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Abstract. In this paper, by implanting the classical Gauss-Seidel method into the Fast ADMM method, we
propose the faster accelerated alternating direction method of multipliers (F-AADMM) to solve the convex
optimization problem, and discuss the convergence property and convergence rate of the FFAADMM
method. Numerical experiments are provided to show the performance of the FFAADMM method.

1. Introduction

In this paper, we consider the following convex optimization problem with linear equality constraints:

min f(x)+h(y) O
st. x+ATy=0b,

where f : R" — RU {oo}and & : R" — R U {oo} are closed convex functions and differentiable with Lipschitz
continuous gradient on their effective domains, A € R>"isa given matrix, and b € R" is a given vector.
For such a separable convex minimization model, ADMM in [8] turns out to be a benchmark solver, which
has been widely used for many applications [3, 7]. The study of the ADMM algorithm and its variants has
been well developed [1, 4, 10, 19], in particular, the convergence property and convergence rate of ADMM
have been provided [6,7, 11,12, 15]. ADMM usually gets a low precision solution very quickly, but requires
more iterations to converge to a high precision solution. In some engineering applications, the requirement
for precision is very high, which prompts researchers to think about acceleration methods for ADMM.
With the emergence of Nesterov’s accelerated gradient descent [16], many scholars have successively
improved the convergence speed of the ADMM method. For example, Zhang et al. [20] proposed its
accelerated version on the base of the general minimum residual method (GMRES), Ouyang et al. [18]
investigated an accelerated alternating direction method of multipliers (AADMM) for the acceleration of
the linearized ADMM method, Goldstein et al. [9] studied the Fast ADMM method when the divisible
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objective function are strongly convex, and others. In addition, based on the block symmetric Gauss-Seidel
(sGS) decomposition theorem, Li et al. [13] extended the classical block sGS method to solve the convex
composite quadratic programming (CCQP).

In this paper, to develop the Fast ADMM method, by coupling the Fast ADMM method with the Gauss-
Seidel method, we propose the F-FAADMM method for solving the problem (1), and discuss the convergence
property and convergence rate of the F-FAADMM method. Numerical examples are provided to illustrate
the performance of the F-FAADMM method.

2. Preliminaries

In this section, we will recall some definitions, notations and lemmas. In the whole paper, ||| denotes
the Euclidean norm.

Definition 2.1. [17] (Conjugate Function) Given a function f : C C R" — R, its conjugate function is defined as

fy) = sup {{x,y)— fx)}.

xedomf
In particular, f** = f when the function f is a closed convex function.
Lemma 2.2. [17] (Fenchel-Young inequality) Let f* be the conjugate function of the function f. Then
(X y) < f(x) + f(y).

In particular, when the function f is a closed convex function, the following statements hold:
1) if f is differentiable, then

y=Vfx)=x=Vf(y),

2) if f is not differentiable, then
y=9df(x) = x =df"(y).

Lemma 2.3. [17] Let f : C € R" — R be a continuous differentiable function. Then
(V£ v < Lslly =)

and

L
F) < F@) + (VF@,y =)+ lly =P, VxyeC

Definition 2.4. [17] (Proximity operator) Let the function f : C C€ R* — R be a closed normal convex function.
Then the proximity operator of the function f is defined as

prox, ¢(x) = argmin {f(y) + %lly - xllz}, Vx eC.
y

To design the F-FAADMM method, we briefly review the Gauss-Seidel method [5, 14].

Let Ax = b, where A € R™" is non-singular with its diagonal elementsa; #0(i=1,2,...,n),b € R", x is
unknown. Dividing A into the sum of three matrices A = L + D + U, where D is the diagonal matrix, L and
U in order are the lower and upper triangular matrices of A, the Gauss-Seidel method can be designed as

Xir1 = —(D + L) *Uxg + (D + L) 'b.
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3. The FFAADMM method

In this section, firstly, we propose the F-FAADMM method by combing the Gauss-Seidel method and
the Fast ADMM method. Secondly, we discuss the convergence property and convergence rate of the
F-AADMM method.

3.1. Algorithm description

For the problem (1), introducing the lagrange multiplier A for the constraint x + ATy = b yields the
Lagrangian function

Ly )= f@+h(y)-A"(x+ATy-b)
= (f (@) = A"x) + (h (y) - ATATy) + A",
and the augmented Lagrangian function (ALF) of (1) is given by

2
7

.Z(x,y,/\):f(x)+h(y)—/\T(x+ATy—b)+§||x+ATy—b

where § > 0 is a penalty parameter. Using the definition of conjugate function, along with the duality
theory, it is easy to know that the dual problem of (1) is

max ¢ (A) = —f*(A) = k" (AA) + ATh. )
Here, we recall the Fast ADMM for problem (1), see Algorithm 3.1.
Algorithm 3.1. Fast ADMM for solving the problem (1)
Input: y 1 =o€ R, A=A e R, >0,a; =1
1. fork=0,1,2,3,--- do

2. x = argmin {f(x) - /A\,fx + gllx +ATf - bllz};

XeR™

3. yi = argmin {h(y) — AT(ATy) + Sllx + ATy - bl?);
yeR!

4. Mg = Ap — Blxy + ATy — b);

5. Apny = 1+ \/;Lafﬂ;

Q

6. U1 = Yi + akk;l (Yk — Yk-1);

7. Ak = Ax + ‘ka:ll Ak = A1)
8. end

To improve the Fast ADMM for solving the problem (1), we consider the following two aspects:

(i) the objective functions are not always strongly convex functions;

(ii) use the Gauss-Seidel method to further accelerate the existing Fast ADMM algorithm.
Based on this, the FFAADMM method can be designed, see Algorithm 3.2.
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Algorithm 3.2. F-AADMM for solving the problem (1)
Input: y.1 = o € RLA1 =Ag e R, B> 0,01 =1
1. fork=0,1,2,3,--- do

2. x = argmin {f(x) - /A\,fx + gllx + AT — bllz};
xeR"

3.y = argmin {h(y) — AT(ATy) + Sl + ATy — bl2);
yeR!

4. Ap = Ap — Blxy + ATy — b);

5 1+ \/4a£+1 )

- Q1 = 2 ’

6. y{ =—(D+L)"Uyx+(D+L) "y

akfl

7. Gk =Yg + 5= (W — Y1),

8. A1 = Ak + L= (A — A

Qft1

9. end

Comparing the Fast ADMM method for solving the problem (1), the step 6 of FFAADMM algorithm
(i.e., Algorithm 3.2) is critical, which uses the Gauss-Seidel method to further accelerate the above Fast
ADMM algorithm. Unlike [13], we incorporate the Gauss-Seidel iteration into the Fast ADMM algorithm,
and achieve a faster convergence speed, compared with the Fast ADMM method.

For the problem (1), its optimal solutions [2] can be described below

X+ ATy* -b=0, (3)
Vi(x)—A" =0, 4)
Vh(y") —AA" =0, (5)

where (3) represents the feasibility of the original variable (x*, y*), the dual variable A" satisfies the dual
feasibility condition (4) and (5).

For solving the sub-problem about x in the FFAADMM algorithm (i.e., step 2 of Algorithm 3.2) and the
subproblem of y (i.e., step 3 of Algorithm 3.2), together with the optimality conditions, we have

V() = A+ plae + AT = b) = 0, (6)

Vh(yr) — A [;\k — Bl + ATy — b)] -0. "
Substituting the step 4 of Algorithm 3.2 into Egs. (6) and (7), we can get

V() = Ak + BAT (G — i) = O, ®)

Vh(yi) — AMg = 0. )

One common way to measure how well the iterates of Algorithm 3.2 satisfy the optimality conditions
are to define the primal and dual residuals:

Tk = Xk + ATyk — b,
di = BAT (9 — i),

where the primal residual 7, and dual residual d indicate how far the iterates are from a solution.
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Looking carefully at Egs. (8)-(9) and the optimality conditions (3)-(5) for the problem (1), it is not difficult
to find that there is (xx, Y, Ax) satisfying the optimality conditions, when 7, = 0 and dj = 0.

In addition, for the classical ADMM, if (x, y, A) is given in the domain of definition, then the correspond-
ing new iteration point (x’, ', A") can be obtained, i.e.,

X = argmin{f(x) - ATx + ‘g ||x+ATy—b||2}, (10)
X€ER"

Yy’ = argmin {h(y) - AT(ATy) + g X+ ATy - b||2}, (11)
yeR!

N =A-B +A"Y -b). (12)

3.2. Convergence analysis

In this subsection, we will discuss the convergence property of the FFAADMM method. In the conver-
gence analysis, we always assume that the conjugate functions f and h are differentiable.
To obtain the convergence property of the F-FAADMM method, we require some lemmas.

Lemma 3.3. Foranyy € R\, A € R", we have

X' =Vf(QA),
Aly = ATVI'(AX),

where 1 = A — B(x" + ATy — D).
Proof. According to the optimality condition of x” in (10), we have

VAX)=A+B +ATy—b) =Vfx)-1=0,
from which we can get
A= V). (13)

By using the differentiability of conjugate functions, Eq. (13) is equivalent to x’ = Vf*(1).
Similarly, according to the optimality condition of 3 in (11), we can get

Vh(y') — AL + BA(X + ATy —b) = Vi(y') — AN =0. (14)

By using the differentiability of conjugate functions again, Eq. (14) is equivalent to ATy’ = ATVh*(AX’). m

Lemma 3.4. Assume that ATy = O(A), L(D) is Lipschitz constant. The iterative sequences {Ay} and (A produced
of Algorithm 3.2 satisfy

ATy = O(A); AT = D(Ay),
and

V) = Ppx) > % (k= A A =N+ % A= A2, VxeR" (15)

Proof. From Lemma 3.3, we have ATy, = ®(A;) and AT{), = D(Ay).
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Combining the first-order properties of the convex function and Lemma 3.3 yields
PA) = P(x) = (k) = F(A) + f1(A) = FF(X) + W' (Ak) — H*(AL) = (b, x — A”)
> (VA (A), 1= 1) = (VFA), A = Ay + (ATVI'(AN), k= V') = (b, = A')

> (VFA),k—A) - 21 IA = AP+ (ATVI (AX), = A) = (b, = ')

p
_ 1
= (VF (1) + ATVI'(AN), k= A') = 25 1A= NIE = (b= A')
= (¥ + ATy -bx- ) - Lin—ap
4 Zﬁ
= ZA-N k=AY LA A (16)
ﬁ 7 zﬁ 7

which completes the proof. ]

For the convenience of the following discussion, let
me = apAe — (ax — 1) Ak — A™ (17)
Lemma 3.5. Based on (17) and Algorithm 3.2, we have
M1 = Mg+ Qe (Aksr = Aksa)- (18)
Proof. Combining the definition of m and the step 8 of Algorithm 3.2, we have that

Mps1 = Q1 Arer — (@1 — DAL = A
= A = A"+ aps1(Agsr — Ak)
= Ak = (ax = DAgog = A" + g1 (A — ) + (e — DAy
= apAk — (ak — DAg-1 = A" + g1 (Aesr — Ak) — (e — D(Ak — A1)
= Mg + A1 (A1 — Ak) = (i — D(Ak — Ak-1)

= My + Qa1 (Aks1 — M) — Qa1 (Aksr — )

= Mg + A1 (A1 — Agar),

which completes the proof. [

Lemma 3.6. The iterative sequence {(ax, Ay, Ay)} generated by Algorithm 3.2 satisfies

e l® = N> < 2802 [ (A7) — b(A)| - 2802, [$(A") = Pp(Aknn)] - (19)
Proof. According to the definition of m; and Lemma 3.5, we can get

il = Il
_ 4 2 A
= 20541 <mk/ A1 — /\k+1> + & A1 = Agaall
= 2041 <ak/\k — (o = DAgog = A Apr — ;\k+1> + a2, k1 = Al
= 20 <(0¢k = DAk = A1) + A = A%, Ay — ;\k+1> + a2, k1 — Agsal?
(20)
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= 2041 <ak+1;\k+l + (1= agr) Ak — A Agr — ;\k+1> + a2, N1 — Al
= 2041 <(05k+1 — D(Aksr1 = M) + A = A, Ayr — ;\k+1> + a2, 1 — Agsal?
= 20541 <(0¢k+1 = D(Aker = ) + Aker = A", At — ;\k+1>

+ (a1 (@ = 1) + age] 1Ak — Agall?

~ A 1 A
= 21k = 1) ((Aest = A A = Arat) + 31k = AealP)
) ) ) 1 S
+2ap41 ((Akﬂ = A, A1 — /\k+1> + §|Mk+1 = Akl ) (21)

Applying Lemma 3.4 with k = A, A = Akr1, A = Aky1, we have

1 A 14 R
G(est) = S = g5llss = Al + 5 (At = A Aker = A ). (22)
Applying Lemma 3.4 with k« = A", A = Aert, N = At again, we get

O(Nar) — ) > %nam Al + %

Substituting (22) and (23) into (21) yields

<;\k+1 - A*/ /\k+1 - /A\k+1> . (23)

[

< 201 (@nr = DB[d(Aker) — HAQ)]| + 20118 [ (k1) = p(A)]

= 280} (k1) — 2B, P(Ax) + 2Bk p(Ar) — 2B (1Y)

= 280, 0(Akn1) = 2B(a7,; — @) P(Ar) — 2B(a,; — ap)b(A") (24)
= 2805, p(Ake1) = 202 BP(Ax) — 2(a7,4 — AD)BH(A") (25)
=282 [p(A") - p(A)] + 2802, [D(Aker) — H(A)],

N
where Egs. (24) and (25) are obtained by step 5 in Algorithm 3.2, that is, a1 = I ;wk A or ai = ai 1~ Q1M
Based on Lemmas 3.3-3.6, the convergence of the F-AADMM method can be obtained. Firstly, we can
get the following result.

Theorem 3.5 The iterative sequence {A;} produced by Algorithm 3.2 satisfies

. 20|A; = AP
PA") = p(Ae) < NS (26)
Proof. From Lemma 3.6 we have
eI + 280, [H(A) = (Aks)] < llmadl® +2Ba [(A) = p(AL)], (27)

which implies {llmkll2 + Zﬁai [qb(A*) - qb(/\k)]} is decreasing. Further, we have

el + 2802 [ (") = SO < Il ll” + 2803 [ (A1) = b(Ar)]
Making k = 0 in Eq. (23), we have

B0) = 61 2 g5l = AP + 2 (11 =2, 01 = )
1

_ D TV T U T4
—zﬁ(nm AP = 1Ay = A|P).
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Further, inequality (27) can be transformed into

2021 [(A) = p(Ake)| < il = eI + 2802 [SA*) = d(A)]
< il + 280 [p(A7) = (A

< [l + 2803 [$(A") = p(A1)|  (where ay = 1)

<A = 1P+ 28[p (A1) — p(A1)]
< 1Ay - AP,

Since a > a1 + % >1+ ’E‘, we can easily obtain that

. 2/1A: — AP
— < -
O =9 < =g
which completes the proof. u

Theorem 3.6 Algorithm 3.2 produces an iterative sequence, whose primal-dual difference satisfies
Il < O(L/K?), ldil > < O(1/K?).

Proof. On the one hand, we apply Lemma 3.4 with A’ = A", x = A = A}, and get
. 1 "
(A7) = P(Ar) = %”/\k = A

According to Theorem 3.5, we get

44 - AP

= XIF < 28 [00) = 91| < =5

this shows
1Ak = AP < O(1L/K).
Further,
Ak = Akl < HlAksr = AP + 114" = Adl? < O(1/K%).

On the other hand, by the definition of ¢ (1) = —f*(A) — h* (AA) — ATh, whose gradient has the Lipschitz
continuity property, we have

B = G) + (V) = A') = 2l = AP

= H() - S~ A1, 28)

where L is the Lipschitz constant of V.
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From Eq. (28), we have
N * L EY *
P(Aks1) = P(Ars1) < P(Agg1) — P(AY) + §|Mk+1 - AP

L kY %
< D - 2P

L . Ckk—l 2
= —||Ax — — Ao
SWe= 2+ - A
L . ap — 1)
< e 21+ T - A

k+1
< 0(1/K3).

Applying Lemma 3.4 withk = A = Akrt, A= Ap again, we get

N 1 N
P(Aks1) — P(Ag1) 2 %HAkH — AP
1

= %Hﬁ(xkﬂ + Ay = b)IP

= Bireal?,
and
I ll* < O1/K).
For the residual d, using Lemma 3.4, one obtains
Il = IBAT (v — 9II”
= BAT VI (AAy) - VIr(AAY)] 1P
< B p(ATA)L(@)IIAx — Al
<0(1/K),

which completes the proof. ]

4. Numerical results

In this section, we aim at showing the linear convergence rate of our proposed F-AADMM algorithm
for solving the quadratic program below

Ly T, 1T T
min  SX Qx+gq x+2yRy+ry (29)
st. Ax+By=1,

where Q and R are symmetric positive semidefinite matrices in R™" and R"™", respectively, A € R*" and
B € R™™ are two given matrices, g € R", r € R", and b € R! are given vectors, x € R" and y € R"™. All codes
were written in MATLAB R2021b, and run on a Lenovo PC (Intel(R) Core(TM) i7-10700 CPU @ 2.90GHz)
with 16 GB RAM memory.

Now, we consider the following quadratic program (QP), see Example 4.1 and Example 4.2.

Example 4.1 Given matrix A € R™" and vector b € R"”. We consider the problem (1), where f(x) = %11,

h(y) = |y||* and n = 1000, i.e.,
min  ||x]* + ”y”2

(30)
st. x+Ay=5b,
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with
A= o] :{ 2, 1= __andb=(1,1,...,1,1)T,
3, li-jl=1
and the ALF of (30) is given by

Loy A) = Il +|[y|] = AT (e + Ay - b) + ’; | x + Ay - b|[".

Fast ADMM
1.8 F-AADMM b

1.6 [ 4

1.4 1

1.2 b

Error
T
1

[0} 20 40 60 80 100
Number of iteration

Figure 1: Numerical results of FFAADMM and Fast ADMM for Example 4.1.

In our computations, we set initial value xo = (0,0,...,0,0)" and yo = (1,1,...,1,1)T for Z(x,y,A),
A =(1,0,...,0,0)T and B = 0.5. The relationship between the number of iterations and the error (the error
is defined as the relative error, i.e., (f(x*) + h(y*) — (f(x) + h(y)))/(f(x*) + h(y")) is shown in Figure 1.

In Figure 1, we compare the performance of the FFAADMM method and the Fast ADMM method in
terms of error and the number of iteration. It is found that the error of the F-AADMM method is significantly
smaller than the Fast ADMM method in the first ten iterations. Further, we find that the error gradually
tends to a stable value with the increase of the number of iteration. In other words, the error of FFAADMM
is more sharper than Fast ADMM.

Example 4.2 Given matrix A € R™", vector e € R" and vector b € R". We consider the problem (1), where

£@) = lx = elP, h(y) = |ly - 2¢||" and n = 1000, i.e.,

min - elf? + ||y - 2¢|f

(31)
st. x+Ay=b,
with
2, i=j,
A:[aij]z 5 i—j=1,e=(@1,1,..,1,1Db=(,1,..,1,1)7,
a1, j-i=1,

and the ALF of (31) is given by

L@,y A)=x—el + “y—Ze“z -AT(x+Ay-b)+ g ||x+Ay—bH2.
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2.4 T

2.2 T

1.8 b

Fast ADMM
F-AADMM 7

1.6 [ 4

Error

1.4 | 1

0.8 J\ i

0.4 L L L
o] 50 100 150 200

Number of iteration

Figure 2: Numerical results of F-FAADMM and Fast ADMM for Example 4.2.

In our computations, we set initial value xo = (0,0,...,0,0)" and yo = (1,1,...,1,1)T for Z(x,y,A),
A=(1,0,...,0,0)T and B = 0.2. The relationship between the number of iterations and the error (the error
is defined as the relative error, i.e., (f(x*) + h(y*) — (f(x) + h(y)))/(f(x*) + h(y")) is shown in Figure 2.

In Figure 2, similar to Example 4.1, we compare the performance of the F~FAADMM method and the Fast
ADMM method in terms of error and the number of iteration. It is found that the error gradually tends to
a stable value with the increase of the number of iteration. Further, we find that the calculation error of
our algorithm is significantly smaller than Fast ADMM. In other words, the error of FFAADMM is more
sharper than Fast ADMM. This implies that for Example 4.2 the FFAADMM method achieves the higher
accuracy than the Fast ADMM method. This further shows that our algorithm (F-AADMM) overmatches
the Fast ADMM in a way.

5. Conclusions

In this paper, combining the Fast ADMM algorithm with the Gauss-Seidel method, we propose the
F-AADMM method for solving the problem (1) and discuss the convergence property and convergence
rate of the FFAADMM method. At the same time, the convergence conditions of the proposed method are
given. Numerical examples are provided to illustrate the performance of the FFAADMM method.
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