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Abstract. In this paper, we have generalized the interval-valued fuzzy metric M(x, y, t) by allowing it to
take the positive interval number instead of ordinary positive real number. In our case, both ‘" and the
grade value ‘M(x, y,t)" are interval numbers.The underlying topology of this generalized interval-valued
fuzzy metric (GIVF metric) is studied. Two celebrated fixed point theorems of Banach and Edelstein are
extended in this space. Also the problem related to image filter processing is studied.

1. Introduction

Translating the idea of probalistic metric on a nonempty set X, Kramosil and Michalek [8] first introduced
a definition of fuzzy metric in 1975. In fact, the statement that the “the probability that the distance between
a pair of points x, y is less than t” is replaced by the fuzzy statement “the truth value M(x, y, t) that the
distance between a pair of points x,y € X is less than t”. Afterwards systematic investigations in this
area rapidly increased. In 1979, starting with the concept of distance between two fuzzy sets, Ercez [2]
introduced another form of fuzzy metric. Later in 1982, Deng [1] proposed a fuzzy metric by assigning
distance between any two fuzzy elements. In 1984, Kaleva and Seikkala [6] proceeded with a definition of
fuzzy metric as a function which, corresponding to every pair of point x, y € X, gives a non-negative fuzzy
real number as their distance. In order to induce a Hausdorff topology, George and Veeramani [3] slightly
modified the definition of fuzzy metric given by Kramosil and Michalek which extended some results such
as 1st countability and Hausdorffness of the underlying topology induced by the fuzzy metric. Also Kocinac
[7] investigated Selection properties in fuzzy metric spaces. As a natural generalization of fuzzy metric the
concept of intuitionistic metric is developed. In this direction Park [9] first defined Samanta, Vishali fuzzy
metric in 2004. Later Sadati et al. [10] defined modified Samanta, Vishali fuzzy metric in 2008. On the other
hand, generalizing the concept of fuzzy set, the concept of interval-valued fuzzy sets was introduced by
Zadeh [14] in 1975, where each membership value lies in a subinterval of [0, 1] instead of a definite value
in [0, 1]. Using this concept, in 2012 [12] Yonghong shen et al. introduced the definition of interval-valued
fuzzy metric space by generalizing the ordinary fuzzy set M(x, y,t) to an interval-valued fuzzy set. In
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this paper we further generalize this interval-valued fuzzy metric and call it generalized interval-valued
fuzzy metric (GIVF metric) by allowing ‘' to take positive interval number instead of ordinary positive real
number. We study the underlying topology of this GIVF metric, extend the famous fixed point theorems
of Banach and Edelstein and finally study image filter processing in this setting. The organisation of the
paper is as follows:

Sections 1 and 2 are respectively Introduction and Preliminaries. Section 3, contains the definition of
generalized interval-valued fuzzy (GIVF) metric spaces with illustrations. In Subsection 3.1, GIVF-metric
topology is studied by defining open ball and the associated topology is found to be Hausforff and 1st
countable. In Subsection 3.2 compactness and boundedness of GIVF-metric spaces are observed. Section 4
is dedicated to establish the fixed point theorems of Banach and Edelstein in GIVF-metric spaces. In Section
5, image filtering problem in GIVF metric setting is discussed. Finally in Section 6 conclusion and the future
scopes are outlined.

2. Preliminaries
We begin this section by recalling the necessary definitions and conventions.

Definition 2.1. ([11]) A t-norm is a function *[0,1] X [0,1] — [0,1] which is commutative, associative,
monotonic increasing w.r.t. both the components and a *1 = a,VYa € [0,1]. If in addition, the function
x:[0,1] X [0,1] — [0, 1] is continuous * is named as continuous t-norm.

Definition 2.2. ([5]) A t-conorm is a function ¢ : [0,1] X [0,1] — [0, 1] which is commutative, associative,
monotonic increasing and a ¢ 0 = a. If in addition, the function o : [0,1] x [0,1] — [0, 1] is continuous ¢ is
named as continuous {-conorm.

Definition 2.3. [5] A t-conorm ¢ is said to be Archimedean if for each a4,b € (0,1) there exists n € IN such
that a” > b, where a’ denotesaoa ¢ --- ¢ a (n times).

Let v~ and r* be two real numbers such that 7~ < #*. Then the closed interval [r~, r*] is denoted by 7. For
any r € R, the interval [r, r] is denoted by 7.

Define § < § if and only if p~ < 4~ and p* < g%;
M={:0<7<1}, (]=(F:0<7<1}and (I) = {7 :
D7, 35) = |r~ —s7| + |r" —s*|, where R* = {7: 0 < 7}.

Let + be a t-norm on [0, 1]. The binary operation #; : [I] X [I] — [I] defined by 7+ § = [r™ #s~, r* +s*] satisfies
the properties

+

;P < g if and only if p~ < g7, p* < q*. Also let
0 < 7 < 1}. A metric ® can be defined on R* as

a. Commutative
b. Associative
c. Monotonic Increasing
d. 1xf=*F
and is called the induced interval-valued t-norm (induced IV t-norm) on [I].

Similarly, if ¢ is a t-conorm defined on [0, 1] then the binary operation ¢; : [I] X [I] — [I], that is defined
by 7o18=[r" os™, r* o s*] satisfies the properties

a. Commutative
b. Associative

c. Monotonic Increasing

d. do;0=a,
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and is called the induced interval-valued t-conorm (induced IV {-conorm) on [I].
It is to be noted that if #(¢) is continuous then the induced #;(¢;) is also continuous.

Definition 2.4. ([8]) The triplet (X, M, ) is a fuzzy metric space if X is a nonempty set, * is a continuous
t-norm and M is a fuzzy set on (X? x R) satisfying for all x,y,z € X and t, s € R the following axioms:
(KM1) M(x,y,t) =0,¥t < 0;

(KM2) M(x,y,t) =1,V >0 & x=y;

(KM3) M(x, y, t) = M(y, x, t);

(KM4) M(x, y,t) * M(y,z,5) < M(x,z,t +5);

(KM5) M(x,y,.) : (0,00) — [0,1] is left continuous and non -decreasing;

(KMe6) tlgglo M(x,y,t) =1.

In [3], George and Veeramani slightly changed some of the above conditions to introduce following
definition of a fuzzy metric space whose induced topology is Hausdorff.

Definition 2.5. ([3]) The triplet (X, M, *) is said to be a fuzzy metric space if X is a nonempty set, *’ is a
continuous t-norm and M is a fuzzy set on X? X (0, o) satisfying for all x,y,z € X and t,s > 0 the following
axioms:

(GV1) M(x,y,t) > 0;

(GV2)Mx,y,t)=1Vt>0= x=1y;

(GV3) M(x, 4, ) = My, x, 1);

(GV4) M(x,y,t) + M(y,z,5) < M(x,z,t +5);

(GV5) M(x,y,.) : (0,00) — [0, 1] is continuous.

As a generalisation of the concept of George and Veeramani, in [12] Yonghong Shen et al. introduced
the concept of interval valued fuzzy metric.

Definition 2.6. ([12]) The triplet (X, M, #) is said to be an interval-valued fuzzy metric space if X is an
arbitrary nonempty set, #; is a continuous induced IV t-norm on [I] and M is an interval-valued fuzzy set
on X? x (0, o) satisfying for all x, ¥,z € X and t,s > 0 the following axioms:

C1 M(x,y,t) > 0;

C2 M(x,y,t) = 1ifand only if x = y;

C3 M(x,y,t) = M(y, x, t);

C4 M(x,y,t) 1 M(y,z,5) < M(x,z,t +5);
C5 M(x,y,.): (0,00) — (I] is continuous;
C6 LmM(x, y,t) = 1.

In the above definition, M = [M~, M*] is called an interval-valued fuzzy metric on X. The functions
M~(x,y,t) and M*(x, y,t) denote the lower nearness degree and upper nearness degree between x and y
with respect to t respectively.

3. Generalized interval-valued fuzzy (GIVF) metric spaces

In this section, we introduce a definition of a Generalized interval-valued fuzzy metric space, give
examples and study some of its properties.
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Definition 3.1. Let X # ¢ and let #; be the continuous induced IV t-norm on [I]. A mapping M : X x

X x (R*) — (1] satisfying for all t,s,7 € X and I,7i1 > 0 the following conditions is called a Generalized
Interval-Valued Fuzzy Metric (briefly, GIVF-metric) on X:

a M(t,s,h>0Vi=[I", I'] >0;

b M(t,s,]) = 1VI>0ifand onlyif t =s;
c M(t,s,1) = M(s, t,1);

d M(t,s,.) is monotonically increasing;
e Mt 1, 1)« M(r,s,11) < M(t,s, ] + 1i1);

f M(t,s,.): Rt — (I] is continuous.

g limy o M(t,s, [I7,1*]) = 1.
Then we call (X, M, #), a GIVF metric space and M = [M~, M*]is called the GIVF-metric on the set X.

Proposition 3.2. Let (X, M, %) be a GIVF metric space and let M(t, s, T) >1— 1 wherel > 0and 0 < 11 < 1. Then
there exists 0 < Iy < I such that M(t,s,Iy) > 1 — 7.

Proof. It is known that for a given t,s € X, M(t,s,.) is continuous. Given M(t,s, T) > 1 — 1. So M (t,s, f) >
1 —m* and M*(t,s,]) > 1 — m~. Choose € > 0 such that € + (1 — m*) < M~(t,;s,) and € + (1 — m™) <
M*(t,s,1). Then € + (1 — 7i1) < M(t,s,]). For this € > 0, by the continuity of M(t,s,.), there exists § > 0
such that ®(M(t,s, k), M(t,s, ) <€ whenever ®(k,I) < 8. Choose 5~< Iy <1 such that ®(lp, 1) < 6. Then
OM(t,s,1), M(t,s, 1)) <€.So, M (t,s,1) = M™(t,s,1p) < € and M*(t,s,I) — M*(t,s,ly) < € (by the increasing
property of M(t, s, .)). So, M (t, s, lo)+€ > M (t,s,])and M*(t, s, lp)+€ > M*(t,s,[). Therefore, M(t,s, lp)+€ >
M(t,s,1) > (1 — 7i1) + €. Thus, the result follows. [

In the following examples the induced IV t-norm is given by fs5=[t"s", tt.sT], wheref = [t7,t"], § =
[s~, s*].
—“lp—ql —lp—4ql
Example 3.3. Let M(p,q,]) = [M~(p,q,), M*(p,q,Dl=[e = ,e I 1

Proof. 1t is sufficient to check the condition (e) of Definition 3.1, because others are straightforward. We
I +s |x — z|

- +s” x—yl |y—z
see that [x —z| < [x —y| + |y — 2| < ( = Ix =yl + = ly — z|). So, 5) < ( = + p ) =
_(|x—y|+|y—z| ) lx — z| _|x—y|+|_1/—z| _IX—Zl
e t7 s " <e t"+57 . Similarly, we can show thate st <e tt+sT,
So, M(p,q,1) x1 M(q,7,m) < M(p,r,[+m). O
k()" k()"

Example 3.4. M(p,q,1) = [M~(p,q,1), M*(p,q,D] = [

KOy +td(p, ) Ky +sd(p, )]

Vp, g€ X, I>0andk,t nse R such thatt > s and d is a metric on X.
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Proof. Note that M(p,q,1) + M(q,r,11) =
[ k()" x k(m™)" k()" x k(m*)"

(k(I=)" + td(p, q))(k(m];()l" + td(q), )" (k)" J]r((sld(p, q))gk(rrﬁ)” +sd(q, 1))

~ o “+m)? * +mt)"

M) = ey td, ) K&+ oy +sd,n) -
Now, k((I7)"(m™)")(k(I= +m™ )" +td(p, 1)) < (I +m™ )" (K2(17)"(m™)" +kt(I7)"d(q, ) + kt(m™)"d(p, q) + t*d(p, 9)d(q, 1)
as
ktd(p, r)(I7)"(m™)" < ktd(p, q)(m™)"(I" + m™)" + ktd(q,r)(I7)"(I" + m~)". Similarly k(I*)"(m*)"(k(I* + m*)") +
sd(p,r) < (I" + m Y RE () (m)" + ks(IF)"d(g, 1) + ks(m™)"d(p, q) + s*d(p, 9)d(q, 7). So, M(p,q,1) 1 M(q,r,1) <
M(p,r, I+ 1i1). All other properties of being interval-valued fuzzy metric holds trivially. O

] and

3.1. GIVF-metric Topology

Definition 3.5. Let (X, M, #;) be a GIVF metric space. Then the open ball centered at y € X is defined as
By, k) ={z€ X: M(y,z1)>1 -k wherel > 0and k € (I)}.

Definition 3.6. Let (X, M, %) be a GIVF metric space and O € X. Then O is said to be open in (X, M, #1) if
for each x € O there exists an open ball B centered at x such that B € O.

Theorem 3.7. Every open ball in (X, M, %) is an open set.

Proof. Take x € X and i1 € (I) and I > 0. Consider the open ball B(x, 111, .

Let y € B(x,m, Iy and so M(x,y,I) > 1 — 1. Then, by Proposition 3.2,there exists 0 < Iy < [ with
M(x,y, Ip) > 1 — 1. Choose & > 0 such that Iy + & < [ and let 1719 = M(x, Y, Ip). Then 7ty > 1 — 7i1. Choose § € (I)
such that 7y > 1-§ > 1- 7. For these o and § with 7y > 1 -3 there exists 11 € (I) such that iy #1717 > 1-3.
Take the open ball B(y, 1 - 11, ) and let z € B(y, 1 — iy, €). Then M(y, z,€) > 1 and by triangle inequality
of M, we have M(x,z,1) > M(x, y,lo) 1 M(y, z,€) = (g # 1i11) > 1-35>1— . Hence z € B(x,m,1) and so
B(y, 1 -1, € €) C B(x, 11, 1). Therefore B(x, 1, 1) is open. [J

Theorem~3.8. If (X, M, #7) is a GIVF-metric space. Define tyy = {Y C X : Yy € Y, there exist ke () and > 0 such
that B(y, k,t) € Y}. Then T is a topology on X induced by the GIVF-metric M.

Proof. [(i)] Clearly 0, X € .

[(i1)] Tm is closed under arbitrary unions.

[(ii]) Let A;,As € Tyyand let A = Ay N Ap. Letp € A.

Then there exist 0 < 7i; < 1 and I; > 0 such that B(p, ml,l) A, i =12 Take Iy = [ A, and
o = 1111 A 7i1p. Then, 1—m0>1—m1,1—m0>1—m2andlo ll,lo l2 SOlfQE.(B(p,MQ,lo)
then M(p,q, I) > M, q lo) > 11y 21— and M(p,q,h) > M(p,q,I)) > 1 -1y > 1 — 7it. Hence
q € B(p, ml,ll) N B(p, 1112, lz) C A1 N Ajy. Thus B(p, iy, lo) C A1 NAjyandso A NA; € Ty. So, Ty is a topology
onX. O

Remark 3.9. In otherwords the collection of all open sets in a GIVF metric space X is a topology on X.

Remark 3.10. The above discussed topology is found to be first countable as we can define at every x € X,

a collection of open sets

1 1 1
N, = {B(x, [ et 2] [= 5 ﬁ])l n,k € IN} and N, which serves as a countable neighbourhood basis at x. Hence

first countab1hty of (X, T ) follows.

Theorem 3.11. A GIVF-metric space (X, M, #1) induces a Hausdorff topology .
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Proof. Consider a GIVF-metric space (X, M, #) and x,y € X (x and y are distinct). Then there exists f > 0

for which M(x, y,f) = m € (I). Now, choose ity € (I) such that /i < 71y < 1. Then there exists 1 € (I)
_ - g+ _ - g+
such that 71y #; 17 > 1. Now we consider, B(x, 1 — 71y, [E' %]) and B(y,1 — 1, [%, %]). Suppose that

B0eT — i, [, 5 By, T =, 1=, ) # 0. Let 2 € B, T — i, [, 51 0 8y, T = 1, [, ). Then

t~ t+2 2 t_z t+2 - 22 =t 2 %_ tt
M(x,z,[5,3]) > 1711 and M(y,z,[E, E]) > 11. So, m = M(x,y,1) = M(x,z,[f, ED * M(y,z,[?, E]) >
1My *1 711 > 19 > 111, which is a contradiction. Hence 1) is Hausdorff. [J

Theorem 3.12. Let (X, d) be a metric space
- +
and M(u,v,1) = [ l l

I=+d(u,v) I* +d(u,v)
respectively. Then a set O is open in 1, iff it is open in T .

lLu,veXI>0.Lettyand m be topologies induced by d and Mon X

Proof. Let O € tyand p € O. Then there exists rg > 0 such that B;(p, o) € O. Choose 0 < r < 1such thatr < ry.
Now, consider the open ball B(p, 1, 1) in Ty, where 7 € (I) and T > 0 are such that 1 = Fand [ = 1 — 7.
1-r 1-r

If g € Bu(p,7,1—7) then M(p,q,1-1) > 1-r = [(1—r)+d(p D T=n+dpd

1>1-7r1-71] =

1-vr _— .
m >1-r.Henced(p,q) <r <rypandsoq € By(p,r0) = Bm(p, 7,1 —1) C Ba(p,r9) = O is open
in 7.

Let O € 75 and let p € O. Then there exist /1 € (I) and I > 0 such that Bm(p, m, ) ¢ 0. Now q €
I- I I- I

Buy(p, 1, l) & | I>[1-m*1-m]

——>1-m",and ——— >
I-+d@p,q) I*+dp,q)
I"m* Itm~

- +d(p,g) +l+ +d(p,q)
1-m < dp,g) <

.
Let r; = min{ —}. Take an open ball

1-m+ 1-m 1-m*" 1-m
Ba(p,r4). Then By(p, ra) € Bpm(p,1,1) € O = O is open in 7,4. Therefore, we conclude that 75 and 7 4 are the
same. []

and d(p,q) <

3.2. Compactness and boundedness
Definition 3.13. (I) Let (X, M, #;) be a GIVF metric space. Then a subset C of X is said to be compact in
(X, M, %) if for any open cover {Ci}iea of C, I a finite subset 6 of A such that C C U Ci.
i€o
(II) Given (X, M, 1) a GIVF-metric space, we call Y C X as GIVF-bounded if there exist I'>0and m e (I)
such that, M(p,q,0) > 1 -7 V¥p,q € Y.

Definition 3.14. In a GIVF-metric space (X, M, #) a sequence {x,} is said to be convergent if there exists
x € X such that im M(x, x,,I) = 1, foralll > 0.
n—oo

Theorem 3.15. Let (X, M, #;) be a compact GIVE Metric space. Then every sequence {x,} has a convergent subse-
quence.

Proof. Let {x,} be a sequence in (X, M, #). If possible, let {x,} have no convergent subsequence. Then for
each x € X there exist @(x) > 0 and 0 < k(x) < 1 such that B(x, k(x), a(x)) contains only finitely many terms
of the sequence {x,}.

Now, {B(x, k(x), @(x)) : x € X} is an open cover of X. As (X, M, #) is compact so, there exists a finite subset
F of X such that {B(x, Iz(x),ﬁz(x)) : x € F} covers X. Then X contains only finitely many terms of {x,}, a
contradiction. Hence {x,} has a convergent subsequence. [

Theorem 3.16. Given a GIVF-metric space (X, M, +1) induced by metric d, as in Example 3.4, then Y C X is
GIVF-bounded iff Y is bounded in (X, d).
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Proof. Let Y be GIVF-bounded in (X, M, ;). Then there exist /7 € (I) and I > 0, such that Mp,q, h >

11—, Vp,g €.
k()" K@y .
Then[k(ll{_(l)n;r .0 k) +Sd(Pr43{](l>)[1 -m*, 1-m"]. " "
) —\n . +\n ~ =Vt Yy~
1.e.m>l—m andm>l—m :d(p,q)<mandd(p,q)<m

— V10t +\1 g, —
k(I")'m ’ k(l)mi)>0
H1l-m*) s(1-—m")

= Yisabounded setin (X, d). Conversely, suppose that Y is bounded in (X, d). Then there exists Ky > 0 such

d(p,q) < Ko, Y p,q € Y where Ky = min(

S k()" k()" Ko
- + =1-———
that, d(p,q) < Ko Vp,q € Y. Let] > Owhere/ = [I~, [*]. Then, KO+ 1d,0) > KO+ K 1 KO + 1Ko
tKo k(l+)n SKO SKO i’K()
where, 0 < k@ < M K rsd g kY ke 0 S Ko v k@Y S o+ k() S
SK()

tKo ] € (I). Then M(p,q,1) > 1 -1, Vp,q € Y = Y is GIVF-bounded in

Choose 1t = | F ke 'y + Ko

(X, M, *1). O
Theorem 3.17. If A C X and A is compact in (X, M, +) then A is also GIVF-bounded in the space (X, M, ).

Proof. Given A is compact. Fix some 71 € (I) and I > 0 and consider {By(c,71,1) : c € A}. Clearly A C
U Bm(c, 1, T). By the compactness of A, then there exists a finite subset {B p(p1, 171, 1), B M(pa, 11, 7), <, Bmlpn, m, 7)} C
ceA

n

{Bm(c,1,1) : c € A} such that, A C U Bm(pi, m, D). Let p,q € Aand sop € By(pi, 111, I) and q € Bm(pj, m, ), for
i=1

somel<i,j<n.

Letd = [ min M (2 p;, D, min M" (9 ;D). Now, M(p, 4,131, 31°)) 2 M(p, pi Dyt Mipy, pi s My 0.) 2

(1= 1it) % 6+ (1 —11), ¥p, q € A. Choose k € (I) such that (1 —#it) % 6+ (1 —1i7) > 1 - k. Then M(p, q,[31",3I"]) >
1-k¥p,ge A= Ais GIVF-bounded. [

Theorem 3.18. A compact set in a GIVF metric space is closed.

Proof. As every compact set in Hausdorff space is closed and the topology generated by GIVF-metric is
Hausdorff so the result follows immediately. [

4. Banach contraction theorem, Edelstein theorem in GIVF metric spaces

Definition 4.1. (Archimedean induced IV t-conorm) An induced IV t-conorm ¢; is called Archimedean if
for each ,b € (I) dn so that @} > b.

Proposition 4.2. If o1 and ¢, are two Archimedean t-conorms on [0,1] then the induced IV t-conorm <p is also
Archimedean.

Proof. Suppose 4,b € (I). Then there exist m,n € N such that (az,)" > b~ and (al,)™ > b* (as ¢1, o3 both
are Archimedean t-conorms). Let max{n, m} = M. Then (a; )" > b~ and (a{ ) > b* which implies & > b.
Hence ¢; is Archimedean. [

Proposition 4.3. For an Archimedean induced IV t-conorm &y limdy, = 1 where i € (I).
n

Definition 4.4. In a GIVF-metric space (X, M, ) a sequence {x,} is said to be a cauchy sequence if
lim M(x,, X, ) = 1, for all > 0.

n,m-—oo
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Definition 4.5. A GIVF-metric space (X, M, #) is complete if every cauchy sequence in it is convergent.

Definition 4.6. A mapping T : (X, M) — (X, M) is named as k-¢-contraction if there exists k € (I) and a
continuous f-conorm < satisfying V x,y € X, Vi > 0:

M(T(x), T(y), F) = kO M(x, y, F)

Theorem 4.7. Let (X, M, ) be a complete GIVF metric space and let T be a k-0; contraction on X. If O is
Archimedean, then T has a unique fixed point.

Proof. Take x € X. Define the sequence {x,} as follows. For n > 2, define x,, = T(x,—1) and x1 = T(x). As-
sumption provides that there exists k € (I) satisfying ¥ x, y € X, ¥ > 0 such that M(Tx, Ty, ) > kOM(x, y, ).
By Mathematical induction, we will prove that for each f > 0, M(x;41, Xy, F) > I?gl foreachn € N ................ 1)
M(x2, x1,F) = M(Txy, Tx, ) > koM(xy, x, F) > ko, Let us assume that (1) is true for n = n i.e. M(Xp+1, X, ) >
Ky . Then M(Xps2, Xme1,F) = M(T(xims1), T(xm), ) 2 kOIM(Xins1, Xin, F) 2 kok = kgt So, (1) is true for
n = m + 1. Hence as M(x,41, X, ) > k7, for each n € IN and each F>0.50 ApgM(xns1, X4, F) 2 k%, for each
nelN _

= nh_r)r.}o ApogM(Xnt1, X, ) 2 %1_1}.}0 ks, = 1.

Now, we assume that {x,} is not Cauchy. Then 3 € € (I) and f > 0 such that for each n € N, 3 m(n) >

I(n) +1 = n + 1 such that M(X,u), Xi(n), ) # 1 — & Under this assumption, we construct two subsequences
{Xm@my} and {xy,)} as follows.

Letn = 11 = I(1) and let m; be the smallest positive integer greater than Iy satisfying M(x,,,, x;,, ) # 1-¢
and M(x,,, -1, X1, F) > 1—&. The subsequent elements of both subsequences are picked recursively as follows.
For each n € NN, first take I, = I(n) and choose m, = m(n) > I, be such that M(x,,,, x;,,f) # 1 - ¢&but
M(xp,-1,%,H) =1 -&

Then for each 7 and each 0 < 5 < f, we have 1—& £ M(x,,, %1, E) = (M(Xy,, X, -1,5)) 41 M(%X, -1, X1, E—5) >
A gM (X, Xm,—1, ) 21 M(, -1, 51, F = 5), Y0 <5 < F By the continuity of M(x,y,) for each x,y € X and
for each n € IN, we have by letting 5 — 0 that M(x,,,x;,,5) = (AsoM(Xm,, Xm,-1,5) *1 M(xp,-1,%,,F) =
AsoM (X, X, 1, ) 21 (1 = &)

It follows that, lim sup(M(xy,,, x;,,f) > limsup( Ar_sM(Xp,, Xm,-1,F)) *I 1-¢) > ’}ggo k’g;_l s (1-8) =

>0
n—oo n—o0o

1x(1-8&)=1-¢.
- - 5 . 5
Now, for 0 <'s < t, M(x,, x1,, ) = M(Xp,, X, +1, 5) 1 M(Xp,+1, X141, £ = 8) *1 M(x1,41, %1, 5)
5 - . 5

> M(xp,, X, 41, 5) t1 (kOIM (X, X1, £ —5) #1 M(x7,41, X1, E))
> A gM (X, Xy 41, T) #1 (kOIM(xy,, X1, F = 3)) % ApgM(xy, 41, %1, ). Taking limit as # tends to co, s tends to 0,
the continuity of * and ¢ and continuity of M(x,,, xy,, .) ensure
lim sup M(xy,, x1,, ) = kOrlim sup M(x,,,, x1,, ). There may be two cases.

n—o0 n—oo
Case-1 lim sup M(xy,, x;,,F) # 1.

n—oo

Then from above, we have lim sup M(x,,, x;,, f) > lim sup M(x,, x;,, f), a contradiction.

n—oo n—oo

Case-2 lim sup M(xy,,, x;,, F) = 1.

n—oo
Then there exists a subsequence M(x,, , x;, , ) > 1-¢for sufficiently large values of i, which is a contradic-
tion. S
Therefore in any case we arrive at a contradiction. Thus {x,} is a Cauchy sequence and since (X, M, *) is
complete, there exists x € X such that {x,} converges to x, i.e. liin M(x,, x,t) = 1 foreach > 0.
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I - f
Now, for a fixed £ > 0 and for each n € IN, we have that M(x, T(x),f) > M(x, x,, E) *; M(x,,, T(x), 3 >

t t
M(x/ Xn, E) *1 (kOIM(xn—l/ X, E))

Taking the limit and using continuity of * and ¢, we have, M(x, T(x), f) > lim M(x, x,,, %)*
(kO limy, 00 M(xy-1, X, %) =1+ (kor1) = 1. As I > 0 is arbitrary, we conclude that M(x, Tx, ) = 1, for each
f > 0, which implies that T(x) = x. Now we will prove the uniqueness of the fixed point.

Suppose that T(y) = y. Then M(x, y,f) = M(T(x), T(y), ) > kOM(x, y, f). Since ¢ is Archimedean, we deduce
that M(x, y,f) = 1, for each f > 0, which implies that x = y. [

Lemma 4.8. Iflim %, = X and lim , = 7, then M(x, y, f — €) < liminf M(xy,, yn, f)
and M(x, y,f + €) > lim sup M(x,,, yu, F) YVt > 0and 0 <€ < .

Proof. M(xy, Yu, ) = M(xy, x, %E) * M(x,y, T =€) M(Yy, Y, %E).
So, liminf M(x,, v, ) = 1+ M(x, y,f =€) * 1 = M(x, y, — &). Also, M(x, y, T + €) = M(x, x,, %E) st M(Xp, Y, B) %1

1_
M(yu, y, Ee).
Hence, M(x, y,  + €) > lim sup M(x,,, v, ). O

Remark 4.9. If M(x,y,.) is continuous then x, — x and y, — y = M(x,, Y, ) = M(x, y, ).

Theorem 4.10. Let (X, M) be a GIVF metric space and T : X — X be a mapping satisfying M(Tx, Ty, .) > M(x, y,.)
for x # y € X. If for some x € X, the sequence of iterates T"(x) has a convergent subsequence T" (x) converging to
1 € X. Then n is the unique fixed point of T and T"(x) converges to 1.

Proof. Suppose x € X and x, = T"(x), n € N. Clearly x, # x,41, for if x, = x,41. Then x, = T(x,), so
that x,, is a fixed point of T. If possible let T have two fixed points x and y. Then by the given condition
M(Tx,Ty,.) > M(x,y,.) = M(x,y,.) > M(x, y,.) which is a contradiction.

Also, for m # n x, # xp. Otherwise if x, = x,, for m > n (say), then M(x,,Xp+1,.) = M(Xp, Xps1,.) >
M(Xp-1, X, -) > M(Xp—2, Xpy—1,.) > -+ > -+ - M(Xy, Xy+1, -), which is a contradiction. Thus for m # n, x,, # xy.
Let {x,} have a convergent subsequence {x,,} converging to 1. Without loss of generality we can assume
that, x,, # n for alli € N. Then M(T(x,,,), T(1),.) > M(xp,, 1,.), Vi

= lim sup M(T(xy,), T(1)), ) = lim sup M(xy,, n,f) = M(n,n,F) = 1= lim sup M(T(x,,), T(1), ) = 1.

Similarly we can show that liminf M(T(x,,), T()), ) = 1. Thus lim sup M(Tx,,, Tn, f) = lim inf M(Tx,,, Tn, ) =

1. Therefore, lim T(xy) =T(n).

If for some i, T(x,) = T(7) = T?(x,) = T*(n). Now for those i for which T(x,) # T(1), we have
M(T?(x,,), T2(1)), ) > M(Tx,,,, T()), ). Then lim inf M(T?(x,,), T2(n),f) = 1 = limsup M(T%(x,,), T?n,}) = 1.
So lim M(T?(x,,,), T2(1)), f) = 1. Therefore, lim T?(x,,) = T2(n).

M(xn,, Txn,, ) < M(Txy,, T?x,, F) < M(Tx, 11, T?X 41, F)

< o0 < M(x,, TXny, ) < M(Txy,, T?x0,, F) = M(Xy41, TXip11, )

<0 < M(xy, Txn, ) < M(Tx,,, T?x,,, F) < M(xp,41, TX3,41, )

< M(TXp 11, T*,41,5) < 1VE > 0. (If x, = Tx,, then x, is a fixed point.)

Now, {M(x,,, Tx,,, F)} and {M(Tx,,, T?>x,,, f)} are having the same limit.

Now M(n, Tn, ) = im M(xy,,, Txy,, f) = im M(Tx,, T?x,,, f) = M(Tn, T*n, ).

If n = Tn then the theorem has been proved otherwise M(Tn, T?n,f) > M(n,Tn,F) and therefore we
arrive at a contradiction. Thus T has a unique fixed point. Now for n € IN,n = n; + r, so that
M(T"(x),n,F) = M(T"*"(x), T'(n), ) > M(T" (x), 1, }). As i = oo, M(T"(x),1,}) — 1 Hence M(T"(x),n,f) — 1 as
n — oo, Hence T"(x) converges ton. [
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Corollary 4.11. Let (X, M) be a compact GIVF metric space and suppose T : X — X be a mapping satisfying
M(Tx,Ty,.) > M(x,y,.) for x # y € X. Then T has a unique fixed point.

Proof. The result follows from Theorem 3.15 and Theorem 4.10. O

5. Image filtering using GIVF metrics

Before we discuss the main problem let us take some examples of GIVF metrics to be used in this filtering
process.

Example 5.1. Let X # ¢ and # be a continuous induced IV t-norm given by 4 # b =[a~.b~,a*.b*], where
i=[a",a*]and b = [b",b*].
Let (X, M1, %) and (X, My, %) be two GIVF metric spaces. Let M(x, y, f) = My (x, y, |) »1 Ma(x, y, ).
Then (X, M, #) is a GIVF metric space. Clearly
(1) M(x,y,b) > 0,VE > 0,Vx,y € X;

2) M(x, y, ) = M(y, x,b),VE > 0,Vx,y € X
(3) M(x,y,F) = 1,V > 0 iffx = v.

(4) Forx,y,z€ Xand > 0,5> 0,
M(x,y,b) 1 M(y, z,8) = WMh(x, y, £)* Ma(x, y, £) *1 (Mi1(y,z,5) +1 Ma(y, 2,9))
= (Mi(x, y, 1) =1 Mi(y,2,5)) x1 (Ma(x, y, £) *1 M2(y, 2,9))
< Mi(x,z,t +38) #1 Ma(x,z,t +3), since M1 and M, are GIVF metrics on X.
= M(x,zf+3).

(5) Clearly continuity of M(x, y, .) follows from the continuity of M;(x, y,.) and Ma(x, v, .).

(6) limy- 00 M(x,~y, fy= liquoo(M1 (x, v, £) % Mzgx, v b
= limy- oo [M7 (x, y, M (x, y, £), M5 (x, y, £).M3 (x, y, £)]
=[1.1,11]=1.

Hence (X, M, #) is a GIVF metric space.

Example 5.2. Let X = R and #; be the continuous induced IV t-norm given by [a, b] *; [c,d] = [a.c, b.d].

Let forx,y € Xand f > 0,

~ min{x, y} + kt— min{x, y} + kt*
M(xr Y, t) = [ Y /

max{x/ y} + kt_, mﬂx{x, y} + kt* ]! Whel'e k >0

. y+t
The function f(t) =

min{x, y} + kt~  min{x, y} + kt*

is increasing if x — y > 0. So

max{x, y} + kt~ = max{x, y} + kt+’
Clearly
(1) M(x, y,b) > 0,Vt > 0,x,y € X.
) M(x,y, ) = 1IVE > 0 iffx = y.
(3) M(x, y,F) = M(y, x, ),V > 0,¥x,y € X.

(4) For the triangle inequality we have to show that
M(X, Z, E + §) 2 M(x/ Y, E) *T M(y/ z, SN)
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. [min{x,z} +k(t~ +s7) min{x,z} + k(t* +s)
He A nax(x, 2} + k(- + 57) maxix, z) + k(t* + %)

min{y, z} + ks~ min{y, z} + ks*

minfx, y} + kt~ min{x, y} + kt* 1o]
~ "max{x, y} + kt=" max{x, y} + kt* max{y,

+ ks~ max{y, z} + ks*

B (min{x, y} + kt”)(min{y, z} + ks7) (min{x
~ H(max{x, y} + kt~)(max{y, z} + ks™)” (max{x,
Firstly we show that

min{x, z} + k(t~ +5s7) . (min{x, y} + kt™)(min{y, z} + ks™)
max{x,z} + (t~ +s7) — (max{x, y} + kt=)(max{y, z} + ks~)
Let x < z. Then we have the following cases:
Casel:x<y<zCase2: y<x<zCase3: x<z<y.
Casel: x<y<z

Then (*) becomes

x+kt— y+ks” < X+ k(t™ +5s7)

y+kt~ z+ksw T z+k(t +57)

Now R.H.S.

x+k(t"+s7)  x+k(t+s) y+k(t” +57)
z+k(t-+57)  y+k(t +s) z+k(t" +57)

x+kt” y+ks‘(“x< <2)
Ty+ktt z4ksT ==
=L.H.S

Case2: y<x<z
Then (*) becomes
y+kt™ y+ks” < x+k(t™+5s7)

X+kt- z4+kss T z+k(t-+s7)
Now R. H. S.

_x+k(t+s7)  x+k(t”+s57) x+k(t +57)
T z4k(t +57)  x+k(t-+5) z+k(t +57)
S y+k(t-+s57) y+k(t™+s7)
Tx+k(t+s5) z+k(t +57)
S y+kt™ y+ks”
T x+ktT z+ ks
=L. H.S.

(Cy<x<z)

(ry<x<2z)

z}
L yh + kt*)(minfy, z} + ks*)
y} + kt*)(max{y, z} + ks*) ™
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Similarly Case 3 can be dealt with. Replacing ¢~ by t* and s~ by s* we can prove the other relevant inequal-

ities. Hence triangle inequality holds.

(5) As f, — fifft; >t~ and t} — t*, continuity of M(x, y,.) can be easily verified.

(6) imy- 0o M(x, y, t) = [limy- 00
max
=1.

Hence (X, M, #;) is a GIVF metric space.

Scheme of image processing

For every pixel P select a 3 x 3 window with P(R, G, B, x, i), where R, G, B are the color values of the pixel
and (x, y) are the Euclidean coordinates of the pixel. Let F;, F; be two pixels with F; = (F}, F;, F}, F}, F?) and

Fj = (FL,F%,F%,F4 F)).
Consider the GIVF metrics R and S defined by
min{Fg,P;} +kt~ min(F, Fé.} + kt*

max{Pg,P;} +kt~" max{F!, F;} + kt*

R(F;, Fj, D) =TTl



U. Samanta, Vishali S. / Filomat 39:2 (2025), 575-586 586

(Here [ denotes IV-product t-norm #)

- [ t*
and S(F”F], h= [t_ + d(F;, F]‘)’ t+ + d(F;, Fj) ],
where d(F;, F;) denotes the Euclidean distance of the (x, y) coordinates of F;, F;. We fix a suitable value of k
and calculate
C(Pi,F]', f) = R(Pi, F]', E) *1 S(F,‘,P]‘, f)
For each value of F; in the filter window, an accumulated measure Ay = Y, jeW,j#k C(Fx, Fj,t) to all other
vectors in the window is to be calculated. The interval values of Ays are to be approximated by taking mid
values of the intervals and then ordered in the descending sequence. Then the filter output will be the
vector Fy corresponding to the lowest rank in the ordered sequence Ay.

6. Conclusion

In this paper a definition of generalized interval-valued fuzzy metric space is introduced. Some of its
topological properties such as Hausdorffness, first countability etc. are studied. Banach and Edelstein fixed
point theorems are extended in this setting. Image filtering process using this GIVF metric is also studied.
There is a further scope of studying boundedness, total boundedness, completeness and compactness,
Baire’s category theorem etc.in this setting. There is also a scope for applying this GIVF metric in decision
making problems.
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