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Muneo Cha?, Biljana Naéevska NastovskaP”, Kotaré Tanahashi®

715-3-1113, Tsutsui-machi Yahatanishi-ku, Kita-kyushu 806-0032, Japan
YFaculty of Electrical Engineering and Information Technologies, ”Ss Cyril and Methodius” University in Skopje, Macedonia
Department of Mathematics, Tohoku Medical and Pharmaceutical University, Sendai 981-8558, Japan

Abstract. In [6] Cho and Tanahashi showed new spectral mapping theorem of the Taylor spectrum for

doubly commuting pairs of p-hyponormal operators and log-hyponormal operators. In this paper, we will
show that same spectral mapping theorem holds for commuting n-tuples.

1. Introduction and preparation

Let H be a complex Hilbert space and B(H) be the set of all bounded linear operators on H. For
T € B(H), let o(T),0,(T) and 0,(T) denote the spectrum, the point spectrum and the approximate point
spectrum of T, respectively. Let A € C belong to the residual spectrum o¢,(T) of T if there exists ¢ > 0
such that |[(T — A)x|| > cllx]| for all x € H and (T — A)H # H. It is easy to see that if A € ¢,(T), then
0 € 0,((T = A)"). It is well known that o(T) = 0,(T) U 0,(T). For an Hermitian operator A € B(H), we denote
A > 0if (Ax,x) > 0 for every x € H and A > Bif A — B > 0. When (Ax, x) > 0 for every non-zero x € H,
then we denote T > 0. For a given p > 0, T € B(H) is said to be p-hyponormal if (T*T)? > (TT*)’. When
p = 1/2, T is said to be semi-hyponormal. It means that T is semi-hyponormal if and only if |T| > |T*|. T
is said to be log-hyponormal if T is invertible and log|T| > log|T*|. It is well known that if T is invertible

p-hyponormal for some p > 0, then T is log-hyponormal. If M is a reducing subspace for a p-hyponormal
or log-hyponormal operator T, then so is T| 4, respectively.

For a commuting n-tuple T = (T4, ..., T,,) € B(H)", we explain the Taylor spectrum o(T) of T shortly. Let
E" be the exterior algebra on n generators, that is, E” is the complex algebra with identity e generated by
indeterminates ey, ..., e,. Let E}(H) = H ® E}. Define D} : E}(H) — E;_,(H)by
k .
Dl(x®ej, A---Aej) = Z(—l)"lTjix ®ej, Ao ANE, A+ Aej,
i=1
where ¢;, means deletion. We denote D} by Dy simply. We think Koszul complex E(T) of T as follows:
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E(T) : 0 — ENH) 25 B (H) 25 - 25 ENH) 25 EN(H) — 0.
()= )
—— —

IR

Since E}(H) = H&---oH (k=1,..,n),wesetE}(H) = Ho---&H (k=1,..,n).

Definition 1.1. A commuting n-tuple T = (T4, ..., T,) € B(H)" is said to be singular if and only if the Koszul
complex E(T) of T is not exact.

Definition 1.2. For a commuting n-tuple T = (T, ...,Ty) € B(H)", z = (21, ...,z,) € C" belongs to the Taylor
spectrum or(T) of Tif T —z = (T1 — z1, ..., Ty — z,) is singular.

About the definition of the Taylor spectrum, see details J. L. Taylor [9] and [10]. In [7], Curto proved the
following proposition.

Proposition 1.3. (Proposition 3.4, Curto [7]) For a commuting n-tuple T = (T4, ...,T,) € B(H)",0 = (0, ...,0) ¢
or(T) if and only ifD]’;Dk + DDy, is invertible for all k.

For a commuting pair T = (Ty,...,T,) € B(H)", it is well known that, for polynomials fi,..., fiy of
n-variables, if f(z1, ..., zn) = (f1(21, -, Z0), o) fm(21, .., Zn)), then it holds

O'T(f(Tl, veey Tn)) = f(OT(Tl, veey Tn)),

where o7(T1, ..., Ty,) is the Taylor spectrum of T = (T3, ..., T,,). See Theorem 4.7 in [10].

In the paper [6], Cho and Tanahashi showed another spectral mapping theorem under the following
assumption.

Let T = U|T| € B(H) be the polar decomposition of T with unitary U and f be a continuous function on the
non-negative real line which contains ¢(|T]). Let K be Berberian extension of H and o : B(H) 3T — T° €
B(K) be a faithful *-representation. We set the following conditions (1) and (2):

For a sequence {x,} of unit vectors, if (T —z)x, — 0, then (T —z)"x, — 0. (1)
If a closed subspace M of K reduces T° and re’” € o(T°| ), ()
then M reduces U°,|TI° and e f(r) € o, (U°Imf(TI)M)?)-
Theorem 1.4. Let T = (T1,T2) be a doubly commuting pair of operators and T; = Uj|T;| (j = 1,2) be the
polar decomposition. Let f(t) be a continuous function on a open interval in the non-negative real line which

contains o(|T1]) U o(|T2l). Let S; = U;f(ITjl) (j = 1,2) and S = (S1,S2). Let T1, Ty and f satisfy (1) and (2). If
(1€, 126'%) € a1(T), then (¢ f(r1),e f(r2)) € o1(S).

See the details of Berberian extension [1]. That proof depends on the following Vasilescu’s result.
Let T = (T4, T>) be a commuting pair of operators on H, z = (z1,2,) € C? and let

Ti—z1 T) -2z

AT=2:={ 1,2y (T1-ay

on HeH.

Then Vasilescu proved the following result.
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Proposition 1.5. (Theorem 1.1, Vasilescu [11]) Let T = (T4, T2) € B(H)? be a commuting pair. Then
z = (z1,22) € o7(T) if and only if a(T — z) is not invertible.

Therefore, we have z = (z1,2,) € or(T) if and only if 0 € o(a(T — z)).

Forann-tuple T = (T1, ..., T;), the joint point spectrum ¢ ,(T) is the set of all numbers z = (zy, ..., z,) € C" such
that there exists a non-zero vector x € H which satisfies T;x = z;x (¥j = 1,...,,n) and the joint approximate
point spectrum oj,(T) is the set of all numbers z = (z1, ..., z,) € C" such that there exists a sequence {x;} of
unit vectors of H which satisfies

(Tj—zj)xy = Oask—> oo (Yj=1,..,n).

Following proposition is due to Berberian [1] for a single operator case. It is easy to see a proof for n-tuples.
See Berberian [1] and Cho [2].

Proposition1.6. Let B(H) be the set of all bounded linear operators on H. Then there exist an extension space K of
H and a faithful +-representation of B(H) into B(K) : T — T° such that

G]'a(T) = G]',,(TO) = O']‘p(TO),
where T = (Ty, ..., T,) € B(H)" and T° = (T3, ..., T}).

Following results are well known.

Proposition 1.7. Let T = U|T| be the polar decomposition of T and f be a continuous function on the non-negative
real line which contains o(|T|). For a sequence {x,} of unit vectors, if (T — re)x, — 0and (T — re'®)'x, — 0, then
U - ex, = 0,(|IT| = r)x, — 0and (f(ITI) — f(r))x, — O.

See Lemma 1.2.4 in [13].
Proposition 1.8. Let T be semi-hyponormal. Then o(T) = {z : z € 0,(T")}.
See Theorem 1.2.6 in [13].

Remark. If T is p-hyponormal and f(t) = t?, then (2) holds by Theorem 4 of [3]. If T is log-hyponormal
and f(t) = log ¢, then (2) holds by Lemma 3 of [8]. About (3), since the mapping o of Berberian method is a
faithful *-representation, so is T° if T is p-hyponormal or log-hyponormal, respectively. Let M be a reducing
subspace for T. It is clear that if T is p-hyponormal or log-hyponormal, then so is T|,, respectively.

(i) Let T be p-hyponormal and T = U|T]| be the polar decomposition of T and f(t) = t?. Then S = U|T|? is
semi-hyponormal and o(U|T/?) = {r?¢”® : re!® € o(T)} by Theorem 3 of [4]. Hence (3) holds by Proposition
1.8.

(ii) Let T = U|T| be log-hyponormal and f(t) = logt. Then S = Ulog|T| is semi-hyponormal and
o(Ulog|T|) = {et? log r : rel? € o(T)} by Lemma 8 of [8]. Hence (3) holds by Proposition 1.8.

Therefore, if T is p-hyponormal or log-hyponormal and f(f) = t? or f(t) = log t, respectively, then T satisfies
(2) and (3) for this f.

In this paper, we would like to prove the following theorem.

Theorem 1.9. Let T = (Ty, ..., T,,) be a doubly commuting n-tuple of operators and T; = Uj|T}| (j = 1,...,n) be
the polar decompositions. Let f(t) be a continuous function on a open interval in the non-negative real line which
contains o(|T1[) U --- U o(|Tyl). Let S; = U;f(IT;|) (j = 1,..,n) and S = (S1,...,Sn). Let T, ..., Ty, and f satisfy (1)
and (2). If (r1€'%, ..., r,€%) € o7(T), then (€' f(r1), ..., €% f(r,)) € o1 (S).
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2. Proof of the theorem

First we need the following lemma.

Lemma2.1. Let T = (T4, ..., T,,) be a doubly commuting n-tuple of operators and T has property (1) for j =1,...,n.
Let {Dy} be the chain complex of n-tuple T = (T4, ..., Tp). If there exists some k € {1,2,--- ,n — 1} and unit vectors
Xy = @;:1x£1 € E}(H) where r = (}), such that (D;Dy + Dy D}, )xm — 0as m — oo, then there exists
s€{1,2,---,r}such that {x;,} is a bounded below sequence of non-zero vectors of ‘H satisfying T;xj1 — 0asm — oo

%,
[

for j=1,--- ,n. Thus, by taking unit vector y,, = € H, we have T:ym — Oasm — oforj=1,---,n.
Proof. We show it by the mathematical induction.
(1) Let n = 2. Then the chain complex of doubly commuting pair T = (T3, T?) is

Dz D'l

0O > H—> HoH — H — 0.

By the definition of the Koszul complex we have

Dzz(_sz)and D1=(T1 T2 )

Since T, T, are doubly commuting, we have
T, + T, T 0
* * —_ 1 2
DDy + D,D} = ( 0 T + 3T, )

Let x,, = x}, ® x% € E2(H) = H & H be unit vectors and
TT, + T, T 0 xl
* * — 1 2 m
(DyDy + DoDy)xn = ( 0 T\ T} + T;Tz) (x;)
_ (T;Tl + TzT;)X,lﬂ
= ((TlTI N T;Tz)xf,, — 0as m — oo.
Since ||xL,|? + [Ix2]I* = 1 for all m, we may assume (i) x}, - 0 or (ii) x2, - 0.
We assume (i). By taking subsequence, we may asume that there exists 0 < ¢ that that 0 < ¢ < [|lx},]| < 1
for all m, i.e., bounded below. Then (T;T; + T, T})x;, — 0 implies Ty}, Tyx;, — 0 and T;x,, — 0by (1). Case
(ii) is similar. Hence the statement holds for n = 2.

(2) We assume that the statement holds for (n — 1)-tuples of doubly commuting operators. Asuume
(D;Dg + Drs1 Dy, )xm — 0as m — oo for unit vectors x,, € EZ(W).
Let {Fy} be the chain complex of (n — 1)-tuple T = (T, ..., T,-1) and X,y = Y ® 2z, € E}"{(H) @ E}"} (H) =
Fr  (-D)'diag(T,)

E}(H). By Curto’s characterization (see p.132, Curto [7]) it holds Dy = ( 0 r
k-1

). Hence

FFy + Fen Fe . + diag(T, T
(D; Dk + Dgs1D; ) = (FiFe + FraFy,, + diag(T, n)) ym]_>

(F;_ Fier + FiFy + diag(T,Ty)) 2

Since |yull* + llzwll> = 1 for all m, we may assume (i) y,, - 0 or (ii) z,, - 0.

We assume (i).

Then (FyFy + FenF},, + diag(TyT,)) ym — 0 implies (F;F¢ + FiaFy,,) ym — 0 and (diag(T,T;)) ym — 0.
By taking subsequence, we may asume that there exists 0 < ¢ that that 0 < ¢ < |lyull < 1 for all m.
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Let v, = % Then v,, are unit vectors and (FZFk +Fk+1FZ+1)vm — 0 and (diag(T,T}))vm — 0. Let
m
n-1
Uy = 695:"1)0;1 € E¢"'(H). Then there exist s € {1,2, e, (”;1)} such that v}, € H is a bounded below sequence
of non-zero vectors and T’jfvfn —0forj=1,2,--- ,n—1and T;v;, = 0as m — oo.

Case (ii) is similar. Hence the statement holds for n. It completes the proof. O

Theorem 2.2. Let T = (Ty, ..., T,,) be a doubly commuting n-tuple of operators which satisfy that every T; (j = 1, ..., n)
has property (1). If z = (z1, ..., zx) € o1(T), then there exists unit vectors y,, € H such that (T; - z;)'ym — 0as
m — oo, that is, z = (z1, ..., Zy) € 0jo(T"), where T* = (T}, ..., T}).

Proof. Since z = (z1, ..., z4) € o1(T), by the spectral mapping theorem of the Taylor spectrum, it holds
0=(,..,0) € op(T - 2),

where T -z = (T — z1,..., Ty — z,). Since T — z is a doubly commuting n-tuple of operators which satisfy
that every T; — z; (j = 1,..,n) has property (1) and the Koszul complex E(T - z) of n-tuple T —z =
(T1 — z1, ..., Ty — z,) is not exact. Hence there exists k such that (D;Dk + DDy, +1) is not invertible. Since
the operator D; Dy + Dy+1D;,, is positive on the space E} (H), there exists a sequence {x,,} of unit vectors of
EZ(W) such that (D;{Dk + Dk+1D;;+1)xm — 0asm — oo. Hence, by Lemma 2.1 there exists a sequence {y,}
of unit vectors of H such that

(Tj=2z))ym — 0 asm — oo forall j=1,..,n.
It’s completes the proof. [

Proof of Theorem 1.9.

(1) If n = 2, theorem holds by Theorem 2.3 of [6].

(2) We assume that the statment holds for (1 — 1)-tuple. Since (r1€', ..., r,¢%) € o7(T), by Theorem 2.2 there
exists a sequence {x,} of unit vectors of H such that (T; - rjeief)*xm — Oasm — oo forall j =1,..,n
Consider the Berberian extension K of H. Then there exists 0 # x° € K such that

(T = rje%yx" = 0 forall j=1,..,m.

Let M = ker(T;, — r,¢")". Then M(# {0}) is a reducing subspace for T5,..., T°_, and (1€, ..., r,_1€%1) €

GT(TF//V(), where T|O/,Vl = (T;| M7 T:l_ll )+ By the induction there exists a non-zero vector y° € M such that

(S5 =% f(r))y” =0 forall j=1,.,n~1.

n-1
Let N = ﬂker(S; — eieff(r]-))*. Then N is a reducing subspace for T;. Let R = MM N # {0}. Hence
j=1
ref € (T3 e)- By property (2) there exists a non-zero vector z° € R suchAthat (S —Ae’@" f(ry))'z° = 0. Since
this z° satisfies (S5, — e% f(rj))z> = 0forall j = 1,..,n — 1, we have (¢ f(r1), ..., ¢ f(r,)) € or(S). This
completes the proof.

]
Corollary 2.3. Let T = (Ty, ..., Ty) be a doubly commuting n-tuple of p-hyponormal operators (0 < p < 1). Let U;
be unitary for the polar decomposition of Tj = U;|T;| (j = 1,..,n) and S = (U1|T1I2P, .y UnITnFP). Then

o oy , .
or(S) = {(rlpelel,..., rnpe’g") s (re?, ..., rne’g") e or(T)}.



M. Cho et al. / Filomat 39:12 (2025), 3891-3896 3896

Proof. Let f(t) = t?? on the non-negative real line. Since T is a doubly commuting n-tuple of p-hyponormal
operators and f(t) = t¥, Ty, ..., T, and f satisfy (2) and (3). Hence, by Theorem 1.9 we have

oy - , ,
or(S) o {(r]"e”, ..., e%) : (ne”, .. 1) € or(T) ).

Conversely, put g(t) = % on the non-negative real line. Since S is a doubly commuting pair of semi-
hyponormal operators, Si, S, and g satisfy (2) and (3). Then we have the converse inclusion by Theorem
1.9 and similar argument. [

Corollary 2.4. Let T = (T, ..., T,) be a doubly commuting n-tuple of log-hyponormal operators with log|T;| > 0.
Let U; be unitary for the polar decomposition of T; = U;|Tj| (j = 1,...,n) and S = (Uy log|T4, ..., U, 1og|T,l). Then

or(S) = {e'1 logr, o, @0 logr,) : (rlei91, ey rneie”) eor(T)}.

Proof. Let f(t) = logt on (0, o). Since T is a doubly commuting n-tuple of log-hyponormal operators and
ft) =logt, T, ..., T, and f satisfy (2) and (3). So by Theorem 1.9 we have

or(S) o (¢! logrl,...,eie” logr,) : (1169, ..., 1,e%) € o7(T) ).

Conversely, let g(t) = ¢' on the non-negative real line. Since S is a doubly commuting n-tuple of semi-
hyponormal operators, S, ..., S, and g satisfy (2) and (3). Hence, we have the converse inclusion by similar
argument. [
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