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Abstract. The purpose of this work is to introduce two notions of closure in the category ConFCO of
constant filter convergence spaces with continuous maps and investigate whether they satisfy the idempo-
tency, productivity, (weak) hereditariness, and (full) additiveness as well as examine how they are related to
each other. Moreover, we characterize each of Tj, i = 1,2 spaces with respect to these closures and examine
epimorphisms in the subcategories of ConFCO. Furthermore, we give the characterization of connected

constant filter convergence spaces and investigate some invariance properties of them. Finally, we compare
our results with results in some other topological categories.

1. Introduction

Since the category Top of topological spaces and continuous maps has no natural function space struc-
tures, it is not convenient in topological algebra, homotopy theory, and functional analysis etc. Con-
sequently, there have been many attempts to replace Top by supercategories which have the desired
properties.

The categories FCO of filter convergence spaces (resp. Lim of limit spaces) and continuous maps which
are supercategories of Top have natural function space structures [21, 22, 26]. Limit spaces with compatible
vector space structures are used in an important way to develop a calculus for vector spaces, without norm
[21]. In 1979, Schwarz [26] introduced the full subcategory ConFCO of FCO which is bireflective and have
natural function space structures.

Closure operators have been used to generalize separation and connectedness as well as they are used
to characterize the epimorphisms of subcategories of a topological category [6, 15-19, 23, 25].

The main objectives of this paper are stated as follows:

(1) We introduce two notions of closures in ConFCO and show whether they satisfy the idempotency,
productivity, (weak) hereditariness, and (full) additiveness.

(2) We characterize T;, i = 1,2 constant filter convergence spaces with respect to these closure operators.
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(3) We characterize the epimorphism in the subcategories of ConFCO.

(4) We give the characterization of connected constant filter convergence spaces and investigate invari-
ance properties of it.

(5) We compare our findings with ones in other topological categories.

2. Preliminaries

Let B # 0 and F(B) be the set of filters on B. a € F(B) is said to be improper (resp. proper) iff @ € a (resp.
0 ¢ a). We denote by aUp the smallest filter containingboth fand a fora, f € F(B)and [U] = {V c B: U c V}.

If the map L : B — P(F(B)) satisfies,
(1) [{x}] = [x] € L(x) for ¥x € B,
(ii) if @ € L(x) and a C B, then € L(x),

then (B, L) is called a filter convergence space [22]. If L is a constant function, then (B, L) is called a con-
stant filter convergence space [26]. Let (B,L) and (C,S) be constant filter convergence spaces. A map
f:(B,L) = (C,S) is said to be continuous if f(a) € S for Ya € L.

We denote ConFCO by the category of constant filter convergence spaces and continuous maps, which
is a cartesian closed [26].

Proposition 2.1. (1) Let {(B;, L;),i € I} be a class of constant filter convergence spaces, B be a nonempty set, and
{fi : B— Bi,i € I} be a source in the category Set of all sets and functions. A source {f; : (B,L) — (Bi,L;),i € I}
in ConFCO is an initial lift iff « € L precisely when fi(a) € L; for Vi € I.

(2) Let {f; : Bi = B,i € I} be a sink in Set. An epi sink {f; : (B;,L;) — (B,L),i € I} in ConFCO is a final lift iff
a € L implies that there exist i € I and p; € L; with fi(B;) C a.

Let B be a set, x € B, and the infinity wedge \/; B (resp. B*\/, B?) be taking countably many disjoint
copies of B and identifying them at the point x (resp. two distinct copies of B? identified along the diagonal
A) [2].

The principal axis map A : B> V4 B2 — B® is given by A(a,b); = (a,b,a) and A(a, b), = (a,4,b) and the
Skewed axis map S : B> V5 B> — B®is given by S(a,b)1 = (a,b,b) and S(a,b), = (a,a,b). The fold map
V:B*\/, B* > B?is given by V((a,b),) = (a,b) fori =1,2.

A2 :\/T B — B is given by AY(a;) = (¥, ..., x,4,%,%,...), where a; is the i-th component of \/7' B and
B® = B X B X ... is the countable cartesian product of B, and V{° : \/T B — B is given by V°(4;) = a for all
i € I, where I is the index set {i : g; is the i-th component of \/} B} [2].

Definition 2.2. ([2, 8, 9]) Let U : & — Set be topological [1], A € Ob(E) withx € U(A) =B,and ZC A.

(1) If the initial lift of the U-source {Ay : VB — B® = U(A®) and VY : Vi°B — UD(B) = B} is discrete,
then {x} is said to be closed, where D is the discrete functor.

(2) If {#}, the image of Z, is closed in Z = () or A/Z, then Z is said to be closed, where A/Z is the final lift
of the epi U-sink Q : U(A) = B — B/Z = {#} U (B\Z), identifying Z with a point *.

(3) If the complement Z¢ of Z is closed, then Z is said to be open.
For Top, openness (resp. closedness) coincides with the usual openness (resp. closedness) [2, 8].

Theorem 2.3. ([4]) Let (B,L) € ConFCO, 0 # M C B, and x € B.
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(1) {x}is closed iff (B,L) is Ty at x iff [y] N [x] ¢ L for all y € B with y # x.

(2) Mis closed iff a ¢ [b] or ¢ U [M] is improper for every a € L and every b € Bwithb ¢ M .
Theorem 2.4. Let (B, L) € ConFCO.

(1) M c Bisopeniffa ¢ [b] or a U[M°] is improper for every o € L and every b € Bwith b € M.

(2) Ifforeachiel, M; C Bis closed, then (;; M; is closed.

Proof. (1) It follows from Definition 2.2 and Theorem 2.3.

(2) Suppose b € B, b ¢ ;g Mi, and o € L. Then 3k € I with b ¢ M. Since M is closed, by Theorem
2.3, a ¢ [b] or a U [My] is improper. If o U [Mj] is improper, then o U [(;; M;] is improper since o U [M] C
a U [N Mi]. Consequently, by Theorem 2.3, ();¢; M; is closed. [

Example 2.5. (1) Theorems 2.3 and 2.4, all subsets of the discrete constant filter convergence space (B, L) are
both closed and open.

(2) Let (B, F(B)) be the indiscrete constant filter convergence space, i.e., L = F(B) with cardB > 2. By
Theorem 2.4, the only closed (open) subset of B are @ and B.

(3) Let B = {m, n,p,r} and define constant filter convergence structures L; for i = 1,2, 3 as follows:
Ly ={lp], [m], [n], [r], [n] N [m], [0]}.
L, = A{[p], [m], [n], [r], (n] N [pl, [PI 0 [r], [r] O [n], [O1}.
Ly = {[p], [m], [n], [1], [n] O[], [p) O [, 171 A [p), [mn] 0 [, [n] 0[] 1 [, [O1)-
By Theorems 2.3 and 2.4, the only closed (open) subsets with respect to L, are {r}, {p}, {n, m}, {r,p}, {n,m, p},
{n,r,m}, B, and 0. The only closed (open) subsets with respect to L, are {m}, {n,p, 7}, B, and 0. The only
closed (open) subsets with respect to Lz are B and 0.

(4)LetB = {m,n,p,r,s}and define Las L = {[m], [n], [p], [r], [s], [mIN[n], [m]N[p], [n]N]p], [mIN[nIN[p], [0]}.
By Theorems 2.3 and 2.4, the only closed (open) subsets with respect to L are {r}, {s}, {r, s}, {n, m, p}, {n,m, p, s},
{n,m,p,r}, B, and 0.

Theorem 2.6. Let (A, S), (B, L) € ConFCO.
(1) If N c Aand M C N are open, then M C A is open.
() If f : (A, S) — (B, L) is continuous and M C B is open, then f~1(M) C A is open.

Proof. (1) Suppose N C Aand M C N are open, a € S and for each b € A with b ¢ M. Let Sy be a subspace
structure on N induced by the inclusion map i : N — (A, S). Note thati~!(a) = a U[M] € Sy. Since M C N is
open, by Theorem 2.3, « U [N]U [N\M] = a U [N\M] is improper or a U [N] ¢ [b] for every a € S and every
be N withb ¢ M.

If @ U[N] ¢ [b], then a ¢ [b] since [N] C [b]. Suppose a U [N\M] is improper. Since N C A is open, by
Theorem 2.4, a ¢ [b] or a U [A\N] is improper. We need to show a U [A\M] is improper. Since a U [A\N] is
improper and @ U [N\M], AV, U € a with U N (N\M) = 0 and V N (A\N) = 0. Note that U NV € a and we
will show that (U N V)N (A\M) = 0. Suppose (UNV)N(A\M) # 0. Ax e (UNV)N(AAM) withx € V,x € U],
and x € A\M.

Suppose x € N. If x € M, then x ¢ A\M, a contradiction.

If x ¢ M, then x € N\M and x € U N (N\M), a contradiction, hence U N (N\M) = 0.

If x ¢ N, then x € A\N. Since x € V, x € V N (A\N), a contradiction.

Hence, (UN V)N (A\M) =0, i.e., a U[A\M]is improper. By Theorem 2.4, M C A is open.
(2) Suppose M C B is open, b € A with b € f}(M), and @ € S. Note that f(b) € M, f(a) € L and by

Theorem 2.4, f(a) ¢ [f(b)] or f(a) U [B\M] is improper since M C B is open.
Suppose f(a) U [B\M] is improper. By Lemma 2.1 of [13],

faU [ B\M)]) = fla UTA\fT(M)]) > f(@) UIff(B\M)] > f(a) U [B\M].
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Since f(@) U [B\M] is improper then f(a U [A\f}(M)]) is improper and consequently, & U [A\f~}(M)] is
improper.

Suppose f(a) ¢ [f(b)]. If a C []], then f(a) C [f(b)], contradiction. Thus, a ¢ [b]. By Theorem 2.4,
f M) cAisopen. [

3. Closure operators in constant filter convergence spaces

In this section, we introduce two closure operators of ConFCO and investigate their properties as well
as examine how they are related to each other. Finally, we characterize each of T;, i = 1,2 spaces with
respect to these closures.

Definition 3.1. Let (B,L) € ConFCO and Z c B. The closure clg(Z) of Z is the intersection of all closed
subsets of B containing Z. The quasi-component closure Qg(Z) of Z is the intersection of all open and closed
subsets of B containing Z.

Definition 3.2. ([19]) Let ¢ be a closure operator of a topological category &.
(1) Tq(c) ={X € &: cx({a}) = {a}, foreacha € X }.
(2) Alc) ={X €&E: cx2(A) = A, the diagonal }.
(3) V(o) = {X€&: cxe(A) = X2 ).

Let & = Top, K be the ordinary closure and Q be the quasi-component closure. Then T1(K), A(K),
V(Q), and T1(Q) are the class of Tq-spaces, T»-spaces, connected spaces, and totally disconnected spaces,
respectively [19].

Let (B,L) € ConFCO and M C B.

K(M) = {x € B: da € L with a U [M] is proper }.
K'M)={xeB:K({x}) "M # 0}
= {x € B : there exists a proper filter « € L with a C [x] }.

Theorem 3.3. (1) cl is idempotent, weakly hereditary, productive, and finitely additive but it is not hereditary.

(2) Q is idempotent, weakly hereditary, finitely productive, and additive but it is not hereditary.
(3) cl = KAK?, the hull of K A K.

Proof. (1) By Theorem 3.4 of [20] and by Exercise 2.D of [19], ! is idempotent and weakly hereditary closure
operator.

Suppose M; is closed in (B;, L;) for Vie I, a = (a1,a2,...) € B =[], Bi witha ¢ M = [];;M; and @ € L. By
Proposition 2.1, m;a € L; for Vi € I and 3 k € [ with a; ¢ M. Since M is closed, by Theorem 2.3, mear U [M]
is improper or riear ¢ [ag]. If irae U [M] is improper, then AU € miar such that U N My = 0 and hence AW € a
with ;W c U and miW N Mg = 0. Let o = U ni‘lnia, by Corollary 3.3 of [3], ;o = m;a for all i € [ and
o Ca. Let Z = [[;(miW). Then Z € ¢ and

ZNM= H(mW) n HMi = H(n,-w nM;) =0.
i€l i€l i€l
Consequently, o U [M] is improper and hence a U [M] is improper.

If mea ¢ [ax], then o ¢ [a], otherwise, m;o = m;a C [a;] for each i € I. This is a contradiction. By Theorem
2.3, M is closed, i.e., cl is productive.
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To see ¢l is finitely additive, suppose M; is closed subset of B fori = 1,2,..,n,a € B,a ¢ M = UL, M;,
a € L. Since M,; is closed, by Theorem 2.3, @ U [M;] is improper fori = 1,2,..,n or a ¢ [a]. If & U [M;] is
improper, then there exists U; € a such that U; N M; = 0.

Let U = ML, U;. Since U € @, a is a filter, and

MnU= (UMZ) N (ﬁ u; = O(M, Nnu;) = 0.
i=1 i=1 i=1

Hence, a U [M] is improper and by Theorem 2.3, M is closed and consequently, c! is finitely additive.
Let (B, L3) be as in Example 2.5 (3) with A = {m, 7} and M = {m}. Let L4 be structure on A induced by
i:A— (B,L3).
La = {[r], [m], [0]}.

By Theorem 2.3, the closed subsets respect to L4 are {m}, {r}, 0, and A. Note that cl4(M) = {m}, clzg(M) = B
and cly(M) = {m} # {m,r} = clpg(M) N A. Hence, c! is not hereditary.

(2) By Theorem 3.4 of [20], by Exercise 2.D of [19] and Theorem 2.6, Q is idempotent and weakly hereditary
closure operator.

To see Q is finitely productive, let M; C B; be open and closed foralli =1,2,...,n,a = (a1,4a2,...a,) € B =
[T, Bi witha € M = []_; M; and & € L, the product structure on B. For eachi = 1,2,..,n, a; € M; and
1 € L;. Since M; C B; are open foralli = 1,2,...,n, by Theorem 2.4, ;a0 ¢ [a;] or ;a0 U [B;\M;] is improper.
Leto = UL, ﬂi_lnioc, by Corollary 3.3 of [3], mijo = mya € L; foralli = 1,2, ...,,n and by Proposition 2.1, ¢ € L.

Ifa; ¢ [a;] foreachi=1,2,..,n,0 ¢ [a].

Suppose ;0 U [B;\M;] are proper for alli = 1,2,...,n. Then AW; € a such that 7;W; N (B;\M;) = 0 for each
i=1,2,..,n.

Let W = L, Wi and Z = [];L,(7;W;). Since a is a filter, W € a and Z € 0. We show that o U [M‘] =
o U [B\M] is improper. Note that

B\M = (H B,-)\(H M;) = ((B1\M)x By X B3 X... X Bp) U (B X (Ba\M2) X B3 X ... X By) U ... U(B1 X By X ... X (B, \M.,))
i=1 i=1

ZNM" = (H 7i;Wi) N (((B1\M1) X By X ... X B;;) U (By X (Bo\M3) X ... X Byy) U ... U (By X By X ... X (B,\M,,))
i=1
= ((myW1 N (B1\M1)) X oWa X ... X 11, W,,) U (u W X (o, W N (Bo\MR) X .. X 1, W) U L.
U (7T1W1 X TCZWZ XX nn—lwn—l X (nnwn N (Bn\Mn)))
=0
Hence, a U [M] is improper and by Theorem 2.4, M is open in B. By Part (1), M is closed and by Definition
2.4, Q is finitely productive.
To see Q is additive, let M; C B be open for eachi = 1,2,..,nand a € B witha € M = |J.; M;. By
Theorem 2.4, M is open and by Part (1), M is closed. Consequently, by Definition 3.2, Q is additive.
Finally, we will show that Q is not hereditary. Let (B,L3) be as in Example 2.5(3) with M = {r} and
A={p,r}. Then Ly inducedbyi: A — (B, L3), ie,

La ={[pl [r] [0]}
Note that Qp(M) = B, Qa(M) = M, and Qg(M) N A = BN A # M = Q4(M). Hence, Q is not hereditary.
(3) Follows from Theorem 2.4. []

Theorem 3.4. (1) (B,L) € T1(cl) iff for any y,x € Bwithy # x, [x] N [y] € L.
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(2) (B,L) € T(Q) iff for any y,x € Bwith y # x,[x] N [y] ¢ L and exists a subset of M of Bwith x € M, y ¢ M,
a U [M] is improper or a U B is improper or p U [M€] is improper for every proper filters o, p € L.

(3) (B,L) € A(cl) iff for every y,x € B with y # x and for every proper filtersa,f € L, a ¢ [x] or B & [yl or a U B
is impropet.

(4) If (B,L) € A(Q), then for every y,x € B with y # x and for every proper filters §,a € L, a ¢ [x] or B & [y] or
a U B is improper.

Proof. (1) Suppose (B, L) € T1(cl). By Definition 3.2, for Yx € B, clg({x}) = {x}. Hence, by Theorem 2.4, {x} is
closed and by Theorem 2.3, [x] N [y] ¢ L for every y,x € B with y # x.

Conversely, suppose for every y,x € B with y # x,[x] N [y] ¢ L. By Theorem 2.3, {x} is closed and by
Definition 3.1, clg({x}) = {x}, i.e., by Definition 3.2, (B, L) € T1(c).

(2) Suppose (B,L) € T1(Q), y,x € B with y # x. By Theorem 2.4, {x} = Qg({x}) is closed and by Theo-
rem 2.3, [x] N [y] ¢ L for Vy,x € Bwithx # y. ¥ ¢ {x} = Qp({x}) and by Definition 3.1, there exists a open
and closed M C B containing x but not y. Since M is closed (resp. open), by Theorem 2.3 (resp. by Theorem
2.4), a U[M] (resp. B U [M°]) is improper or a ¢ [y] (resp. § ¢ [x]) for proper filters a, § € L.

If BU [M] and a U [M] are improper, then AV € fand U € a with UNM =0 = V. n M. It follows that
UnvcM nM=0. Consequently,® =UNV,ie., aU§pisimproper.

If « U [M] (resp. p U [MF]) is improper, then AU € a (resp. V € ) with UNM (resp. V N M) = 0. Hence,
Va € M (resp. Vb € M), a ¢ U (resp. b ¢ V) and a ¢ [x] (resp. B & [y]).

Since {y} and {x} are closed, the case § ¢ [x] and a ¢ [y] always holds. Therefore, we must have a U § is
improper or @ U [M] is improper or f U [M‘] is improper for some M C B with y ¢ M, x € M.

Conversely, suppose the conditions hold, a, 8 are proper filters in L, and y,x € B with x # y. Since
[x] N [y] ¢ L, by Theorem 2.3, {x} is closed. Let M = {x}. By assumption, a U [x] is improper or f U [{x}‘] is
improper or a U 8 is improper.

If o UBisimproper, thendV efand U cawithUNV =0. fUNM=0,thenx ¢ Uand a ¢ [x]. If
UNM#0,thenf ¢ [x]and x ¢ V.

If o U [x] is improper, then a ¢ [x].

If g U [{x}°] is improper, then U € p with U N {x}* = 0 and so, U = 0 or U = {x}. Since § is proper,
{x} =U € pand g = [x] ¢ [a] for every a # x. By Theorem 2.4, {x} is open and by Definition 3.1, for every
x € B, Qp({x}) = {x}, i.e,(B,L) € T1(Q).

(3) Suppose (B,L) € A(cl), y,x € B,y # x, and  C [y] and a C [x] for all B,a € L. We show a U is
improper. Suppose a U  is proper. Let 0 = n;*a U ;. By Corollary 3.3 of [3], myo = a € L, my0 = B € L.
Hence, 0 € L? and 0 C [(x, y)]. a U B is proper implies for every U, € fand U; € a, Uy N Uy # 0 and thus,

(U x Up) N A # 0.

Consequently, o U [A] is proper. By Theorem 2.3, A is not closed and hence, a U f§ is improper.

Suppose for every y,x € B, y # x, and VB, € Lif § C [y] and a C [x], then a U § is improper. We
show (B,L) € A(cl), i.e., by Theorem 2.3, V(x,y) ¢ A and Ya € L?, a U [A] is improper or @ ¢ [(x,y)]. Let
o= n;lnla U nglnza. By Corollary 3.3 of [3], 0 C a, m10 = mia € L and mp0 = myar € L. By assumption,
110 ¢ [x] or a0 & [y] or mia U mpa = mio U mpo is improper. If ma = mo ¢ [x] or moa = 10 ¢ [y], then
a ¢ [ )l
Suppose 10 U moa is improper. There exist V € 0 = mia and U € 10 = moa such that VN U = 0. Hence,
ANUxV)=0,ie., cU[A]is improper and thus a U [A] is improper. Consequently, by Theorem 2.3, A is
closed and by Definition 3.2, clg:(A) = A, i.e., (B, L) € A(cl).

(4) Suppose (B,L) € A(Q), y,x € B, y # x, (x,y) ¢ A = Qr(A). By Definition 3.1, there exists closed
and open M set with M D A with (x,y) ¢ M. Since M is closed, by Theorem 2.3, Ya € 12, a¢ [(x, y)] or
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a U [M] is improper. If o U [M] is improper, then a U [A] is improper and hence mja U mpa is improper. If
a ¢ [(x, y)], then ma ¢ [x] or moa ¢ [y]. Since M is open, by Theorem 2.4, Ya € L* and Y(a,b) € M, a ¢ [(a, b)]
or a U [M°] is improper. If a ¢ [(a,b)], then ma ¢ [b] or i ¢ [a]. Suppose a U [M] is improper. Let
o= n;lnla U n;lnza. If 0 U [M?] is improper, then there exist U; € i and U, € moa such that

(U7 x U) N M° = 0.
If 0 U [M] is improper, then 3 V, € mya and V; € 1y such that
(VixVy)nM =0.
Therefore, U; N V7 € mya and Up; NV, € . Thus,
(U7 NnV7) X (U N V)N ME = 0.
By Theorem 2.4, M is not open, i.e., we get Qp:(A) = A, a contradition. [J
Theorem 3.5. (1) T1(Q) C Ty(c)).

(2) T1(Q) c Aleh).
(3) A(c)) c Ty(ch.

Proof. (1) Suppose (B,L) € T1(Q) and y,x € B with y # x. Since (B,L) € T1(Q), y ¢ {x} = Qp({x}) and by
Theorem 2.4, Qp({x}) = {x} is closed. By Theorem 2.3, [x] N [y] ¢ L and by Theorem 3.4, (B, L) € T1(cl).

(2) Suppose (B,L) € T1(Q), a,p € L, x,y € Bwithy # x. y ¢ {x} = Qg({x}) and by Definition 3.1, there
exists a open and closed subset M of B containing x but not y. Since M is closed, by Theorem 2.3, a« U [M]
is improper or a ¢ [y] and M is open by Theorem 2.4, § U [M‘] is improper or § ¢ [x] for all proper filters
B,a€L.

If U [M] and a U [M] are improper, then AV € and U € a with UNM = 0 = V N M°. It follows that
UnvcM NM=0. Consequently,d = UNV,ie., aU}pisimproper.

If o U [M] (resp. B U [M?]) is improper, then AU € a (resp. V € ) with U N M (resp. V N M° = (). Hence
Va e M (resp. Vb € M), a ¢ U (resp. b ¢ V). a ¢ [x] (resp. B ¢ [y]). Hence by Theorem 3.4, (B, L) € A(cl).

(3) Suppose (B,L) € A(cl) and [x] N [y] € L for some x,y € B with y # x. Let § = [x] N [y] = a. Note
that g, € L, U a is proper, p C [y] and a C [x], a contradiction since (B, L) € A(cl). Hence, [x] N [y] ¢ L for
Vx,y € A with x # y and by Theorem 3.4, (B,L) € T1(cl). O

Theorem 3.6. If B is finite, then the following are equivalent:
(1) (B,L) € Tw(Q),
(2) (B,L) € Ta(cl),
(3) (B,L) € AQ),
(4) (B,L) € A(cl).

Proof. Suppose B is a finite set, (B, L) € T1(cl), and « is any proper filter on B. Then a = [Z] for some Z C B.
If e € Land y,x € Z with y # x, then a C [x] N [y] and [x] N [y] € L, a contradiction since (B,L) € T(cl).
Hence Z must be a one-point set. Note also that if H C B, then H is both open and closed. Indeed, if H = 0,
then by Definition 2.2, H is closed and open. If H = {11}, a one-point set, then H is closed since (B, L) € T1(cl)
and

H® = B\{a1} = {az, a3, ...,a,} = {a1} U {az} U ... U {a,}

is closed by Theorem 3.3. Hence, H = {a;} is open. If
H={a, a5, ..., 0} = {1} U {az} U ... U {agl,

then H is both open and closed. The result follows from Theorems 3.4 and 3.5. [
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LetB # 0, M c B, B ]I B denote the quotient of the coproduct B[ B = Bx {0, 1} obtained by identifying
each (m,0), m € M with (m,1). Letqg : B[I B — B, B be the quotient map. The maps k; : B — B[ B,
s:B]IyyB — BlIyB and p : B][)sB — B are respectively defined by k;(x) = g(x, 1), s(q(x,0)) = g(x, 1),
s(q(x, 1)) = q(x,0) and p(q(x,7)) = x, fori = 0,1 and x € X. If M = {p}, then B[[yB = B/, B in [2] and if
M= A, then B2 [[,,B? = B>\/, B?in [2].

Lemma 3.7. ([18]) Let 6 be a quotient-reflective subcategory of containing a space with at least two points and let
X € 0. Asubset M C X is 6-closed iff X [ 11 X belongs to 0.

Theorem 3.8. Let (B, L) € ConFCO and M C B with at least two point.
(1) If (B,L) € T1(cl), then (B11 B, L’) € T1(cl), where L’ is the final lift of i1,1 : (B,L) = (B]IB,L’).

(2) If (B,L) € Ti(cl) and M is cl-closed, (i.e., closed), then (B 11y B,L") € Ti(cl), where L" is the final lift of
ki,k>: (B,L) = (BLIp B, L").

(3) If (B,L) € A(cl), then (BTI B,L") € A(cl).
(4) If (B,L) € A(cl) and M is cl-closed, then (B 11, B, L") € A(cl).

Proof. (1) Suppose (B, L) € T1(cl) and for some (y, j) # (x,n)inB][B,n,j=0,1, [(y, )I1N[(x,n)] € L', where L’
is the final lift of the U-sink {iy, i1 : (B,L) — B]] B} (ip and i; are the canonical injections). By Proposition 2.1,
da € Lsuch that [(x, n)] N [(y, /)] D ixa for some k = 0 or 1. This holds iff [x] N [y] € Land n = j = k, a contra-
diction since (B, L) € T1(cl),if y = x, thenn = 0and j = 1 (resp. n = 1 and j = 0). Since [(x,0)] N [(x, 1)] D ixa
for somek = O or 1, then Bx{k} € [(x,0)]N[(x, 1)], a contradiction. Hence, by Theorem 3.4, (B[] B, L") € T1(cl).

(2) Suppose (B,L) € Ti(cl), M C B is cl-closed, and ¢’ : (BIIB,L’) — (Bl B,L") is the quotient map
defined as above. Suppose for some z = q'((y, j)) # ¢'((x,n) = 2’ for jyn =0,1,in B][yB, [z]N[z'] € L".
By Proposition 2.1, there exixts a € L’ such that [z] N [z'] D ¢'(a). If y,x ¢ M, then [(y, )] N [(x,n)] D @ and
consequently, [(y, /)] N [(x,n)] € L', a contradiction, since (B[ B,L’) € T1(cl) by Theorem 3.4 and by Part (1).

If y ¢ M (resp. y € Mand x ¢ M) and x € M, then a U [{(x,1), (x,0)}] (resp. a U [{(y,1),(y,0)}]) is
proper and consequently a C [(x,0)] or & C [(x,1)] or a C [{(x,1), (x,0)}] (resp. @ C [(y,0)] or @ C [(y,1)] or
a < [{(y, 1), (v, 0)}]).

If  C [(x,k)] for k = 0,1, then & C [(x,1)] N [(x,0)] and thus [(x,1)] N [(x,0)] € L’, since a € L', a
contradiction.

If @ C [(y,k)] for k = 0,1, then a C [(y,1)] N [(y,0)] and thus [(y,1)] N [(y,0)] € L’, since @ € L', a
contradiction.

If x, y € M, then a U [{(x, 1), (x,0), (v, 1), (y, 0)}] is proper and consequently, [(x, n)] N [(y, j)] € L’, contra-
diction since (B[] B,L’) € T1(cl).

(3) Suppose (B,L) € A(cl) and there exist (y, j), (x,n) in (B][B,L") with (x,n) # (y,j) and proper filter
B,a € L with B U a is proper and § C [(y, )], « C [(x,n)]. By Proposition 2.1, there exist proper filters
B1,1 € L such that a D iy(a1), B D ij(f1), and i,(x) = (x,n), i{(y) = (v, j) for some n,j = 0,1. It follows
that i.'(a) D ay, i;l(ﬁ) D By, i (@) U ijTl(ﬁ) D o Uy, iyl (@) C [x], and iJTl(‘B) C [y]. Since a U g is proper,
ila)U i;l(ﬁ) is proper and consequently, @; U B is proper, a1 C [x] and 1 C [y], a contradiction since
(B,L) e Alc)). lf y=x,thenn =0and j=1(n =1and j = 1). Since a D ip(ar1) and B D i1(B1),

0=Bx{1)h)NnBx{0})epUa,
i.e., U ais improper, a contradiction. Hence, by Theorem 3.4, (B[] B,L") € A(cl).

(4) Suppose (B,L) € A(cl), B U a is proper, a C [z] and p C [Z'] for some z = ¢'(x,n), 2 = ¢'(y, ) for
some proper filter a, § € L”. Suppose x # y. By Proposition 2.1, daq, 1 € L’ with a D q’(a1) and B D q'(B1).
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Since a1, f1 € L', by Proposition 2.1, day, B> € L such that a; D i,(a2) and B1 D i;(2) for some n,j = 0,1 and
in(x) = z,ij(y) = Z’. It follows that
(@oi)'adas, (Foi) D P, axclxl, Bclyl

Since a U § is proper, a, U B, is proper, a contradiction since (B, L) € A(cl). Supposex =y, n =0,band y = 1.
Note that (¢"0ip)(ar2) U (¢"0i1)(B2) is proper and consequently a, U B, U [M] is proper. Since a; U B is proper,
aUBy € L, ap UPB, C [x], and M is closed, by Theorem 2.3, x € M, a contradiction since z = (x,0) # (x,1) = z’.
Hence, by Theorem 3.4, (B]IyB,L”) € A(cl). O

Theorem 3.9. The subcategories T1(cl) and A(cl) are quotient-reflective in ConFCO.

Proof. One can easily show Tq(cl) and A(cl) are isomorphism-closed, full, closed under final structures and
closed under formation of subspaces. We show that they are closed under products.

Let (B;, L;) € T1(cl) for Vi € I and B = [];¢; Bi. We show (B, L) € Ty(cl). Suppose (B, L) ¢ T1(cl). Hence, by
Theorem 3.4, [y] N [x] € L for some y = (y1, Y2, ...), X = (x1,X2,...) in B with y # x. Then there exists j € I such
that x; # y; in B; and by Proposition 2.1 and by Lemma 2.1 of [13],

mi(lx] N [y]) = mi(lx]) N m(y)) = [x] N [yl € L,

a contradiction since (B;, L;) € T1(cl). Hence, (B, L) € Ty(cl).

Suppose (B;, L;) € A(cl) for all i € I but (B, L) ¢ A(cl). By Theorem 3.4, f U « is proper, § C [y] and a C [x]
for some proper filters §,a € L and y,x € B with y # x. Hence, 3 j € [ with y; # x; in B}, 7;(), tj(a) are
proper filters in L;, 7;(8) U 1tj(a) is proper (since 7t;(8 U &) D m;(f) U mj(@) and B U « is proper), 7tj(a) C [x;]
and 7t;(B) C [y;], a contradiction since (B, L;) € A(cl). Hence, by Theorem 3.4, (B,L) € A(cl). [

Theorem 3.10. If (B,L) € Ty(cl) (resp. A(cl)) and M C B is closed (i.e., cl-closed), then the epimorphism in Ty (cl)
(resp. A(cl)) are onto. In particular, T1(cl) and A(cl) are co-well-powered categories.

Proof. By Theorem 3.9, A(cl) and Ty(cl) are quotient-reflective and by Theorem 3.8, (B[, B,L") € A(cl), L”
is the quotient structure on B [[,;B. By Lemma 1.1 of [18], M is T1(cl) (resp. A(cl)) closed and the result
follows. O

4. Connected constant filter convergence spaces

Definition 4.1. ([8, 16, 23]) Let B be an object in a topological category &.
(1) Bis called strongly connected if the only subsets of B both open and closed are B and 0.
(2) Bis called D-connected if any morphism from B to discrete object is constant.
(3) Bis called c-connected if B € V(c), where c is a closure operator of &.

In Top, Q-connectedness, strong connectedness, and D-connectedness coincides with the usual connected-
ness [8, 16].

Theorem 4.2. The following are equivalent:
(a) A constant filter convergence space (B, L) is strongly connected.
(b) For any nonempty proper subset M of B either the condition (1) or (1I) holds.

(I) There exists a proper filter a € L such that o U [M] is proper and « C [a] for some a € M°.
(II) There exists a proper filter € L such that a U [M°] is proper and o C [a] for some a € M.

(c) (B,L)is D-connected.
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Proof. By Theorems 2.3 and 2.4 and Definition 4.1, we get (a) = (b).

(b) = (c) : Suppose the condition (I) holds. Let f : (B,L) — (A,S) be a continuous map with (4,S) is
the discrete constant filter convergence space. If cardA = 1, then f is continuous. Suppose cardA > 1 and f
is not constant. There exist b,a € B with b # a and f(b) # f(a). Let M = {a}. By assumption, there exists a
proper filter o € L with a U [M] = a U [a] is proper and a C [c] for some ¢ € M°. It follows that f(a) C [f(c)]
and f(a) C [f(a)]. In particular, f(a) C [f()IN[f(c)]. If f(a) € S, then [f(c)]N[f(a)] € S, a contradiction since
S is the discrete structure on A and f(c) # f(a). Hence, f(a) ¢ S, i.e., f is not continuous, a contradiction.

If the condition (II) holds, by the similar argument the result follows. Hence, by Definition 4.1, (B, L) is
D-connected.

(c) = (a) : Suppose (B, L) is D-connected but it is not strongly connected, i.e., there is a nonempty proper
open and closed M C B. Let (4, S) be discrete constant filter convergence space with cardA > 1. Define

f:(B,L)— (A S) by
e, if xeM
f(x)_{d, if x¢gM

Let o € L. Since M is closed, a ¢ [a] or @ U [M] is improper for Va € B witha ¢ M.
Ifa ¢ [a],thenAV e awitha ¢ V. f(V) ={c} € f(a)ie., f(a) =[c] €S.
If « U [M] is improper, then U € o with M N U = 0. If @ = [0], then f(a) = [0] € S.

Suppose a # [0] and W € f(a). Then 3V € a with W > f(V). Note that VN U € a, U c M¢, and
f(Vvnu) ={d} € f(a) and hence, f(a) = [d] € S.
If @ U [M?] is improper, then by similar argument f(a) = [0] or [c]. Hence, f is continuous but it is not
constant. This is a contradiction. [J

Theorem 4.3. A constant filter convergence space (B, L) is cl-connected if and only if for every y,x € B with y # x
there exist proper filters B, a € L such that B U a is proper, § C [y] and o C [x].

Proof. Suppose (B, L) is cl-connected and y, x € B with y # x. (x,y) € B> = clp(A) since (B, L) is cl-connected.
By Theorem 2.3, 40 € L? with s U[A]is proper and ¢ C [(x, y)] since c/(A) is closed, L? is the product structure
on B2 Let 0 = ;'m0 U ;' mp0 and note that by Corollary 3.3 of [3], 6 C 0, 1160 = m10 € L, 26 = mpo € L,
10 C [x] and 71,0 C [y]. Since 0 U[A] is proper, 6 U [A] is proper. Hence, 7110 U 1,0 is proper. We have also
0 C [x] and m20 C [y].

Suppose for Yy, x € B with y # x and there exist proper filters «, € L with $ U a is proper, p C [y] and
a C [x]. Leto = nj'p U my'a. By Corollary 3.3 of [3], oo = f € L, mio =a € L, 0 C [(x,y)], and 0 € L%. Since
70 U o = a U B is proper, o U [A] is proper. By Theorem 2.3, (x, y) € cl(A), which shows clg(A) = B> and
by Definition 4.1, (B, L) is cl-connected. [J

Example 4.4. (1) By Theorems 4.2 and 4.3, the indiscrete space (B, F(B)) is both strongly connected and
cl-connected.

(2) By Theorems 4.2 and 4.3, the discrete constant filter convergence space with at least two elements is
neither strongly connected nor cl-connected.

(3) (B, L) discrete constant filter convergence space is strongly connected (cl-connected) iff cardB < 1.

(4) Let B = {m,n,p,r} and define constant filter convergence structure L as follows:

L ={[pl, [n], [m], [r], [n] " [m], [p] O [n], [p] O [r], [O]}.

By Theorem 2.3 and 2.4, the only closed and open subsets of B are B and @ and consequently, by
Theorem 4.2, (B, L) is strongly connected and D-connected.

Theorem 4.5. If (B, L) is cl-connected, then (B, L) is strongly connected.
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Proof. Suppose (B, L) is cl-connected and M is a nonempty proper subset of B. Let x € M and y € M°".
Since (B, L) is cl-connected, by Theorem 4.3, there exist proper filters a, f € L with a U 8 is proper, a C [x]
and § C [y]. Note that a U [M] is proper since x € M and a C [x]. Since a U 8 is proper, it folllows that
a C [a] fora € M°. Hence, condition (I) in Theorem 4.2 holds and by Theorem 4.2, (B, L) is strongly connected.

By Example 4.4(4), (B, L) is strongly connected. For m, r € B, there do not exist proper filter a, f € L with
a U Bis proper, a C [r] and p C [m]. By Theorem 4.3, (B, L) is not cl-connected. [

Theorem 4.6. Let f : (B,L) — (A, S) be continuous. If (B, L) is strongly connected (resp. cl-connected), then f(B)
is strongly connected (resp. cl-connected).

Proof. Let M be a nonempty proper subset of f(B). f~1(M) is a nonempty proper subset of B. Since (B, L) is
strongly connected, either condition (I) or (II) of Theorem 4.2 holds. If the condition (I) in Theorem 4.2 holds,
then there exists a proper filter « € K with [f~}(M)]Ua is proper and & C [a] for somea € f~1(M°) = (f1(M))".
Since a € L and f is continuous, f(«) € S and by Remark 3.4 of [11],

fl@yUM]C f(@ ULff D)) C flau [f(M)])

and consequently, f(«) U [M] is proper. Since a C [a], f(a) C [f(a)] for f(a) € M°. Similarly, if the condition
(II) in Theorem 4.2 holds, f(a) C [f(a)] for some f(a) € M and [M°] U f(a) is proper. Hence, by Theorem 4.2,
f(B) is strongly connected.

Let y,x € f(B) with y # x. Then 3b,a € B with b # a such that f(a) = x, f(b) = y. Since (B,L) is
cl-connected, by Theorem 4.3, there exist proper filters §, « € L with f U a is proper and g C [b] and a C [a].
Since f is continuous, f(«), f(B) € S and by Remark 3.4 of [11], f(a U B) D f(a) U f(B). Since B U a is proper,
f(B U a)is proper and thus f(a) U f(B) is proper. Also, f(B) C [y], f(«) C [x] and consequently, by Theorem
4.3, f(B) is cl-connected. [

Theorem 4.7. A product of strongly connected constant filter convergence spaces is strongly connected.

Proof. Let (B;, L;) be strongly connected constant filter convergence spaces for Vi € I with B; # 0. Let
(B = Il Bi, L) be product space and M be nonempty proper subset of B. We assume without loss of
generality, each of 71;M is proper nonempty subset of B; (otherwise, there is always a subset M’ of M with
1;M’ is a nonempty proper subset of B for each i € I). Since (B;, L;) is strongly connected, by Theorem 4.2,
there exits a proper filter @; € L; such that a; U [7;(M)] is proper and a; C [4;] for some a; € (71;(M))° or
a; U [(m;(M))°] is proper and «; C [b;] for some b; € m;(M).

Suppose [(7;(M))] U a; is proper and «a; C [a;] for some a; € (;(M))°. Let o = ;g Tcl.‘luz,-, b = (by,by,...)
and a = (41,4, ...), N = [];; miM D M. Since a; € L; for every i € I and by Corollary 3.3 of [3], mjc = ; and
by Proposition 2.1, o € L. Note that o U [N] is proper since a; U [r1;M] is proper for each i € I and for U € o,

UNN= (U x Uy X..) N H(ni(M)) = Uy N M) X (Ua N 11aM) X ... # 0
i€l

where U; € a;. Hence, o U [N] is proper and « C [a] for a € [];;(m:iM)° C N°.

Suppose a; U [(r;(M))°] is proper and a; C [b;] for some b; € my(M). Let 0 = U ni‘lai and N =
[Tie;(Bi\Ti(M)). Note that ¢ € L and o U [N] is proper and a C [b] for b € M. N c M® implies 0 U [M‘] is
proper and by Theorem 4.2, (B, L) is strongly connected. [

Theorem 4.8. A product of cl-connected constant filter convergence spaces is cl-connected.

Proof. Let (Bj, L;) be cl-connected constant filter convergence spaces for Vi € I with B; # 0, (B = []; B, L),
b=(1,by,...),a =(a1,az,..) € Bwith b # a. There exists k € [ with a; # br. We consider the following cases.

(1) a; = b; foreach i € I with k # i.
(2) a; # b;foralliel.
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(3) ay, =b,, form e Jand a, # b, forn € I\].

Suppose case (i) holds and ax # by. Since (By, L) is cl-connected by Theorem 4.3, there exist proper filters
ax, Pr € Ly such that ay U By is proper, ax C [a;] and B C [bx]. Let

a = [(a1, a2, ..ax-1)] X a X [(ags1, 42, -.-)]

and
B = [(a1, 22, ...ak-1)] X B X [(Ak+1, Aks2, )]

Note that @ and f are proper and by Proposition 2.1, a, § € L since m;a, 7;3 € L for all i € 1. Since ay U By is
proper, U a is proper, & C [a] and g C [b].

Suppose case (ii) holds, i.e., a; # b; for all i € I. Since each (B;, L;) is cl-connected , by Theorem 4.3,
there exists proper filters a;, f; € L; with a; U B; is proper, a; C [a;] and B; C [b;i]. Let @ = U ni‘lai and
B = Ui ni‘lﬁ,-. i = a; € L;, m; = B; € L;, by Proposition 2.1, a, f € L. Let V € and U € a. Then there exist
Uiea;and V; € Biwith Vi XV X ... C Vaand Uy X U, X ... C U. Hence,

ULnNnV)xU;NnVy)x...cUNV.

Since each a; U §; is proper, U; N V; # 0 for all i € I, and consequently, U NV # 0. Hence, a U § is proper.
Since a; C [a;] and B; C [b;] forallie ], a C [a] and 8 C [b].

Suppose case (iii) holds. Since (B,, L,) are cl-connected for all n € I\], by Theorem 4.3, there exists proper
filters vy, By € L, such that a, U B, is proper, a,, C [a,] and B, C [b,]. Let

o = (@3, @i,py, U () 7 )

kel\]

and

B = 1@, i, - U (| 7 )

kel\J

Note that 8, a are proper, [b] D B, [a] D a and a U 8 is proper since each ay U i is proper for k € I\]. Hence,
by Theorem 4.3, (B, L) is cI-connected.
5. Comparative evaluation
We compare our findings with ones in other topological categories. We can infer results:

(1) In Top,

(i) By Remark 5.2 of [7] and Theorem 2.2.11 of [2], T1(Q) = T>Top C T1(cl) = A(cl) = T1Top C ToTop.

(if) By [8], strong connectedness <= D-connectedness <= the usual connectedness.
(2) In ConFCO,

(i) By Theorem 2.1 of [5] and Theorem 3.4, ToConFCO and Tj(cl) are isomorphic categories and they

are closed under formations of subspaces and products.
(if) By Theorem 3.5, T1(Q) C A(cl) c T1(cl).

(iif) By Theorem 3.6, If (B, L) is finite, then
(B,L) € A(cl) & (B,L) € A(Q) &< (B,L) € T1(Q) & (B, L) € T1(cl).

(iv) By Theorem 3.5, the subcategories T1(cl) and A(cl) are quotient-reflective in ConFCO.
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(v) By Theorems 4.2 and 4.5,
cl-connectedness = strong connectedness <= D-connectedness.
(3) In psqMet (the category of extended pseudo-quasi-semi metric spaces and non-expansive maps),
(i) By Theorem 3.10 of [12], A(cl) = T1(cl) = V(cl) = T1(Q).
(if) By Theorem 4.9 of [12],
strong connectedness = D-connectedness.
Moreover, if a space is in T1PsqMet, then by Theorems 3.13 and 3.14 of [14],

strong connectedness < cl-connectedness <= D-connectedness.
(4) In PBorn (the category of prebornological spaces and bounded maps),
(i) By Corollary 3.11 of [4] and Theorem 3.7 of [10], T1(cl) = A(cl) = V(c]) = A(Q).
(if) By Remarks 4.8 and 5.4 of [10], if a space is NT5, then,
strong connectedness < cl-connectedness = D-connectedness.
(5) In FCO,
(i) By Theorem 2.9 of [6] and Corollary 3.15 of [4], A(c]) = Ti(cl).
(if) By Remark 4.13, Theorems 4.12, 4.9 of [8], and Theorem 3.2 of [4],
strong connectedness = cl-connectedness = D-connectedness.
(6) In RRel (the category of reflexive relation spaces and relation preserving functions),
(i) By Theorem 3.7 of [10], A(cl) = A(Q) C T1(cl).
(if) By Theorems 4.3 and Remark 4.8 of [10], strong connectedness = D-connectedness and

if a space is NT, then

strong connectedness &= D-connectedness <= cl-connectedness.
(7) In CP (the category of pairs and functions),
(1) By [10] and by Corollary 3.13 of [4], T1(cl) = T1(Q) = A(cl) = A(Q).
(if) By [10] and by Theorem 3.8 of [4],
strong connectedness & cl-connectedness &= D-connectedness.

(8) In CApp (the category of approach spaces and contraction maps), by Theorems 4.8, 4.9, 4.12, and
4.13 of [24],

V(cl) € Acl) C Ty(cl).

6. Conclusion

In this work, we introduced two closure operators of ConFCO denoted by cl and Q. Then we showed
these closure operators are idempotent, weakly hereditary, productive, and finitely additive but they are not
hereditary. Furthermore, we obtained ToConFCO and T;(cl) are isomorphic and they are quotient-reflective
in ConFCO.

Also, we showed that T1(Q) C A(cl) € Ty(cl) and if (B, L) is finite, then

(B,L) e A(Q) & (B,L)e A(c]) & (B,L) € T1(c]) < (B,L) € T1(Q).

Finally, we investigated how D-connectedness, strong connectedness, and c/-connectedness are related
to each other and we presented a comparison with our findings and ones in other topological categories.



A. Erciyes, T. M. Baran / Filomat 39:2 (2025), 587-600 600

Acknowledgements

The authors are grateful to the reviewers and editor for their valuable suggestions which improve the

quality and presentation of this paper.

References

(1]

[2]
[3]
[4]
[5]
[6]
(71

(8]
[9]
[10]
[11]
[12]
[13]

[14]

[15]
[16]
[17]
[18]
[19]

[20]
[21]

[22]
[23]

[24]
[25]
[26]

J. Adamek, H. Herrlich, G. E. Strecker, Abstract and Concrete Categories The joy of cats, Pure Appl. Math., Wiley-Intersci. Publ.,
John Wiley and Sons, Inc., New York, 1990.

M. Baran, Separation properties, Indian J. Pure Appl. Math. 23 (1991), 333-341.

M. Baran, Stacks and filters, Turk. . Math. 16 (1992), 95-108.

M. Baran, The notion of closedness in topological categories, Comment. Math. Univ. Carolin. 34 (1993), 383-395.

M. Baran, Separation properties in categories constant filter convergence spaces, Turk. J. Math. 18 (1994), 238-248.

M. Baran, Closure operators in convergence spaces, Acta Math. Hungar. 87 (1994), 33—45.

M. Baran, Compactness, perfectness, separation, minimality and closedness with respect to closure operators, Appl. Categ. Structures 10
(2002), 403—415.

M. Baran, M. Kula, A note on connectedness, Publ. Math. Debrecen 68 (2006), 489-501.

M. Baran, H. Ebughalwa, Sober spaces, Turk. ]. Math. 46 (2022), 299-310.

M. Baran, Separation, connectedness and disconnectedness, Turk. J. Math. 47 (2023), 279-295.

T. M. Baran, A. Erciyes, Local T3 constant filter convergence spaces, Gazi Univ. J. Sci. 33 (2020), 446-454.

T. M. Baran, Closedness, separation and connectedness in pseudo-quasi-semi metric spaces, Filomat 34 (2020), 4757-4766.

T. M. Baran, A. Erciyes, Ty, Urysohn’s lemma, and Tietze extension theorem for constant filter convergence spaces, Turk. J. Math. 45
(2021), 843-855.

T. M. Baran, M. Kula, Separation axioms, Urysohn’s lemma and Tietze extention theorem for extended pseudo-quasi-semi metric spaces,
Filomat 36 (2022), 703-713.

G. Castellini, D. Hajek, Closure operators and connectedness, Topol. Appl. 55 (1994), 29-45.

M. M. Clementino , W. Tholen, Separation versus connectedness, Topol. Appl. 75 (1997), 143-181.

D. Dikranjan, E. Giuli, Closure operators I, Topol. Appl. 27 (1987), 129-143.

D. Dikranjan, E. Giuli, Epis in categories of convergence spaces, Acta Math. Hungar. 61 (1992), 195-201.

D. Dikranjan, W. Tholen, Categorical Structure of Closure Operators, Math. Appl., No:346, Kluwer Academic Publishers Group,
Dordrecht, 1995.

A. Erciyes, T. M. Baran, M. Qasim, Closure operators constant filter convergence spaces, Konuralp J. Math. 8 (2020), 185-191.

A. Frolicher, W. Bucher, Calculus in Vector Spaces Without Norm,Lecture Notes in Math., No. 30, Springer-Verlag, Berlin-New York,
1966.

D. C. Kent, Convergence functions and their related topologies, Fund. Math. 54 (1967), 125-133.

G. Preuss, Connection properties in topological categories and related topics, Categorical Topology, Lecture Notes in Math. 719 (1979),
293-307.

M. Qasim, M. Baran, H. Ebughalwa, Closure operator in convergence approach spaces, Turk. J. Math. 45 (2021), 139-152.

S. Salbany, Reflective subcategories and closure operators, Categorical Topology, Lecture Notes in Math. 540 (1976), 548-565.

E. Schwarz, T. U. Hannover, Connections between convergence and nearness, Categorical Topology, Lecture Notes in Math. 719 (1979),
345-357.



