Ti(@(0) € W," (W) Vk >0, (2.13)
lim 1 o(v)b(x, v, Vo)Vo dx = 0, (2.14)

n=r00 1 Nigw)l<n)

and if for any h € WY (R) with compact support in R, we have
f b(x, v, Vo)o(v)Voh' (o(v))e dx + f b(x, v, Vo)Voh(o(v)) dx
w w

+ f B(x, v)o(v)Vol' (o(v)e dx + f B(x, v)Vph(o(v)) dx
w w

B oo, _ _
-y [ Bt s+ [ g@onp dx @15

for every ¢ € Wé’p (W) N L2(W).

Remark 2.6. We notice that, since p(+o0) = xco which means that the set {|o(v)| < n} may be equivalent to {lu| < k,}
with k, = max{g 1(n), o"}(—n)}, then, due to (2.13) we deduce that the condition (2.14) is well defined.

Remark 2.7. It is worth noting that growth assumption (2.10) on B together with (2.12) — (2.14) allow to prove that
any renormalized solutions u verifies

lim 1f |B(x, 0)[IVT 1 (0(v))|dx = 0. (2.16)
W

n—+oo 11

Indeed, (1.6), (1.7) and the growth assumption (2.10) imply that
| s ovT.@on s [ ol @o
w w

ul* (1 + [l
- VT dx,
fw o) (1 +[a@)) ™ V(e i

<C fw co() (1 + B0 VT @) dx,

< Cc, fw co () VT (@())ldx + Ce, fw o T (@)~ VT (@(0))ldx,

where ¢, = max{l,Z”‘z}.
By Holder's and Sobolev’s inequalities it follows that

fw 1B(x, 0)IVT, @0)dx < C fw ()T, @0)ldx + Ce, fw o )IT @) VT @0,
< Ceplico ()l IV T2 @O llreawy + ECpHCo(x)HL%((W) T @Dy, VT @D
14

< Ceylico@)lly VT @) llrwy + Ecpsp-luco(x)uﬁ(w) VT @[} a0 -

which, using Young's inequality and (2.14), gives (2.16).
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s—1
Remark 2.8. Note that the term y |v||x|pvh('§(v))(p dx is well-defined. Indeed, let k > 0 such that supp(h) C

w
[k, k]. It follows from (1.7), Holder’s and Hardy Inequalities that

[vf* (1 + [o@)])yP!
=7 fw (1 + [o())P- P Ih(o())llg| dx,

o=l _
‘y [ @ dx

dx v 1 _ v
<C, — dx| +HY” VT (o(0))l dx
T\ Jw Il W
where
— dx \?
Cy = ye,ClitllL=lpllcaw) ( f — dx) : (217)
aw P
|U|S_12J - 1
Then we have, from (2.13), that N h(o(v))p € L*(‘W).

Remark 2.9. The renormalized equation (2.15) is formally obtained through a pointwise multiplication of (2.6) by
h(v)@. Let us observe that by the previous remark, (2.13) and the properties of h, every term in (2.15) makes sense.
3. Existence of renormalized solutions

The main result of the present paper is the following existence result.

Theorem 3.1. Let us assume that the assumptions (2.7) — (2.11) hold and suppose that f € L™ (‘W) with

pN
1<m<mg= . 3.1
P IN-(N-pOp-D+1) G.1)
, pa-0)p-1) . - .
[fA<(1-0)p-1),s< P— and y > 0, then there exists a renormalized solutions of equation (2.6).

Proof. The proof of this result follows a classical approach that involves introducing a sequence of approx-
imate problems. Subsequently, we establish a priori estimates for both the approximate solutions and their
gradients in Lorentz-Marcinkiewicz spaces, thereby providing an estimate in L' (‘W) for the singular term.
Next, we prove an energy estimate, which constitutes a crucial element for the subsequent stages of the
proof. Moreover, in the fourth step of the proof, we establish the a.e. convergence of gradient in ‘W by
proving Lemma 3.6. Finally, we pass to the limit in the approximate problem.

o First Step: Approximate problem

Let’s introduce a regularization of the data as follows: for a fixed ¢ > 0, let’s define

be(x, 1, &) = blx, T1(n),€) Vn€R, (32)
Be(x,n) = Bx,T1(n) VneR, (3.3)
fe= 7'% (f) and f® — f strongly in L™(W). (3.4)
Observe that
Ibe(x, 1, E)I = |bCx, T1.(1), &)
< CEE + TP +16r™), 53

<G + o +HIEP ) e I (W)
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and
alep -
be(x, 1, &)E = b(x, Tg (m, &E = m > aléf, (3.6)
moreover
1Bl = 1800 T ()] < 22 € 17 (W), (37)

Leto, € Wé’p (W) be a weak solution to the following approximate problem

|7-% (v€)|s_l7-% (Ué‘) .
—lei“ . inW,

v, =0 ondW,

—dil)(bg(x, Ve, VU{) + Be(xr US)) =Y (38)

in the sens that

1771 (0e)F 1T 1 (ve)
f bg(x,vg,Vvé-)V(pdxwa Bg(x,v{»)V(pdx:yf ;qodx+f fepdx (3.9)
w w w IxlP + ¢ W

Vo € WP (W) N L=(W).

According to (3.5), (3.6) and (3.7) the existence of a solution v, of (3.8) is a well-known result (see,
e.g.,[23]).

e Second step: A priori estimates

In this step we deal with the approximate problem (3.8). We begin by proving some a priori estimates
on 9(v.), Vo(v,), v, and Vo,.

Proposition 3.2. Suppose that f € L"™(W) with 1 < m < mg. Under the assumptions (2.7) — (2.10) and if
A<(@1-0)p-1),s< ’% and y > 0. Then, every weak solution of the problem (3.9) satisfies

I
[[le@e)l HLN%M( < 61 (N p, @, meas(W), <o) (3.10)

Vet

|||Us |(1—9)(P—1)”

L) < ¢ (N, p, a, meas(‘W), cp) (3.11)

L%,M(w) < c3 (N, p, a, meas(‘W), co) (3.12)

|||VUS|(176)(’771)H ) < cs (N, p, a,meas(W), co) (3.13)

N
L N0 (

for some positive constants c1, ¢z, c3 and cy.

Proof. We will divide the proof of this proposition into two steps. Initially, we will establish that our
sequence of weak solutions v, is almost everywhere finite in ‘W. Following this outcome, we will derive
uniform bounds for 7¢(g(v,)) and T¢(v.) in Lebesgue spaces. Let us mention that throughout the paper
Ci, i € IN*, denotes positive constants independent of ¢ that are different from line to line. At last, for any
measurable set D ¢ RN, D¢ denotes its complement.

o Step 1: v, is finite a.e. in W.

This step is devoted to establish that assuming conditions (2.7), (2.10), and f € L}(‘W), the sequence of
weak solution satisfies

1

Vn>0,3k, >0 meas{lve| > ky} < v

uniformaly w.r.t . (3.14)
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To this aim, let us consider the real valued function ¢, : R — R defined by
¢
dr
wo= [ ——,
OB Iy

where . > 1, is a suitably chosen parameter.
We use §,(0(v,)) as test function in (3.9), we get

s—1
7:1 (U&') T1 (‘05)

|xlp + &

f be(x, 02, VoV, @00)) + f B.(x,0)VY,@0.) = 7 f
W 4"% W

Using the assumptions (2.7) and (2.10), we obtain

. f iv'g*(vs)v’ e < f o) — [0, " lv‘é;‘(vgn s (1_1)M£,
W B+ [o(ve)) w B+ o= (BT + [o(we)l) pelp

where

|7“%(v£)s dx ‘
M, = Vj;v TP e + ”f ”Ll(W)'

Thanks to (1.7), for any A < (1 — 8)(p — 1), we have

o !

(B +lotwe)y!
Thus, applying Young’s inequality, we obtain

<C.

’

Vo(v)P
f BA dx < C+ ﬁM&‘
WBL + o)l <P
Now, if we choose . =1 + p—Mg, we deduce that
a(p—1)

[
W + o))y

which implies, applying Poincaré’s inequality and for any & > 0, that

meas {l’@'(vg)l > hﬁf%l } = m f{@‘(v;)bhﬁfll} [In(1 + )] dx,

_ P
; lo(ve)]
= T+ WP f{ambhﬁf’ll} [ln [1 T ]] "

p
1 [o(v:)]
Sm[w[ln[l+ ,?%1 ]} dx,
A

< -
= A +np’

4145

0 (@00 + fw Fo,@oy.  G1
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where
A=c(N,p)(1+Cy).

Then, for any 1 > 0, we have

meas{l@(vg)l > a,](e)} < %, (3.16)
where
oy(e) = (exp (nA%) - 1) f%l (3.17)

Remark 3.3. Notice that, from (3.17) and recalling the definition of B, we can express o, as follows
1

1 24 -1
(€)= Ar)—T1)(1+ .
0y(e) = (exp (nA7) )( e 1)Mg)
Therefore, it is crucial to emphasize the need to establish the boundedness of the term M, uniformly with respect to
¢ to prove that o(v,) is finite almost everywhere in ‘W. Referring back to the definition of M., we can deduce the
following inequality

s

71 0) |
|x|P + ”ft“Ll((W) ’
L{(W)

M, <y

To derive the desired estimate, our task is to prove the boundedness of the Hardy potential term in LY(‘W). To this
aim, we adopt the approach outlined in [25].

For any given k > 0, let 7x(0(v.)) be chosen as a test function in (3.9). This yields

f bé'(xl Ve, VZ)E)V(T;((FQ‘(UE)) dx + f Bs(x/ Us)vﬂ(@-(ve)) dx
w w

T eI i) -
_, fw o O o G0 dx + fw FTi@0.)) dx.

|xP + &

Using (2.7) and (2.10), we get

« f V@) dx < f o0l VTR (@) dx + kM,
w w

o N TE(@.)
< J o L+

Therefore, through (1.7) and employing Holder’s, Young’s and Sobolev’s inequalities, we obtain

(1 + o)™ dx + kM.,

a f V7@ dx<C f Co@Nawe)P IV Tk(@(0.) dx + C f VT (@) dx + kM.,
w w v
<C fz ()@ IVT(@(0))] dx + C fz co()e( )P~ 1Ti(@(v.))| dx

POl f VT @) dx + kM.,
2p Jay

< ESHHCO(x)HL%(Z;E) fw VT (@) dx + % fw IVT1(0(0))l dx + C, + kM.,
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where
Zpe = {x € W, [0(v:(x))| < ay(e)},

and

v p— P
2\ 7 (Coh 1(5) )
cg:c2+(—p) (Cor ) T ) f o)l dx,
a p w

ie.,

;% fw VT@@.)| dx < aSP—lllco(X)”L’%(Zm ﬂw VT @) dx + C, + kM,

Note that, for every ¢ > 0, we can select 1 = 7, in (3.17), such that

/7 — p_l
CS ”CO(x)”L%(zg],g) <

As a result, we derive that

™=

<
NI~

f VTk(@@e))| dx < L. + Mk,
w

where

2p’ 2p’
P C.and M., = ng.
a a

L=

By lemma 2.4, we get

Jlzor™

, 1 45
A5~ < C(N,p) [Mé. + meas(W)r L} ]
Moreover, using the fact that p(v.) exhibits behavior similar to v}~ for any 0 < 1, we conclude that

1-0)(p-1) , 1%
([l ||LN%7,N(W) < C(N,p) [ME + meas(W)r L} ]

Given s < w, and utilizing (2.2) along with the application of Holder’s inequality (with exponents

p= O—B)Sﬂ and p’ = ‘%), we obtain
71| Lo g \F
: < ( f (o, [1-00-D dx) ( f _x) ,
lxlP w w P’

LYW)

<GV

<G |||v£|<1—e><p—1>n%NL o
LN (W)

17171
< G |C(N, p) [M; + meas(W)PL! ” )

<CMIT +CsLY .
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plp-1)(1-6)
3

Remark 3.4. Let us emphasize that we don’t know if the value is optimal in order to obtain the above

estimate. Thus, it would be very interesting to know what happen in the lacking set W <s<(p-1)(1-0).
This delicate case, will be dealt with in an upcoming paper, wherein the focus lies on exploring renormalized solutionss
with a new approach.

After easy calculations, we prove that

2 2p\7 (Cal (e)
L= 5 Cy+ (0’:) (—f () dx| < Co+ M.

Which implies, by applying Young’s inequality, that

7|

|xlP

< Co+CsM!,
LY(W)

1
<Cyo+—M,,
2y

thus, we deduce that

72|

P < Cq1. (3.18)

LY(W)
So that there exists a positive constant 5,, independent of ¢, such that

1
’ 71

ay(e) < (exp (qA%) - 1)(1 + a(pp_ 5 (yc11 + ||f||L1(W))) =d,.

Observe that, by the definition of 6, it results

lim &, = +oo.

n—+0co0
Moreover, since meas {I@'(vg)l > 5,,} < meas {I@'(vg)l > a,,(e)} , and recalling (3.16), we affirm that o(v,) is finite
a.e. in ‘W. Therefore, since ¢ is C' non decreasing function, there exists k, > 0 such that

meas{lve| > k,]} < %.

This implies, since g(+c0) = oo, that v, is also finite a.e. in W. Which is equivalent to (3.14).

o Step 2: Ti(0(ve)) and Ti(v,) are bounded in Wé’p(‘W).
Choosing Ti(0(v,)) as test function in (3.9), and following the same reasoning as before, we obtain

f VTu@@)| dx<L+Mk  Vk>0, (3.19)
w

where

4

2
L=Cs+ Cs (yCur +I1fllawy) and M = == (3Cur + lfllcn).
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Remark 3.5. We note that, in this step, we have employed the measurable set

Zne = {x € W, [0(ve(x))| < Gy}, (3.20)

instead of the set Z, ..

The estimate (3.19), together with the lemma 2.4, enables us to deduce (3.10) and (3.11).
Taking 7%(v,) as test function in (3.9), we obtain

f be(x,ve, Vo )VTi(ve) dx+f Be(x,v:) VT (ve) dx
w w

1771 ()11 (0;)
= A £ £
/.

|xP + &

Tk(Ue)dx+f FeTk(v,) dx.
W

By (2.7), (2.10), and utilizing Holder’s, Young's, and Sobolev’s inequalities, we get

A+l

1 o
« f VT dx < (14 KO VW T @l ~ ( f VTP dx)
w Lt \Jw

+k(k+1)°CD (yCry + [ fllewy) -

i< [ co@ITi@)MIVTi@) dx + f (T VT (00)] dx + kR,

& Sfy,s

p—l |‘7'k(’08)|)l
T o

IVTk(ve))l dx + f O(OITk@) VT k()| dx + kR,

&

<

IA
N e

co@) (1 + T4 )™ IVTk(0e)| dx + fg ()| T(@e) VT r(ve)] dx + kR,

e

<1+ kﬁ)f co()IVTk(e)l dx + f o) Tk(@e) P VT (ve)l dx + kR
w

81],5

(1 + k) llco ()l ¢y PR o
hid (p-1)
< - 1 +k)”+ Plk + (1 + k)" ”CO(x)”L!%(S ;)Ik + kR,

p,a n 1€

where, for every k, > 0,

_ VTi(0)P _
e fw @+ Teon)ied % and Ene = v € Wil (0l > Ky

Now, we choose k; (for fixed = 7) such that

N (1+k)%D <
LP (&)

N| =

P Cuallal

Thus, for every k > 0, we obtain
I < Cy(1 + 0% + Ciok,
with
_ 2(1 + ky)* llco Gl (wy
= — .

n
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which implies that

f VT (o)l dx < (1+ k)P,
" < Cy(1 +K)% + Crok(1 + k)7¢D.
Noting that, for a suitable constant C depending on p and 9, we have
k1 +R)% D <C(1+K0 D) Vi 0.

This implies that
f IVT k(@) dx < Ciz + Cy(1 + )P + Cpak®P-D*
w

using Young inequality with the exponents

_Op-1)+1
ke Op x—1

we obtain
f VT (@)l dx < L +k0P=D+1 vk >0,
w

where

K’

G 1
L=C,+CnC+ K—’ and M = CioC + —.

4150

(3.21)

Bearing in mind that < 1 and the estimate (3.21), we can apply Lemma 2.4 to extrapolate that the

estimates (3.12) and (3.13) are hold. So, the proof of the proposition 3.2 is now complete.

Based on the arguments in [11, 18], it can be inferred from estimates (3.19) and (3.21) that, for a subsequence

which is still indexed by ¢, the following convergences hold:
v > vae. in W,
o(ve) - o(v) ae. in W,
7i (v:) = Ti(v) weakly in Wy (W),
Tk (0(ve) — T(@(v)) weakly in W, (W),
be (x,0, VO) X1k — ok weakly in (L7 (W)Y,

o Third step: Energy formula

Now we look for the following energy estimate of the approximating solutions v,

1
lim limsup — f 0(ve)be(x, ve, VU, )Vo, dx = 0.
noree w0 1 Nigwo)lsn)

1 -
Taking v = ;Tn(g(vg)) as test function in (3.9) yields that

i) Tiw)

|xlp + ¢

% fw (be(x, v, Vo) + Be(x, 0.)) VT (@(.) dx:% fw

To@o s+ [ fT @) .

(3.22)
(3.23)

(3.24)
(3.25)
(3.26)

(3.27)



F. Achhoud et al. / Filomat 39:12 (2025), 4137-4159 4151

Utilizing (1.7), (2.7), (2.10), as well as Holder’s, Young's, and Sobolev’s inequalities, we obtain

. f VT @0 )P dx < f 0@l VT @ dx+ L [ 2L Go) de+ 2 f FT(@00) dx
W nJw n Jy |xfP
! _ ol - v A -
< - fWCO(X) L+ e (1 + [0 [Vo(oe)| dx + I Tu(o(ve)) dx + — j;yf T (0(v,)) dx

Cl7+— f IVT(0(ve))lP dx + 2P 2CS"|eo)| o f IVT(0(ve))l dx

Ivgls — o
’ fw L oy dx+ 1 ﬂw FTAE0.)) dx.

with Z, . is the measurable set defined by (3.20).
By choosing 1 = 7 (since g(v,) is finite a.e. in ‘W), such that

P—Z S” ) 1
IICo(x)II *(Z,,é) <5
we obtain
L[ W@ acs B4 22 [ BT Gog) dvs f FTu(@00) dx.
n Jy T na na
Now, we claim that
lim limsup 2— f FET(@00)) dx = 0, (3.28)
n—o+eo g N Jqy
and
2 A B
i timsup & fw ™0 Tu(o(v:)) dx = (3.29)

Once this claim is proved and by using (2.7) , it follows that (3.27) is hold.
For any n € IN* and in view of (3.22) we have

Tn(0e) = Tu(v), weak-*in L (W), (3.30)

which implies, combining with (3.4), that

limsup — f FETu(o(ve)) f FTu(0(v)) dx.

e—0

Moreover, due to (3.16), (3.23) and Fatou Lemma, we can easily get that

— — 1
meas{lg(v)l > 6,]} < ligi()nfmeas{|g(v€)| > c‘r,,} < %,

7(0(v))
n

thus, it follows that g(v) is finite a.e. in “W. In addition, the sequence converges to 0 a.e. in W

and bounded by 1. Hence, applying Lebesgue’s dominated convergence theorem leads to (3.28).
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Defining E as a measurable subset of ‘W containing 0 and such that the meas(E) is small enough, and
according to (3.13) it yields that

A-0)p-1)-s

o= T=6)(p-1
|z; |s v a@=0(p-1 dx
& dx < |U£|(1 O)(p-1) dx Ao ,
|x|P p(1-6)(p-1)
E w E le {T-0)(p-1)—s

A-0)p-1)—s

. d =01
< |||v |(1—€)(p—1)||7(1—9)(p—1) X
= € LY(W) £ p(1-6)(p-1) ’

| x| 1-0)(p-1-s

A-0)(p-1)-s

a-0F-D
<C dx
= 18 P(1-6)p-1) :
E |x|T=00-1-s

pd-6)(p-1)

Then, for every 6 > 0 and since s < , the absolute continuity of the Lebesgue integral allow

us to conclude that

(1-0)(p-1)-s
(1-0)(p-1)
dx <5
p(1-6)(p-1) -
E |X| {T-0)(p-D—s

therefore, we get

D [°
e [P

dx < Cq50,

S

0, . ..
then, the sequence {l i } is equi-integrable.

lxP
This implies, by applying Vitali’s theorem, that

@ - lof strongly in L'(‘W) (3.31)
ST / |

7n(0(v))
n

and thus (3.29) holds, since the sequence { } converges to 0 weak-* in L*(‘W). As a conclusion the

energy formula (3.27) is proved.
e Fourth step: The a.e. convergence of the sequence Vo,
The main point of this step is proving the a.e. convergence of Vv, in ‘W and this is will be done by using

an arguments similar to these used in [8]. Note that, here we use a slightly different techniques due to the
s—1

existence of the convection term — div($8(x, v)) and the term of Hardy potential y in our operator.

|x|P

Lemma 3.6. Assuming v, is a sequence of solutions to the problems (3.8) with f¢ strongly converging to some f in
LY(‘W). Suppose that:

(i) Tk (ve) belongs to Wé’p (‘W) for every k > 0,
(ii) v, converges almost everywhere in W to some measurable function v which is finite almost everywhere and
T«(v) belongs to Wé’p (‘W) for every k > 0,
N N
(iii) [0/ =9~V is bounded in LN (W), and [0|1=0%=D belongs to LN (W), and
(iv) Vo[ =O0D s bounded in LFT555(W), and [Vo| =001 belongs to L1 (W).
Then, up to a subsequence, Vv, converges almost everywhere in ‘W to Vv, the weak gradient of v.
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Proof. Leto > 1and 7 > 1 such that
NA-0)p-1)
O<ot< . (3.32)
p(N=1-6(p~-1))

Let us consider for any 0 < j < k the sets

Cr={xe W:lo@)| <kl, Dex;=1{xeW:lo(x) - Tr(o) < j}

And we define
I(e) = f ([be (x, 00, Vo.) = b (x, 00, V) V (0, — ),
W

= f {[b£ (x/ Ve, VUS) - bf(x/ U, VU)] V (US - U)}U + f {[bS (x/ Oe, VUE) - bé’(x/ Ve, VU)] V (US - U)}U 7
c Ci

= 11(8, k) + Iz(E,k).
By Holder’s inequality and the growth condition (2.8) we get

I1(€,k) < Cg (f
C

C
k

1
T

1+ Vo 7" + [Vo| P dx] meas{CS)' "+,

We now choose o and r such that (3.32) is hold, therefore putting together (iv) and the inclusion (2.2) (with
_ NA-0)(p-1)
= N-1-6(-1)

and g = op1), we deduce that
Li(e, k) < Cgmeas{CE}' .
By (iii), and by the choice of o, we thus have

lim limsup (¢, k) = 0. (3.33)

k—+00 50

For j fixed, we have
Ir(e, k) < f {[be (x,0¢, Vo) = be(x, 0, VTR(@)]V (0 = Ti(0))},
w

< [ b (00 Vo) = b2, VTNV (00 = oD

ek,j

+ f {[be (x,ve, Voe) = be(x, ve, VTRV (v = Te(@)} + Is(e, k) + Ia(e, k),
D

ek,j

thanks to (iii), we can affirm that

lim limsupmeas{D;, .} < lim meas{[v — Ti(v)| > j} =0,
[ — kil = e

thus, reasoning as for I (¢, k), one has

lim limsup Is(¢, k) = 0. (3.34)

k—+co 50

For I4(¢, k), one can rewrite it as

La(e, k) = fw {be (v, 06, V0.) = be(x, 0, VTL@)I VT (0 = Til@))] -
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By the Holder’s inequality (with exponents 1 and L), we have

o

Ly(e, k) < ( f [be (x,0¢, VOe) = be(x, 0, VTL@)] VT (0 = Ti(v)) dx| meas(W)'~.
w

To control the integral on the right-hand side of the previous inequality, we employ T;(v. — 7¢(v)) as the test
function in (3.9). This leads to

f be(x,ve, VO )VT (v — Ti(v)) dx + f Be(x,v:)VT(ve — Ti(v)) dx
w w

T2 @F 73 () 5
= yfw WTT]'(U&‘ = Tk(v)) dx + fwf Tj(e = Ti(v)) dx.

After some simple calculations, we derive that

[v.°

f (b.(x, 00, V0,) = be (3, 00, VTH(0)) VT(Ti(0) — Ti(0)) dx < jy
w w |x[P

dx+jﬁv|f£|dx—fWBS(x,vg)VTj(vg—‘7'k(v)) dx
- f 0.6, 00, VT @)V T(Ti(0,) - Ta(o) d.
w

Let us pass to the limit, as j and ¢ tend to 0, in all the term of the right hand side of the above inequality.
First of all, thanks to the properties of f* we have

limlimjf |ff|dx=hmjf |fl dx = 0.
j—)O =0 w j—>0 w

From (3.31), we conclude that

T [vel’ L o’

lim lim jy dx = lim jy — dx=0.

2062070 oy |xfP =070 Jay IxlP
Noting that

f B (x,0:)VTj(ve = Ti(v)) dx = f B (x, Tjsr(0)) VT (Tjsk(ve) = Tr(v) dx,
w w
therefore, by the growth condition (2.10), we obtain that
|B£(x/ Tj+k(vs))| < (] + k)ACO(x)/
moreover, by Lebesgue’s convergence theorem, we get

B (x, Tjsk(v:)) = B(x, Tisk(v)) stronglyin (V' (W)Y,

1
thus, for PR j +k, we have

lim BM@WD@—%@MﬁifBmﬂﬂwwﬂw@—ﬂ@wx
Fotd w w
since, for any j < 1, we have

VTi(Titj(©) = Tk(v)) > 0 ae.as j—0
IVTj(Ti+j(0) = Ti(@)| < IVT1(Tks1(0) — Tr(0))| € LP(W)
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then, by Lebesgue’s convergence theorem it follows that

lim lim Be(x,v:)VTj(ve — T(v)) dx = 0.
w

j—0 -0
Using (2.8) and (3.22), we prove that
be(x, T(ve), VTk(0)) = bx, T(v), VTi(v))  strongly in (L" (W)Y,

putting together the last convergence, (/) and (i7) we arrive that

lim lim be(x, ve, VT (0)VT(Tk(ve) — Ti(v)) dx = 0.
w

j—0 -0
Hence, we obtain

lim limsup I4(e, k) = 0. (3.35)

k—too o 0

Combining (3.33), (3.34) and (3.35), we deduce
limI(¢) < 0.
e—0

Therefore, by (2.9), we deduce that

f ([b. (5,00, V0,) = be(x, 00, V)] V (0 = 0)) — 0
w

that is
Vo.(x) = Vo(x) a.e. inW. (3.36)
|

o Fifth Step : Passing to the limit
In this step we prove that v is a renormalized solutions of (2.6). Observe that, due to (3.14), (3.23) and
Fatou Lemma, we can easily get that

meas{lvl > k,]} < lilgl)ionfmeas {Ivgl > k,,} < %,
thus, v is finite a.e. in ‘W and (2.12) is proved. Moreover, thanks to (3.25), we infer that (2.13) is hold.
Combining proposition 3.2 and lemma 3.6, we get
b.(x,v.,Vv.) = b(x,v,Vv) a.e.inW,
and under the growth assumption (2.8), we deduce that
be(x,v., Vo) = b(x,0, Vo) weakly in (L7 (W),
and for any k > 0, we have
be(x, Ti(ve), VT k(ve)) = b(x, T(v), VTi(v))  weakly in (LV (W)N.
Moreover, for any k, € (0, %)(as in the remark 2.6), we can write

1

—f 0(ve)be(x, ve, VU )V, dlef be(x, ve, Vo )VT (0 (v.)) dx,
1 Natwolsn) n Jay

-, fw be(x, Ty, (00), VT, @)V T (@ (00) d,
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thus, from (3.19) and (3.27), it follows that

lim = [ b, Ty, (), VT @)VT5(@(0) dx =0,
w

n—+oo 11

which gives (2.14).
Given k > 0 and ¥n € IN*, denote by #,, the truncation function defined as

ha(t) = 1 — w VteR.
Now we claim that (3.9) holds true. Let h € W'*(RR) such that supp(h) is compact and let ¢ € D(‘W). For

any n € IN* the function h, (¢ (v¢)) h(0(v)) belongs to Wé’p (‘W) N L®(‘W), and then it is an admissible test
function in (3.9). It yields that

f 15,0 (@))h(0(0))po (ve) be(x, Ve, VO )VO, dx + f Iy (0(0:)) ae(x, ve, Vo )VIh(0(0))p] dx
w w

+ fw Be(%,0:)0 (0:) Voeh,, (0 (0:))h(@(0))g dx + fw Be(x, vl (0 (v:)) VIn(o(v))p] dx (3.37)

S—

T% (ve) ' T% (ve) B N | N N
=Y f:w P + ¢ hy (0 (ve)) h(0(v)) g dx + j{;vféh,, (0(ve)) h(o(v)) dx

Let us pass to limit in (3.37) as ¢ goes to zero and as 7 goes to +co.
Recalling the definition of function h,, we have

fwh;(g(vs))h(av))QQ(Us) bs(x/ Ve, Vo) Vo, dx = l f[v — }Sign(’é’(ve))h(a(v))(PQ(Us) bs(x/ Ve, Vo) Vo, dx,

n

<[ M@)o () be(x, 00, Vo, Vo d,
1 Jin<lgo.)l<2n)

the bounded character of the term h(g(v)) and (3.27), allow us to conclude that

lim limsup j(:v (0 (ve))h(o(v)po (ve) be(x, ve, Vo )Vo, dx = 0. (3.38)

n—+oo 50

Under the growth assumption (2.8) and according to the lemma 3.6, we have
Hy (0(0e)) be(x, ve, Vo) — hy (9(0)) b(x,v, Vo) weakly in (L7 (W)Y,

In addition of the fact that the function h(g(v))e is in W(l)’p (W), we get
limsup | hy (0(ve)) be(x, ve, Voo )VIR(0(0))p] dx = f hn (0(0)) b(x, 0, Vo)V[h(e(0))¢] dx,

e—0 w w

moreover, we have that
hy(0(®) > 1 ae. inW,
b(x, v, Vo)V[h(@(0)p] € LY(W),
VI(@@)p] = po()l’ (@) Vo + h(@©) Ve,

so that, Lebesgue’s convergence theorem allows us to derive that

lim_lim sup fw I (3(00)) e (x, 0., Vo VIR@)p] dx = fw b(x, v, Vo)po(o)l' (@(0)) Vo dx

n—+oo g

(3.39)
+ f b(x, v, Vo)h(o(v))Ve dx,
W
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by means of the definition of /1, the growth assumption (2.10), Holder s, Sobolev’s inequalities and bounded
character of h(o(v))p, we deduce that

, o~ — 1
f B(x, Ue)@ (Us) Vvshn(g (Us))h(Q(U))(P dx < E“I’ZHL“’(R)”(P”L“(’W) f |B.(x, US)HQ (vs) [IVo| dx,
w

{n<lo(ve)l<2n}

s _
< 7”h”L‘”(]R)||(P||L°°(W)”C0(x)”U’(’W)”V%n(g(vs))”U(W)
Coo!
+ 2 |

Il @l llco(x) VT 20@0|}

2% |
LT (W)

where C5is a positive constant which does not depends on .
From the energy formula (3.27), we prove that

lim limsup fw B.(x,v:)0 (v:) Voh, (0 (ve))h(o(v))p dx = 0. (3.40)

—
n—+oo 0

Since supp(h,) = [-2n, 2n], then there exists ky, € (0, %) such that

fw B (x,0:)hy (0 (ve)) VIM(o(0)pldx = L B (X, Ty, (V) (0 (0)) VIR(0(0))pldx.
As a consequence of (3.16), (3.22) and (3.23) we obtain that

B (X, Thy, (0))n(0 (v)) = B(x, v)hy(0(v)) a.e. in W,
and by the growth condition (2.10) we deduce that

|Be(x, T, @) (@(0))] < (kzn) co@)llllir) € L7 (W),
therefore, Lebesgue’s convergence theorem allow us to conclude that

Be(¥, Ty, (0e)a(2(0e) = B(x, 0)a(0(0))  strongly in L' (W),

hence for n large enough such that ky, > supp(h), we have

lim lim sup fw B(x, T, @) (2(02)) VIR@)g) dx = lim fw B, Tho, @) (2(0) VNG d,

n—+o0 50

= f B(x, v)h(o(v))Ve dx + f B(x, v)po()l (o(v)) Vo dx.
w W
(3.41)

By combining (3.18), (3.22), (3.23) and the fact that 1, is bounded by 1, we can apply Lebesgue convergence
theorem to establish that

s—1
Tl (Ua) Tl (vz') . . s—1 ~
tim imsupy | o @@ ax=y [ S (342

—+00
n—=+ =0

At last (3.4), (3.23) and the behavior of the sequence h,, together with Lebesgue convergence theorem lead
to

lim limsup j{;v Fehn (0(ve)) h(o(v))g dx = f:w fh(o(v))p dx (3.43)

n—+oo 50
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Finally, thanks to (3.38)-(3.43), we deduce that for any & € WY*(IR) with compact support in R, we have

f b(x, v, Vo)o(v)Voh' (o(v))v dx + f b(x, v, Vo)Voh(g(v)) dx
w W,
+ f B(x, v)o(v)Vol' (o(v))v dx + f B(x, v)Voh(o(v)) dx
W W

3 [uf~tu, _
_yﬁy X7 h(p(v))v dx+fwfh(g(v))v dx

forevery v € Wé’p(‘W) N LO(W).
At least the limit v satisfies (2.12), (2.13), (2.14) and (2.15), which asserts that v is a renormalized solution
of the problem 2.6, then the proof of Theorem 3.1 is now complete. [
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