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Abstract. This research investigates a coupled wave system where the second equation is influenced by
viscoelastic damping and is subject to Dirichlet boundary conditions on the interval (0, 1). For a broad
class of relaxation functions and within a general framework, we establish the global existence of solutions
using the Faedo-Galerkin method. In addition, we derive general decay estimates by applying Lyapunov’s
method and employing certain convexity arguments.

1. Introduction

In our study, we examine a coupled system of viscoelastic wave equations:

utt(x, t) − {ux(x, t) + auxt(x, t)}x + f (u, v) = 0 (x, t) ∈ (0, 1) × (0,+∞),

vtt(x, t) − bvxx(x, t) + 1(u, v) = −b
∫ t

0 ϕ(t − s)vxx(x, s)ds (x, t) ∈ (0, 1) × (0,+∞),
u(0, t) = v(0, t) = 0,u(1, t) = v(1, t) = 0 ∀t > 0,
u(x, 0) = u0(x),ut(x, 0) = u1(x) ∀x ∈ (0, 1),
v(x, 0) = v0(x), vt(x, 0) = v1(x) ∀x ∈ (0, 1),

(1)

where the constants a and b are assumed to be positive, ϕ is a positive function, f and 1 represents source
terms and (u0,u1, v0, v1) denotes the initial data.

Wave equations are fundamental in modeling dynamic systems where oscillations propagate through
a medium. These oscillations, or vibrations, travel across various parts of the medium, resulting in wave
phenomena. One of the key challenges in these systems is suppressing excessive vibrations and ensuring
the stability of the model. To address these challenges, several types of internal damping are adopted,
including frictional damping (see [3, 7, 25, 28]), Kelvin-Voigt damping (see [14, 16, 18]), and viscoelastic

2020 Mathematics Subject Classification. Primary 35L05; Secondary 35B35, 35A01.
Keywords. wave system, nonlinear equation, general decay, viscoelastic term, global existence.
Received: 11 December 2024; Accepted: 06 February 2025
Communicated by Marko Nedeljkov
* Corresponding author: Billal Lekdim
Email addresses: dounia.bouchelil@univ-setif.dz (Dounia Bouchelil), b.lekdim@univ-djelfa.dz (Billal Lekdim),

nadhir.chougui@univ-setif.dz (Nadhir Chougui)
ORCID iDs: https://orcid.org/0009-0003-0081-4856 (Dounia Bouchelil), https://orcid.org/0000-0002-9710-9883 (Billal

Lekdim), https://orcid.org/0000-0002-6853-7918 (Nadhir Chougui)



D. Bouchelil et al. / Filomat 39:12 (2025), 3951–3961 3952

damping (see [5, 6, 10]), which is the most commonly used, although it is considered one of the weakest
forms of damping. In [23], Mustafa considers a coupled viscoelastic systemutt − ∆u +

∫ t

0 11(t − τ)∆u(τ) dτ + f1(u, v) = 0,

vtt − ∆v +
∫ t

0 12(t − τ)∆v(τ) dτ + f2(u, v) = 0,
(2)

They demonstrated that this system exhibits generalized stability under hypothesis on the the coupling

| fi(u, v)| ≤ d(|u|pi + |v|qi ), d > 0, pi, qi ≥ 1, i = 1, 2,

and

1′i (t) ≤ −di1
ai
i (t) ai ∈ [1, 3/2[, i = 1, 2.

Notably, Mustafa’s work [24] explored the asymptotic stability of the system (2) with

1i(t) ≤ −ξi(t)1i(t), for i = 1, 2.

Another closely related result was achieved by Messaoudi and Tatar [21], as well as by Al-Gharabli and
Kafini [1], involving coupling functions

f1(u, v) = f2(v,u) = a|u + v|2(ρ+1)(u + v) + b|u|ρu|v|ρ+2.

For a Timoshenko system with nonlinear source terms, Feng [8, 9] demonstrated the existence of exponential
attractors under specific hypotheses regarding the coupling functions. Gheraibia and Boumaza [11], as well
as Kamache et al. [13], demonstrated stability for a Kirchhoff equation with nonlinearity of the form |u|Pu.
Al-Mahdi et al. [2] demonstrated exponential energy decay for a plate system with source terms u ln |u|.
Similarly, Yüksekkaya [26] obtained a comparable result for the logarithmic Lamé system with source terms
|u|p−2u ln |u|k. Lekdim and Khemmoudj, in [15, 17], investigated the stability of an Euler-Bernoulli system
with coupling f1(u, v) = f2(v,u) = a{(u2

x + v2
x)ux}x.

The authors in [22], considered a weakly dissipative plate equation

utt + ∆
2u +

∫ t

0
1(t − s)uxx(s) ds − uxxt = 0,

with mild hypotheses on the kernels 1, and showed that the energy exhibits a general decay behavior.
Motivated by previous studies, we analyze the interaction between the wave equation and viscoelastic

damping in the presence of nonlinear source terms. Our objective is to explore the existence, uniqueness,
and stability of solutions. This research contributes to a deeper understanding of the relationship between
the system’s behavior and the properties of the relaxation function.

The paper is structured as follows: Section 2 provides preliminary results, Section 3 addresses well-
posedness, and Section 4 establishes a general decay result.

2. Preliminaries

We assume that ϕ satisfies:

(H1) Let ϕ ∈ C1(R+,R+) denote a decreasing function that satisfies

ϕ(0) > 0,
∫
∞

0
ϕ(s)ds = ϕ̄ < 1.

(H2) We assume the existence of a positive upper C1-function Φ : R+ −→ R+ which is linear or a strictly
increasing and strictly convex C2-function on (0, l] such that l ≤ ϕ(0), with Φ(0) = Φ′(0) = 0, and a
positive non-increasing differentiable function ζ : R+ → R+ so that

ϕ′(t) ≤ −ζ(t)Φ(ϕ(t)), for all t ≥ 0.
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(H3) We assume the existence of a positive function G such that

( f (u, v), 1(u, v)) = (
∂G
∂u
,
∂G
∂v

),

G ≥ 0, u f (u, v) + v1(u, v) ≥ G(u, v),

and
∣∣∣1(u, v)

∣∣∣ ≤ r(|u|p + |v|q).

Remark 2.1 ([24]). There are two positive real numbers d and t0, such that

ϕ′(t) ≤ −ζ(t)Φ(ϕ(t)) ≤ −
d
ϕ(0)
ϕ(0) ≤ −

d
ϕ(0)
ϕ(t), ∀t ∈ [0, t0]. (3)

The energy of problem (1) is represented by

E(t) =
1
2

(
∥ut∥

2 + ∥vt∥
2
)
+

1
2
∥ux∥

2 +
1 −

∫ t

0 ϕ(s)ds

2
b ∥vx∥

2 +
b
2
ϕ ◦ vx +

∫ 1

0
G(u, v)dx, (4)

where ∥·∥ represents the norm in L2(0, 1) and

(
ϕ ◦ u

)
=

∫ t

0
ϕ(t − s) ∥u(t) − u(s)∥2 ds.

Lemma 2.2. The energy (4) satisfies

E′(t) = −
b
2
ϕ(t) ∥vx∥

2 +
b
2
ϕ′ ◦ vx − a ∥uxt∥

2
≤ 0. (5)

Proof. Multiplying the system (1) by (ut, vt) and performing integration by parts over (0, 1), we obtain

1
2

d
dt

[
∥ut∥

2 + ∥vt∥
2 + ∥ux∥

2 + b ∥vx∥
2
]
= −a ∥uxt∥

2
−

∫ 1

0
f (u, v)utdx −

∫ 1

0
1(u, v)vtdx

+ b
∫ t

0
ϕ (s − t)

∫ 1

0
vx(s)vxtdxds.

To complete the proof, we utilize condition (H3) and the following identity∫ t

0
ϕ (s − t)

∫ 1

0
vxvxtdxds = −

1
2
ϕ(t) ∥vx∥

2 +
1
2
ϕ′ ◦ vx −

1
2

d
dt

[
(ϕ ◦ vx) −

∫ t

0
ϕ(s)ds ∥vx∥

2
]
.

Remark 2.3. Based on (H1), (H2),(H3) and Lemma 2.2, we can infer energy dissipation. Furthermore,

E(t) ≤ E(0) ∀t > 0.

3. Well-posedness

This section focuses on proving the well-posedness for the problem described in (1). To accomplish this,
we utilize the Faedo-Galerkin approach.

Theorem 3.1. Let V = H1
0(0, 1). Suppose (H1) holds, and let (u0,u1), (v0, v1) ∈ V×L2(0, 1). Then, there is a unique

weak solution to the problem (1).
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Proof. Let us consider {ωi}
∞

i=1 and {zi}
∞

i=1 as bases of the space V. Then we define the finite-dimensional
subspaces Vm = span{ω1, ω2, ..., ωm} and Zm = span{z1, z2, ..., zm}. The initial data is projected on these
subspaces Vm and Zm as follows

um
0 (x) =

m∑
i=1

aiωi, um
1 (x) =

m∑
i=1

biωi and vm
0 (x) =

m∑
i=1

cizi, vm
1 (x) =

m∑
i=1

dizi,

where(um
0 , v

m
0 )→ (u0, v0) in V × V.

(um
1 , v

m
1 )→ (u1, v1) in L2(0, 1) × L2(0, 1).

Now, we search the approximate solutions

um(x, t) =
m∑

i=1

θm
i (t)wi(x) and vm(x, t) =

m∑
i=1

1m
i (t)zi(x),

to the finite dimensional Cauchy problem
∫ 1

0 um
tt wdx +

∫ 1

0 um
x wxdx + a

∫ 1

0 um
xtwxdx +

∫ 1

0 f (um, vm)wdx = 0,∫ 1

0 vm
tt zdx + b

∫ 1

0 vm
x zxdx +

∫ 1

0 1(u
m, vm)zdx = b

∫ t

0 ϕ(t − s)
∫ 1

0 vm
x zxdxds,

(um(0), vm(0)) = (um
0 , v

m
0 ), (um

t (0), vm
t (0)) = (um

1 , v
m
1 ).

(6)

According to the theory of ODEs, the problem (6) has solutions (θm
i (t), 1m

i (t)) on [0, tm]. The following a
priori estimates will prove that tm = +∞.
Energy estimates: Multiplying the system (6) by (θm

i (t))′ and (1m
i (t))′, respectively, and using (H3), we get

d
dt

Em(t) + a
∥∥∥um

xt

∥∥∥2
=

b
2
ϕ′ ◦ vm

x −
b
2
ϕ(t)

∥∥∥vm
x

∥∥∥2
≤ 0, (7)

where

Em(t) =
1
2

(∥∥∥um
t

∥∥∥2
+

∥∥∥vm
t

∥∥∥2
)
+

1
2

∥∥∥um
x

∥∥∥2
+

1 −
∫ t

0 ϕ(s)ds

2
b
∥∥∥vm

x

∥∥∥2
+

b
2
ϕ ◦ vm

x +

∫ 1

0
G(um, vm) ≥ 0.

Integrating (7) over (0, t), and as (um
0 , v

m
0 ) and (um

1 , v
m
1 ) are bounded in V and L2(0, 1), it follows that

Em(t) +
∫ t

0
a
∥∥∥um

xt

∥∥∥2
≤ Em(0) = e0,

where e0 denotes a positive constant, independent of both t and m. Consequently,
(um), (vm) are bounded in L∞(0,∞; V),
(um

t ) is bounded in L∞(0,∞; L2(0, 1)) ∩ L2(0,∞; V),
(vm

t ) is bounded in L∞(0,∞; L2(0, 1)).

So, there exists a subsequence of (um) and (vm), denoted also by (um) and (vm), where
um ⇀ u weak star in L∞(0,∞; V),
um

t ⇀ ut weak star in L∞(0,∞; L2(0, 1)) ∩ L2(0,∞; V),
vm ⇀ v weak star in L∞(0,∞; V),
vm

t ⇀ vt weak star in L∞(0,∞; L2(0, 1)).
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Consequently,
um ⇀ u weak in L2(0,∞; V),
um

t ⇀ ut weak in L2(0,∞; V),
vm ⇀ v weak in L2(0,∞; V),
vm

t ⇀ vt weak in L2(0,∞; L2(0, 1)).

We are now able to take the limit in the approximate problem (6) to obtain a weak solution to the problem
(1) (see [19, 27]).

The proof of uniqueness can be performed by combining Visik-Ladyzenskaya method and the arguments
used, for example, in [12, 19].

4. Decay Result

This section is devoted to presenting and proving our stability result. To accomplish this, we begin by
establishing several auxiliary lemmas.

Lemma 4.1. The functional

I1(t) =
∫ 1

0
utudx +

∫ 1

0
vtvdx +

a
2
∥ux∥

2 ,

under the assumption (H1) and (H3), satisfies

I′1 (t) ≤ ∥ut∥
2 + ∥vt∥

2
− ∥ux∥

2
− b(1 − ϕ̄ −

β1

2
) ∥vx∥

2
−

∫ 1

0
G(u, v)dx +

bCβ
2β1

(L ◦ vx) ,

where β1 is a very small positive number and

Cβ =
∫ 1

0

ϕ2(s)
βϕ(s) − ϕ′(s)

ds and L(t) = βϕ(t) − ϕ′(t).

Proof. Direct computation, combined with the use of (1), yields

I′1 (t) = ∥ut∥
2 + ∥vt∥

2
− ∥ux∥

2
− b ∥vx∥

2
−

∫ 1

0
f (u, v)udx −

∫ 1

0
1(u, v)vdx + b

∫ 1

0
vx

∫ t

0
ϕ (t − s) vx(s)dsdx

≤ ∥ut∥
2 + ∥vt∥

2
− ∥ux∥

2
− b ∥vx∥

2
−

∫ 1

0
G(u, v)dx + b

∫ 1

0
vx

∫ t

0
ϕ (t − s) vx(s)dsdx.

For the last term, we estimate it as follows for any β1 > 0∫ 1

0
vx(t)

∫ t

0
ϕ(t − s)vx(s)dsdx =

∫ 1

0
vx(t)

∫ t

0
ϕ(t − s)(vx(s) − vx(t))dsdx +

(
t

∫
0
ϕ(s)ds

)
∥vx∥

2

≤
1

2β1

∫ 1

0

(∫ t

0
ϕ (t − s) |vx (s) − vx (t)| ds

)2

dx +
β1 + 2ϕ̄

2
∥vx∥

2

and ∫ 1

0

(∫ t

0
ϕ (t − s) |vx (s) − vx (t)| ds

)2

dx

=

∫ 1

0

∫ t

0

ϕ (t − s)√
βϕ (t − s) − ϕ′ (t − s)

√
βϕ (t − s) − ϕ′ (t − s) |vx (s) − vx (t)| ds

2

dx

≤

(∫ t

0

ϕ2 (t − s)
βϕ (t − s) − ϕ′ (t − s)

ds
) ∫ 1

0

∫ t

0

[
βϕ (t − s) − ϕ′ (t − s)

]
|vx (s) − vx (t)|2 dsdx

≤ Cβ (L ◦ vx) . (8)
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Combining the results obtained above leads us to the conclusion of the proof.

Lemma 4.2. Assuming (H1) and (H3), the functional

I2(t) = −
∫ 1

0
vt

∫ t

0
ϕ(t − s)(v(t) − v(s))dsdx,

satisfies

I′2 (t) ≤ −

(
t

∫
0
ϕ (s) ds −

β2

2
ϕ(0)

)
∥vt∥

2 +
r2ϕ̄β3

2
[2E(0)]p−1

∥ux∥
2 +

(
r2ϕ̄β3

2
[
2
b

E(0)]q−1 +
b
2
β2

)
∥vx∥

2

+

(
b

2β2
+ b

)
CβL ◦ vx −

1
2β2

(
ϕ′ ◦ vx

)
+

1
β3

(ϕ ◦ vx), (9)

where β2 is a very small positive number.

Proof. Using (1) into I′2(t), and applying integration by parts leads to

I′2 (t) = −

(
t

∫
0
ϕ (s) ds

)
∥vt∥

2
−

∫ 1

0
vt

∫ t

0
ϕ′ (t − s) (v (t) − v (s)) dsdx +

∫ 1

0
1(u, v)

∫ t

0
ϕ (t − s) (v (t) − v (s)) dsdx

+ b
∫ 1

0

(
vx −

∫ t

0
ϕ (t − s) vx (s) ds

) ∫ t

0
ϕ (t − s) (vx (t) − vx (s)) dsdx.

By applying Young and Poincare inequalities, we find

−

∫ 1

0
vt

∫ t

0
ϕ′ (t − s) (v (t) − v (s)) dsdx ≤

β2

2
ϕ(0) ∥vt∥

2
−

1
2β2

(
ϕ′ ◦ vx

)
,

and

−

∫ 1

0
1(u, v)

∫ t

0
ϕ (t − s) (v (t) − v (s)) dsdx ≤

β3ϕ̄

4

∫ 1

0

∣∣∣1(u, v)
∣∣∣2 dx +

1
β3

(ϕ ◦ vx).

On the other hand, applying (H3) and Poincare’s inequality, we conclude

β3ϕ̄

4

∫ 1

0

∣∣∣1(u, v)
∣∣∣2 dx ≤

β3ϕ̄r2

2
(
∫ 1

0
(|u|2p + |v|2q)dx

≤
β3ϕ̄r2

2

(
∥ux∥

2(p−1)
∥ux∥

2 + ∥vx∥
2(q−1)

∥vx∥
2
)

≤
β3ϕ̄r2

2

(
[2E(0)]p−1

∥ux∥
2 + [

2
b

E(0)]q−1
∥vx∥

2
)
.

We now apply Young’s inequality and identity (8), we find

b
∫ 1

0

(
vx −

∫ t

0
ϕ (t − s) vx (s) ds

) ∫ t

0
ϕ (t − s) (vx (t) − vx (s)) dsdx

= b
(
1 −

∫ t

0
ϕ (s) ds

) ∫ 1

0
vx

∫ t

0
ϕ (t − s) (vx (t) − vx (s)) dsdx + b

∫ 1

0

(∫ t

0
ϕ (t − s) (vx (t) − vx (s)) ds

)2

dx

≤

b
(
1 −

∫ t

0 ϕ (s) ds
)2

2
β2 ∥vx∥

2 +

(
b

2β2
+ b

) ∫ 1

0

(∫ t

0
ϕ (t − s) (vx (t) − vx (s)) ds

)2

dx

≤
b
2
β2 ∥vx∥

2 +

(
b

2β2
+ b

)
Cβ (L ◦ vx) .

When all the above estimates are combined, we obtain (9).
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Let us define Lyapunov function by

M(t) = E(t) +m1I1(t) +m2I2(t),

where m1 and m2 represent positive constants.

Lemma 4.3. Assuming (H1), the function

M(t) = E(t) +m1I1(t) +m2I2(t),

satisfies

M′ (t) ≤ −kE(t) + k1ϕ ◦ vx, (10)

where k and k1 are defined as positive constants.

Proof. Let t0 > 0 be fixed and ϕ0 =
∫ t0

0 ϕ(s)ds > 0. By combining Lemma 2.2, 4.1, and 4.2, using Poincare’s

inequality (∥ut∥
2
≤ ∥uxt∥

2) and taking β2 <
ϕ0

ϕ(0)
, m1 <

a
2
, β1 = 1 − ϕ̄, for t ≥ t0, we obtain

M′(t) ≤ −
a
2
∥ut∥

2
−

[
ϕ0

2
m2 −m1

]
∥vt∥

2
−

[
m1 −

r2ϕ̄β3

2
[2E(0)]p−1m2

]
∥ux∥

2

−

[
(1 − ϕ̄)b

2
m1 −

(
r2ϕ̄β3

2
[
2
b

E(0)]q−1 +
b
2
β2

)
m2

]
∥vx∥

2
−m1

∫ 1

0
G(u, v)dx

+(
b
2
−
ϕ(0)
2ϕ0

m2)ϕ′ ◦ vx +
1
β3

m2ϕ ◦ vx +

[
b

2β1
m1 +

(
b

2β2
+ b

)
m2

]
CβL ◦ vx.

If β2 and β3 are small enough and m2 >
2
ϕ0

m1 we find,[
b

2β1
m1 +

(
b

2β2
+ b

)
m2

]
Cβ ≤

1
β3

m2.

Then, for some k > 0, we obtain (10).

Theorem 4.4. Let (H1), (H2) and (H3) be satisfied. Then, positive constants n1 and n2 exist such that E(t) satisfies
the following inequality:

E(t) ≤ n2Φ1
−1

(
n1

∫ t

Φ−1(l)
ζ(s)ds

)
∀t ≥ t0, (11)

where Φ1 is strictly decreasing and convex on (0, l], and

Φ1(t) =
∫ l

t

1
sΦ′(s)

ds.

Proof. Using (3) and (5) we find:∫ t0

0
ϕ(s) ∥vx(t) − vx(t − s)∥2 ds ≤ −

ϕ(0)
d

∫ t0

0
ϕ′(s) ∥vx(t) − vx(t − s)∥2 ds ≤ −µE′(t).

for all t ≥ t0.
Next, we use Lemma 4.3, for some k, k1 > 0 and t ≥ t0, to get:

M′(t) ≤ −kE(t) + k1ϕ ◦ vx

≤ −kE(t) − µE′(t) + k1

∫ t

t0

ϕ(s) ∥vx(t) − vx(t − s)∥2 ds.
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By taking L(t) =M(t) + µE(t), we have

L
′(t) ≤ −kE(t) + k1

∫ t

t0

ϕ(s) ∥vx(t) − vx(t − s)∥2 ds. (12)

According to the properties of Φ, we examine the following two cases:
1) Φ(t) is linear: Using (H2) and (5), we get

ζ(t)L′(t) ≤ −kζ(t)E(t) + k1

∫ t

t0

ϕ(s) ∥vx(t) − vx(t − s)∥2 ds

≤ −kζ(t)E(t) + k1

∫ t

t0

ζ(s)ϕ(s) ∥vx(t) − vx(t − s)∥2 ds

≤ −kζ(t)E(t) − k2E′(t).

Since ζ is decreasing, we obtain

(ζL + k2E)′(t) ≤ −kζ(t)E(t),

and ζL + k2E ∼ E. Therefore, from Gronwall’s lemma, we obtain

E(t) ≤ k2e−k
∫ t

t0
ζ(s)ds
.

2) Φ(t) is nonlinear: Let Iv(t) = ϑt
∫ t

t0
∥vx(t) − vx(t − s)∥2 ds. Then

Iv(t) ≤
ϑ
t

∫ t

0
∥vx(t) − vx(t − s)∥2 ds

≤
2ϑ
t

∫ t

0
∥vx(t)∥2 + ∥vx(t − s)∥2 ds

≤
4ϑ

(1 − ϕ̄)t

∫ t

0
(E(s) + E(t − s)) ds

≤
8ϑ

(1 − ϕ̄)t

∫ t

0
E(s)ds

≤
8ϑ

(1 − ϕ̄)t

∫ t

0
E(0)ds =

8ϑ
(1 − ϕ̄)

E(0) < ∞.

Choosing 0 < ϑ < 1, so that

Iv(t) < 1. (13)

Furthermore, the function wv(t) is given by

wv(t) = −
∫ t

t0

ϕ′(s) ∥vx(t) − vx(t − s)∥2 ds,

so we find

ωv(t) ≤ −µE′(t).
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As Φ is strictly convex on (0, l] and Φ(0) = 0, then Φ(αs) ≤ αΦ(s) for (α, s) ∈ (0, 1) × (0, l). By using Jensen’s
inequality, (13) and (H2), we arrive at

wv(t) =
1
ϑIv(t)

∫ t

t0

Iv(t)
(
−ϕ′(s)ϑ ∥vx(t) − vx(t − s)∥2

)
ds

≥
1
ϑIv(t)

∫ t

t0

Iv(t)ζ(s)Φ(ϕ(s))ϑ ∥vx(t) − vx(t − s)∥2 ds

≥
ζ(t)
ϑIv(t)

∫ t

t0

Φ(Iv(t)ϕ(s)ϑ ∥vx(t) − vx(t − s)∥2)ds

≥
ζ(t)
ϑ
Φ

(
ϑ

∫ t

t0

ϕ(s) ∥vx(t) − vx(t − s)∥2 ds
)

=
ζ(t)
ϑ
Φ̄

(
ϑ

∫ t

t0

ϕ(s) ∥vx(t) − vx(t − s)∥2 ds
)
,

where Φ̄ is an extension of Φ so that Φ̄ is strictly increasing and strictly convex C2(0,+∞). Then∫ t

t0

ϕ(s) ∥vx(t) − vx(t − s)∥2 ds ≤
1
ϑ
Φ̄−1

(
ϑwv(t)
ζ(t)

)
.

Thus, equation (12) becomes

L
′(t) ≤ −kE(t) + k3Φ̄

−1

(
ϑwv(t)
ζ(t)

)
, t ≥ t0. (14)

Now, for ϵ0 < l, we define

L1(t) = Φ̄′
(
ϵ0

E(t)
E(0)

)
L(t) + E(t),

The equivalence between L1 and E can be straightforwardly inferred.
Using (14) and the conditions E′(t) ≤ 0, Φ̄′ > 0, and Φ̄′′ > 0, we have

L
′

1(t) = ϵ0
E′(t)
E(0)
Φ̄′′

(
ϵ0

E(t)
E(0)

)
L(t) + Φ̄′

(
ϵ0

E(t)
E(0)

)
L
′(t) + E′(t)

≤ −kE(t)Φ̄′
(
ϵ0

E(t)
E(0)

)
+ k3Φ̄

−1

(
ϑwv(t)
ζ(t)

)
Φ̄′

(
ϵ0

E(t)
E(0)

)
.

Let Φ̄∗ be defined as the convex conjugate of Φ in the sense of Young [4]. Then,

Φ̄∗(s) = s
(
Φ̄′

)−1 (s) − Φ̄
((
Φ̄′

)−1 (s)
)
, (15)

satisfies Young’s inequality, i.e.,

XY ≤ Φ̄∗(X) + Φ̄(Y), (16)

with X = Φ̄′
(
ϵ0

E(t)
E(0)

)
and Y = Φ̄−1

(
ϑwv(t)
ζ(t)

)
.

Using (5) and (15)-(16), we get

L
′

1(t) ≤ −kE(t)Φ̄′
(
ϵ0

E(t)
E(0)

)
+ k3Φ̄

∗

(
Φ̄′

(
ϵ0

E(t)
E(0)

))
+ k3Φ̄

(
Φ̄−1

(
ϑwv(t)
ζ(t)

))
≤ −kE(t)Φ̄′

(
ϵ0

E(t)
E(0)

)
+ k3ϵ0

E(t)
E(0)
Φ̄′

(
ϵ0

E(t)
E(0)

)
− Φ̄′

(
ϵ0

E(t)
E(0)

)
+ k3ϑ

wv(t)
ζ(t)
.

(17)
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Multiplying (17) by ζ(t) and using ϵ0
E(t)
E(0)

< l, Φ̄′
(
ϵ0

E(t)
E(0)

)
= Φ′

(
ϵ0

E(t)
E(0)

)
and wv(t) ≤ −µE′(t) we obtain:

ζ(t)L′1(t) ≤ −kE(t)ζ(t)Φ̄′
(
ϵ0

E(t)
E(0)

)
+ k4ϵ0

E(t)
E(0)
ζ(t)Φ̄′

(
ϵ0

E(t)
E(0)

)
− k4E′(t).

Letting L2 = ζL1 + k4E, and for some λ1, λ2 > 0 satisfies

λ1L2(t) ≤ E(t) ≤ λ2L2(t). (18)

For n1 > 0 and t ≥ t0, we obtain

L
′

2 ≤ −n1ζ(t)
E(t)
E(0)
Φ′

(
ϵ0E(t)
E(0)

)
= −n1ζ(t)Φ2

(
E(t)
E(0)

)
, (19)

where Φ2(t) = tΦ′(ϵ0t). Since Φ′2(t) = Φ′(ϵ0t) + ϵ0tΦ′′(ϵ0t), and Φ is strictly convex on (0, l], we observe that
Φ′2(t),Φ2(t) > 0 on (0, l]. Hence, with

Z(t) = λ1
L2(t)

E0
,

by (18)–(19), we can conclude

Z(t) ∼ E(t). (20)

A positive constant n2 exists, so that

Z′(t) ≤ −n2ζ(t)Φ2(Z(t)) for all t > t0.

Then, integrating over (t0, t) yields∫ t

t0

−
Z′(s)
Φ2(Z(s))

ds ≥ n2

∫ t

t0

ζ(s)ds ⇒
1
ϵ0

∫ ϵ0Z(t0)

ϵ0Z(t)

1
sΦ′(s)

ds ≥ n2

∫ t

t0

ζ(s)ds

⇒ Z(t) ≤
1
ϵ0
Φ−1

(
n1

∫ t

t0

ζ(s)ds
)
, (21)

where Φ1(t) =
∫ l

t

1
sΦ′(s)

ds, which is strictly decreasing on (0, l] and lim
t→0
Φ1(t) = +∞.

Finally, combining (21) with (20), we get (11).
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