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Abstract. In this paper, we give a complete classification of pseudo-Ricci-Bourguignon soliton on real
hypersurfaces in the complex hyperbolic space CH" = SU;,,,/S(U1U,). Next as an application we give a

complete classification of gradient pseudo-Ricci-Bourguignon soliton on Hopf real hypersurfaces in the
complex hyperbolic space CH".

1. Introduction

In the class of Hermitian symmetric spaces of non-compact type with rank 1, we highlight the example
of complex hyperbolic space CH" = SU;,/S(U;U,), which is geometrically distinct from rank 2 cases. It
has a Kihler structure | such that V] = 0, and is equipped with a Bergmann metric g that has constant
holomorphic sectional curvature —4 (see Romero [28, 29], Smyth [30], Suh [33, 34], and Hwang-Suh [19]).

The complex hyperbolic space CH" is a real Grassmann manifold of non-compact type with rank 1 (see
Kobayashi-Nomizu [22]).

In the complex hyperbolic space CH", we have provided a classification of Ricci-Bourguignon soliton real
hypersurfaces (see Suh [34]). In the complex hyperbolic quadric Q" = SOgrn/ 50,50, Ricci solitons, Ricci-
Bourguignon solitons, and pseudo-Einstein real hypersurfaces have been studied by Kimura-Ortega [21]
and Suh [31, 32]. More recently, Chaubey-Lee-Suh [11], Chaubey-De-Suh [10, 13, 15], and Wang [36, 37]
have investigated Yamabe solitons and Ricci solitons on almost co-Kdhler manifolds, three dimensional
N(k)-contact manifolds, and complex quadrics Q™. The study of the Yamabe flow was initially introduced
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by Hamilton [17], Morgan-Tian [26], and Perelman [27], providing a geometric method for constructing
Yamabe metrics on Riemannian manifolds.

On the other hand, it is well-known that real hypersurfaces in Hermitian symmetric space of com-
pact type have two focal submanifolds, whereas those in non-compact types, such as complex hyperbolic
space CH", have only one focal submanifold (see Helgason [18] and Wang [38, 39]). Among these, we exam-
ine two types of real hypersurfaces in CH": those with isometric Reeb flow and contact real hypersurfaces.
Using the Hopf fibration

ft: H™(1) > CH", z - [z],
which is a Riemannian submersion from anti-de Sitter space H7"*!(1) to complex hyperbolic space CH",
Montiel-Romero [25] classified real hypersurfaces with isometric Reeb flow as follows:

Theorem 1.1 ([25]). Let M be a real hypersurface in the complex hyperbolic space CH", where n > 3. Then, the Reeb
flow on M is isometric if and only if M is an open part of a tube of radius r around a totally geodesic CH* in CH" for
some k € {0,--- ,n — 1}, or a horosphere in the complex hyperbolic space CH".

When a real hypersurface M in CH” satisfies the formula
AP+ pA =20¢p, o # 0 constant,

we say that M is a contact real hypersurface in CH". In works by Blair [3], Vernon [35] and Yano-Kon [40],
the classification of contact real hypersurfaces in CH" is given as follows:

Theorem 1.2 ([3, 35, 40]). Let M be a connected orientable real hypersurface in the complex hyperbolic space CH",
n > 3. Then M is contact if and only if M is congruent to one of the following:

(i) a horosphere in CH",
(ii) a geodesic hypersphere in CH",
(iil) a tube around an n-dimensional totally geodesic real hyperbolic space RH" in CH",

(iv) a tube around the totally geodesic complex hyperbolic space CH"™! in CH".

Motivated by these results, we consider some characterizations of real hypersurfaces in the complex
hyperbolic space CH" with respect to a geometric flow introduced by Bourguignon, [4] and [5], which
generalizes the Ricci-Bourguignon flow. This flow is an intrinsic geometric flow on Riemannian manifolds,
where its fixed points are solitons. Specifically, a solution to the Ricci flow equation % g(t) = =2Ric(g(t)) is
given by

S(Lvg)(X,Y) + Ric(X, V) = Qg(X, V),

where () denotes the Ricci soliton constant, and Ly is the Lie derivative along the direction of the vector
field V (see Chaubey-De-Suh [10], Morgan-Tian [26], Perelman [27], and Wang [36, 37]). A solution
(M, V,Q, g) is called a Ricci soliton with potential vector field V and Ricci soliton constant Q. In the complex
two-plane Grassmannian G,(C"*?), Jeong-Suh [20] classified Ricci solitons for real hypersurfaces.

As a generalization of the Ricci flow concept, the Ricci-Bourguignon flow (see Bourguignon [4, 5] and
Catino-Cremaschi-Djadli-Mantegazza-Mazzieri [7]) is defined by

d
59 = —2(Ric(g(®)) = pyg(®),  9(0) = g0,

where y represents the scalar curvature and p is any constant. When p = 0, this family of geometric flows
reduces to the Ricci flow % g(t) = =2Ric(g(t)), 9(0) = go. Furthermore, by appropriately rescaling time, when
p is nonpositive, the Ricci-Bourguignon flow can be viewed as an interpolation between the Ricci flow



D. H. Hwang et al. / Filomat 39:12 (2025), 3931-3949 3933

and the Yamabe flow, the latter emerging as a limit when p — —oo (see Brendle [6], Chaubey-Suh-De [13],
De-Chaubey-Shenawy [14], and Ye [41]). In [16], Fischer studied a conformal version of this flow where
the scalar curvature is constrained along the flow. Similarly, in [23], Lu-Qing-Zheng established additional
results on the conformal Ricci-Bourguignon flow. For results concerning solitons of the Ricci-Bourguignon
flow see Catino-Mazzieri [8].

Now, let us introduce the Ricci-Bourguignon soliton (M, V, ), p, ¥, g), which is a solution of the Ricci-
Bourguignon flow. It satisfies the following equation:

%(ﬁvg)(X, Y) + Ric(X,Y) = (Q + py)g(X, Y) (1.1)

for any tangent vector fields X and Y on M, where Q) denotes the Ricci soliton constant, and p is any
constant. When the soliton constant Q > 0, Q3 = 0, and Q < 0, we refer to the Ricci-Bourguignon soliton as
shrinking, steady, and expanding, respectively.

On the other hand, when the Reeb vector field & satisfies AE = a& for the shape operator A on a real
hypersurface M in the complex hyperbolic space CH", M is said to be Hopf hypersurface. Using this concept,
it can be easily shown in section 5 that a Hopf Ricci-Bourguignon soliton (M, &, Q), p,y, g) in the complex
hyperbolic space CH" also satisfies the generalized pseudo-anti-commuting property, i.e., Ric¢ + ¢pRic = {¢,
where £ # 0 is constant.

If the Ricci operator Ric of a real hypersurface M in CH" satisfies
Ric(X) = aX + bn(X)& (1.2)

for smooth functions a, b on M, then M is said to be pseudo-Einstein. We now present a complete classification
of pseudo-Einstein Hopf real hypersurfaces in the complex hyperbolic space CH" due to Montiel [24], as
follows:

Theorem 1.3 ([24]). Let M be a pseudo-Einstein real hypersurface in the complex hyperbolic space CH", n > 3.
Then M is locally congruent to one of the following:

(i) a geodesic hypersphere,
(ii) a horosphere,
(iii) a tube of arbitrary radius r around a totally geodesic hyperbolic hyperplane CH"™! in CH".

As a further generalization of the Ricci-Bourguignon flow, we introduce the pseudo-Ricci-Bourguignon
flow, given by

P
3¢9 = —2Ric(g(®) + yn @ n(g®) - pyg®),  9(0) = 9o,

where y denotes the scalar curvature and p and 1) are any constants. In this paper, we consider a pseudo-
Ricci-Bourguignon soliton (M, V, 1,2, p, ¥, g) satisfying the following equation:

%(ng)(X, Y) + Rie(X, Y) + yn(X)n(Y) = (Q + py)g(X, Y) (1.3)

for any tangent vector fields X and Y on M, where Q) is referred to as the pseudo-Ricci-Bourguignon
soliton constant, p and ¢ are any constants, y is the scalar curvature on M, and Ly denotes the Lie
derivative along the vector field V. When the function 1) vanishes identically, the pseudo-Ricci-Bourguignon
soliton (M, V, n,Q, p, v, g) reduces to a Ricci-Bourguignon soliton (M, V, Q, p, 3, 9). This generalizes the Ricci-
Bourguignon soliton (M, V, Q, p, ¥, 9) (see Hamilton [17] and Morgan-Tian [26]). Any solution is then called
a pseudo-Ricci-Bourguignon soliton with potential vector field V and pseudo-Ricci-Bourguignon soliton
constant Q). Furthermore, the pseudo-Ricci-Bourguignon soliton is categorized as shrinking, steady, or
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expanding depending on the pseudo-Ricci-Bourguignon soliton constant function Q > 0,2 =0,and Q <0,
respectively.

In section 5, we use the concept of the generalized pseudo-anti-commuting property, defined by
Ricg + ¢pRic = €@, € # 0 : constant,

to show that a Hopf pseudo-Ricci-Bourguignon soliton real hypersurface in the complex hyperbolic
space CH" satisfies this property. Consequently, we can confirm that a real hypersurface with a pseudo-
Ricci-Bourguignon soliton has constant principal curvatures. This fact allows us to present a classification
theorem due to Berndt [1]. From this classification, we can determine whether a horosphere, a geodesic
hypersphere of type Ai, a real hypersurface of type A,, or a real hypersurface of type B admit a Ricci-
Bourguignon soliton. Building on this, in section 6 we can assert the following;:

Theorem 1.4. Let M be a Hopf pseudo-Ricci-Bourguignon soliton in the complex hyperbolic space CH", n=3. Then
M is pseudo-Einstein and locally congruent to one of the following:

(i) a geodesic hypersphere satisfying Q + py = —2n + 2(n — 1)coth?(r), and = —2n,
(ii) a horosphere satisfying Q + py = =2, and = —2n,
(iil) a tube of radius r around a totally geodesic hyperbolic hyperplane CH"™! satisfying Q + py = =2n + 2(n —
1)tanh?(r), and Y =-2n.

Let Df denote the gradient vector field of the function f on M, which is defined by g(Df, X) =
g(gradf,X) = X(f) for any tangent vector field X on M. We now consider a gradient pseudo-Ricci-
Bourguignon soliton (M, Df,Q, p,y, g) (see Catino-Mazzieri [8], Cernea-Guan [9]), which satisfies the equa-
tion

Hess(f) + Ric + yn®n = (Q + py)g,
where Hess(f) is defined as Hess(f) = VD, for any tangent vector fields X and Y on M, in such a way that
Hess(f)(X, Y) = g(VxDf, Y).
Thus, the gradient pseudo-Ricci-Bourguignon soliton satisfies
ViDS + Ric(X) + $1(X)E = (Q + py)X (14)

for any vector field X tangent to M in CH". Using Theorem 1.1, we can state the following theorem for
gradient pseudo-Ricci-Bourguignon solitons (M, Df,Q, p,y, 9):

Theorem 1.5. Let M be a Hopf gradient pseudo-Ricci-Bourguignon soliton with isometric Reeb flow in the complex
hyperbolic space CH", n>3. Then M is pseudo-Einstein and locally congruent to one of the following:

(i) a geodesic hypersphere satisfying Q + py = —2n + 2(n — 1)coth?(r), and = ~2n,
(ii) a horosphere satisfying Q + py = =2, and = —2n,

(iii) a tube of radius r around a totally geodesic hyperbolic hyperplane CH" ™' satisfying Q + py = —2n + 2(n —
1)tanh?(r), and Y =-2n.

Based on Theorem 1.2, we give another theorem for a gradient pseudo-Ricci-Bourguignon soliton on a
contact real hypersurface M in the complex hyperbolic space CH" as follows:

Theorem 1.6. Let M be a Hopf gradient pseudo-Ricci-Bourguignon soliton in the complex hyperbolic space CH",
n>3. If M is contact, then M is pseudo-Einstein and locally congruent to one of the following:

(i) a horosphere satisfying Q + py = =2, and = —2n,

(ii) a tube of radius r around a totally geodesic hyperbolic hyperplane CH"™! satisfying Q + py = —2n + 2(n —
1)tanh?(r) for r — oo, and | = —2n.
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2. The complex hyperbolic space

This section is due to Berndt and Suh [2]. Let (M, g,]) be a Kéhler manifold and R the Riemannian
curvature tensor of (M, g). Since V] = 0, we immediately see that

R(X,Y)JZ = JR(X, Y)Z

holds for all X,Y,Z € Ty(M), x € M. From the curvature identities in Kobayashi and Nomizu [22] we also
get

gRX, V)Z,W) = g(R(UX, IV)Z, W) = g(R(X, V)] Z, JW).

A Kéhler manifold M is said to have constant holomorphic sectional curvature if the holomorphic sectional
curvature function

K(V) = K(X,JX) = g(R(X, JX)]X, X)

is constant for any holomorphic section V = Span{X, JX} € T,(M). Related to this one, the Riemannian
curvature tensor R on a Kdhler manifold (M, g, ]) is given by the following

Theorem 2.1. A Kiihler manifold (M, g, ]) has constant holomorphic sectional curvature ¢ € R if and only if its
Riemannian curvature tensor R is of the form

RX,Z = {9, 2)X - g(X, 2)Y + 9(Y, 2)]X = 9UX, 2)]Y - 29X, V)] 2]

for any vector fields X, Y and Z on M.

The construction for the complex hyperbolic space CH" can be given as follows: For any points z, w in
complex Minkowski space Cj*!, let us write

n
F(z,w) = —zpwy + Z Z) Wy
k=1
and let < z,w >= Re F(z,w). Then the anti-de Sitter space of radius 1 in C*! can be defined by
Hf"“(l) ={ze C’f“ < z,z>=-1}.
We denote H?"*1(1) by H for short. We use the same identification of C/*! with R3"*? so that

2n+1
<z,W>=<U,0>= —Upg0y — U101 + Z U Vk.
k=2

Forz € ‘H,
T,H = {we([f{l+1 i< z,w >=0}.

Restricting <, > to H gives a Lorentz metric whose Levi-Civita connection V satisfies
DxY = VxY+ <X,Y > 5
for X, Y tangent to H at z. The Gauss equation takes the form
RX,Y)=-XAY (2.1)
where R denotes the curvature tensor of H and X A Y is defined by

XAVZ=x<Y,Z>X-<XZ>Y
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for any vector fields X, Y and Z tangent to H at z.
Again take V = Jz = iz and we get the analogous orthogonal decomposition
T.H = Span{V} & V*.
Let us denote by CH” the image of the canonical projection 7 to complex hyperbolic space,
n:H — CH" c CP".

Then CH" is said to be a complex hyperbolic space. Thus, topologically, CH" is an open subset of CP".
However, as Riemannian manifolds, they have quite different structures. Then a complex hyperbolic space
CH" is a Kédhler manifold with negative constant holomorphic sectional curvature.

From Theorem 2.1 above, let us put that the complex hyperbolic space (CH", ], g) is a complex space
form with constant holomorphic sectional curvature —4. Then the Riemannian curvature tensor R of CH"
can be given for any vector fields X, Y and Z in T,(CH"), z € CH" as follows:

RX,VZ = =gV, D)X + g(X, 2)Y = g(JY, 2)]X + g(JX, 2)]Y + 29(JX, V)] Z.

3. Some general equations

Let M be a real hypersurface in the complex hyperbolic space CH" and denote by (¢, £, 1, g) the induced
almost contact metric structure. Note that & = —]N, where N is a (local) unit normal vector field of M.
Then the vector field ¢ is said to be the Reeb vector field on M in CH”. The tangent bundle TM of M splits
orthogonally into TM = C ® IRE, where C = ker(1) is the maximal complex subbundle of TM. The structure
tensor field ¢ restricted to C coincides with the complex structure | restricted to C, and ¢& = 0.

In a different way, the complex hyperbolic space CH" is defined by using the fibration
7t (1) > CH", z - [z],

which is said to be a Riemannian submersion. Then naturally we can consider the following diagram for a
real hypersurface in the complex hyperbolic space CH" as follows:

M’ = 7 \(M) —— H20+1(1) € @1
M — CH"
We now assume that M is a Hopf hypersurface in a complex hyperbolic space CH". Then we have
AL = aq,
where A denotes the shape operator of M in CH" and the smooth function « is defined by a = g(A¢, &)
on M. When we consider the transform by the Kéhler structure | on CH" of any vector field X on M in CH",
we may put

JX = X + n(X)N

for a unit normal vector field N to M.
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By the equation of Gauss, the curvature tensor R(X, Y)Z for a real hypersurface M in CH" induced from
the curvature tensor R of CH" can be described in terms of the almost contact structure tensor ¢ and the
shape operator A of M in CH" as follows:

RX,Y)Z =-g9(Y, 2)X + 9(X, 2)Y — g(¢Y, Z)pX + g(¢X, Z)PY + 29(¢pX, Y)PpZ 31
+ g(AY, 2)AX - g(AX, Z)AY G-
for any vector fields X,Y,Z € T,M, z € M. From this, contracting Y and Z on M in CH", we get the Ricci
tensor of a real hypersurface M in CH" as follows:

Ric(X) = —(2n + 1)X + 3n(X)& + (TrA)AX — A%X. (3.2)
Then by contracting the Ricci operator in (3.2) the scalar curvature y of M in CH" is given by

y = —4(n® - 1) + k* — TrA?, (3.3)
where the function / denotes the trace of the shape operator A of M in CH".

Now let us introduce the equation of Codazzi for a Hopf real hypersurface M in the complex hyperbolic
space CH" as follows:

G(VxA)Y = (VyA)X, Z) = =n(X)g(Y, 2) + 1(Ng(dX, Z) + 20(Z)g(X, Y)
for any X, Y and Z tangent to M. Putting Z = & we get

g(VxA)Y = (VyA)X, &) = 29(pX, Y).
Since we have assumed that M is Hopf in CH", differentiating AS = a& gives

(VxA)E = (Xa)é + apAX — APpAX.

From this, the left side of the above equation becomes

g(VxA)Y = (VYA)X, &) = g(VxA)E, Y) = g((VyA)E, X)

= (Xa)n(Y) — (Ya)1(X) + ag((Ad + A)X, Y) - 2(APAX, Y).
Putting X = £ in above two equations and using the almost contact structure of (M, g), we have
Ya = (Ea)n(Y)

for any Y tangent to M. Inserting this formula into two previous equation implies

0=29(APpAX,Y) — ag((pA + AP)X, Y) + 2g(¢X, Y).
By virtue of this equation, we can assert the following
Lemma 3.1. Let M be a Hopf real hypersurface in CH", n > 3. Then we obtain

2A9AX = a(Ap + A)X — 20X
for any tangent vector field X on M.

In the proof of our Theorems 1.4 and 1.5, we want to obtain more information on Hopf hypersurfaces
in the complex hyperbolic space. By using the formulas given in this section we want to introduce an
important lemma due to Berndt-Suh [2] and Montiel-Romero [25] as follows:

Lemma 3.2. Let M be a Hopf hypersurface in CH". Then the Reeb function « is constant. Moreover, let X € C be a
principal curvature vector of M with principal curvature A. Then

o Ifa* — 4 =0, then all principal curvatures A = £1.

o Ifa® —4 #0, then 2A # a and ¢X is a principal curvature vector of M with principal curvature 4=2, where
C denotes the orthogonal complement of the Reeb vector field & on M.
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4. Some important propositions

In Theorem 1.1, we have mentioned that the Reeb flow on M in CH" is isometric if and only if M is locally
congruent to a horosphere of type (Ag) or a tube around a totally geodesic CH* in CH" fork € {0,1,---,n—1}.
Then for k = 0 we say that M is a geodesic hypersphere of type (A1) with two distinct principal curvatures.

The tube of radius r around CH? has therefore two distinct constant principal curvatures a = 2coth(2r)
and A = coth(r) with multiplicities 1 and 2(n — 1), respectively. Now by using (3.2) and (3.3), we introduce
an important proposition due to Montiel-Romero [25] as follows:

Proposition 4.1. Let M be the tube of radius 0 < r < co around the totally geodesic CH® for k = 0 in CH". That is,
a geodesic hypersphere in CH". Then the following statements hold:

(1) M is a Hopf hypersurface.

(2) The principal curvatures and corresponding principal curvature spaces of M are

principal curvature | eigenspace multiplicity
A = coth(r) C=RJN)* | 2(n—-1)
a = 2coth(2r) RJN 1

(8) The shape operator A commutes with the structure tensor field ¢ as
Ap = PA.
(4) The trace h of the shape operator A and its square h* becomes respectively
h = (2n — 1)coth(r) + tanh(r),

and
h? = (2n — 1)?coth®(r) + tanh?(r) + 2(2n — 1).

(5) The trace of the matrix A? is given by

TrA? = (2n — 1)coth?(r) + tanh?(r) + 2.

(6) The scalar curvature y of the geodesic hypersphere is given by
y = —4(n? - 1) + h* — TrA?
= —4n(n — 1) + 2(2n — 1)(n — 1)coth?(r).

Next we want to give a definition of the horosphere H(t) in CH". Let us consider a Lorentzian hyper-
surface in H2"*!(1) given by

H'(t) ={z € H"™' )| 120 — 21 |* = t}.

Then H'(t) is S'-invariant, where S' = {¢|60 € R}. So H(t) = n(H'(t)) becomes a horosphere in CH",
and N = (7.)N’ is a unit normal vector field to the horosphere H(t). Then it becomes a totally n-umbilical
hypersurface with two distinct constant principal curvatures 2 and 1 of multiplicities 1 and 2n—2 respectively.
Of course, the horosphere H(t) becomes a pseudo-Einstein real hypersurface in CH" witha = -2 and b = 2n.

By taking the radius » — oo in Proposition 4.1, we can assert &« = 2 and A = 1 as follows:
Proposition 4.2. Let M be a horosphere in the complex hyperbolic space CH". Then the following statements hold:
(1) M is a Hopf hypersurface.
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(2) The principal curvatures and corresponding principal curvature spaces of M are

principal curvature | eigenspace multiplicity
A=1 C=RJN)* | 2(n—-1)
a=2 RJN 1

(8) The shape operator A commutes with the structure tensor field ¢ as AP = PA, and also satisfies the contact
condition as A} + A = 2¢.

(4) The trace h of the shape operator A and its square h> becomes respectively
h=2n,

and
W? = 4n?.

(5) The trace of the matrix A? is given by
TrA? =2(n + 1).

(6) The scalar curvature y of the horosphere is given by
y=-=2(n-1).
A proposition concerned with another kind of geodesic hypersphere in CH" can be introduced as
follows:

Proposition 4.3. Let M be a tube of radius r around the totally geodesic CH"™ in the complex hyperbolic space CH".
Then the following statements hold:

(1) M is a Hopf real hypersurface.

(2) The principal curvatures and corresponding principal curvature spaces of M are

principal curvature | eigenspace multiplicity
u = tanh(r) C=MRJN)* | 2(n-1)
a = 2coth(2r) RJN 1

(8) The shape operator A commutes with the structure tensor field ¢ as
Ap = PA.
(4) The trace h of the shape operator A and its square h> becomes respectively
h = (2n — 1)tanh(r) + coth(r),

and
h? = (2n — 1)*tanh?(r) + coth?(r) + 2(2n — 1).

(5) The trace of the matrix A? is given by
TrA? = (21 — 1)tanh®(r) + coth?(r) + 2.
(6) The scalar curvature y of the horosphere is given by

y = —4n(n — 1) + 2(2n — 1)(n — 1)tanh?(r).
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Let us introduce some examples due to Montiel-Romero [25] as follows:
Let k, € be natural numbers such thatk+ ¢ =n—1and t € R with 0 < t < 1. Then we can define the
Lorentzian hypersurface M, (t) in anti-de Sitter space H2"*!(1) by the equations

2
l2i2}.

My 0) = {2 € ) [l + )l )——Z

=k+1

Then M (f) is isometric to H2+1(A5)xS2*1(5), where 5 and 15 denotes the square of the respective

radii. From this, if we put
My (t) = (M ((£)

for a compatible fibration 7t from the fibration 7: Hf"“(l) — CH", then a unit normal vector field N of
M ¢(t) is defined by Nr(;) = (7.):N., for a unit normal N" on M; (t), which is Sl-invariant.

Accordingly, the space M ((t) has three constant principal curvatures tanh(r) = Vi, coth(r) = \[, and
2coth(2r) = Vt+ % with multiplicities 2k, 2¢ and 1 respectively. Moreover, Montiel-Romero [25] assert that
Mye(t) = (M (1)) is a tube over a totally geodesic complex submanifold CHF in the complex hyperbolic
space CH".

When the integer k = 0, the hypersurface Mo (t) = n(H}x5*"*!) becomes a geodesic hypersphere in CH".
In fact it becomes a pseudo-Einstein real hypersurface in CH" witha = —2n + (2n — 2)coth?(r) and b = 2n.

When ¢ = 0, the hypersurface My (t) is a tube of radius r over a complex hyperplane CH"! in CH". In
this case, it becomes also pseudo-Einstein in CH" witha = -2n + (2n — 2)tanh?(r) and b = 2n.

For k € {1,--+,n — 2}, M is locally congruent to a tube over CH* in CH" and said to be of type (A,) with
three distinct constant principal curvatures, respectively. By using (3.2) and (3.3), together with the result
due to Montiel-Romero [25], we introduce another important proposition as follows:

Proposition 4.4. Let M be a tube of radius 0 < r < co around the totally geodesic CH*, k € {1,-+-,n — 2} in the
complex hyperbolic space CH". Then the following statements hold:

(1) M is a Hopf real hypersurface.

(2) The principal curvatures and corresponding principal curvature spaces of M are

principal curvature | eigenspace | multiplicity
A = coth(r) T) 2¢

p = tanh(r) T, 2k

a = 2coth(2r) T,=RJN | 1

where { =n—k - 1.
(3) The shape operator A commutes with the structure tensor field ¢ as
A = PA.
(4) The trace h of the shape operator A and its square h* becomes the following respectively
= (2€ + 1)coth(r) + (2k + 1)tanh(r),

and
W2 = (2 + 1)%coth®(r) + (2k + 1)*tanh?(r) + 2(2¢€ + 1)(2k + 1).

(5) The trace of the matrix A? is given by
TrA? = (2€ + 1)coth?(r) + (2k + 1)tanh?(r) + 2.
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(6) The scalar curvature y of the tube M is given by
y = —4(n — 1)n + 8k€ + 2(2€ + 1)coth®(r) + 2(2k + 1)ktanh?(r).

Finally we introduce an example due to Montiel [24]. Then we can define the Lorentzian hypersurface
M'(t) in an anti-de Sitter space H"*'(1) by the equations

M () = {z e H*™\(1)|| - 23 + Z:=1z§|2 =t}.

Then M’(t) is S'-invariant. From this, if we put M(t) = n(M’(t)) for a compatible fibration 7 from the
fibration 7i: H}"*! — CH", the unit normal vector field N of M(t) is defined by Ny = (7.).N/, for a unit
normal N’ on M’, because M'(t) is S'-invariant.

Accordingly, when t # 4, the space M(t) has constant principal curvatures tanh(r) = E, coth(r) = %,

and 2tanh(2r) = 2% with multiplicities n — 1, n — 1 and 1 respectively. Moreover, Montiel [24] assert that

M(t) = n(M'(t)) is a tube of radius r over a totally geodesic totally real hyperbolic space RH" in the complex
hyperbolic space CH". It is neither totally n-umbilical nor pseudo-Einstein.

When t = 4, the hypersurface M(4) is a tube of radius = In HT;E over the real hyperbolic space RH" in
CH". It has two distinct constant principal curvatures and is not totally n-umbilic.

For the type (B) in the complex hyperbolic space CH", let us introduce some results on contact hyper-
surfaces due to Berndt-Suh [2], Montiel [24], and Montiel-Romero [25], as follows:

Proposition 4.5. Let M be a tube of radius 0 < v < oo around the totally geodesic and totally real hyperbolic space
IRH" in CH". Then the following statements hold:

(1) M is a Hopf real hypersurface.

(2) The principal curvatures and corresponding principal curvature spaces of M are

principal curvature | eigenspace | multiplicity
A = coth(r) Ty n—1

u = tanh(r) T, n—-1

a = 2tanh(2r) RJN 1

(3) The shape operator A and the structure tensor field ¢ satisfy
AP +PpA =kd, k=2p#0:constant.
(4) The trace h of the shape operator A and its square h* becomes the following respectively
h = 2tanh(2r) + 2(n — 1)coth(2r),

and
h? = 4tanh*(2r) + 4(n — 1)*coth®(2r) + 8(n — 1).

(5) The trace of the matrix A? is given by
TrA? = 4tanh®(2r) + 4(n — 1)coth?(2r) — 2(n — 1).
(6) The scalar curvature y of the tube M is given by

y = =2(n - 1)(2n - 3) + 4(n — 1)(n — 2)coth?(2r).
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5. Hopf Pseudo-Ricci-Bourguignon solitons in CH"
Now let us introduce pseudo-Ricci-Bourguignon solitons (M, V,Q, p, ¥, g) which are solutions of the

pseudo-Ricci-Bourguignon flow as follows:

S(LVgX V) + RiclX, V) + Y00n(Y) = (© + pp)g(X, 1),

for any tangent vector fields X and Y on M, where Q) is a Ricci-Bourguignon soliton constant, p any constant
and y the scalar curvature on M, and Ly denotes the Lie derivative along the direction of the vector field
V (see Chaubey-Siddigi-Prakasha [12], and Morgan-Tian [26]). Then let us consider the Reeb vector field &
as the pseudo-Ricci-Bourguignon soliton vector field V as follows:

%(ng)(X, Y) + Rie(X, Y) + yn(X)n(Y) = (Q + py)g(X, Y) (6.1)

for any X,Y tangent to M. Then by virtue of the Lie derivative (L:9)(X,Y) = g(Vx&, Y) + g(Vyé, X), the
formula (5.1) can be given by

Ric(X) = %(Acp - PA)X —Yn(X)é + (Q+ py)X (5.2)

for any X tangent to M. From this, by applying the structure tensor ¢ to both sides, we get the following
two formulas

Ric(9X) = 2(AQ? ~ PAGX ~ Yn(@X)E + (O + pgX,
and

GRIC(X) = S(PAG ~ GPAX = P(X)PE + (O + pIgX.

By using the almost contact structure (¢, &, 7, g) in the right side above, we know that the generalized
pseudo-anti-commuting property holds as follows:
Ric(¢pX) + ¢pRic(X) = 2(Q + py)pX. (5.3)

Then by Lemmas 3.1 and 3.2, if X € T, then ¢X € T, where u = % f2 A —a #0. If 21 —a =0 in
Lemma 3.1, then « = +2 and A = +1. Now let us consider the case 2A —a # 0. Then (5.3) becomes for X € T,

A2+ 12 —h(A +p) =k, (5.4)
where the function k is given by k = —2(v + py) — 2(2n + 1). Then substituting u = £4=2 into (5.4), it gives the
following

A — Ao+ W)A3 + 2(a® + ah — 2k)A%? — 4o — h — ak)A + 4 — 2ah — ka? = 0. (5.5)

Let A1, Ay, A3 and A4 be the roots of the above biquadric equation. Then from the relations of the roots and
coefficients of the equation (5.4) it follows that

M+Ah+A3+M=a+h

MAs + AAs 4+ Ay + Aoz + oAy + A3Ag = (a? + ah — 2k)/2

MAAs + AMAsAs + A A3y + MA Ay =a —h —ak

MAAsAy = (4 — 2ah — ka?) /4.

(5.6)

Here we consider the trace & of the shape operator A of M in complex hyperbolic space CH". Then it is
defined by

af)\l -2 m 04)\2 -2

2M —a 20, —a

h=a+mA +mody + my
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From this, together with (5.6) and the fact that the principal curvature a is constant, and that the scalar
curvature y in (3.3) is
y = —4(n* - 1) + k* — TrA?,

where TrA? is given by

AL =242 Ag =242
TI'Az=0(2+M1A%+ﬂ12/\§+ml(§/\11_a) +m2(g)\22_0[) .

Substituting h and k into (5.6), we can see that (5.6) consists of four linearly independent equations with
constant multiplicities m; and m, of the principal curvatures A, and A, respectively. Consequently, it can
be asserted that M has at most 5 distinct constant principal curvatures in CH". Then we can introduce a
well known result due to Berndt [1] as follows:

Theorem 5.1. Let M be a connected Hopf real hypersurfaces in complex hyperbolic space CH" with constant principal
curvatures. Then M is holomorphic congruent to an open part of the following hypersurfaces in CH":

(i) a horosphere,

(ii) a tube of arbitrary radius r around a totally geodesic embedded submanifold CH* in CH" for some k €
{O/"'rn_ ]-}/

(iii) a tube of arbitrary radius r around a totally geodesic embedded n-dimensional real hyperbolic space RH".

Now a horosphere, a geodesic hypersphere (k = 0,k = n — 1) and a tube of radius r over CH* in CH" for
somek € {1,---,n—2}, belong to the classes of tubes of the first and second type in Theorem 5.1, respectively.
That is, all of these 4 kinds of tubes mentioned in Propositions 4.1, 4.2, 4.3 and 4.4 are included in the above
classes of type (i) and (ii), respectively. So by Theorem 1.1, they are characterized by having commuting
shape operator. That is, Ap = ¢pA. Accordingly, from the notion of pseudo-Ricci-Bourguignon soliton
(M, E,Q,p,y,9) of M, (5.2) becomes

Ric=(Q+py)g—-yn®n. (5.7)

This means that those hypersurfaces are pseudo-Einstein. Then, bearing in mind Theorem 1.3 we have:
For any X € T, A = coth(r) with multiplicity 2(n — 1) in Proposition 4.1, from (3.2) we get

Ric(X) = —(2n + 1)X + {(2n — 1)coth?(r) + 1}X — coth?(r)X
=-2nX+2(n- 1)coth2(r)X ©8)
and
Ric(&) = =2(n — 1)& + a(h — )& = 2(n — 1)(ad — 1)&
= 2(n — 1){2 coth(2r) coth(r) — 1}¢ (5.9)
= 2(n — 1)coth?*(r)E.

Then by the pseudo-Einstein property, Ric(X) = (Q + py)X — yn(X)E for any X € T,M, x € M, (5.8) and (5.9)
give respectively that for any X € T, A = coth(r)

(Q+ py)X = {-2n + 2(n — 1)coth?(r)}X

and
Ric(&) = 2(n — 1)coth?(r)&.

Then from (5.7), it gives the following

Q+py =—2n+2(n-1)coth’(r) and ¢ =-2n.
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For a horosphere it could be enough for us to consider r — oo. Then we get Q + py = -2 and ¢ = -2n.
Similarly, by Proposition 4.3, we get the following

Q+py=-2n+2n- 1)tanh?(r) and Y = —2n.
Then by virtue of Theorem 1.3 in the introduction, we give a complete proof of our Theorem 1.4 for the first
and second cases (i) and (ii) in Theorem 5.1.

Next, in the remained case let us check that real hypersurfaces of type (B) in Proposition 4.5, that is, the
third case (iii) in Theorem 5.1 satisfy our condition. It is characterized by A¢p + ¢A = €¢p, where £ # 0 is
constant. Moreover, by Proposition 4.5, the principal curvatures are given by A = coth(r), ¢ = tanh(r) and
a = 2tanh(2r). So € = %. For any X € T, the vector field X € T,. So (5.2) gives

Ric(X) = (1 — )X — Yn(X)& + (Q + py)X

(5.10)
= (u=)PX +(Q+py)X
for X e T,.
On the other hand, from (3.2) the left side of (5.8) becomes the following for any X € T,
Ric(X) = {-2n + 1) + (h — H)A}X, (5.11)

where the function / denotes the trace of the shape operator A of M in CH". By virtue of (5.11), the first
term in the right side of (5.10) is skew-symmetric and the other terms are symmetric. Accordingly, if we
take the inner product of (5.10) with any ¢pX € T, for X € T, and use (5.8), naturally we get A = u. This
means that coth(r) = 1. That is the radius r becomes oo. So this gives a contradiction in Proposition 4.5 for
the radius 0 < 7 < 0.

Consequently, summing up all the facts mentioned above, we give a complete proof of our Theorem 1.4
in the introduction.

6. Gradient Pseudo-Ricci-Bourguignon solitons with isometric Reeb flow in CH"

In this section, let us assume that M admits a gradient pseudo-Ricci-Bourguignon soliton (M, W, 7, p, 7, 9).
Then we could consider the soliton vector field W as W = Df for a smooth function on M. Then the gradient
pseudo-Ricci-Bourguignon soliton equation becomes

VxDf +Rie(X) + ¢(X)E = (Q + py)X.

Here, by Theorem 1.1 we want to consider only a tube over CH* ke{l,---,n—1},0ra horosphere. Then
the shape operator of A in the complex hyperbolic space CH" with isometric Reeb flow can be expressed as

o 0 .o 0 0 ... 0
0 coth(r) --- 0 0 e 0
A=10 0 -+ coth(r) 0 0
0 0 - 0 tanh(r) --- 0
10 0 . 0 0 .-+ tanh(r)]

with three constant principal curvatures a, coth(r) and tanh(r) with multiplicities 1, 2¢ and 2k respectively,
where { =n—-k-1.
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Then, by putting X = £ in (3.2), and using A& = a&, we have the following
Ric(&) = —(2n + 1)& + 3& + hAE — A%E
= 2(n—1)E& + (ha — a®)&
= K¢,
where we have put x = 2(n — 1) + ha — a?. So by Proposition 4.4, the constant « is given by
Kk =-2(n—1)+ (ha — a?)
= —2(n—1) + {(2€ + 1)coth(r) + (2k + 1)tanh(r)}2coth(2r) — (2coth(2r))?
= —2(n — 1) + 2{Lcoth®(r) + ktanh?(r) + (k + )}
= 20coth?(r) + 2ktanh?(r).
Then by taking the covariant derivative we get the following two formulas
(VxRic)é = kpAX — Ric(pAX),
and
(VeRic)X = h(V:A)X — (V:AH)X.

Since M admits a gradient pseudo-Ricci-Bourguignon soliton (M, Df, £,Q, p, 7, 9), we could consider the
soliton vector field W as W = Df for any smooth function f on M. In the introduction we have noted that
Hess(f) is defined by Hess(f) = VDf for any tangent vector fields X and Y on M in such a way that

Hess(f)(X, Y) = g(VxDf, Y).
Then the gradient pseudo-Ricci-Bourguignon soliton (M, Df, £,Q), p,y, g) can be given by
VxDf + Ric(X) + Yn(X)& = (Q + py)X.
for any tangent vector field X on M. Then by covariant differentiation, it gives
VxVyDf + (VxRic)(Y) + Ric(VxY) + P(Vxn)(Y) + Yn(VxY)E + Yn(Y)VxE
=X(Q+ py)Y +(Q+ py)VxY

for any vector fields X and Y tangent to M in CH". From this, together with the above two formulas (VxRic)&
and (V:Ric)X, it follows that
R(&,Y)Df =VeVyDf = VyVeDf - Ve y|Df
= (VyRic)& — (VeRic)Y + YppAY (6.1)
= (k+ Y)pAY — Ric(pAY) — h(V:A)Y + (V,gAZ)Y.

Moreover, we have the following for a real hypersurface M in CH" with isometric Reeb flow
R(E Y)Df = —g(Y, D)E + (&, DY + g(AY, D)AE — g(AE, DAY, (62)

From this, let us take a vector field Y € T), A = coth(r). Moreover, we can decompose the tangent space
TCH" as
TCH"=T)® T, ® RESRN,

where A = coth(r) and u = tanh(r). If M is of type (A1), that is, a geodesic hypersphere in CH", it can be
decomposed as
TCH" = T) ® RE® RN,
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or otherwise
TCH" = T, ®RE®RN.

Then for any Y € T, (3.1) gives

R(E, Y)Df = ~g(Y, DA)E + g(&, Df)Y + adg(Y, DA)E - aAg(&, DAY
= (=1 +aM){g(¥, Df)E - g(&, Df)Y}.
Then by taking the inner product of (6.2) with the Reeb vector field £ and using the fact that g((V:A)Y, &) =0

and g((V:A?)Y,&) = 0in (6.1) for any Y € T}, it follows that (-1 + aA)g(Y,Df) = coth?(r)g(Y, Df) = 0. But
coth?(r) # 0 of M. Then we get

(6.3)

9(Y,Df) =0 (6.4)
forany Y e T),.
Now let us check (6.2) for Y € T}, u = tanh(r). Then (6.2) gives

R, Y)Df = —g(Y, Df)E + g(&, D)Y + aug(Y, Df)E — aug(E, D)Y. (6.5)

Then by taking the inner product of (6.5) with the Reeb vector field £ and Y € T, respectively and using
(6.1), we get

(-1+awg(¥,Df)=0 and (-1+au)g(& Df) =0, (6.6)
where g(R(&, Y)Df, &) = 0 and the left side g(R(£, Y)Df, Y) = 0 is given by virtue of the following formulas
JPAY,Y) = ug(@Y,Y) =0,
Ric(pAY) = ul(2n +1) + ph — p*)oY,
and
g(VeA)Y,Y) = ug(VeY, Y) — ug(VeY, Y) = 0.

Since -1 + auy = =1 + (coth(r) + tanh(r))tanh(r) = tanh?(r) # 0 for r > 0 as M has isometric Reeb flow, (6.6)
implies that

g(Y,Df) = 0and g(&, Df) = 0 (6.7)

forany Y € Ty, u = tanhr. For a geodesic hypersphere of type (A1) in CH" it holds either g(Y, Df) = 0 for
YeTy=CorforY €T, =C from the above decomposition, where C denotes the orthogonal complement
of the Reeb vector field £ in the tangent space TM of M in CH". Of course, it also holds g(&, Df) = 0 for a
geodesic hypersphere in CH".

Now finally let us check that M is locally congruent to a horosphere. The radius r becomes infinity oo,
and its principal curvatures are a = 2, A = y = 1 with multiplicities 1 and 2(n — 1), respectively. Then, (6.4)
holds fora =2and A =1, and (6.7) fora = 2 and u = 1, because —1 + aA = 1 and -1 + au = 1 respectively.
Accordingly, the gradient vector field Df of the smooth function f is vanishing on M.

Summing up (6.4), (6.7) and the above facts, the gradient of the smooth function f is identically vanishing,
thatis, Df = 0 on M in CH". Consequently, we can conclude that the gradient pseudo-Ricci-Bourguignon
soliton (M, Df, £,Q, p, v, g) is trivial. So it becomes pseudo-Einstein. That is,

Rie(X) = (Q + py)X = Yn(X)é

for any X € T:M, x € M. Then by Theorem 1.3, we get a complete proof of our Theorem 1.5 in the
Introduction.
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7. Gradient Pseudo-Ricci-Bourguignon soliton on contact real hypersurfaces in CH”

In this section let us consider that M is a tube of radius r over the real hyperbolic space RH". It is
said to be of type (B) and a contact real hypersurface in the complex hyperbolic space CH". Here the real
hypersurface M in CH" is contact if and only if the shape operator A of M in CH" satisfies

Ap+pA=kop, k#0,
where the constant k and the Reeb curvature a satisfies ka = 4. By Proposition 4.5, it has 3 constant principal
curvatures a = 2tanh(2r), A = coth(r) and p = tanh(r) with multiplicities 1, n — 1 and n — 1 respectively.

Then, by putting X = &£ in (3.2), we have the following

Ric(&) = —2(n — 1)& + (ha — a®)&
= gél

where by Proposition 4.5 the above constant ¢ is given by

{=-2(n-1)+ha-a?
= —2(n — 1) + {2tanh(2r) + 2(n — 1)coth(2r)}2tanh(2r) — (2tanh(2r))>
=2(n-1).

The gradient pseudo-Ricci-Bourguignon soliton (M, Df, £,Q, p, v, g) must satisfy
VxDf + Ric(X) + yn(X)& = (Q + py)X. (7.1)
By differentiating (7.1), the curvature tensor of M gives

R(X,Y)Df =VxVyDf = VyVxDf = Vixy|Df

= —(VxRic)Y — Ric(VxY) — ¢(Vxm(Y)E — Yn(VxY)E
- yYn(Y)VxE+ (Q+ 0y)VxY
+ (VyRio)X + Ric(VyX) + p(Vy(X)E + Pn(VyX)E
+Pn(X)Vyé = (Q+ 0y)VyX
+ Ric([X, Y]) = (Q + 0p)[X, Y] + (X, Y])E

= (VyRic)X — (VxRi)Y — ¢(Vxn)(Y)E + p(Vy(X)E
—yYn(Y)Vx&€ + Yn(X)Vy<

(7.2)

for any vector fields X and Y tangent to M. From this, together with the above two formulas, it follows that

R(E, Y)Df = (VyRic)€ — (V:Ric)Y
= YP(Ven)(Y)E + P(Vym(E)E — Yn(Y)Vel + Yn(E)Vy< (7.3)
= (£ + P)PAY — Ric(pAY) — h(V:A)Y + (V:A2Y.

Let us suppose that a contact real hypersurface M in CH" admits a gradient pseudo-Ricci-Bourguignon
soliton. Then by Proposition 4.5, M is Hopf. So the scalar curvature y is constant. Accordingly, let us take
Y € Ty, A = coth(r), then (7.3) becomes

R(&,Y)Df = —g(Y, Df)E + g(&, Df)Y + ag(AY,Df)E — arg(E, Df)Y
= (-1+ad){g(Y, D)E - g(£, DY} (7.4)
= { - 1+ 2tanh(2r)coth(r)}{g(Y, Df)E - 9(£, D)Y}.
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Here we note that —1 +aA = coth?(r) # 0 for the radius r > 0. Accordingly, by taking the inner product (7.3)
with the Reeb vector field £ and Y € T), A = coth(r), and use g(R(&, Y)Df, &) = 0and g(R(&, Y)Df, Y) = 0 for
Y € T, we get the following respectively

9(&,Df) =0and g(Y,Df) =0 (7.5)
for any Y € T). Next, let us consider Y € T,,. Then (7.4) with Y € T, gives
R(&,Y)Df = —g(Y,Df)é + g(&, Df)Y + ag(AY,Df)E — aug(é, Df)Y
= (-1 +aw|g(Y, DAE - g(&, DAY},

Finally, let us take the inner product of (7.6) with Y € T, and use AY = uY, A¢Y = ApY for a contact
hypersurface in CH" and use (7.3). Then we have

(7.6)

—(=1+aw)g(E Df) = (€ + P)gPAY, Y) = gRic(PAY), Y) = hg(V:A)Y, Y) + g(VeA?)Y, Y)
= —hg(Ve(AY) = AVeY, Y) + g(Ve(A?Y) = APVY)Y) (7.7)
= O,

where in the second equality we have used the following formulas

Ric(pAY) = —(2n + 1)PAY + hAGAY — ApAY
= p{-@2n + 1) + Ah — A3oY,

g(Ric(pAY),Y) =0,
and

(VAL Y) = g(Ve(AY) — AVLY, Y)
= g(uVeY — AV:Y,Y) = 0.

Here we note that -1 +ap = tanh?(r) # 0 for the radius r > 0. Then (7.7) implies g(Y, Df) = O forany Y € T.
From this, together with (7.4), we can assert that Df = 0. Then from (7.1) M becomes pseudo-Einstein. That
is,

Ric(X) = (Q + py)X = Yn(X)<

for any X € T\M, x € M. Since M is a contact hypersurface, it should satisfy the condition of A$ + pA = ko,
k # 0 constant. So in order to satisfy the contact condition, the radius r in Propositions 4.1, 4.2 and 4.3
becomes r — oo. In fact, if a geodesic hypersphere in CH" satisfies the contact condition, then k = 2. So this
gives 2coth(r) = 2tanh(2r), which implies coth?(r) = 1. So we may put coth(r) = 1 for r — co. Accordingly,
a geodesic hypersphere in Proposition 4.1 should be a horosphere in Proposition 4.2.

Consequently, by Theorems 1.2 and 1.3, we give a complete classification of contact hypersurfaces in
complex hyperbolic space CH" which admits a gradient pseudo-Ricci-Bourguignon soliton.

Summing up all the discussions mentioned above, we give a complete proof of our Theorem 1.6.
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